
Mémoire d’habilitation à diriger des recherches :

PERIODIC ORBITS IN SYMPLECTIC DYNAMICS

MARCO MAZZUCCHELLI
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Preface

This memoir, which I am presenting for my French habilitation à diriger des recherches,
is a promenade along the path that I followed as a researcher since my Ph.D. Its subject is
the study of periodic orbits in a few interrelated settings that are part of the broad field of
symplectic dynamics: autonomous and non-autonomous Hamiltonian systems, including
geodesic flows and more general Reeb flows, and Hamiltonian systems with impacts such
as billiards. These dynamical systems have a variational character, meaning that their
orbits with suitable boundary conditions are critical points of different versions of the
action functional from classical mechanics. Somehow for this reason, these systems are
expected to often have many periodic orbits. Nevertheless, finding such periodic orbits is a
complicated task, which required, over the course of more than a century, the development
of sophisticated techniques of calculus of variations, Morse theory, Lusternik-Schnirelmann
theory, and ultimately holomorphic curves in symplectic topology. In this memoir, I tried
to put my modest contributions into context, by introducing in some details the different
settings and by recalling the relevant state of the art. The study of periodic orbits is an
overwhelmingly vast subject, and the choice of arguments in my text is certainly not meant
to give a panorama of the field, but only to guide the reader through some of my research in
a hopefully accessible way. With few exceptions, all the proofs provided should be intended
as sketches, as I often tried to extract and condensate some of the ideas contained in a
paper within the few pages of a section.

Chapter 1 is devoted to the study of Tonelli Hamiltonian systems, which are defined by
Hamiltonians Ht : T

∗M → R over the cotangent bundle of a closed manifold M whose re-
strictions to any fiber is suitably convex. The importance of this class cannot be overstated:
Tonelli Hamiltonians appear in classical mechanics (and in particular in celestial mechan-
ics, at least if one relaxes the compactness of the configuration space M), Aubry-Mather
theory, and weak KAM theory. One of the remarkable properties of these Hamiltonians is
that the associated dynamics can be defined in terms of dual Lagrangians and of their La-
grangian action functionals, which satisfy most of the common requirements from critical
point theory. After recalling the generalities of the Tonelli setting, I will present several
results on the existence and multiplicities of periodic orbits. In particular, I will give a very
brief sketch of a main result from my Ph.D. thesis (Theorem 1.9): roughly speaking, a time
periodic Tonelli Hamiltonian has infinitely many periodic orbits with low average action.
Next, I will focus on autonomous Tonelli Hamiltonians, and to the celebrated problem of
the existence of periodic orbits on a prescribed energy level. My contributions are mainly
in the case of 2-dimensional configuration spaces M , and in particular I will summarize a
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iv PREFACE

couple of joint works that are particularly dear to me: the one with Asselle and Benedetti
on minimal boundaries (Section 1.7), which provides in particular action minimizing pe-
riodic orbits related to the so-called Mather sets from Aubry-Mather theory, and the one
with Abbondandolo, Macarini, and Paternain (Section 1.8) on the existence of infinitely
many periodic orbits on almost every energy level in a suitable low range. At the end of
the chapter (Section 1.9), I will present my joint work with Albers on non-convex billiards,
which builds on seminal work of Benci-Giannoni.

Chapter 2 is devoted to the quest of closed geodesics on Riemannian and Finsler man-
ifolds. Strictly speaking, this problem is a special instance of the one of periodic orbits
on energy levels of autonomous Tonelli Hamiltonians, when the prescribed energy value is
above one of the so-called Mañé critical values. Nevertheless, for historical reasons and due
to its connections with Riemannian geometry, this setting is arguably the most important
one, with its celebrated closed geodesics conjecture: every closed Riemannian manifold of
dimension at least 2 has infinitely many closed geodesics. Such a conjecture fails in general
if one replaces the Riemannian metric with a non-reversible Finsler one (I will briefly il-
lustrate the celebrated counterexample due to Katok, following Ziller, in Section 2.3). My
contributions to the problem of closed geodesics are in three directions. In a joint work with
Asselle (Section 2.2), once again building on earlier work of Benci-Giannoni, we extended
the celebrated Gromoll-Meyer theorem to a non-compact setting: a complete Riemannian
manifold without close conjugate points at infinity and with sufficiently rich loop space
homology has infinitely many closed geodesics. In a joint work with Suhr (Section 2.5),
we proved a theorem claimed by Lusternik: in particular the result implies that, on a Rie-
mannian 2-sphere, all the simple closed geodesics have the same length if and only if the
metric is Zoll, that is, every geodesic is simple closed. Together with De Philippis, Marini,
and Suhr, and building on earlier work of Grayson, Angenent, and Oaks, we established
the properties of a curve shortening semi-flow for reversible Finsler surfaces (Section 2.4);
this allowed us to extend to reversible Finsler 2-spheres the above mentioned result with
Suhr, as well as the celebrated theorem of Bangert-Franks-Hingston: we now know that
every reversible Finsler 2-sphere has infinitely many closed geodesics. In the last section
of the chapter (Section 2.6), I will present my contributions to a variation of the closed
geodesics problem: the problem of isometry-invariant geodesics, first studied by Grove.

In Chapter 3, the setting is the one of Reeb flows on closed contact manifolds, and
the focus is on those Reeb flows all of whose orbits are closed. This is the generalization
of the classical subject of Riemannian manifolds all of whose geodesics are closed, which
was pioneered by Bott and grew considerably in the course of several decades (I was told
as a Ph.D. student that every geometer should have a copy of Besse’s “Manifolds all of
whose geodesics are closed” on his shelf). I first came into the subject by trying to extend
the already mentioned characterization of Zoll Riemannian metrics to higher dimensions.
Instead, in a joint work with Cristofaro-Gariner, by employing Hutching’s powerful ma-
chinery of embedded contact homology, we could provide an ultimate generalization of
the characterization of Zoll Riemannian 2-spheres (Section 3.2): the closed Reeb orbits of
a closed connected contact 3-manifold have a common period if and only if every Reeb
orbit is closed (although not every orbit is required to have the same minimal period).
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Remarkably, even for the special case of geodesic flows on Riemannian surfaces, this is a
new statement that I would not be able to prove without the arsenal of embedded contact
homology. Together with Cristofaro-Gardiner, we asked (or was it a conjecture?) whether
such a result hold for higher dimensional contact manifolds as well; unfortunately, for this
purpose, the higher dimensional holomorphic curves techniques are not quite as formidable
as embedded contact homology, and such a statement seems out of reach. Nevertheless, to-
gether with Ginzburg and Gürel, we made a positive step by characterizing those restricted
contact-type hypersurfaces (in particular, convex contact spheres, Section 3.3) and those
unit tangent bundles (the geodesic setting, Section 3.4) all of whose Reeb orbits are closed
in terms of an equality between suitable spectral invariants. The very end of the chapter
(Section 3.5) concerns my very recent work on the structure of Besse contact manifold.
I will present a joint result with Cristofaro Gardiner which asserts that two contact 3-
manifolds all of whose Reeb orbits are closed and with the same prime action spectrum
must be strictly contactomorphic. Together with the work on the classification of Seifert
fibrations of Geiges and Lange, this implies that a contact 3-sphere all of whose Reeb
orbits are closed must be strictly contactomorphic to a rational ellipsoid. Once again, it
is a hard open question whether this statement hold in higher dimension. In a joint work
with Radeschi, we showed that at least the convex contact spheres (of any odd dimension)
“resemble” the rational ellipsoids: for any τ > 0, the set of fixed points of the time-τ
map of the Reeb flow is either empty or an integral homology sphere, and the sequence of
Ekeland-Hofer spectral invariants coincides with the full sequence of elements in the action
spectrum, each one repeated with a suitable multiplicity (as is the case for the ellipsoids).

A significant part of my research did not make it into this monograph. My “childhood”
result with Cherubini on the combinatorial theory of inverse semigroups was too far to
be integrated into a monograph on symplectic dynamics. Some of my papers, such as
one on convex billiards and another one joint with a dream team (Abbondandolo, Asselle,
Benedetti, and Taimanov) on non-exact magnetic flows on the 2-spheres were left out for
the sake of brevity. The same goes for a result with Suhr on the non-equivariant spectral
characterization of Zoll Riemannian metrics, that was actually seminal for my project with
Ginzburg and Gürel. Finally, I ultimately decided not to include a full line of research on
which I have been active lately together with Guillarmou and Tzou, on geometric inverse
problems in Riemannian geometry; at least in spirit, the subject is related to the work that
I presented on the characterization of Reeb flows all of whose orbits are closed.
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CHAPTER 1

Tonelli Hamiltonian systems

This chapter is devoted to the study of periodic orbits in the class of Hamiltonian sys-
tems arising in classical mechanics [Arn78] and weak KAM theory [CI99, Fat08, Sor15],
which are called Tonelli Hamiltonian systems. Part of the chapter, and specifically Sec-
tions 1.1, 1.2, 1.3, and 1.5, is devoted to setup the background, the notation, and some
state of the art, in order to put our contributions into perspective.

1.1. Tonelli Hamiltonians and Lagrangians

The phase space of Tonelli Hamiltonian systems is a cotangent bundle T∗M equipped
with the Liouville 1-form λ defined by

λ(w) = p(dπ(z)w), ∀z = (q, p) ∈ T∗M, w ∈ Tz(T
∗M). (1.1)

Here, π : T∗M →M , π(q, p) = q is the base projection. For us, the base M will always be
a closed manifold M of dimension at least 2. The negative exterior differential −dλ is the
canonical symplectic form of T∗M . A smooth function H : T∗M → R is called a Tonelli
Hamiltonian when its restriction to any cotangent fiber p 7→ H(q, p) is both

• quadratically convex: the Hessian is positive definite at every point,
• superlinear: for every linear function f : T ∗

qM → R, we have H(q, ·) > f outside
a compact set.

The energy levels H−1(e) of such a Hamiltonian are sometimes called “optical” in the
literature, and are always compact. We shall consider the Hamiltonian dynamics defined
by H. The Hamiltonian vector field XH on T∗M is defined by

−dλ(XH , ·) = dH. (1.2)

Since each orbit of XH stays on a compact energy level H−1(e), XH defines an associated
Hamiltonian flow that is complete, i.e.

ϕtH : H−1(e)→ H−1(e), t, e ∈ R.

Consider an orbit z(t) = ϕtH(z(0)) of this flow, which we can write as z(t) = (q(t), p(t))
with q(t) ∈ M and p(t) ∈ Tq(t)M . Equation (1.2) defining the Hamiltonian vector field
can be rewritten as the system of first order ODEs

q̇(t) = ∂pH(q(t), p(t)), (1.3)

ṗ(t) = −∂qH(q(t), p(t)),

1



2 1. TONELLI HAMILTONIAN SYSTEMS

which are Hamilton’s equation from classical mechanics. Notice that, while the second
equation only makes sense in local coordinates, the first one for q̇ is intrinsic: ∂pH is
simply the differential of the restriction of H to a fiber of the cotangent bundle.

A remarkable feature of Tonelli Hamiltonians is that their dynamics on T∗M is indeed
a second order dynamics on the base manifold M . Indeed, the fiberwise convexity and
superlinearity of the Tonelli Hamiltonian H implies that that ∂pH is a diffeomorphism

∂pH : T∗M
∼=−→T∗∗M = TM.

Therefore, we can rewrite Equation (1.3) as p = (∂pH)−1(q, q̇), and infer that the momen-
tum variable p(t) is completely determined by the curve q(t) in the configuration space M .
This second order point of view is the one of the Lagrangian formulation of Hamiltonian
dynamics. The dual Tonelli Lagrangian to H is the function

L : TM → R, L(q, v) = max
p

(
pv −H(q, p)

)
.

Classical arguments from convex analysis imply that L is smooth, and indeed given by
L(q, v) = pv − H(q, p) with p = (∂pH)−1(q, v) = ∂vL(q, v). Moreover, L has the same
properties as H: it is both fiberwise quadratically convex and superlinear, and actually
any smooth function on TM with these properties is the dual of a Tonelli Hamiltonian.
Hamilton’s equations can be rephrased in terms of the Tonelli Lagrangian as the second
order ODE

d
dt
∂vL(q(t), q̇(t))− ∂qL(q(t), q̇(t)) = 0, (1.4)

which is the Euler-Lagrange equation from classical mechanics.

Example 1.1 (Riemannian geodesic flows). The simplest examples of dual Tonelli Hamil-
tonian and Lagrangian are the quadratic ones

H(q, p) = 1
2
∥p∥2g, L(q, v) = 1

2
∥v∥2g,

where g is a Riemannian metric on M , and ∥ · ∥g denotes the induced norms on tangent
vectors and covectors. The Euler-Lagrange equation (1.4) of such a Lagrangian L is the
geodesic equation ∇tq̇ = 0. On any energy level H−1(e) with e > 0, the Hamiltonian flow
ϕtH is the geodesic flow of (M, g). Its orbits have the form (q(t), p(t)), where q is a geodesic
and p = g(q̇, ·) its dual velocity.

Example 1.2 (Finsler geodesic flows). For an arbitrary Tonelli HamiltonianH : T∗M → R,
it turns out that, on energy levels H−1(e) with e sufficiently large, the Hamiltonian flow ϕtH
is always conjugate to a Finsler geodesic flow. Indeed, if e is large enough, any intersection
S∗
qM := T∗

qM ∩ H−1(e) is a smooth positively curved sphere of dimension dim(M) − 1
enclosing the origin 0 ∈ T∗

qM . Let F : T∗M → [0,∞) be a function such that F (q, λp) = λ

for all λ > 0, q ∈ M , and p ∈ S∗
qM . The Hamiltonian flow ϕtF on F−1(1) is precisely the

geodesic flow of the Finsler metric dual to F . Since F−1(1) = H−1(e), the orbits of the
Hamiltonian flows ϕtF and ϕtH are the same up to reparametrization.



1.2. THE LAGRANGIAN ACTION FUNCTIONAL 3

When the Hamiltonian has the form H(q, p) = 1
2
∥p∥2g + U(q), the dynamics on high

energy levels is actually a Riemannian geodesic flow. Indeed, if e > maxU , the Finsler
metric constructed before is simply the Riemannian norm F (q, p) = 1

2
(e − U(q))−1/2∥p∥g.

□

In this chapter, we will also consider non-autonomous Tonelli Hamiltonians. These
are families of Tonelli Hamiltonians Ht smoothly depending on t ∈ R, whose associated
time-dependent Hamiltonian vector field XHt has integral lines defined for all times t ∈ R
(in the autonomous case, as we already remarked, this latter condition was automatically
guaranteed by the compactness of the energy levels, which are invariant under the au-
tonomous Hamiltonian flow). The vector field XHt will still define a Hamiltonian flow
ϕtH : T∗M → T∗M with ϕ0

H = id. However, unlike in the autonomous case, such a flow
may not satisfy ϕs+tH = ϕsH ◦ ϕtH for all s, t ∈ R. We will ofter assume Ht to be periodic in
time, of minimal period 1 without loss of generality, i.e. Ht = Ht+1; under this assumption
the Hamiltonian flow satisfies

ϕt+1
H = ϕtH ◦ ϕ1

H , t ∈ R.

Remark 1.3. According to Gronwall lemma, a sufficient condition for a non-autonomous
Tonelli Hamiltonian Ht to define a global Hamiltonian flow is a bound of the form

∂tHt ≤ c (Ht + 1),

for some constant c > 0. □

A non-autonomous Tonelli Hamiltonian Ht has a dual non-autonomous Tonelli La-
grangian Lt : TM → R smoothly depending on t ∈ R. As in the autonomous case, a curve
z(t) = (q(t), p(t)) is an orbit of the Hamiltonian flow ϕtH if and only if its base projection
q(t) is a solution of the (non-autonomous) Euler-Lagrange equation

d
dt
∂vLt(q(t), q̇(t))− ∂qLt(q(t), q̇(t)) = 0.

1.2. The Lagrangian action functional

In the next two sections we shall present the easiest among the results on the existence
of Hamiltonian periodic orbits: those concerning non-autonomous Tonelli Hamiltonians.
The proof of such results is based on a variational principle that we now recall.

Let Ht be a 1-periodic Tonelli Hamiltonian. We make one further assumption beyond
the Tonelli one:

Ht(q, p) = ∥p∥2, ∀(q, p) ∈ T∗M \K, (1.5)

where K ⊂ T∗M is a compact subset, and ∥ · ∥ is a norm on tangent covectors induced by
an auxiliary Riemannian metric on M . Equivalently, the dual Lagrangian satisfies

Lt(q, v) = ∥v∥2, ∀(q, v) ∈ TM \K ′, (1.6)

where K ′ ⊂ T∗M is a compact subset, and ∥·∥ is now the norm on tangent vectors induced
by the same Riemannian metric as above. This assumption will allow us to avoid technical
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details, but is inessential: we will state all the results for general Tonelli Hamiltonians, even
though we will sketch the proofs under the assumption (1.5); at the end of this section, we
will explain how (1.5) can be completely relaxed.

Let us look for 1-periodic solutions q : R → M of the Euler-Lagrange equation (1.4),
that is, solutions that satisfy q(t) = q(t+1) for all t ∈ R; we briefly refer to such solutions as
to 1-periodic orbits. Their lifts z(t) = (q(t), p(t)) := (q(t), ∂vL(q(t), p(t))) to the cotangent
bundle T∗M are exactly the 1-periodic orbits of the Hamiltonian flow ϕtH , i.e.

z(t+ 1) = z(t) = ϕtH(z(0)), ∀t ∈ R.

According to the classical principle of stationary action, such orbits are critical points of
the Lagrangian action functional

S : ΛM → R, S(q) =
∫
S1

Lt(q(t), q̇(t)) dt,

where S1 = R/Z is the 1-periodic circle, and ΛM := W 1,2(S1,M) is the space of free
loops that are absolutely continuous with square-integrable weak first derivative. A few
remarks are in order here. The fact that S(q) is finite for any q ∈ ΛM is a consequence of
assumption (1.6). The fundamental theorem of calculus of variation readily implies that
the critical points of S are weak 1-periodic solutions of the Euler-Lagrange equation (1.4).
Finally, a bootstrap argument implies that weak 1-periodic solutions of (1.4) are smooth.

By means of the principle of stationary action, the dynamical problem of finding 1-
periodic orbits is translated into the problem of detecting critical points of the Lagrangian
action functional. In the course of the last century, since the seminal work of Poincaré,
Birkhoff, Morse, Lusternik, and Schnirelmann, several powerful techniques have been devel-
oped to detect critical points of “well-behaved” abstract functional. The Lagrangian action
functional S was indeed the functional that motivated the development of the theory, and
thus satisfies the common requirements of abstract critical point theory:

• (Complete domain) Any auxiliary Riemannian metric onM induces a Riemannian metric
on the loop space ΛM , which is the generalization of the inner product of the Sobolev
space W 1,2(S1,Rn). Equipped with such a metric, ΛM is a complete Hilbert manifold (see
[Pal63]).

• (Regularity) The functional S is C1,1, and twice differentiable in the sense of Gateaux
(see [AS09]). If the restriction of the Lagrangian L to the fibers of TM is not a polynomial
of degree 2, S is not C2. Nevertheless, this lack of regularity is not essential: suitable
finite dimensional reductions, first developed by Morse in the setting of geodesics [Mil63]
and further extended to the whole Tonelli class [Maz12, Chap. 4], allow to apply to S all
those results from critical point theory that would normally require the C2, or even the
C∞, regularity.

• (Compactness of the sublevel sets) Since the Tonelli Lagrangian Lt is uniformly bounded
from below, so is the action functional S. Each sublevel set S−1(−∞, a], with a ∈ R, is
compact in a weak sense: any sequence qn in the sublevel set that satisfies ∥∇S(qn)∥W 1,2 →
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0 admits a converging subsequence. This property is often referred to as the Palais-Smale
condition [PS64].

• (Finite Morse indices) The tangent spaces Tq(ΛM) are the Hilbert spaces ofW 1,2 vector
fields w along q such that w(t) = w(t + 1) for all t ∈ R. The Hessian ∇2S(q) of the
Lagrangian action functional at a critical point q is the bounded self-adjoint operator on
Tq(ΛM) given by

⟨∇2S(q)w,w⟩W 1,2 =

∫
S1

(
∂vvLt(q, q̇)[ẇ, ẇ] + 2∂qvLt(q, q̇)[w, ẇ] + ∂qqLt(q, q̇)[w,w]

)
dt.

An integration by parts and a bootstrap readily imply that the kernel of ∇2S(q) consists of
those w that are solutions of the linearization of the Euler-Lagrange equation (1.4) along
q. If w ∈ ker(∇2S(q)), the curve

y(t) :=
(
w(t), ∂vvL(q, q̇)ẇ + ∂qvL(q, q̇)w

)
is a 1-periodic solution of the linearized Hamiltonian flow along z = (q, ∂vL(q, q̇)), i.e.

y(t+ 1) = y(t) = dϕtH(z(0))y(0), ∀t ∈ R.

The nullity nul(q) is defined as

nul(q) := dimker(∇2S(q)) = dimker(dϕ1
H(z(0))− I). (1.7)

The second equality readily implies that nul(q) ≤ 2 dim(M). One can show that the Hes-
sian operator ∇2S(q) is the sum of a positive-definite self-adjoint operator plus a compact
one. A standard argument from spectral theory implies that the spectrum of ∇2S(q) con-
sists of eigenvalues of finite geometric multiplicity, only finitely many of which are negative.
The Morse index ind(q) is the finite non-negative integer

ind(q) =
∑
λ<0

dimker(∇2S(q)− λI).

Equivalently, ind(q) is the maximal dimension of a vector subspace of Tq(ΛM) over which
∇2S(q) is negative definite.

If the Tonelli Lagrangian Lt does not satisfy the extra condition (1.6), the associated
Lagrangian action will only be a lower semi-continuous function S : ΛM → R ∪ {+∞},
a regularity that is hardly suitable for critical point theory. Nevertheless, the following
trick due to Abbondandolo and Figalli [AF07] allows to circumvent the issue at once.
The crucial remark is that, for every a ∈ R, there exists a compact subset K ⊂ TM
with the following property: for every 1-periodic orbit q such that S(q) < a, its lift (q, q̇) is
contained in K. In order to study the periodic orbits in the action sublevel set S−1(−∞, a],
we can introduce a new Tonelli Lagrangian L′

t that coincides with Lt on a compact subset
K ′ ⊂ TM much bigger than K, and satisfies the extra condition (1.6). Let S ′ be the
Lagrangian action functional of L′. If the compact subset K ′ was chosen large enough, one
can show that all the 1-periodic orbits q for L′ with action S ′(q) ≤ a have lift contained in
the original compact subset K. Therefore, in order to study such orbits, one can employ
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the Lagrangian L′
t instead of Lt. Thanks to this remark, in the following we will be able

to tacitly assume without loss of generality that all the Tonelli Lagrangians satisfy (1.6).

1.3. Existence of 1-periodic orbits

The properties of the Lagrangian action functional described in the previous section
immediately imply an elementary existence result for 1-periodic orbits.

Theorem 1.4. Let Lt : TM → R be a 1-periodic Tonelli Lagrangian. Every connected
component of the free loop space C ⊂ ΛM contains at least one 1-periodic orbit: a global
minimizer of S|C . □

Thus every 1-periodic Tonelli Lagrangian has 1-periodic orbits. It is a simple exercise
in topology to see that the connected components of ΛM are in one-to-one correspondence
with the conjugacy classes of the fundamental group π1(M). The connected component
C ⊂ ΛM corresponding to the trivial conjugacy class {1} ⊂ π1(M) is the one of con-
tractible loops: for any q ∈ C there exists a continuous map u : B2 →M , where B2 ⊂ C is
the closed unit ball, such that q(t) = u(ei2πt). Theorem 1.4 has a straightforward corollary.

Corollary 1.5. Let M be a closed manifold whose fundamental group has infinitely many
conjugacy classes (e.g. any M with infinite abelian fundamental group). Any 1-periodic
Tonelli Lagrangian Lt : TM → R has infinitely many non-contractible 1-periodic orbits.

□

A more difficult task consists in detecting infinitely many periodic orbits in manifolds
with finite fundamental group. Clearly, this cannot be done simply by minimizing the
Lagrangian action over some connected component of the free loop space. Instead, one
needs to apply a recipe that goes back to Poincaré and Birkhoff [Bir66], and that can be
roughly described as follows: if the sublevel set of a well-behaved function (in the sense
of the previous section) has a rich topology, the function must have several critical points
therein. In most of the applications, the non-trivial topology is detected by means of
singular homology or cohomology. Here, we present a precise statement for the Lagrangian
action functional using singular homology, as appeared in the work of Abbondandolo and
Figalli [AF07], whereas a more general abstract result can be found in Viterbo [Vit88]. We
denote the sublevel sets of the Lagrangian action functional by

ΛM<a := S−1(−∞, a), a ∈ R ∪ {∞}.

We will not explicitly indicate the coefficients of singular homology groups, unless a specific
choice is necessary.

Theorem 1.6. Every non-zero homology class h ∈ Hd(ΛM) defines a critical value c(h) of
the Lagrangian action functional S by

c(h) := inf
{
c ∈ R

∣∣ h ∈ im
(
H∗(ΛM

<c)
incl∗−−→H∗(ΛM)

)}
,
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where incl∗ denotes the homomorphism induced by the inclusion. Moreover, there is at
least one critical point q ∈ crit(S) ∩ S−1(c(h)) whose Morse indices satisfy

ind(q) ≤ d ≤ ind(q) + nul(q).

The critical values c(h) provided by this theorem are often called spectral invariants in
the literature. This terminology refers to the “action spectrum” of the Tonelli Lagrangian
at period 1, which is the set of critical values of the Lagrangian action functional.

Proof. The fact that c = c(h) is a critical value of S can be proved by contradiction:
if not, the inclusion ΛM<c−ϵ ↪→ ΛM<c+ϵ would admit a homotopy inverse that can be
constructed by “pushing down” ΛM<c+ϵ with the flow of the anti-gradient −∇S; however,
this would imply that h can be represented by a cycle contained in ΛM<c−ϵ, contradicting
the definition of c(h).

For the second part of the theorem, let us first make a simplifying assumption: let us
require the Lagrangian action functional S to be a Morse functional, that is, nul(q) = 0 for
all q ∈ crit(S). Under this assumption, we can invoke the classical Morse lemma [Pal63],
which implies that we can identify a suitable neighborhood U ⊂ ΛM of a critical point
q ∈ crit(S) ∩ S−1(c) with a product U− × U+, where U± is an open neighborhood of the
origin in a Hilbert space E±, with dim(E−) = ind(q) and dim(E+) = ∞. Under this
identification, the critical point q ∈ U corresponds to the origin (0, 0) ∈ U−×U+, and the
action functional takes the form

S(x−, x+) = c− ∥x−∥2 + ∥x+∥2, ∀(x−, x+) ∈ U− × U+.

A deformation argument implies that

H∗(U,U
<c) ∼= H∗(U

−, U− \ {0}).

Here, we employed the notation U<c := ΛM<c∩U . The homology group Hd(U
−, U− \{0})

is non-zero if and only if d = ind(q).
Now, consider a non-zero homology class h ∈ Hd(ΛM). The definition of c(h) readily

implies that Hd(ΛM
<c+ϵ,ΛM<c) is non-trivial for all ϵ > 0. Since we are assuming that S

is a Morse function, crit(S)∩S−1(c(h)) contains only finitely many critical points q1, ..., qk.
We consider a neighborhood Ui of qi given by the Morse lemma. We choose the Ui’s
to be sufficiently small, so that they are pairwise disjoint. By taking ϵ > 0 small and
pushing down both ΛM<c+ϵ and the Ui’s with the anti-gradient flow of −∇S, we obtain
an isomorphism

Hd(ΛM
<c+ϵ,ΛM<c) ∼= Hd(ΛM

<c ∪ U,ΛM<c),

where U = U1 ∪ ... ∪ Uk. Finally, by the excision property,

Hd(ΛM
<c ∪ U,ΛM<c) ∼=

⊕
i=1,...,k

Hd(Ui, U
<c
i ).

Therefore, at least one homology group Hd(Ui, U
<c
i ) is non-trivial, and the corresponding

critical point qi has Morse index ind(qi) = d.
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Let us now relax the non-degeneracy assumption that we made on S. The main in-
gredient is the following genericity statement, which is a variation of the classical bumpy
metric theorem from Riemannian geometry [Ano82]: for a C∞ generic 1-periodic Tonelli
Lagrangian, the Lagrangian action functional is Morse. This theorem gives us a sequence
of Tonelli Lagrangians

Ln
C∞
−→L

whose associated action functionals Sn are Morse. Notice that

S−1
n (−∞, c− ϵn) ⊂ S−1(−∞, c) ⊂ S−1

n (−∞, c+ ϵn), ∀c ∈ R

where ϵn := ∥Ln−L∥L∞ . If we denote by cn(h) the spectral invariant defined by the Tonelli
Lagrangian Ln, the above inclusions of sublevel sets readily imply |cn(h)−c(h)| < ϵn. Since
ϵn → 0, we have cn(h) → c(h). We already proved the theorem for the non-degenerate
Tonelli Lagrangians: we know that there exist critical points qn ∈ crit(Sn) ∩ S−1

n (cn(h))
with ind(qn) = d. A compactness argument implies that, up to a subsequence, qn converges
in C∞ to a critical point q ∈ crit(S) ∩ S−1(c(h)). Finally, the lower semi-continuity of the
Morse index and the upper semi-continuity of the Morse index plus nullity imply that, for
all n large enough,

ind(q) ≤ ind(qn) = ind(qn) + nul(qn) ≤ ind(q) + nul(q).

This provides the index bounds claimed. □

In view of Theorem 1.6, in order to infer the existence of multiple 1-periodic orbits one
needs a “rich” loop space homology. For simply connected manifolds, the following result
of Vigué Poirrier and Sullivan [VPS76] provides the needed information.

Theorem 1.7 (Vigué Poirrier-Sullivan). If M is a closed simply connected manifold, the
rational loop space homology Hd(ΛM ;Q) is non-trivial in infinitely many degrees d. □

A corollary of Theorem 1.7, originally due to Benci [Ben86] and extended to the full
Tonelli class by Abbondandolo and Figalli [AF07], provides the multiplicity of 1-periodic
orbit in a case not covered by Theorem 1.4.

Corollary 1.8 (Benci, Abbondandolo-Figalli). Let M be a closed manifold with finite fun-
damental group. Any 1-periodic Tonelli Lagrangian Lt : TM → R has infinitely many
contractible 1-periodic orbits qn, n ∈ N. Moreover, both the Morse index and the La-
grangian action diverge along this sequence, i.e. ind(qn)→∞ and S(qn)→∞ as n→∞.

Proof. Without loss of generality, we can assume that M is simply connected. Otherwise,

it is enough to prove the theorem for the lifted Tonelli Lagrangian L̃t : TM̃ → R, where

M̃ is the (compact) universal cover of M . Indeed, only finitely many 1-periodic orbits

of L̃ project down to the same 1-periodic orbit of Lt, and such projected orbit must be
contractible in M .
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By Theorem 1.7, there is a sequence of positive integers dn →∞ such that Hdn(ΛM ;Q)
is non-trivial. The min-max Theorem 1.6 thus provides a sequence of 1-periodic orbits qn
such that ind(qn) + nul(qn)→∞. Since nul(qn) ≤ 2 dim(M), we have ind(qn)→∞. This
also implies that S(qn) → ∞. Indeed, the Palais-Smale condition implies that, for every
c ∈ R, the critical sets crit(S) ∩ ΛM<c are compact, and the Morse index is uniformly
bounded from above on every compact set. □

Corollaries 1.5 and 1.8 combined provide the existence of infinitely many 1-periodic
orbits for a large class of closed manifoldsM . For instance, for those closed manifolds with
abelian fundamental group, such as the Lie groups. The only closed manifolds not covered
by the results are those with fundamental group of infinite order, but with only finitely
many conjugacy classes. To the best of the author’s knowledge, the only known examples
of such groups are not finitely presented, and therefore cannot be fundamental groups of
closed manifolds.

1.4. Existence of periodic orbits of arbitrary integer period

The Tonelli Lagrangian Lt : TM → R, Lt(q, v) =
1
2
∥v∥2gt given by a 1-periodic family of

Riemannian metrics gt has infinitely many trivial contractible periodic orbits: the constant
curves. However, if we add to the Lagrangian a Morse function U :M → R, the resulting
Tonelli Lagrangian Lt(q, v) = 1

2
∥v∥2gt + U(q) has only finitely many constant orbits: the

critical points of U . Nevertheless, a remarkable phenomenon occurs: there are always
infinitely many contractible periodic orbits of integer period, Morse index bounded from
above by dim(M), and ratio action-period bounded from above by any value larger than
the maximum of U .

We now provide the general statement governing this phenomenon. Let Lt : TM → R

be a 1-periodic Tonelli Lagrangian. For any positive integer τ , we denote by

ΛτM = W 1,2(R/τZ,M)

the space of τ -periodic curves on M . We introduce the average Lagrangian action func-
tional

Sτ : ΛτM → R, Sτ (q) = 1

τ

∫ τ

0

Lt(q(t), q̇(t)) dt.

Clearly, Sτ enjoys the analogous variational principle as the ordinary Lagrangian action:
its critical points are the τ -periodic orbits. In the following, we will add a subscript τ to
the Morse indices and to the spectral invariants in order to specify that they are referred
to the average action Sτ .

Notice that, with the notation of the previous sections, ΛM = Λ1M and S = S1.
Moreover, we have an inclusion ΛM ↪→ ΛτM , and S = Sτ |ΛM . By applying the analysis
of the previous section to each action functional Sτ , one detects periodic orbits of any
given integer period τ . The crux of the matter in the problem concerning the multiplicity
of periodic orbits of arbitrary period consists in determining whether, by varying τ , one
really detects genuine new τ -periodic orbits, rather than periodic orbits already found for
lower values of τ . A detected critical point of Sτ can be recognized to be a new periodic
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orbit, for instance, if one can assert that τ is its minimal period. More frequently, the
conclusion rather follows by looking at the average action or at the Morse indices.

The announced multiplicity results for periodic orbits of Tonelli Lagrangians is the
following. In this form and modulo minor details, it was proved by the author [Maz11a] in
his Ph.D. thesis, extending previous results of Long [Lon00] and Lu [Lu09]. The proof is
based on techniques first introduced by Bangert and Klingenberg [Ban80, BK83] in their
seminal work on closed geodesics.

Theorem 1.9. Let Lt : TM → R be a 1-periodic Tonelli Lagrangian, and c0 the maximal
average action of the constant curves, i.e.

c0 = max
q∈M

∫ 1

0

Lt(q, 0) dt. (1.8)

If Lt has only finitely many contractible 1-periodic orbits then, for every sufficiently large
prime number τ , it has a contractible periodic orbit γτ of minimal period τ and average
action Sτ (γτ ) < c0 + ϵτ , where ϵτ → 0 as τ → ∞. In particular, for any ϵ > 0, Lt has
infinitely many periodic orbits of average action less than c0 + ϵ.

Remark 1.10. The finiteness assumption on the contractible 1-periodic orbits of Lt cannot
be removed. For instance, the only contractible periodic orbits of the autonomous Tonelli
Lagrangian L : TTn → R, L(q, v) = 1

2
∥v∥2 are the constants. □

The proof of Theorem 1.9 will require an improvement of Theorem 1.6. Such an im-
provement involves the classical notion of local homology of a critical set, which for a
critical point q ∈ crit(S) ∩ S−1(c) is defined as

C∗(q) := Hd(ΛM
<c ∪ {q},ΛM<c).

Here, ΛM<c = S−1(−∞, c). The terminology “local homology” suggests the fact that, by
the excision property of singular homology, C∗(q) only depends on the germ of S at the
critical point q. When q is a non-degenerate critical point (i.e. nul(q) = 0), the Morse
lemma implies that S looks like a quadratic form of index ind(q) near q, and the local
homology is

Cd(q) ∼=

{
R, d = ind(q),

0, d ̸= ind(q),

where R is the coefficient ring employed. The situation is more involved when q is de-
generate: the local homology C∗(q) can have arbitrary finite rank, and even spread in
several degrees from ind(q) to ind(q) + nul(q). At least when q is isolated in crit(S),
C∗(q) is fully determined by the restriction of S to a central manifold N for the gradi-
ent vector field ∇S at q. Such an N is an embedded submanifold N ⊂ ΛM of finite
dimension dim(N) = nul(q), tangent to ∇S, containing q in its interior, and such that
TqN = ker(∇2S(q)). A generalization of the Morse lemma due to Gromoll and Meyer
[GM69a] implies that we can identify a tubular neighborhood U of N with a product



1.4. EXISTENCE OF PERIODIC ORBITS OF ARBITRARY INTEGER PERIOD 11

N ×W− ×W+, where W± is an open neighborhood of the origin in a Hilbert space E±,
with dim(E−) = ind(q) and dim(E+) = ∞. Under this identification, the critical point
q ∈ U corresponds to (q, 0, 0) ∈ N ×W− ×W+, and the action functional takes the form

S(x0, x−, x+) = S(x0)− ∥x−∥2 + ∥x+∥2, ∀(x0, x−, x+) ∈ N ×W− ×W+.

Namely, S locally looks like the “stabilization” of S|N by a quadratic form of index ind(q).
A standard arguments from non-linear analysis implies that

C∗(q) ∼= H∗−ind(q)(N
<c ∪ {q}, N<c),

where N<c := ΛM<c ∩N . Since the central manifold N has dimension nul(q), we readily
infer that the local homology Cd(q) can be non-zero only if ind(q) ≤ d ≤ ind(q) + nul(q).

The local homology groups are in some sense the “building blocks” for the global
homology of ΛM . For instance, if c is the only critical value of S in [c, c + ϵ) and Kc :=
crit(S) ∩ S−1(c) is finite, then the inclusion

ΛM<c ∪Kc ↪→ ΛM<c+ϵ (1.9)

turns out to be a homotopy equivalence. As usual, the homotopy inverse can be built by
“pushing down” the sublevel set ΛM<c+ϵ with the flow of −∇S (some care is needed here,
as some points in ΛM<c+ϵ will converge towards critical points in Kc asymptotically along
the anti-gradient flow lines). By means of the inclusion (1.9), we obtain an isomorphism⊕

q∈Kc

C∗(q) ∼= H∗(ΛM
<c+ϵ,ΛM<c).

This discussion on the local homology implies the following.

Addendum to Theorem 1.6. For each non-zero homology class h ∈ Hd(ΛM), if the
intersection Kc(h) := crit(S) ∩ S−1(c(h)) is finite and some open interval of the form
(c(h), c(h) + ϵ) does not contain critical values of S, then there exists a critical point
q ∈ Kc(h) such that ind(q) ≤ d ≤ ind(q) + nul(q) and Cd(q) ̸= 0. □

Proof of Theorem 1.9. Since we are only interested in contractible periodic orbits, let us
redefine ΛτM to be the connected component of contractible loops in W 1,2(R/τZ,M). We
begin by detecting contractible τ -periodic orbits of average action at most c0 (the constant
defined in (1.8)). In order to to this, observe that we have an inclusion M ↪→ ΛτM , which
amounts to treating any point of M as a τ -periodic curve. Such an inclusion admits a left
inverse ΛτM →M , q 7→ q(0). Therefore, the inclusion induces an injective homomorphism
in homology

H∗(M)
incl∗
↪−−→H∗(Λ

τM).

We choose the coefficients of the homology to be in Z2, so that the top-degree homology
Hd(M), d = dim(M), is non-trivial no matter if the closed manifold M is orientable or
not. We thus consider the image of the fundamental class [M ] ∈ Hd(Λ

τM), whose spectral
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invariant satisfies c := cτ ([M ]) ≤ c0. The addendum to Theorem 1.6 implies that there
exists a τ -periodic orbit qτ ∈ crit(Sτ ) such that

Sτ (qτ ) = c, indτ (qτ ) ≤ d ≤ indτ (qτ ) + nulτ (qτ ), Cτ
d (q) ̸= 0.

Here, we denoted by Cτ
∗ (qτ ) the local homology of qτ as a critical point of Sτ , i.e.

Cτ
∗ (q) := H∗(Λ

τM<c ∪ {qτ},ΛτM<c).

Let τ varies among the prime numbers, so that every periodic orbit qτ has minimal
period either τ or 1. If all but finitely many of the periodic orbits qτ have minimal period
larger than 1, we are done. Therefore, we are left to consider the case in which there exists
a 1-periodic orbit q such that q = qτ for infinitely many primes τ . We denote by K ⊂ N the
infinite subset of those prime numbers τ with this property. Let us show that the existence
of such a periodic orbit q forces the existence of infinitely many other contractible periodic
orbits of prime period and average action just above S(q).

We first focus on the Morse indices of q. The study of the behavior of the function
τ 7→ indτ (q) as the period τ varies is the subject of the so-called Bott’s iteration theory
[Bot56, Lon02, Maz16], whose importance in symplectic dynamics cannot be overstated.
For the purpose of this theorem, we only need a simple statement that can be proved by
hands without any symplectic consideration: for all τ ∈ K, since Cτ

d (q) ̸= 0, we have
indτ (q) ≤ d; the fact that indτ (q) is uniformly bounded from above for infinitely many τ ’s
actually implies that

indτ (q) = 0, ∀τ ∈ N.

The way to prove this assertion is the following. If ind(q) > 0, then for τ large enough
one could construct a τ -periodic vector field w such that ⟨∇2Sτ (q)w,w⟩W 1,2 < 0 and
w(0) = w(τ) = 0. By means of this vector field, we can show that indτ ′(q) > n for all
n ∈ N and τ ′ ≥ nτ . Indeed, consider the τ ′-periodic vector fields w1, ..., wn such that every
wi is supported in [iτ, (i+ 1)τ ] and satisfies wi|[iτ,(i+1)τ ] = w|[iτ,(i+1)τ ]. Notice that

⟨∇2Sτ ′(q)wi, wi⟩W 1,2 < 0, ⟨∇2Sτ ′(q)wi, wj⟩W 1,2 = 0, ∀i ̸= j.

We conclude that the Hessian ∇2Snτ (q) is negative definite over the vector subspace
span{w1, ..., wn}.

The study of the behavior of the function τ 7→ nulτ (q) is a matter of elementary linear
algebra: if z(t) if the orbit of the dual Hamiltonian Ht corresponding to q(t), we have

nulτ (q) = dimker(dϕτH(z(0))− I) =
∑
λ∈ τ√1

dimC ker(dϕ
1
H(z(0))− λI).

If τ is a large enough prime number, say larger than τ0, the linear symplectic map dϕτH(z(0))
has no eigenvalue that is a τ -th root of the unity and is different from 1. Therefore, if we
denote by P the set of all prime numbers larger than τ0, we have

nulτ (q) = nul(q), ∀τ ∈ P. (1.10)
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From now on, τ will be a prime number in P. We claim that the inclusion ΛM ↪→ ΛτM
induces a local homology isomorphism

C∗(q)
incl∗−−→∼= Cτ

∗ (q).

Indeed, let N ⊂ ΛM be a central manifold for the anti-gradient −∇S at q. By (1.10) and
since ∇Sτ |ΛM = ∇S, N will also be a central manifold for the anti-gradient −∇Sτ . Since
ind(q) = indτ (q) = 0, the inclusion induces the homology isomorphisms i∗ and j∗ in the
commutative diagram

H∗(N
<c ∪ {q}, N<c) C∗(q)

Cτ
∗ (q)

i∗
∼=

∼=
j∗

incl∗

The last ingredient that will allow us to complete the proof of the theorem is an instance
of the “instability” of the local homology, a phenomenon that appears in the literature in
several variations, not all equivalent to one another. For our problem, this property was
first discovered by Bangert and Klingenberg [Ban80, BK83], but at about the same time an
analogous argument appeared in Gromov’s study of dilatations of maps [Gro81, Prop. 2.26].
The instability of local homology is the fact that, given any ϵ > 0, for all τ large enough
the inclusion induces the zero homomorphism

C∗(q) H∗(Λ
τM<c+ϵ,ΛτM<c).

incl∗=0
(1.11)

Assuming this for now, we can easily complete the proof of the theorem. Since our
special periodic orbit q has isomorphic local homologies C∗(q) ∼= Cτ

∗ (q), the instability tells
us that the homomorphism induced by the inclusion Cτ

∗ (q)→ H∗(Λ
τM<c+ϵ,ΛτM<c) is the

zero one. This can happen only if Sτ has a critical value in the interval (c, c+ ϵ). We thus
found a contractible τ -periodic orbit ζτ with average action Sτ (ζτ ) ∈ (c, c+ ϵ). If ϵ > 0 is
small enough so that, at period 1, the action functional S does not have critical values in
(c, c+ ϵ), we conclude that ζτ must be a new periodic orbit of minimal period τ .

The proof of (1.11) is based on the so-called Bangert trick [Ban80]. Despite being
technical, the main idea can be illustrated in a special situation: the one of local homology
classes in C1(q) that are represented by maps

σ : [0, 1]→ ΛM<c ∪ {q}

with S(σ(0)) < c and S(σ(1)) < c. If [σ] ̸= 0 in C1(q), then σ(s) = q for some value of
s ∈ (0, 1). For every s ∈ [0, 1], σ(s) is an element in the 1-periodic loop space ΛM . Under
the inclusion ΛM ⊂ ΛτM , we treat σ(s) as a τ -periodic curve (Figure 1.1(a)). As s varies
from 0 to 1, σ “transports” the τ -copies of the loop σ(0)|[0,1] to the other end of the path,
where they become τ -copies of σ(1)|[0,1]. Consider instead the path σ̃ = σ̃τ : [0, 1]→ ΛτM
that, roughly speaking, transport one loop σ(0)|[0,1] at the time to the other side σ(1)|[0,1]
(Figure 1.1(b)). As every instant s ∈ [0, 1], σ̃(s) consists of τ − 1 loops that are either
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σ(0) σ(1)

σ( 12 )

(a)

(b)

Figure 1.1. (a) The path σ : [0, 1]→ ΛM<c ∪{q} seen inside ΛτM . The loops σ(0) and
σ(1) have average action less than c. For some value of s ∈ (0, 1) we have σ(s) = q, and
thus Sτ (σ(s)) = c. (b) The loop σ̃(s) for an intermediate value of s in [0, 1].

σ(0)|[0,1] or σ(1)|[0,1], and a remaining portion of path that joins them. The action of σ̃(s)
can be estimated as

Sτ (σ̃(s)) ≤ 1

τ

(
(τ − 1)max{S(σ(0)),S(σ(1))}︸ ︷︷ ︸

<c

+const
)
,

where const > 0 is independent of τ . If τ is large enough, then Sτ ◦ σ̃ < c, and therefore
[σ̃] = 0 in H1(Λ

τM<c+ϵ,ΛτM<c). The paths σ and σ̃ are homotopic relative to their
endpoints, and one can find such a homotopy whose image stays inside the sublevel set
ΛτM<c+ϵ. This implies that [σ] = [σ̃] = 0 in H1(Λ

τM<c+ϵ,ΛτM<c). □

The instability of the local homology of the special periodic orbit q in the proof of
Theorem 1.9 is rather mysterious from the dynamical point of view. From the variational
point of view, the situation was well described by Hingston in her paper on the Conley
conjecture [Hin09] (although the instability she deals with in the setting of Hamiltonian
diffeomorphisms of tori is different from the current one). For any large prime period τ , the
non-vanishing of the local homology Cτ

d (q) implies that the periodic orbit q is an “essential”
critical point of the action functional Sτ ; essential here means that such a critical point
cannot be erased with a C1-small perturbation of the functional Sτ (an example of “non-
essential” critical point would be the origin for the function f(x) = x3). In the simplest
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Figure 1.2. (a) A relative cycle σ generating a non-trivial element of the local homology
Cd(q) ∼= Cτ

d (q). (b) Instability of the local homology: within the sublevel set ΛτM<c+ϵ,
σ is homotopic to σ1 ⊂ ΛτM<c.

possible situation, q is a degenerate saddle point of Sτ , and the generator of Cτ
d (q) is the

relative fundamental class of a d-ball σ contained in the 1-periodic loop space ΛM ⊂ ΛτM
as in Figure 1.2(a). As the period τ grows, q resembles more and more a non-essential
critical point: for any ϵ > 0, we can find τ large enough and a continuous deformation
σt ⊂ ΛτM<c+ϵ from σ0 = σ to some σ1 ⊂ ΛτM<c (Figure 1.2(b)).

Figure 1.2(b) suggests that, as τ grows, there should be a critical point of Sτ (the
local maximum to the right of q in the figure) approaching more and more our original q.
However, unlike the picture which is three dimensional, the domain of the functional Sτ
is infinitely dimensional, and the existence of such sequence of critical points is not at all
asserted by the above arguments. Instead, what is asserted is the existence of a sequence
of critical values cτ > c of Sτ such that cτ → c as τ →∞.

⋆ Open problem: Let q ∈ crit(S) be a 1-periodic orbit whose local homology is unstable,
i.e. Cd(q) ̸= 0 at some positive degree d > 0, and indτ (q) = 0 for all τ ∈ N. Is q non-
isolated in the space of periodic orbits with arbitrary integer periods? Or at least, if z :=
(q(0), ∂vL(q(0), q̇(0))) is the corresponding fixed point of the Hamiltonian diffeomorphism
ϕ1
H for the dual Tonelli Hamiltonian Ht, does any neighborhood U ⊂ TM of z contain

infinitely many periodic points of ϕ1
H?
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1.5. The free-period action functional

We now consider an autonomous Tonelli Hamiltonian H : T∗M → R, and we address
the existence of periodic orbits on a given energy hypersurface H−1(e), e ∈ R. If we also
prescribe the period of the orbits that we look for, the problem becomes overdetermined: in
general, there are no periodic orbits with both given energy e and period τ . Therefore, the
periodic orbits that we found will have arbitrary period τ ∈ (0,∞). As we will see shortly,
this problem is more involved than the existence of periodic orbits with given period or
arbitrary integer period which we discussed in the previous sections.

Once again, the problem can be studied by a version of the stationary-action variational
principle. Let L : TM → R be the Tonelli Lagrangian dual to H. It will be convenient
to transport the Hamiltonian to the tangent bundle TM by means of the diffeomorphism
∂vL. Namely, we introduce the energy function

E : TM → R, E(q, v) = H(q, ∂vL(q, v)) = ∂vL(q, v)v − L(q, v).

Notice that, if z(t) = (q(t), p(t)) ∈ H−1(e) is an orbit of the Hamiltonian flow ϕtH , then
E(q, q̇) ≡ e. The domain in which we will work consists of periodic curves of any possible
period. Such a space can be formally obtained as the product (0,∞)×ΛM , where as before
ΛM = W 1,2(S1,M) and S1 = R/Z. We identify a pair (τ, q) ∈ (0,∞) × ΛM with the
τ -periodic curve γ : R/τZ→ M , γ(t) = q(t/τ); in the following, we will simply write this
identification as γ = (τ, q). For a given energy value e ∈ R, we introduce the free-period
action functional

Se : (0,∞)× ΛM → R ∪ {∞}, Se(τ, q) = τ

∫ 1

0

L(q(t), q̇(t)/τ) dt+ τe.

It is perhaps more informative to express the value Se(τ, q) as the Lagrangian action of the
τ -periodic curve γ = (τ, q) with respect to the Lagrangian L+ e, i.e.

Se(τ, q) = Se(γ) =
∫ τ

0

(
L(γ(t), γ̇(t)) + e

)
dt.

The critical points of Se are precisely the τ -periodic solutions γ of the Euler-Lagrange
equation of L with energy e, i.e.{

d
dt
∂vL(γ, γ̇)− ∂qL(γ, γ̇) = 0,

E(γ, γ̇) = e.

The circle S1 acts on the loop space ΛM by translation:

t · q = q(t+ ·), ∀t ∈ S1, q ∈ ΛM.

Since the Lagrangian L is autonomous, the functional Se is invariant under this action. In
particular, every critical point (τ, q) ∈ crit(Se) with non-constant q belongs to a critical
circle S1 · (τ, q) ⊂ crit(Se).

Most of the properties enjoyed by the fixed-period action functional (see Section 1.2)
are still enjoyed by the free-period action functional Se:
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• (Regularity) If we focus on the energy level H−1(e), we are at liberty to modify the
Hamiltonian H far away from the energy level, and in particular make it quadratic at in-
finity as in Equation (1.5). The dual Lagrangian L will also become quadratic at infinity as
in Equation (1.6). The free-period action functional Se of our Tonelli Lagrangian quadratic
at infinity is everywhere finite, and indeed C1,1 and twice Gateaux differentiable. Finite
dimensional techniques developed by Asselle and the author in [AM19, Sect. 3] allow to
apply to Se all those variational methods that normally require the C2, or even the C∞,
regularity.

• (Complete domain) The domain (0,∞)×ΛM is a Hilbert manifold. We equip it with a
product Riemannian metric that is Euclidean on the factor (0,∞), and is the W 1,2 metric
on ΛM induced by an auxiliary Riemannian metric on M . With this choice, (0,∞)×ΛM
is not complete, as there are Cauchy sequences coverging towards {0} × ΛM . This is not
really an issue in the applications: an argument due to Asselle implies that a sequence
(τn, qn) ∈ (0,∞)×ΛM with τn → 0, ∥∇Se(τn, qn)∥ → 0 and Se(τn, qn)→ c ∈ R exists only
if c = 0. Therefore the lack of completeness will not manifest itself when working above
the level zero of Se.

• (Morse indices) If we freeze the period variable to a specific τ ∈ (0,∞), the restriction
Se(τ, ·) is essentially the fixed-period action functional plus the constant eτ . Since this
latter functional has finite Morse indices, the same will be true for the free-period action
functional Se. If the energy e is a regular value of the Hamiltonian H, a computation
analogous to the one in Section 1.2 allows to describe the nullity of a critical point γ =
(τ, q) ∈ crit(Se) in terms of the linearized Hamiltonian flow: if Σ := TzH

−1(e), and
z := (γ(0), ∂vL(γ(0), γ̇(0))) is the fixed point of ϕτH corresponding to γ, then

nul(τ, q) := dimker(∇2Se(τ, q)) = dimker(dϕτH(z)|Σ − I).

It remains one property that does not always hold for Se: the compactness of the
sublevel sets. Actually, Se is even unbounded for below for low values of e: it suffices to
take e < −maxL(·, 0), and any constant curve q ∈ ΛM , q ≡ q0 ∈ M will give us an
unbounded line Se(τ, q)→ −∞ as τ →∞. On the other hand, if we choose e to be large
enough so that L+e is everywhere positive, the functional Se will be positive as well. This
shows that the behavior of Se depends strongly on the energy value e. In the next section,
we shall briefly illustrate this dependence. We refer the reader to the article of Contreras
[Con06] and to the survey of Abbondandolo [Abb13] for a comprehensive account.

1.6. Periodic orbits on energy hypersurfaces

Three (possibly coinciding) values of the energy e mark significant changes in the prop-
erties of the free-period action functional Se, which reflect changes on the dynamical prop-
erties of the Hamiltonian flow ϕtH on the energy hypersurface H−1(e). The smallest such
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value is

e0(L) := max
q∈M

E(q, 0).

Since the Tonelli Hamiltonian H is fiberwise convex, and the fiberwise derivative ∂pH is
a diffeomorphism, we must have E(q, 0) = H(q, p) for the unique value of p = pq that
minimizes the function p 7→ H(q, p). This shows that e0(L) is the largest value with the
property that, for all energy values e < e0(L), the energy hypersurface H−1(e) does not
intersects all the fibers of T∗M .

The second and third significant energy values are

cu(L) := inf
{
e ∈ R

∣∣ Se(γ) > 0, ∀ contractible γ
}
,

c0(L) := inf
{
e ∈ R

∣∣ Se(γ) > 0, ∀ null-homologous γ
}
.

Here, contractible as usual means that [γ] = 0 in the fundamental group π1(M,γ(0)),
whereas null-homologous means that [γ] = 0 in the homology group H1(M ;Z). The energy
values cu(L) and c0(L) are called the Mañé critical values of the universal cover and of the
universal abelian cover respectively. The ordinary critical value of the Tonelli Lagrangian
L, which was introduced by Mañé in his seminal work [Mañ97] on Aubry-Mather theory,
is defined by

c(L) := inf
{
e ∈ R

∣∣ S−1
e (−∞, 0) = ∅

}
.

Its variations cu(L) and c0(L) are thus the ordinary critical values of the lifted Lagrangians
Lu : TMu → R and L0 : TM0 → R respectively, where Mu → M is the universal cover
and M0 → M is the universal abelian cover. Unlike cu(L) and c0(L), the ordinary c(L)
does not play a particular role in the study of the multiplicity of periodic orbits on energy
hypersurfaces.

The three energy values are ordered as

e0(L) ≤ cu(L) ≤ c0(L).

The second inequality is simply due to the fact that contractible curves are nullhomologous.
The first inequality follows by the fact that, if we fix a point q ∈ M such that E(q, 0) =
e0(L), and we consider the constant curve γ = (τ, q) ∈ (0,∞)× ΛM , then

Se0(τ, q) = τ
(
L(q, 0) + e0(L)

)
= τ

(
e0(L)− E(q, 0)

)
.

Example 1.11.

(i) For a purely Riemannian Lagrangian L(q, v) = 1
2
∥v∥2g, we have E(q, v) = 1

2
∥v∥2g

and

minE = e0(L) = cu(L) = c0(L) = 0.

(ii) In order to separate e0 from the minimum of the energy, it is enough to consider
a mechanical Lagrangian L(q, v) = 1

2
∥v∥2−U(q) with a non-constant potential U ,

so that E(q, v) = 1
2
∥v∥2g + U(q) and

minU = minE < e0(L) = cu(L) = c0(L) = maxU.
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(iii) In order to separate e0 from c0, the Lagrangian must have a magnetic term. For
instance, if L(q, v) = 1

2
∥v∥2g + θq(v) where θ is a non-exact 1-form on M , then

E(q, v) = 1
2
∥v∥2g, and a result of Contreras, Iturriaga, G. Paternain, and M. Pa-

ternain [CIPP98] implies

0 = minE = e0(L) < c0(L) = inf
u∈C∞(M)

∥θ + du∥L∞ . □

Remark 1.12. In order for the values cu(L) and c0(L) to be different, the notions of being
“contractible” or “nullhomologous” for loops inM must be distinct. Namely, cu(L) ̸= c0(L)
only if the fundamental group π1(M) is non-abelian. □

Remark 1.13. The space of Tonelli Lagrangians on TM has a C1-dense subspace U such
that e0(L) < cu(L) for all L ∈ U , see [ABM17, Section 4]. □

When dealing with a Tonelli Hamiltonian H, we will write e0(H), cu(H), and c0(H) to
denote the corresponding energy values of the dual Lagrangian L, i.e.

e0(H) := e0(L), cu(H) := cu(L), c0(H) = c0(L).

We already pointed out in Example 1.2 that the Hamiltonian dynamics on H−1(e) for large
values of e is of Finsler type. The following is a more precise statement, due to Contreras,
Iturriaga, G. Paternain, and M. Paternain [CIPP98].

Theorem 1.14 (Contreras-Iturriaga-Paternain2). For all energy values e > c0(H), the
Hamiltonian flow ϕtH |H−1(e) is orbitally equivalent to the geodesic flow of a Finsler metric
on M . Namely, there exists a Finsler metric F : T∗M → [0,∞) and a diffeomorphism
ψ : H−1(e)→ F−1(1) mapping orbits of ϕtH |H−1(e) to orbits of ϕtF |F−1(1).

Proof. The crucial ingredient for the proof is the following characterization of the critical
value c0(L) in terms of subsolutions of the Hamilton-Jacobi equation: for each e > c0(L)
there exists a closed 1-form β on M such that H(q, βq) < e. Since β is closed, the diffeo-
morphism ψ : T∗M → T∗M , ψ(q, p) = (q, βq) is symplectic (namely, ψ∗dλ = dλ, where
λ is the Liouville 1-form (1.1)). Therefore, if we set K := H ◦ ψ, the Hamiltonian flows
ϕtK |K−1(e) and ϕtH |H−1(e) are orbitally equivalent. Finally, since K−1(e) is a hypersurface
that encloses the 0-section, there exists a Finsler metric F : T∗M → [0,∞) such that
F−1(1) = K−1(e), which implies that ϕtF |F−1(1) and ϕ

t
K |K−1(e) have the same orbits up to

time reparametrization. □

In view of Theorem 1.14, the study of periodic orbits on energy levels H−1(e) with
e > c0(H) reduces to the study of closed geodesics on closed Finsler manifolds. We will
postpone a more detailed discussion concerning closed geodesics to Chapter 2. Here, we
just mention that, for a vast class of closed manifold M , there are always infinitely many
periodic orbits on every energy levels H−1(e) with e > c0(H). However, whenM is a sphere
Sn, a projective space CPn or HPn, or the Cayley projective plane CaP2, a construction
due to Ziller [Zil83], and based on an earlier result of Katok [Kat73] for the 2-sphere,
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provides a Tonelli Hamiltonian H : T∗M → R such that H−1(e) contains only finitely
many periodic orbits for some e > c0(H). We shall present such construction in the next
chapter, in Example 2.10.

More generally, when e > cu(L), a simple argument shows that the free-period action
functional is bounded from below on every connected component of its domain (0,∞) ×
ΛM . Moreover, the free-period action functional Se has sufficiently compact sublevel sets:
any sequence γn = (τn, qn) in its domain such that ∥∇Se(γn)∥ → 0, Se(γn) → c, and
with τn bounded from below by a positive constant, admits a converging subsequence. In
particular, if M is not simply connected, we recover the simple existence result analogous
to Theorem 1.4.

Theorem 1.15. Let L : TM → R be a Tonelli Lagrangian. For each energy value e > cu(L)
and for every connected component C ⊂ (0,∞) × ΛM other than the one of contractible
loops, there exists a periodic orbit that is a global minimizer of Se|C . □

On lower energy levels e < cu(L), the free-period action functional is unbounded from
below on every connected component of its domain: for instance, on the connected com-
ponent of contractible loops, we can find a γ with negative action Se(γ) < 0, and by
iterating γ one obtain a sequence of loops with diverging negative action. In view of this
unboundedness, one may try to work on suitable strips S−1

e [a, b]. Unfortunately, though,
it is not known whether Se satisfies the Palais-Smale condition: there might be sequences
γn = (τn, qn) ∈ S−1

e [a, b] such that ∥∇Se(γn)∥ → 0 but τn →∞. It is currently not known
how to control the period variable of such Palais-Smale sequences for any given value of e,
but a formidable trick due to Struwe [Str90] allows to do it in certain situations provided
one is allowed to perturb the energy value e. We will briefly discuss the ideas behind
Struwe’s argument in the proof of the next statement, which is due to Contreras [Con06].

Theorem 1.16 (Contreras). Let L : TM → R be a Tonelli Lagrangian such that e0(L) <
cu(L). For almost every e ∈ (e0(L), cu(L)), there is a contractible periodic orbit γ of energy
e and positive action Se(γ) > 0.

Proof. The idea of the proof consists in showing that the graph of the free-period action
functional Se presents a mountain pass geometry around the subspace of constant loops.
More precisely, for each δ > 0, consider the open subset

Uδ :=
{
(τ, q) ∈ (0, 1)× ΛM

∣∣ ∥q̇∥L2 ≤ τδ, τ < δ
}
.

Notice that every γ = (τ, q) ∈ U has length less than δ2. Therefore, up to choosing δ > 0
small enough, Uδ is contained in the connected components of contractible loops. From
now on, we will implicitly require δ to be small enough to satisfy this assertion.

For every e > e0(L), a computation shows that

lim
δ→0+

sup
Uδ

Se = 0,
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and, if δ > 0 is small enough,

b(e, δ) := inf
∂Uδ

Se > 0.

Notice that Se′(τ, q) = Se(τ, q) + (e′ − e)τ . Therefore, if we fix e′ ∈ (e0(L), cu(L)), we can
find δ > 0 and an open neighborhood I = (e′ − ϵ, e′ + ϵ) ⊂ (e0(L), cu(L)) such that

b(δ) := inf
e∈I

b(e, δ) > 0.

We recall that, if e < cu(L), there exists γ = (τ, q) ∈ (0,∞)× ΛM that is contractible
(and thus in the same connected component as Uδ) and has negative action Se(γ) < 0.
For each energy value e ∈ I, we denote by We the (non-empty) family of continuous
maps w : [0, 1] → (0,∞) × ΛM such that w(0) ∈ Uδ, Se(w(0)) < b(δ), w(1) ̸∈ Uδ, and
Se(w(0)) < 0. We employ this family to define a min-max

c(e) := inf
w∈We

maxSe ◦ w ≥ b(δ).

If Se satisfied the Palais-Smale condition, by the classical min-max theorem from non-
linear analysis (which is analogous to Theorem 1.6) we would readily infer that c(e) is a
critical value of Se, and we would have found a periodic orbits with positive action on
the energy level e. Since we do not know whether the Palais-Smale condition hold, a
priori we may have sequences wn ∈ We and sn ∈ [0, 1] with the following property: if
(τn, qn) := wn(sn), then Se(τn, qn) → c(e), ∥∇Se(τn, qn)∥ → 0, but τn → ∞. The Palais-
Smale condition amounts indeed to forbid the sequence of periods τn to diverge in this kind
of sequences.

Struwe’s trick allows to bound the sequence of periods and recover the Palais-Smale
condition for almost every e ∈ I. The rough idea goes as follows. Notice first that Se is
pointwise monotonically increasing in e, and the family We gets bigger as e gets smaller.
This readily implies that e 7→ c(e) is a monotone increasing function, and in particular
almost everywhere differentiable according to Lebesgue’s theorem. Now, notice that the
period τ could be recovered from the action values Se(τ, q) by differentiating with respect to
the energy parameter, i.e. ∂eSe(τ, q) = τ . Suitably elaborated, these observations allow to
bound the period variable along suitable sequences wn ∈ We such that maxSe ◦wn → c(e),
for those values of e ∈ I at which the function e 7→ c(e) is differentiable. □

In the same paper [CIPP00], Contreras employed a previous result of Frauenfelder and
Schlenk [Sch06, FS07] to deal with the lower energy range (e0(L), cu(L)). An independent
proof of the same result, more in the spirit of the one of Theorem 1.16, was given later on
by Taimanov [Tai10a].

Theorem 1.17 (Contreras). Let L : TM → R be a Tonelli Lagrangian such that minE <
e0(L). For almost every e ∈ (minE, e0(L)), there is a contractible periodic orbit γ of
energy e.

Proof. We only give a brief outline of the proof. It is enough to work with the dual
Tonelli Hamiltonian H : T∗M → R. For each e ∈ (minE, e0(L)), there is an open subset
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U ⊊ M such that the energy level H−1(e) does not intersect T∗U . Let K : M → R

be a smooth function all of whose critical points are in U . We treat this function as a
Hamiltonian on T∗M independent of the momentum variable p. Its Hamiltonian flow is
given by ϕtK(q, p) = (q, p − t dK(q)). Since dK is nowhere vanishing on M \ U , for t > 0
large enough we have

ϕtK(H
−1(e)) ∩H−1(e) = ∅.

This is usually expressed by saying that the energy hypersurface H−1(e) is Hamiltonianly
displaceable. Under this condition, a result of Frauenfelder and Schlenk [Sch06, FS07]
implies that a neighborhood H−1(e−δ, e+δ) has finite π1-sensitive Hofer-Zehnder capacity.
This, together with a version of Struwe’s trick due to Hofer and Zehnder [HZ94], implies
that H−1(e′) has a periodic orbit for almost every e′ ∈ (e− δ, e+ δ). □

⋆ Open problem: Is there a Riemannian metric on the domain (0,∞) × ΛM of the free-
period action functional that makes such domain complete while at the same time makes Se
satisfy the Palais-Smale condition for a given energy value e ∈ (minE, cu(L))? A theorem of
Contreras shows that such a metric exists for an energy level e provided the base projection
π : T∗M →M provides an injective homomorphism π∗ : H1(H

−1(e);R)→ H1(M ;R), and
the energy level H−1(e) ⊂ T∗M is a smooth hypersurface of contact type (i.e. ker(ω|H−1(e))
is a contact distribution, where ω is the standard symplectic form on T∗M).

1.7. Minimal boundaries

We now focus on Tonelli Hamiltonians and Lagrangians whose configuration spaceM is
an orientable closed surface (with a slight abuse of terminology, we will briefly say “Tonelli
Hamiltonians and Lagrangians on surfaces”). The dimension two is special: the fact that
embedded loops separate M at least locally (that is, separate a tubular neighborhood of
their support) allows to carry over arguments that are not available in general dimension.
The results that we are going to present originate from the seminal work of Taimanov
[Tai91, Tai92a, Tai92b], who showed that when L : TM → R is an electromagnetic
Lagrangian as in Example 1.11, every sufficiently small energy level e contains a periodic
orbit that is a local minimizer of the free-period action functional Se. Later, Contreras,
Macarini, and Paternain put Taimanov result in the context of Aubry-Mather theory, and
in particular pointed out that the energy values for which Taimanov’s theorem hold are
those in the interval (0, c0(L)). The extension of Taimanov’s theorem to arbitrary Tonelli
Lagrangians on surfaces was finally proved by the Asselle and the author in [AM19], who
showed that the existence of local minimizers holds for every energy value in (e0(L), c0(L)).
In this section, we are going to briefly present an enhancement of the above results, that
is due to Asselle, Benedetti and the authors [ABM17].

We first introduce the main character of these results. Let M be an orientable closed
surface. By a multicurve, we mean a finite collection of periodic curves γi = (τi, qi) ∈
(0,∞) × ΛM , i = 1, ..., n, which we will write as γ = (γ1, ..., γn). In order to avoid
technicalities, we will always assume that the components γi are piecewise smooth with
finitely many singular points. We say that γ is simple when all its components are simple
(that is, they are piecewise smooth embeddings γi : R/τiZ ↪→M) and pairwise disjoint. We
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Figure 1.3. Example of topological boundary γ = (γ1, γ2, γ3) = ∂Σ.

say that a simple multicurve γ is a topological boundary when it is the oriented boundary
of a non-empty, possibly disconnected, open subset Σ ⊊M (see Figure 1.3). We denote by
B the space of topological boundaries on M ; we stress that elements γ ∈ B may have an
arbitrary (positive) number of components. The free-period action functional Se admits a
natural extension to the space of topological boundaries, that is,

Se : B → R, Se(γ) = Se(γ1) + ...+ Se(γn).

We define a minimal boundary with energy e to be a topological boundary γ ∈ B such
that

Se(γ) = inf
B
Se.

Notice that

inf
B
Se ≤ 0. (1.12)

Indeed, for every ϵ > 0 there is a short simple contractible loop γ with action Se(γ) < ϵ, and
such a loop is in particular a topological boundary. Any component of a minimal boundary
with energy e is a local minimizer of the free-period action functional Se : (0,∞)×ΛM → R.
In particular, the components of minimal boundaries with energy e are simple periodic
orbits with energy e.

The reason to study minimal boundaries is that, for energy values e > e0(L), even
though the free-period action functional may be unbounded from below on the loop space,
it is bounded from below over the space of topological boundaries. More precisely, we have
the following estimate. We define a 1-form θ on M by

θq(v) := ∂vL(q, 0)v,

which is the “magnetic part” of the Tonelli Lagrangian L.

Lemma 1.18. For each topological boundary γ = (γ1, ..., γn) ∈ B, with components of the
form γi : R/τiZ→M , and for each energy value e > e0(L), we have

Se(γ) ≥ (e− e0(L))(τ1 + ...+ τn)−
∫
M

|dθ|.
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Proof. The function K : TM → R, K(q, v) = L(q, v) − θq(v) − L(q, 0) is a Tonelli La-
grangian that vanishes on the 0-section and is positive outside. We recall that L(q, 0) =
−E(q, 0) ≥ −e0(L). If γ as in the statement is the oriented boundary of the open subset
Σ ⊂M , by Stokes theorem we estimate

Se(γ) ≥
n∑
i=1

(∫ τi

0

K(γi, γ̇i) dt+

∫
γi

θ + (e− e0(L))τi
)

≥
∫
Σ

dθ + (e− e0(L))(τ1 + ...+ τn)

≥ −
∫
M

|dθ|+ (e− e0(L))(τ1 + ...+ τn). □

We now address the question of the existence of minimal boundaries, starting with a
negative statement.

Lemma 1.19. All multicurves γ = (γ1, ...,γn) with [γ] = [γ1] + ... + [γn] = 0 in H1(M ;Z)
have non-negative action Sc0(L)(γ) ≥ 0. In particular, there are no minimal boundaries
with energy e > c0(L).

Proof. The definition of c0(L) implies that Sc0(L)(γ) ≥ 0 for any nullhomologous periodic
curve γ. Assume now that γ = (γ1, ..., γn) is a multicurve with [γ] = 0 in H1(M ;Z). We
choose absolutely continuous paths ζi : [0, 1] → M such that ζi(0) = γi(0) and ζi(1) =
γi+1(0). For each positive integer k, we define the loop

ξk := γk1 ∗ ζ1 ∗ γk2 ∗ ζ2 ∗ ... ∗ γkn−1 ∗ ζn−1 ∗ γkn ∗ ζn−1 ∗ ζn−2 ∗ . . . ∗ ζ1,

where ζ i : [0, 1]→M denotes the reversed path ζ i(t) = ζi(1− t) joining γi+1(0) and γi(0),
∗ denotes concatenation of paths, and the superscript k denotes the k-th iteration of a
loop. The loop ξk is null-homologous, for

[ξk] = [γk1 ] + . . .+ [γkn] + [ζ1 ∗ ζ1]︸ ︷︷ ︸
=0

+ . . .+ [ζn−1 ∗ ζn−1]︸ ︷︷ ︸
=0

= k[γ] = 0,

and therefore has non-negative action Sc0(L)(ξk) ≥ 0. We set ζ := (ζ1 ∗ ζ1, ..., ζn ∗ ζn),
so that Sc0(L)(ξk) = k Sc0(L)(γ) + Sc0(L)(ζ). Therefore Sc0(L)(γ) ≥ −k−1Sc0(L)(ζ), and by
sending k → ∞ we conclude that Sc0(L)(γ) ≥ 0. This, together with (1.12), implies the
first statement of the lemma.

We recall that Se is monotone increasing in e. If a minimal boundary γ with energy
e > c0(L) existed, we would have Sc0(L)(γ) < Se(γ) ≤ 0, contradicting the first statement
of the lemma. □

On the energy range (e0(L), c0(L)], we have positive existence results. We begin with
the interval (e0(L), c0(L)).

Theorem 1.20. For each e ∈ (e0(L), c0(L)), there exists a minimal boundary with energy e.
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Figure 1.4. Topological boundary with a tangency.

Proof. We sketch the the proof in two steps.

• Step 1. If Se attains negative values on the space of topological boundaries B, then there
exists a minimal boundary of energy e.

The proof of this step is unfortunately a technical tour de force (see [AM19, Section 2],
which is based on Taimanov’s [Tai91]), but nevertheless the general strategy is rather sim-
ple. Notice that we did not endow the space of topological boundaries B with a topology,
but, whatever reasonable topology one considers, the space will not be compact: for in-
stance, a sequence of topological boundaries could converge towards a boundary with a
tangency (Figure 1.4), which is not an element of B. By means of a finite dimensional
reduction, it is possible to work in the subspace B′ ⊂ B of those topological boundaries
γ = (γ1, ..., γn) whose components γi are piecewise smooth solutions of the Euler-Lagrange
equation with energy e and have finitely many singular points. For every γ ∈ B, there is
a ζ ∈ B′ such that Se(ζ) ≤ Se(γ); therefore we can look for minimizers of Se inside B′

instead of B.
We consider a sequence γα ∈ B′ such that Se(γα)→ inf Se|B′ < 0 as α→∞. Without

loss of generality, we can assume that every component of every γα has length larger
than some positive constant; indeed, since e > e0(L), components that are too short are
contractible and have positive action, and by removing them we would obtain another
element of B′ with lower action (since Se(γα) < 0 for α large enough, after removal of the
short components we must be left with a non-empty multi-curve). The space B′ can be
endowed with a natural topology, and a compactness theorem implies that, up to extracting
a subsequence, γα converges to some γ = (γ1, ..., γn) in the closure of B′. The multi-curve
γ might not be a topological boundary anymore: a priori, γ is a topological boundary
with tangencies (a source of complication being that the locus of these tangencies may not
be a finite set). If a portion of some component γi|[a,b] does not have self-intersections nor
intersections with other components of γ or with the remaining portion of γi, then γi|[a,b]
is an embedded smooth solution of the Euler-Lagrange equation with energy e; indeed, if
this were not the case, we could perturb γi|[a,b] while keeping its endpoint fixed and lower
the action Se(γ), contradicting the fact that the original γ was a minimizer.

We are now left to show that the components of γ do not have self-intersections nor
mutual intersections. Let us show that γ cannot have a “simple” tangency, meaning a point
q0 ∈M that is an isolated intersection of exactly two components of γ, as in Figure 1.5(a).
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Figure 1.5
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Figure 1.6

If this were the case, we could rearrange the components as in Figure 1.5(b), and finally
get rid of the tangency point by chamfering the corners as in Figure 1.5(c). This way we
would produce a multicurve with lower action, that is still in the closure of B, contradicting
the minimality of the original γ. This gives the idea, but a more sophisticated argument
is needed to take care of general tangencies.

• Step 2. The functional Se attains negative values on B.
Since e < c0(L), there exists a nullhomologous periodic curve ζ with negative action
Se(ζ) < 0. Up to a perturbation, we can assume that ζ has finitely many self-intersections,
all of whose are transverse double points (Figure 1.6(a)). Out of such a curve ζ, we can
produce an embedded multicurve γ as follows: at every self-intersection of ζ, we transform
a double point into a tangency (Figure 1.6(b)), which we then remove by smoothing the
corners (Figure 1.6(c)). Notice that [γ] = [ζ] = 0 in H1(M ;Z), and we can do the above
operation so that the action Se(γ) is arbitratily close to Se(ζ), and in particular Se(γ) < 0.
Finally, since [γ] = 0, a topological argument implies that γ is the disjoint union of
topological boundaries γ1, ...,γn. Since Se(γ1) + ... + Se(γn) = Se(γ) < 0, at least one of
these topological boundaries γi must have negative action Se(γi) < 0. □

Finally, we consider the critical energy level c0(L).

Theorem 1.21. There exists a minimal boundary γ with energy c0(L).
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Proof. We consider a sequence of energy values eα ∈ (c0(L)−ϵ, c0(L)) such that eα → c0(L)
as α→∞, and a sequence of minimal boundaries γα = (γα,1, ..., γα,nα) of energy eα. Every
component of such boundaries has the form γα,i : R/τα,iZ → M . By Lemma 1.18, the
total period of each minimal boundary γα is uniformly bounded from above by

τα,1 + ...+ τα,nα ≤
1

eα − e0(L)

(
Seα(γα) +

∫
M

|dθ|
)
≤ 1

c0(L)− e0(L)− ϵ

∫
M

|dθ|.

Since every component γα,i is a τα,i-periodic orbit with energy eα that is approximatively
c0(L), we also have a uniform lower bound

τα,i ≥ δ > 0,

where δ is independent of α and i. Therefore, we have a uniform upper bound for the
number of connected components nα of γα, and up to extracting a subsequence we can
assume that n := nα is independent of α. Up to extracting another subsequence, any
connected component γα,i converges in C∞ to a periodic orbit γi with energy c0(L). A
priori, the multicurve γ = (γ1, ..., γn) may not be a topological boundary, but is certainly a
topological boundary with tangencies. In particular, [γ] = 0 in H1(M ;Z), since the same
was true for the γα’s. Since 0 ≥ Seα(γα) → Sc0(e)(γ) as α → ∞, Lemma 1.19 implies
that Seα(γ) = 0. Finally, an argument analogous to the one in Step 1 of the proof of
Theorem 1.20 implies that γ is an embedded multicurve, and thus a minimal boundary of
energy c0(L). □

Below the energy level e0(L), there are no minimal boundaries.

Proposition 1.22. For all e < e0(L), we have

inf
B
Se = −∞.

Proof. We consider an energy value e < e0(L) = maxE(·, 0), and we fix ϵ ∈ (0, e0(L)− e),
so that the open subset U := {q ∈ M | E(q, 0)− e > ϵ} is non-empty. Let q : S1 → U be
a contractible embedded loop. For each τ > 0, the curve γτ (t) := q(t/τ) is in particular a
topological boundary. For τ large enough, we have

Se(γτ ) = τ

∫ 1

0

(
L(q, q̇/τ) + e

)
dt = τ

∫ 1

0

(
∂vL(q, q̇/τ)q̇/τ + e− E(q, q̇/τ)︸ ︷︷ ︸

<−ϵ/2

)
dt

τ→∞−−→−∞.

□

We close this section with one last result relating minimal boundaries to Aubry-Mather
theory [Mat91]. We denote by ϕtL : TM → TM the Euler Lagrange flow, whose orbits are
lifts of solutions of the Euler-Lagrange equation, and we consider the associated invariant
measures µ on TM . We recall that the rotation vector of µ is the homology class ρ(µ) ∈
H1(M ;R) that evaluates against closed 1-forms σ as

⟨σ, ρ(µ)⟩ =
∫
TM

σq(v) dµ(q, v).
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The Lagrangian action of an invariant measure µ is the quantity

S(µ) :=
∫
TM

L dµ

Aubry-Mather theory implies that

inf
µ
S(µ) = −c0(L),

where the infimum ranges over the space of invariant measures with zero rotation vector.
We denote by Mmin the space of invariant action-minimizing measures µ with zero rotation
vector, i.e. ρ(µ) = 0 and S(µ) = −c0(L). Such measures always exist for any Tonelli
Lagrangian L. The union of their supports is a version of the so-called Mather sets

M :=
⋃

µ∈Mmin

supp(µ),

which is invariant under the Euler-Lagrange flow, and is contained in the energy level
E−1(c0(L)) according to a theorem of Carneiro [Car95]. The celebrated graph theorem of
Mather [Mat91] implies that the base projection π : TM →M , π(q, v) = q restricts to an
injective map on the Mather setM (and indeed has a Lipschitz inverse).

Aubry-Mather theory deals with configuration spacesM of any dimension. WhenM is
a closed orientable surface, minimal boundaries allow to define a Mather set on subcritical
energies as well: for each e ∈ (e0(L), c0(L)], we denote by Me the set of points of the
form (γ(t), γ̇(t)), where γ is a component of a minimal boundary of energy e. Clearly,
each Me is an invariant set for the Euler-Lagrange flow, and is contained in the energy
level E−1(e). Since a minimal boundary γ with energy c0(L) has action Sc0(L)(γ) = 0,
it defines a minimal measure on its support; this implies that Mc0(L) ⊂ M. Actually,
Asselle, Benedetti, and the author [ABM17] showed thatMc0(L) =M, and the subcritical
invariant setsMe satisfy the graph property too.

Theorem 1.23. For each e ∈ (e0(L), c0(L)], the base projection π : TM → M restricts to
an injective map on the invariant setMe. □

1.8. Waists and multiplicity of periodic orbits on energy levels

We already mentioned that, for general Tonelli Lagrangians L : TM → R, noth-
ing is known about the unconditional existence of periodic orbits in the energy range
(e0(L), c0(L)) beyond Contreras’ Theorem 1.16: on almost e ∈ (e0(L), cu(L)) there exists a
contractible periodic orbits αe with energy e and positive action Se(αe) > 0. If we further
assume M to be an orientable closed surface, for every e ∈ (e0(L), cu(L)) (and not only
for almost every) there exists another periodic orbit βe of energy e that is different from
αe since it has negative action Se(βe) < 0. Such a βe is provided by Theorem 1.20 as the
component of a minimal boundary with energy e.

The periodic orbits βe are sometimes referred to as waists: they are local minimizer
of the free-period action functional Se : (0,∞)× ΛM → R. The terminology is borrowed
from Riemannian geometry, where a waist is a closed geodesic that is a local minimizer of
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γ

Figure 1.7. A waist γ in a Riemannian 2-sphere.

the length functional on the loop space (Figure 1.7). In the quest of multiplicity results for
periodic orbits, waists turn out to play an important role: the celebrated waist theorem
of Bangert [Ban80] implies for instance that the existence of a contractible waist in a
closed, orientable, Riemannian surface “forces” the existence of infinitely many other closed
geodesics.

Inspired by the work of Bangert, a breakthrough on the multiplicity problem for Tonelli
periodic orbits on energy hypersurfaces was proved by the author together with Abbon-
dandolo, Macarini, and Paternain [AMMP17], after a partial result in [AMP15]. The
theorem was originally proved for the class of magnetic Lagrangians of Example 1.11(iii),
but was finally extended to the whole class of Tonelli Lagrangians by Asselle and the author
[AM19]. The final result is the following.

Theorem 1.24. Let M be a closed surface, and L : TM → R a Tonelli Lagrangian. For
almost all e ∈ (e0(L), cu(L)) there exist infinitely many periodic orbits with energy e.

Proof. The proof of this theorem will require several ingredients, some of which are bor-
rowed from the literature while others are novel. We remark that, without loss of generality,
we can assume that the surface M is orientable: if this were not the case, we would work
on its orientation double cover M ′ and with the lifted Tonelli Lagrangian L′ : TM ′ → R,
which has the same relevant energy values as the original Lagrangian, i.e. e0(L

′) = e0(L
′)

and cu(L
′) = cu(L).

Let us consider the waists βe with negative action Se(βe) < 0 that we already introduced
at the beginning of this section. We recall that each βe is in particular a critical point of
the free-period action functional Se, and belongs to a critical circle S1 ·βe (see Section 1.5).
We fix an energy value e1 ∈ (e0(L), cu(L)) such that

β := βe1

is a strict local minimizer of Se1 , meaning that there exists an open neighborhood U ⊂
(0,∞)× ΛM of the critical circle S1 · β such that Se1(β) < Se1(γ) for all γ ∈ U \ (S1 · β).
Notice that on those energy levels e for which S1 ·βe is not a strict local minimizer there is
nothing to prove: any neighborhood of S1 ·βe contains infinitely many other critical circles
of Se, which give infinitely many periodic orbits at level e. Therefore, in order to prove the
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γ2

Figure 1.8. (a) A periodic curve γ close to the second iterate of β. (b) As a cycle, γ
decomposes as the sum of γ1 and γ2, which are both periodic curves close to γ.

theorem, it is enough to show that there are infinitely many periodic orbits with energy e,
for almost every e in a neighborhood of e1.

Let us stress a point that was already touched upon in Section 1.4. A τ -periodic orbit
γ = (τ, q) ∈ crit(Se) is clearly also mτ -periodic for any positive integer m; however, when
seen as an mτ -periodic orbit, it corresponds to a different point of the domain of the free
period action functional: the point γm := (mτ, qm) ∈ (0,∞) × ΛM , where qm(t) = q(mt)
is the m-th iterate of the loop q. Therefore, in order to establish multiplicity results for
periodic orbits, it is not enough to detect several critical circles of Se; one further needs to
identify critical circles that correspond to iterates of a same “primitive” periodic orbit.

A classical argument due to Hedlund [Hed32], reproved in the setting of the free-period
action functional by Abbondandolo, Macarini, and Paternain [AMP15], implies that the
iterates βm, for all m ≥ 1, are all strict local minimizers of Se1 . This is due to the fact
that we work on an orientable surface M , and therefore a tubular neighborhood of the
support of β in M is diffeomorphic to an annulus A. For instance, if a periodic curve γ is
close to the second iterate β2, in particular the support of γ is contained in the annulus A
(Figure 1.8(a)); as a cycle, γ decomposes as the sum of two cycles γ1 and γ2 (Figure 1.8(b));
each one of these two cycles is a periodic curve in the domain of the free-period action
functional, and close to β; since β is a local minimizer of Se1 , we have

Se1(γ) = Se1(γ1) + Se1(γ2) ≥ Se1(β) + Se1(β) = Se1(β2),

and the inequality is strict unless γ ∈ S1 · β2.
We now setup a min-max scheme that will produce the candidate periodic orbits claimed

to exist. For each integer m ≥ 1, since βm is a strict local minimizer of Se1 , there exists a
neighborhood Um of the critical circle S1 · βm such that

am := Se1(βm) = inf
Um

Se1 < inf
∂Um

Se1 =: am + 2δm.

We choose Um to be a small neighborhood, so that in particular every γ ∈ Um has period
close to the period of βm. We recall that the free-period action functional Se depends on
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the energy parameter e monotonically, and more precisely

Se(τ, q) = Se1(τ, q) + (e− e1)τ.

Therefore, we can find bm ≤ am and a sufficiently small neighborhood I ⊂ (e0(L), cu(L))
of the energy value e1 so that

bm < inf
Um

Se < am + δm < inf
∂Um

Se, ∀e ∈ I.

For each e ∈ I and m ≥ 1, we consider the min-max

c(e,m) := inf
u

max
s∈[0,1]

Se(u(s)) ≥ am + δm,

where the infimum ranges over the family of continuous paths u : [0, 1] → (0,∞) × ΛM
such that u(0) ∈ Um, Se(u(0)) < am + δ, and Se(u(1)) < bm. Notice that this family of
maps is non empty, since the free-period action functional Se is unbounded from below on
every connected component of its domain. The inequality c(e,m) ≥ am + δm is due to the
fact that every path u in the definition of the min-max must exit the open set Um.

The fact that e 7→ Se is monotone increasing readily implies the same property for the
function e 7→ c(e,m). In particular, this latter function is differentiable on a full measure
subset J ⊂ I according to Lebesgue’s theorem. At every point e ∈ J , the argument of
Struwe [Str90] that we already employed in the proof of Theorem 1.16 insures that c(e,m)
is a critical value of Se.

We fix, once for all, an energy value e ∈ J . We claim that the sequence of critical
values cm := c(e,m) correspond to infinitely many periodic orbits with energy e that are
geometrically distinct. As a first step, an argument similar to the one sketched in Figure 1.1
implies that cm → −∞ as m → ∞; this guarantees that the sequence cm corresponds to
infinitely many distinct critical circles of Se. Since each critical value cm is obtained as
a min-max over a family of 1-dimensional objects (the paths u), it must be a critical
value of mountain pass type: at least one critical circle S1 · ζm ⊂ crit(Se) ∩ S−1

e (cm) must
join together two different connected components C1, C2 ⊂ S−1

e (−∞, cm); namely, for any
neighborhood W of S1 · ζm, the union C1 ∪ C2 is contained in a connected component of
S−1
e (−∞, cm) ∪W .
The final step, which actually required most of the efforts in the original proof in

[AMMP17], is the following general principle: if a periodic orbit γ gives critical circles
S1 ·γm that are isolated components of crit(Se) for all m ≥ 1, such critical circles can be of
mountain pass type only for finitely many values of m. We do not justify this claim here,
but just mention that it requires a study of the Morse indices of the free-period action
functional [AM19, Section 3], a subtle study of the local properties of the critical circles
[AMMP17, Section 2], and arguments à la Bangert as in Theorem 1.9. In view of this
result, if there were only finitely many periodic orbits with energy e, there would exist a
negative value b < 0 such that none of the critical circles S1 · ζ of Se with critical value
less than b are of mountain pass type. But for large enough m, the mountain pass critical
value cm is less than b, which gives a contradiction. □
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We already mentioned in the previous section that for energy values e < e0(L) there
are no minimal boundaries. The following example, which the author provided in the joint
paper [AM19] with Asselle, shows that in general there may be only finitely many periodic
orbits with energy e, and no waists with energy e at all.

Example 1.25. We fix real numbers 0 < a1 < a2 < 1 with irrational quotient a1/a2, and
a smooth monotone increasing function χ : [0,∞) → [0, 1] such that χ(x) = x for all
x ∈ [0, a2] and χ(x) = 1 for all x ≥ 1. On the configuration space T2 := [−1, 1]2/{−1, 1}2,
we define the Tonelli Hamiltonian

H : T∗T2 → R, H(q1, q2, p1, p2) =
1

2

(
χ(|q1|2) + |p1|2

a1
+
χ(|q2|2) + |p2|2

a2

)
.

For such a Hamiltonian, we have

0 = minH < e0(H) =
1

2

(
1

a1
+

1

a2

)
.

Every energy level H−1(e) with e ∈ (0, 1/a1) is a so-called irrational ellipsoid: in complex
notation zj := qj + ipj, the Hamiltonian flow is given by

ϕtH(z1, z2) = (exp(−it/a1)z1, exp(−it/a2)z2),

and has only two periodic orbits:

γ1(t) = (exp(−it/a1)2e/a1, 0), γ2(t) = (0, exp(−it/a2)2e/a2).

One can show that both γ1 and γ2 have positive Morse index as critical points of Se, and
in particular they are not local minimizers. □

WhenM is a closed surface and the energy range (cu(L), c0(L)) is non-empty, for every
e > cu(L) there are infinitely many periodic orbits of energy e. Indeed, the fundamental
group π1(M) must be non-abelian, and thus M must have genus at least 2. The domain of
the free-period action functional (0,∞)× ΛM has infinitely many connected components
that do not contain iterated periodic curves, and Theorem 1.15 provides infinitely many
periodic orbits with energy e, each one being a global minimizer of Se in its connected
component.

Finally, whenM is simply connected, we have cu(L) = c0(L) = c(L), and for all e > c(L)
the dual Hamiltonian flow ϕtH : H−1(e) → H−1(e) is orbitally equivalent to the geodesic
flow of a Finsler metric Fe (Theorem 1.14). The existence of periodic orbits with energy
e reduces to the problem of the existence of closed geodesics for the Finsler metric Fe. As
we already mentioned in Section 1.14, there is an example of Finsler metric, for instance
on a n-sphere, with only finitely many closed geodesics. Nevertheless, if e0(L) < c(L), this
cannot happen for the Finsler metrics Fe with e just above the critical value c(L). This
will be a consequence of the following existence of waists, which was proved by Asselle and
the author [AM20].
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Theorem 1.26. Let M be a simply connected closed manifold, and L : TM → R a
Tonelli Lagrangian such that e0(L) < c(L). There exists cw(L) > c(L) and, for every
e ∈ (c(L), cw(L)), a periodic orbit with energy e that is a local minimizer of the free-period
action functional Se.

Proof. The statement is straightforward when there exists a periodic orbit γ of energy
c(L) that is a local minimizer of the free-period action functional Sc(L) (we know that this
is always the case if M is an orientable closed surface, thanks to the minimal boundaries
provided by Theorem 1.21). Indeed, let U be a small neighborhood of the critical circle
S1 · γ such that Sc(L)(γ) = inf Sc(L)|U < inf Sc(L)|∂U . For values e > c(L) sufficiently closed
to c(L), the functional Se will still satisfy inf Se|U < inf Se|∂U , and therefore it will have
a local minimizer within U . If e0(L) < c(L) but there are no periodic orbits with energy
c(L), the proof requires an argument from Aubry-Mather theory. □

Corollary 1.27. Let L : TS2 → R be a Tonelli Lagrangian such that e0(L) < c(L). There
exists cw(L) > c(L) and, for every e ∈ (c(L), cw(L)), infinitely many periodic orbits with
energy e.

Proof. Theorem 1.26 provides a local minimizer γe of Se for all e ∈ (c(L), cw(L)). Since
e > c(L), γe is not a global minimizer of Se. Therefore, we can proceed as in the proof of
Theorem 1.26 using γe instead of β, and detect infinitely many periodic orbits with energy
e that are mountain pass critical points of Se. Notice that the conclusion here is valid
for any energy level e ∈ (c(L), cw(L)), and not only for almost any, since Se satisfies the
Palais-Smale condition. □

⋆ Open problem: For Tonelli Lagrangians L : TM → R on a closed surface M , does the
assertion of Theorem 1.24, that is, the existence of infinitely many periodic orbits with
energy e, hold for all e ∈ (e0(L), cu(L))?

1.9. Billiards

The last topic of this chapter concerns Tonelli Hamiltonian dynamics with obstacles,
and in order to keep the presentation simple we will focus on a specific setting, which is
nevertheless an important one in the literature: the one of smooth billiards in Euclidean
spaces. Any such system is uniquely defined by a connected, bounded, open subset Ω ⊂ Rn

with non-empty smooth boundary ∂Ω, which is the billiard table. We denote by ν the unit
normal vector field along ∂Ω pointing outside Ω. The billiard dynamics can be described
as follows: a billiard trajectory is a piecewise smooth curve γ : R → Ω that moves in the
interior of Ω along a straight line, say parametrized with constant speed 1, until it hits the
boundary at some instant t, in which it “bounces” according to the reflection law

⟨γ̇(t+) + γ̇(t−), νγ(t)⟩ = 0,

γ̇(t+)− ⟨γ̇(t+), νγ(t)⟩νγ(t) = γ̇(t−)− ⟨γ̇(t−), νγ(t)⟩νγ(t).
(1.13)
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Figure 1.9. A billiard trajectory on a 2-dimensional billiard table Ω.

It may happen that a straight line γ coming from within Ω hits the boundary tangentially
at time t, i.e. γ̇(t) ∈ Tγ(t)∂Ω, and γ(t + ϵ) exits Ω for arbitrarily small values of ϵ > 0;
we will simply ignore such exiting glancing orbits. If Ω is two-dimensional, the reflection
law (1.13) can be expressed as the equality between the angle of incidence and the angle
of reflection at the boundary ∂Ω (Figure 1.9).

We are interested in periodic billiard trajectories, that is, those (non-exiting glancing)
billiard trajectories γ such that γ(τ + ·) = γ for some minimal τ > 0. The number
of bounces of γ is the cardinality of the set {t ∈ [0, τ) | γ(t) ∈ ∂Ω}. Historically, the
existence of periodic billiard trajectories was first studied by Birkhoff [Bir66] in dimension
2 under the assumption that the billiard table Ω ⊂ R2 is convex. An application of the
celebrated Poincaré-Birkhoff fixed point theorem provides an abundance of periodic billiard
trajectories: in particular, for every integer b ≥ 2 there are at least two periodic billiard
trajectories whose number of bounce points divides b. Birkhoff’s proof reduces the study of
periodic billiard trajectories to the study of periodic points of an area-preserving twist map
of the annulus T∗∂Ω. For higher dimensional convex billiard tables, the study of periodic
billiard trajectories can be carried over by means of a variational principle on the space of
polygons inscribed in ∂Ω; results due to Babenko [Bab90], Farber and Tabachnikov [FT02],
and the author [Maz11b] still provide plenty of periodic billiard trajectories.

In this section, we consider instead billiard tables Ω ⊂ Rn that are not necessarily con-
vex, and indeed may not even be homeomorphic to a ball (such as the one in Figure 1.9).
In this general setting, the mere existence of one periodic billiard trajectory is already a
hard statement, which was established by Benci and Giannoni in a seminal paper [BG89].
The result actually shows that there exists a periodic billiard trajectory with at most n+1
bounces. The beautiful idea in their proof consists in approximating the billiard dynam-
ics with ordinary Tonelli Hamiltonian systems; the involved Tonelli Hamiltonians Hϵ have
a potential term that vanishes on the interior of Ω except in the ϵ-neighborhood of the
boundary ∂Ω, and grow to infinity towards the boundary ∂Ω. For every such approximat-
ing Hamiltonian system, they found a suitable periodic orbit γϵ by means of variational
methods, and with a subtle compactness argument they showed that a subsequence of such
orbits tends towards a periodic billiard trajectory as ϵ→ 0.
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Figure 1.10. (a) A billiard table Ω2 ⊂ R2 without any periodic billiard trajectory with
2 bounces, and with a periodic billiard trajectory with 3 bounces at the points x1, x2, x3 ∈
∂Ω2. (b) A billiard table Ω3 ⊂ R2 with a periodic billiard trajectory with 2 bounces at
the points y1, y2 ∈ ∂Ω3, but no periodic billiard trajectories with 3 bounces.

Benci and Giannoni’s argument employs the fixed-period action functional of Section 1.2
of the approximating Tonelli Hamiltonian systems. Here we present an improvement of
their existence theorem, which is due to Albers and the author [AM11], and employs
the free-period action functional of Section 1.5 for the approximating Tonelli Hamiltonian
systems. Given a subset U ⊂ Rn, we define its affine displacement by

displ(U) := inf
{
∥v∥

∣∣ v ∈ Rn such that U ∩ (v + U) = ∅
}
.

Notice that displ(U) is bounded from above by the diameter diam(U). Given a unit-speed
periodic billiard trajectory γ, by length of γ we mean its minimal period τ , or equivalently
the length of the closed curve γ|[0,τ ].

Theorem 1.28. There is a universal constant c > 0 such that, for every n ≥ 2, every
bounded, open subset Ω ⊂ Rn with non-empty smooth boundary contains a periodic
billiard trajectory of length at most c displ(Ω) and at most n+ 1 bounces.

As pointed out by Tabachnikov in his monograph [Tab05], there exist a billiard table
Ω2 ⊂ R2 without any periodic billiard trajectories with exactly 2 bounces (Figure 1.10(a)),
and a billiard table Ω3 ⊂ R2 without any periodic billiard trajectories with exactly 3
bounces (Figure 1.10(b)). Therefore, the bound of the number of bounces in Theorem 1.28
is sharp, at least for planar billiards.

A result of Irie [Iri12], that improves a previous one of Viterbo [Vit00], implies that
the length of the shortest billiard trajectory in a billiard table Ω ⊂ Rn is bounded from
above by cnr(Ω), where cn > 0 is a constant depending only on n, and r(Ω) is the largest
radius of a round ball contained in Ω. This bound implies the one in Theorem 1.28 for a
fixed dimension n, but not in general as the constant c in Theorem 1.28 is independent
of n.

The proof of Theorem 1.28 will require the following result from Reeb dynamics orig-
inally due to Schlenk [Sch06], which we state together with a slight improvement due to
Cieliebak, Frauenfelder, and Paternain [CFP10]; a partial version of this result was already



36 1. TONELLI HAMILTONIAN SYSTEMS

employed in Theorem 1.17. We recall that a closed hypersurface Σ ⊂ R2n is of contact
type when it admits a contact form α, which is a 1-form on Σ such that α ∧ (dα)n−1 is a
volume form. On (Σ, α) there is a preferred vector field R, called the Reeb vector field,
uniquely defined by the equations α(R) ≡ 1 and dα(R, ·) ≡ 0. A closed Reeb orbit is, by
definition, a periodic orbit of the flow of R. When the contact form α is the restriction of
a 1-form λ on R2n whose exterior derivative is the standard symplectic form dλ = ω, the
hypersurface Σ is said to be of restricted contact type. In this case, any closed Reeb orbit
has an associated Maslov index mas(γ) ∈ Z; we shall not define it here, but simply mention
that it coincides with the Morse index of the fixed-period action functional of Section 1.2
when the Reeb flow is the restriction of a Tonelli Hamiltonian flow. The displacement
energy of Σ is the quantity

e(Σ) := inf
Ht

∫ 1

0

(
maxHt −minHt

)
dt,

where the infimum ranges over all the compactly supported time-dependent Hamiltonians
Ht : R2n → R whose time-1 map of the Hamiltonian flow displaces Σ from itself, i.e.
ϕ1
H(Σ) ∩ Σ = ∅. If no Hamiltonian realizes such a displacement, we set e(Σ) =∞.

Theorem 1.29 (Schlenk, Cieliebak-Frauenfelder-Paternain). Any restricted contact-type
closed hypersurface (Σ, α) of R2n with finite displacement energy has a closed Reeb orbit
γ of period τ ≤ e(Σ) and Maslov index mas(γ) ∈ {n, n+ 1}. □

Proof of Theorem 1.28. We consider the distance function from the boundary ∂Ω

b : Ω→ [0,∞), b(q) = min
q0∈∂Ω

∥q − q0∥.

We denote by Uρ := b−1(0, ρ) the sublevel sets of b, and remark that b is smooth on U2ρ for
some ρ > 0 small enough. By composing b with a suitable smooth step function, we obtain
a smooth function h : Ω → (0,∞) such that ∥∇h∥L∞ < 1, h|Uρ/2

≡ b|Uρ/2
, h|Ω\Uρ/2

> ρ/2,

and h|Ω\Uρ ≡ const. For any ϵ > 0, we introduce the Tonelli Lagrangian

Lϵ : TΩ→ R, L(q, v) = 1
2
∥v∥2 − ϵh(q)−2.

As ϵ gets smaller, the orbits of Lϵ with energy 1 “resemble” more and more billiard
trajectories in Ω (Figure 1.11). This observation is formulated rigorously with the fol-
lowing compactness statement, which is a minor modification of the original argument by
Benci and Giannoni. We consider the free-period action functional with energy 1/2 of the
Lagrangian Lϵ, which for simplicity we denote by Sϵ, i.e.

Sϵ : (0,∞)× ΛΩ→ R, Sϵ(τ, q) = τ

∫ τ

0

Lϵ(q, q̇/τ) dt+ τ/2.

We recall that a pair (τ, q) ∈ (0,∞)×ΛΩ is identifies with a τ -periodic curve γ(t) = q(t/τ),
and we express this identification simply by writing γ = (τ, q). Assume that there exist a
constant T2 > 0 and, for some sequence ϵk → 0+, critical points

γk = (τk, qk) ∈ crit(Sϵk)



1.9. BILLIARDS 37

Ω

ρ

ρ

Figure 1.11. An orbit of the Lagrangian system Lϵ, approximating a billiard trajectory.

such that τk ≤ T2. Let us further assume that every τk is also uniformly bounded from
below by a positive constant, i.e. τk ≥ T1 > 0. Suitable estimates imply that, up to
extracting a subsequence:

• ϵh(γk)−2 → 0 almost everywhere,
• γk → γ = (τ, q) ∈ [T1, T2]× ΛΩ in the W 1,2 ×R topology,
• there exists a finite Borel measure µ on the compact set

B := {t ∈ R/τZ | γ(t) ∈ ∂Ω}
such that∫ τ

0

⟨γ̇, ψ̇⟩ dt =
∫
B

⟨νγ, ψ⟩ dµ, ∀ψ ∈ W 1,2(R/τZ,Rn). (1.14)

By choosing smooth test functions ψ supported away from supp(µ), we readily obtain that
the restriction of γ to the complement of supp(µ) is smooth and has vanishing second
derivative. Moreover, since 1

2
∥γ̇k∥2− ϵh(γk)−2 ≡ 1

2
, we have ∥γ̇(t)∥ = 1 for all t ̸∈ supp(µ).

Therefore, γ is a unit-speed straight curve on all intervals outside supp(µ). Assume now
that t is an isolated point of supp(µ), so that [t − ϵ, t + ϵ] ∩ supp(µ) = {t} for ϵ > 0
small enough. By choosing test functions ψ supported in [t − ϵ, t + ϵ] with v := ψ(t), an
integration by parts in (1.14) implies

⟨γ̇(t−)− γ̇(t+), v⟩ = ⟨νγ(t), v⟩µ({t}), ∀v ∈ Rn,

which, together with the fact that γ is a unit-speed straight line outside supp(µ), implies
that the reflection law (1.13) is satisfied at t.

It turns out that a uniform lower bound for the periods τk ≥ T1 > 0 is always satisfied
for sequences as above. Otherwise, if a subsequence satisfied τk → 0, we could apply the
argument of the previous paragraph to suitable iterates of the periodic curves γk, but the
limit curve γ would need to be both stationary and with unit-speed, a contradiction.

In order for γ to be a periodic billiard trajectory, the set of bouncing instants supp(µ)
must be finite. By a beautiful argument due to Benci and Giannoni, it turns out that the
cardinality of supp(µ) can be controlled by means of the Morse indices of the fixed-period
action functionals Sϵk(τk, ·) at qk, which we denote by ind(qk). Indeed, consider a point
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t0 ∈ supp(µ); we recall that q(s) = γ(τs), and we set s0 := t0/τ ∈ S1 = R/Z. Let
χ : S1 → [0, 1] be a smooth bump function supported in [s0 − δ, s0 + δ] and identically
equal to 1 on [s0 − δ/2, s0 + δ/2]. We set

wk(s) := χ(s)∇h(qk(s)).
If the constant δ > 0 was chosen small enough, then a computation shows that for all k
large enough we have

d2

dr2

∣∣
r=0
Sϵk(τk, qk + rwk) < 0.

Notice that we can build such a wk around any point t0 ∈ supp(µ). This provides the
desired cardinality bound

# supp(µ) ≤ lim inf
k→∞

ind(qk).

In order to prove the theorem, we are left to find the sequence of approximating periodic
orbits γk. For this, we consider the dual Tonelli Hamiltonians

Hϵ : T
∗Ω→ R, Hϵ(q, p) =

1

2
∥p∥2 + ϵ

h(q)2
.

For every ϵ > 0 small enough, the energy level Σϵ := H−1
ϵ (1

2
) is a smooth hypersurface in

the cotangent bundle. Since Hϵ is a classical mechanical Hamiltonian of the form kinetic
plus potential energy, every Σϵ is of restricted contact type. Indeed, consider the smooth
function

u : T∗Ω→ R, u(q, p) = p(∇h−2(q)) = −2h(q)−3p(∇h(q)).
We define the 1-form λϵ = λ− δ ϵ du(q, p) on T∗Ω, where λ is the Liouville 1-form on T∗Ω,
and δ > 0 is a universal constant, independent of all the data, that we will soon fix. Notice
that

dλϵ = dλ = −ω. (1.15)

A computation shows that, on the energy hypersurface Σϵ,

λϵ(XHϵ)|Σϵ ≥ ∥p∥2
(
1− 3

2
δ︸ ︷︷ ︸

(∗)

)
+ δ

2
(1− ∥p∥2︸ ︷︷ ︸

>0

)3∥∇h(q)∥2 − const
√
ϵ.

We now fix δ ∈ (0, 2
3
), so that (∗) is always positive. For all (q, p) ∈ Σϵ, we have

λϵ(XHϵ(q, p)) ≥

{
1
4
(1− 3

2
δ)− const

√
ϵ, if ∥p∥2 ≥ 1

2
,

δ
16
− const

√
ϵ, if ∥p∥2 ≤ 1

2
.

Overall, for all ϵ > 0 small enough, we have

λϵ(XHϵ)|Σϵ ≥ c, (1.16)

where c > 0 is a universal constant independent of the billiard table Ω. Equations (1.15)
and (1.16) imply that the restriction αϵ := λϵ|Σϵ is a contact form, whose Reeb vector field
satisfies Rϵ = λϵ(XHϵ)

−1XHϵ .
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We claim that the displacement energy e(Σϵ) is bounded in terms of the affine displace-
ment by

e(Σϵ) ≤ 4 displ(Ω).

Indeed, consider a vector v ∈ Rn such that Ω ∩ (v + Ω) = ∅, and a smooth function
χ : [0,∞)→ [0, 1] such that χ|[0,1] ≡ 1 and supp(χ) = [0, 2]. We define the Hamiltonian

G : Rn → R, G(q, p) = χ(∥q∥/r)χ(∥p∥)p(v).
If the constant r > 0 is large enough, we have ϕtG(q, p) = (q + t, p) for all (q, p) ∈ Σϵ and
t ∈ [0, 1]. Therefore ϕ1

G(Σϵ) ∩ Σϵ = ∅, and

e(Σϵ) ≤ maxG−minG ≤ 4∥v∥
By Theorem 1.29, the restricted contact type hypersurface (Σϵ, αϵ) has a closed Reeb

orbit ζϵ of period σϵ ≤ e(Σϵ) and Maslov index mas(ζϵ) ∈ {n, n + 1}. Since Rϵ and
XHϵ are positively proportional, a reparametrization of ζϵ is a periodic orbit (γϵ, γ̇ϵ) of
Hϵ, that is, γϵ = (qϵ, τϵ) ∈ crit(Sϵ). The fixed-time Morse index of this periodic orbit is
ind(qϵ) = mas(ζϵ) ∈ {n, n+ 1}. By (1.16), the period is bounded by

τϵ ≤ c−1σϵ ≤ c−1e(Σϵ) ≤ 4c−1 displ(Ω).

By the compactness theorem in the first part of the proof, there exists a sequence ϵk → 0+

such that γϵk converges towards a unit-speed periodic billiard trajectory of period τ ≤
4c−1 displ(Ω) and at most n+ 1 bounces. □





CHAPTER 2

Geodesic flows

This chapter is devoted to one of the most important settings for the study of Hamil-
tonian periodic orbits: the one of closed geodesics in Riemannian and Finsler manifolds.
While the subject is rather mature, the first contributions dating back to Hadamard and
Poincaré, it is still a source of inspiration in symplectic dynamics, and several celebrated
open problems remain to be settled. In the following sections, together with a brief account
of the background, we will present the author’s (admittedly very modest) contributions.

2.1. Closed geodesics on Riemannian manifolds

A closed geodesic in a Riemannian manifold (M, g) is a geodesic γ : R ↬ M that
is periodic, i.e. γ = γ(τ + ·) for some τ > 0. As we already remarked in Example 1.1,
the geodesics are the non-constant solutions of the Euler-Lagrange equation of the Tonelli
Lagrangian1

L : TM → [0,∞), L(q, v) = ∥v∥2g.
The dual Tonelli Hamiltonian is similarly given by

H : T∗M → [0,∞), H(q, p) = ∥p∥2g,
where ∥ · ∥g now denotes the Riemannian norm on covectors. A peculiar property of this
Hamiltonian system is that the dynamics is the same on every energy level H−1(e) with
e > 0. Indeed, a geodesic γ : R↬ M parametrized with unit-speed ∥γ̇∥g ≡ 1 provides on
every energy level e > 0 the Hamiltonian orbit

ϕtH(γ(0), eγ̇(0)
♭) = (γ(et), eγ̇(et)♭),

where γ̇♭ = g(γ̇, ·). In other words, the existence problem for closed geodesics on a Rie-
mannian manifold can be studied as the existence problem for Hamiltonian periodic orbits
with arbitrary period in the energy level H−1(1) (as in Section 1.5), or equivalently as the
existence problem for Hamiltonian periodic orbits with period 1 in the whole phase space
T∗M (as in Section 1.2). We will follow the latter approach, which is more common in the
literature (at least for those results based on Morse theory).

In the geodesic setting, the fixed-time action Lagrangian action functional is usually
denoted by

E : ΛM → [0,∞), E(γ) =

∫
S1

∥γ̇(t)∥2gdt, (2.1)

1In Example 1.1, we rather wrote the Lagrangian L(q, v) = 1
2∥v∥

2
g. The factor 1

2 is more common in

the Hamiltonian literature, whereas in the Riemannian one it is often omitted.

41
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where S1 = R/Z and ΛM = W 1,2(S1,M), and is called the energy functional.

Remark 2.1. There is unfortunately a clash of notation and terminology, which should
nevertheless not cause much confusion in the following: before now, the term “energy”
rather referred to the values of the Hamiltonian, and in Section 1.5 the letter E denoted
the Hamiltonian seen in the tangent bundle. The first author who referred to the func-
tional (2.1) as to the energy is probably Milnor, who was well aware of this conflict and
provided a justification for its terminology in the preface of [Mil63]. Since Milnor’s cele-
brated monograph, the terminology sticked in the literature. □

The subspace E−1(0) of global minimizers of E contains precisely the constant curves;
in the following we will always identify this space with the manifold M itself, i.e.

M ≡ E−1(0) ⊂ ΛM.

The closed geodesics γ ∈ ΛM are precisely the critical points of E with positive critical
values E(γ) > 0. On a closed manifold with non-trivial fundamental group, the existence
of a closed geodesic can be easily established by minimizing the energy on a connected
component of non-contractible loops (Theorem 1.4). On simply connected closed mani-
folds, the existence of closed geodesics requires a min-max procedure similar to the one
of Theorem 1.6. The result, which we now sketch, was inspired by the seminal work of
Poincaré [Poi05] and proved for the 2-sphere by Birkhoff [Bir66] and for general closed
manifolds by Lusternik and Fet [LF51].

Theorem 2.2 (Birhoff, Lusternik-Fet). Every simply connected closed Riemannian mani-
fold of dimension at least 2 has a closed geodesic.

Proof. Let (M, g) be a simply connected closed Riemannian manifold of dimension at least
2. Algebraic topology guarantees that such a manifold is non-contractible, and indeed that
there exists a non-trivial homotopy group πd(M) with degree 2 ≤ d ≤ dim(M). Since
M is simply connected, we can ignore the basepoint in the definition of the homotopy
groups: as a set, πd(M) is the family of homotopy classes of continuous maps u : Sd →M .
We partition the sphere into smooth loops γz : S1 → Sn parametrized by points z in an
(n − 1)-ball Bn−1 ⊂ Sn, as in Figure 2.1 (all the γz’s are embedded loops, except those
with z ∈ ∂Bn−1 which are constants). Any sufficiently regular map u : Sd → M can be
rewritten as a continuous map ũ : Bn−1 → ΛM , ũ(z) = u ◦ γz, whose restrictions to ∂Bn−1

take values inside the subspace of constant loops M ⊂ ΛM . We fix a non-zero homotopy
class h ∈ πd(M), and define the min-max value

c := inf
ũ
max
z
E(ũ(z)),

where the infimum ranges over the continuous maps ũ as above corresponding to a represen-
tative u of h. The usual min-max argument as in the first part of the proof of Theorem 1.4
implies that c is a critical value of E.
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Figure 2.1. Partition of Sn into loops γz parametrized by z ∈ Bn−1.

It remains to show that c > 0. Indeed, c is larger than the squared injectivity radius
inj(M, g)2. Otherwise, we could find a representative ũ such that E(ũ(z)) < inj(M, g)2 for
all z ∈ Bn−1. This, together with the Holder inequality, implies that each loop ũ(z) has
length less than inj(M, g), and therefore can be shrunk to a constant curve at ũ(z)(0) ∈
Bn−1 by means of the exponential map. This would produce a new representative v for h
such that ṽ(z) is a constant curve for all z ∈ Bn−1, which would imply h = [u] = [v] = 0. □

Actually, in his original work [Poi05], Poincaré was already addressing a somewhat
harder statement: the existence of simple closed geodesics on a convex 2-sphere M ⊂ R3,
equipped with the Riemannian metric g inherited from the ambient Euclidean one. By
simple closed geodesic we mean an embedded geodesic γ : S1 ↪→ M . A sphere M ⊂ R3

is convex when it is a regular level set of a function F : R3 → R with everywhere positive
definite Hessian; equivalently, the induced Riemannian metric g has positive Gaussian
curvature. Poincaré’s recipe for detecting a simple closed geodesic consisted in looking for
the shortest embedded circle in M bisecting the integral Gaussian curvature. This idea
was formalized more than half a century later by Berger and Bombieri [BB81] under the
simplifying assumption that M is C3-close to the unit sphere in R3.

The following stronger existence result was proved by Lusternik and Schnirelmann
[LS34] with a different approach.

Theorem 2.3 (Lusternik-Schnirelmann). Every Riemannian 2-sphere has three simple
closed geodesics. □

While this theorem was one of the first applications of Lusternik-Schnirelmann cu-
plength estimates in critical point theory, its proof required an ad hoc variation of the
energy gradient-flow deformation in the space of smooth embedded loops, which originally
had a gap. For decades, the theorem remained controversial, and several authors proposed
their solutions to fix the gap, see, e.g. [Bal78, Jos89, Jos91, HS94]. The construction of
such a deformation turned out to be tricky business, but nevetheless a solid and universally
accepted solution was provided by Grayson [Gra89] with its curve shortening flow.

With the existence of at least finitely many closed geodesics settled, the efforts focused
on the existence of infinitely many. The idea consists in exploiting more thoroughly the
topology of the free loop space ΛM : a rich topology forces the existence of many critical
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circles S1 ·γ of the energy functional E. However, as we already pointed out in Section 1.4,
this alone does not guarantee the existence of many closed geodesics. Indeed, any closed
geodesic γ ∈ crit(E) provides an infinite sequence of critical circles S1 · γm ⊂ crit(E),
m ∈ N, where γm(t) = γ(t) is the m-th iterate of the original geodesic γ. The work of Bott
[Bot56] and Gromoll-Meyer [GM69a] provided a complete understanding of the behavior
of the critical point data (the Morse index, the nullity, and the local homology) of the
critical circles S1 · γm as m varies. This allows in certain cases to recognize whether two
critical circles S1 · ζ1 and S1 · ζ2 obtained via min-max procedures correspond to distinct
closed geodesics (that is, are not critical circles belonging to the same sequence S1 · γm,
m ∈ N).

Still, before the late 1960s, it was not known whether a given simply connected closed
manifold M of dimension at least 2 always had infinitely many closed geodesic for any
possible choice of a Riemannian metric g. A breakthrough was found by Gromoll and
Meyer [GM69b], who established the existence of infinitely many closed geodesics for those
closed Riemannian manifolds whose free loop space has unbounded Betti numbers. The
foundation paper [VPS76] of Vigué Poirrier and Sullivan on rational homotopy theory
allowed to translate this condition on the loop space homology into a simpler condition
of the cohomology of the Riemannian manifold. Overall, the resulting theorem is the
following.

Theorem 2.4 (Gromoll-Meyer, Vigué Poirrier-Sullivan). Any closed simply connected
Riemannian manifold (M, g) whose rational cohomology ring H∗(M ;Q) is non-monogenic
has infinitely many closed geodesics. □

The cohomology ring H∗(M ;Q) is monogenic when it is generated as a ring by a single
element x ∈ Hd(M ;Q), and thus H∗(M ;Q) = Q[x]/(xk) for some k > 0. Among the
closed manifolds M with such a cohomology ring are the simply connected compact rank-
one symmetric spaces:

• the spheres Sn with n > 1 (d = n, k = 2),
• the complex projective spaces CPn (d = 2, k = n+ 1),
• the quaternionic projective spaces HPn (d = 4, k = n+ 1),
• the Cayley plane CaP2 (d = 8, k = 3).

For these spaces, the existence of infinitely many closed geodesics for any choice of the
Riemannian metric is still an open problem, with the exception S2, for which the result
followed by a combination of spectacular work by Bangert [Ban93], Franks [Fra92], and
Hingston [Hin93] (actually, the result follows by combining the work of Bangert together
with either Franks’ or Hingston’s one).

Theorem 2.5 (Bangert-Franks-Hingston). Every Riemannian 2-sphere has infinitely many
closed geodesics. □

As for non simply connected closed manifolds, a “rich” fundamental group may directly
provide the existence of infinitely many closed geodesics. This is the case, for instance, when
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the fundamental group is abelian and contains Z2 = ⟨e1, e2⟩ as subgroup: by minimizing
the energy functional over the connected components of loops in the homotopy classes
e1 +me2, with m ∈ N, we obtain infinitely many distinct closed geodesics. The problem
becomes highly non-trivial if the fundamental group is abelian and has rank one, for instant
when it is isomorphic to Z = ⟨e⟩: this time, by minimizing the energy functional over the
connected components of loops in the homotopy classes me, with m ∈ N, we may just
find the iterates of the same closed geodesic. Nevertheless, the existence of infinitely many
closed geodesics is still true, as was established by Bangert and Hingston in their short
paper [BH84] (a true gem in the literature).

Theorem 2.6 (Bangert-Hingston). Every closed Riemannian manifold of dimension at least
2 with an infinite abelian fundamental group has infinitely many closed geodesics. □

In the rest of the chapter, we will sketch the proofs of generalizations of the last four
theorems. The subject of closed geodesics being vast, there are many important theorems
that we did not mention here: among them, the multiplicity results for closed geodesics on
positively curved closed Riemannian manifolds [BTZ82, BTZ83], for Riemannian manifolds
with a generic choice of the metric [BTZ81, Hin84, Rad89, Rad94], and for manifolds of
dimension less than 5 [LD09, DL10]. We refer the reader to, e.g., [Kli78, Ber03, Tai10b,
Oan15] for more details and references.

⋆ Open problem: Does any closed Riemannian manifold possess infinitely many closed
geodesics? At the time of this writing, even the existence of two closed geodesics on any
Riemannian sphere of arbitrary dimension would be a breakthrough.

2.2. Complete Riemannian manifolds

Non-compact Riemannian manifolds may have no closed geodesics at all: this is the
case, for instance, for the Euclidean spaces. Consequently, any existence and multiplicity
result must impose further conditions on the topology of the manifold and on its geometry
at infinity. Benci and Giannoni [BG92] showed that a complete Riemannian manifold
(M, g) always has a closed geodesic provided its sectional curvature is non-positive at
infinity and its free loop space has non-trivial homology Hd(ΛM) for some coefficient field
and some degree d ≥ 2 dim(M). From the point of view of critical point theory, the
lack of compactness prevents the energy functional to satisfy the Palais-Smale condition.
Benci and Giannoni beautiful idea consisted in recovering the compactness by means of a
penalization method, taking advantage of the geometry of the manifold at infinity.

In a joint work with Asselle [AM17], we improved Benci and Giannoni’s theorem in
a few directions. The first one consisted in slightly relaxing the geometric condition at
infinity as follows. We recall that a Jacobi vector field ξ : [0, τ ] → TM along a geodesic
γ : [0, τ ] → M is a vector field obtained by ξ(t) = ∂s|s=0γs(t), where γs is a family of
geodesics smoothly depending on a parameter s ∈ (−ϵ, ϵ) and such that γ0 = γ. Two
points γ(0) and γ(τ) are conjugate along a geodesic segment γ : [0, τ ] → M when there
is a Jacobi vector field ξ along γ such that ξ(0) = 0 and ξ(τ) = 0. We say that a
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complete Riemannian manifold (M, g) is without close conjugate points at infinity when,
for every ℓ > 0, there exists a compact subset Kℓ ⊂ M such that every geodesic segment
γ : [0, 1] → M \ Kℓ of length at most ℓ does not contain conjugate points along γ. The
classical Rauch comparison theorem [dC92, Prop. 2.4] implies that a complete Riemannian
manifold with non-positive sectional curvature at infinity is indeed without close conjugate
points at infinity.

Let (M, g) be a complete Riemannian manifold without close conjugate points at in-
finity. If h ∈ Hd(ΛM) is a non-zero homology class, unfortunately the associated spectral
invariant (defined as in Theorem 1.6) may not be a critical value of E, since the en-
ergy functional may not satisfy the Palais-Smale condition when M is non-compact. The
Palais-Smale condition can be recovered by means of the following penalization trick due to
Benci and Giannoni. We consider a sequence of smooth proper functions fα :M → [0,∞),
α ∈ N, such that

fα ≥ fα+1,
⋃
α≥1

f−1
α (0) =M

Such functions can be easily constructed by means of a partition of unity. The modified
energy functional

Eα : ΛM → [0,∞), Eα(γ) = E(γ) + fα(γ(0)).

now satisfies the Palais-Smale condition; indeed, thanks to the auxiliary proper function fα,
the curves in a sublevel set E−1

α [0, c] are constrained within the compact subset f−1
α [0, c] ⊂

M . The price to pay for this trick is that the variational principle of the modified energy
Eα is spoiled: the critical points of Eα are now the geodesics γ : [0, 1] → M such that
γ(0) = γ(1) and γ̇(1) − γ̇(0) = ∇fα(γ(0)), where ∇ denotes the gradient with respect to
the Riemannian metric g. Nevertheless, it is still possible to detect closed geodesics by
means of Eα as follows. We denote by indα(γ) and nulα(γ) the Morse index and the nullity
of the energy functional Eα at a critical point γ ∈ crit(Eα).

Lemma 2.7. For all ℓ > 0 there exists α(ℓ) ∈ N such that, for all α ≥ α(ℓ), any γ ∈ crit(Eα)
with Eα(γ) ≤ ℓ2 and indα(γ) + nulα(γ) > dim(M) is a curve entirely contained in the
interior of the compact subset f−1

α (0) ⊂M , and in particular is a closed geodesic.

Proof. Since (M, g) is without close conjugate points at infinity, there exists a compact
subset Kℓ ⊂ M such that all geodesic segments of length at most ℓ and not intersecting
Kℓ are without conjugate points. We recall that fα ≥ fα+1 pointwise. Therefore, for
all α large enough, the support of fα does not intersect the neighborhood of radius ℓ of
the compact set Kℓ. Notice that any γ ∈ crit(Eα) with Eα(γ) ≤ ℓ2 is a curve of length
at most ℓ. If γ(0) is outside the support of fα, then γ is a closed geodesic. If instead
γ(0) is in the support of fα, then γ does not intersect Kℓ, and in particular is without
conjugate points. The classical Morse index theorem from Riemannian geometry [Mil63]
implies that d2E(γ)[η, η] > 0 for all non-zero vector fields η : [0, 1] → TM along γ such
that η(0) = η(1) = 0. This does not quite imply that the Hessian d2Eα(γ) is positive
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definite, as the domain of such Hessian include all periodic vector fields along γ that are
possibly non-vanishing at time t = 0. Nevertheless, a linear algebra argument implies that
indα(γ) + nulα(γ) ≤ dim(M). □

The first existence result that we have, which is a slight improvement of Benci and
Giannoni’s one, is the following.

Theorem 2.8. Let (M, g) be a complete Riemannian manifold without close conjugate
points at infinity. If the homology Hd(ΛM) is non-trivial in some degree d > dim(M) and
for some coefficient ring, then (M, g) has a closed geodesic.

Proof. We consider a non-zero homology class h ∈ Hd(ΛM) of degree d > dim(M), and
the associated spectral invariants

cα(h) := inf
{
c ≥ 0

∣∣ h ∈ im
(
H∗(E

−1
α [0, c])→ H∗(ΛM)

)}
,

which are critical values of the corresponding Eα. The same argument as in Theorem 1.6 im-
plies that there exists a critical point γα ∈ crit(Eα)∩E−1

α (cα(h)) with indα(γα)+indα(γα) ≥
d > dim(M). Since Eα > Eα+1 pointwise, we have cα(h) > cα+1(h). Therefore, by
Lemma 2.7, for all α large enough the critical point γα is a closed geodesic. □

In order to prove the second result, we first need two ingredients from the general
theory of closed geodesics. The first one, which goes back to Bott [Bot56], concerns
the Morse indices of iterated closed geodesics: if γ ∈ crit(E) is a closed geodesic, the
function m 7→ ind(γm) can be fully understood by means of elementary Fourier analysis.
In particular, there is a well define finite limit, called the average Morse index

ind(γ) := lim
m→∞

ind(γm)

m
∈ [0,∞).

The Morse indices satisfy the inequality

m ind(γ)− dim(M) ≤ ind(γm) ≤ m ind(γ) + dim(M)− nul(γm). (2.2)

Moreover, ind(γ) = 0 if and only if ind(γm) = 0 for all m ≥ 1.
The second ingredient, which was provided by Gromoll and Meyer [GM69a, GM69b],

concerns the behavior of the local homology of iterated closed geodesics. If γ ∈ crit(E) ∩
E−1(c) is a closed geodesic, itsm-th iterate has energy E(γm) = m2c, and the corresponding
critical circle has local homology

C∗(S
1 · γm) := H∗(E

−1[0,m2c] ∪ S1 · γm, E−1[0,m2c]).

In Section 1.4 we already discussed some properties of the local homology of periodic orbits
that are isolated critical points of the Lagrangian action functional. Analogous conclusions
hold in the geodesics settings: if nul(γm1) = nul(γm2) for positive integers m1,m2 with
m2/m1 ∈ N, then there is an isomorphism of local homologies C∗(S

1 · γm1) ∼= C∗(S
1 · γm2).

The Hamiltonian characterization of the nullity (1.7), together with some elementary linear
algebra, implies that we have a finite partition of the natural numbersN = N1∪...∪Nr such
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that, if mi := minNi, every m ∈ Ni is a multiple of mi and satisfies nul(γm) = nul(γmi).
Overall, this implies that rankC∗(S

1 · γm) is uniformly bounded from above for all m ∈ N.
We denote the Betti numbers of the free loop space by βd(ΛM) := rankHd(ΛM) with

respect to some coefficient ring. The contributions of Vigué Poirrier and Sullivan [VPS76]
to Theorem 2.4 was to translate the condition on the rational cohomology of M to a
condition on the rational Betti numbers of the loop space: if the manifold M is simply
connected and its cohomology H∗(M ;Q) has finite total rank (as is the case when M is
closed), the sequence {βd(ΛM ;Q) | d ≥ 0} is unbounded if and only if the cohomology
ring H∗(M ;Q) is not monogenic. The second result that we present is an extension of
Theorem 2.4 to possibly non-compact Riemannian manifolds.

Theorem 2.9. Let (M, g) be a complete Riemannian manifold without close conjugate
points at infinity. If the sequence of Betti numbers {βd(ΛM) | d > dim(M)} is unbounded
with respect to some coefficient ring, then (M, g) has infinitely many closed geodesics.

Proof. We prove the theorem by contradiction, by assuming that (M, g) has only finitely
many closed geodesics γ1, ..., γk. The above discussion on the local homology guarantees
that

b := max
{
rankC∗(S

1 · γmi )
∣∣ i = 1, ..., k, m ≥ 1

}
<∞.

The local homology Cd(S
1 · γmi ) can be non-zero only if ind(γm) ≤ d ≤ ind(γm) + nul(γm).

This, together with the iteration inequality (2.2), implies that there exists r > 0 such
that, for all d > dim(M), at most r critical circles of E have non-trivial local homology in
degree d.

We fix the degree d > dim(M) so that βd(ΛM) > rb, and we choose h1, ..., hrb+1 ∈
Hd(ΛM) that generate a subgroup of rank rb+ 1. We set

a := max{c1(h1), ..., c1(hrb+1)}+ 1,

so that a > cα(hi) for all α ≥ 1 and i = 1, ..., rb+ 1. This implies

rankHd(E
−1
α [0, a)) > rb+ 1, ∀α ≥ 1. (2.3)

We fix α to be large enough so that, by Lemma 2.7, every critical point γ ∈ crit(E) ∩
E−1
α [0, a) with indα(γ) + nulα(γ) > dim(M) is contained in the interior of f−1

α (0), and
in particular is a closed geodesic; in this case, indα(γ) and nulα(γ) coincide with the
corresponding usual indices ind(γ) and nul(γ).

Now consider an interval [e1, e2] ⊂ [0, a) containing a unique critical value c of Eα.
Those critical points ζ ∈ crit(Eα)∩E−1

α (c) with ind(ζ)+nul(ζ) ≤ dim(M) < d do not con-
tribute to the relative homology Hd(E

−1
α [0, e2], E

−1
α [0, e1)). The remaining critical points

γ ∈ crit(Eα)∩E−1
α (c) with ind(ζ) + nul(ζ) ≥ d are closed geodesics, and contribute to the

relative homology group Hd(E
−1
α [0, e2], E

−1
α [0, e1)) with their local homology. Namely, the

inclusion induces an isomorphism⊕
S1·γ

Cd(S
1 · γ) ∼= Hd(E

−1
α [0, e2], E

−1
α [0, e1)). (2.4)
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A well known argument with long exact sequences of inclusions implies that the function

F (e, f) := rankHd(E
−1
α [0, f ], E−1

α [0, e))

is subadditive, meaning that F (e, h) < F (e, f) + F (f, h) for all e < f < h. This, together
with (2.4), implies

rankHd(E
−1
α [0, a)) ≤

∑
S1·γ

rankCd(S
1 · γ),

where the sum in the right-hand side ranges over all the critical circles of closed geodesics
γ with non-trivial local homology in degree d. By the discussion in the first paragraph of
the proof, such a sum is at most rb, contradicting (2.3). □

Theorems 2.8 and 2.9 are not the only ones available in the literature on closed geodesics
in non-compact Riemannian manifolds. We mention for instance Thorbergsson’s result
[Tho78], which provides a closed geodesic on every complete and non-contractible Rie-
mannian manifold with non-negative sectional curvature outside a compact set. Another
beautiful result for surfaces is due to Bangert [Ban80], and contains ideas that eventually
developed into the existence of infinitely many closed geodesics on Riemannian 2-spheres
(Theorem 2.5). Bangert’s statement provides infinitely many closed geodesics on every
complete surface with finite volume and homeomorphic to either the cylinder S1 ×R, the
Möbius strip, or the plane R2.

⋆ Open problem (Bangert): Does any complete Riemannian manifold with finite volume
admit a closed geodesic? Does it admit infinitely many closed geodesics, at least if the
sequence of Betti numbers of its free loop space is unbounded?

2.3. Closed geodesics on Finsler manifolds

We now consider the more general class of Finsler geodesics flows, which already ap-
peared in Example 1.2. There are a few slightly different definitions of Finsler metric in the
literature. The one that is more adapted to the study of geodesic flows is the following one:
on a manifold M , a Finsler metric is a continuous function F : TM → R, smooth outside
the 0-section, positively homogeneous of degree 1 in the fibers of the tangent bundle (i.e.
F (q, λv) = λF (q, v) if λ ≥ 0), and such that the fiberwise Hessian ∂vvF

2 is everywhere
positive definite outside the 0-section. Geometrically, a Finsler metric is completely de-
fined by its unit tangent bundle SM := F−1(1), which is a hypersurface intersecting each
fiber in a hypersphere SqM := F−1(1) ∩ TqM that encloses the origin and has positive
curvature (Figure 2.2). With a general Finsler metric we may have F (q, v) ̸= F (q,−v) for
some (q, v) ∈ TM . If instead F (q, v) = F (q,−v) for all (q, v) ∈ TM , the Finsler metric is
said to be reversible.

The geodesics of (M,F ) are the solutions of the Euler-Lagrange equation of the La-
grangian

L : TM → R, L(q, v) = F (q, v)2.
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0

SqM

Figure 2.2. The unit sphere SqM associated with a non-reversible Finsler metric on a
surface M .

This Lagrangian is almost a Tonelli one, except for the fact that it may not be C2 at the
0-section. As a consequence, the associated energy functional

E : ΛM → [0,∞), E(γ) =

∫
S1

F (γ(t), γ̇(t))2dt

is only C1,1, and not C2 in general. We already encountered a similar lack of regularity
in Section 1.2 for the Lagrangian action functional. As we commented there, it can be
essentially ignored: with suitable finite dimensional reduction techniques, which in the
Finsler setting were first worked out by Rademacher [Rad92], the energy can be treated
as a C∞ functional. Those results of Sections 2.1 and 2.2 whose proof does not exploit the
reversibility of the Riemannian norm continue to hold if we replace the Riemannian metric
with a general Finsler one: this is the case for Theorems 2.2, 2.4, 2.6, 2.8, and 2.9.

A striking example of a Finsler metric on the 2-sphere due to Katok [Kat73] shows that
Theorems 2.3 and 2.5 fail in the Finsler categories: there are Finsler 2-spheres with only
finitely many closed geodesics. Katok’s example has been put in the context of Hamiltonian
dynamics by Ziller [Zil83], who actually generalized it as follows.

Example 2.10 (Ziller). Let (M, g) be a closed Riemannian manifold of dimension at least 2,
of so-called Zoll type: all its geodesics are closed with the same length, say length 1. We
consider the Hamiltonian

H : T∗M → [0,∞), H(q, p) = ∥p∥g.

Its Hamiltonian flow outside the zero section has the form

ϕtH(γ(0), λγ̇(0)
g) = (γ(t), λγ̇(t)g),

where λ > 0, γ is a unit-speed geodesic of (M, g), and γ̇(t)g = g(γ̇(t), ·). The Zoll assump-
tion means precisely that ϕ1

H = id, while ϕtH has no fixed points outside the zero section for
all t ∈ (0, 1). We assume that there is a non-trivial Killing vector field V on M whose flow
ψt is 1-periodic, i.e. ψ1 = id. We recall that the Killing assumption means that every ψt

is an isometry of (M, g). We lift this flow to a Hamiltonian flow on the cotangent bundle
T∗M by means of the Hamiltonian

K : T∗M → R, K(q, p) = p(V (q)).
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The Hamiltonian flow has the form ϕtK(q, p) = (ψt(q), p ◦ dψt(q)−1). Since the diffeomor-
phisms ψt are isometries, we readily see that the Hamiltonians H and K commute, i.e.

ϕtH ◦ ϕsK = ϕsK ◦ ϕtH , ∀s, t ∈ R. (2.5)

For each α > 0, we introduce the Hamiltonian

Hα : T∗M → R, Hα(q, p) = H(q, p) + αK(q, p).

We require 0 < α < ∥V ∥−1
L∞ , so that ∥αV (q)∥g < 1 for all q ∈ M . This implies that Hα

is positive outside the 0-section, and therefore it is the dual of the non-reversible Finsler
metric Fα on M defined by

1
2
Fα(q, v)

2 = max
p∈T∗

qM

(
pv − 1

2
Hα(q, p)

2
)
.

The Hamiltonian flow of Hα outside the 0-section has the form

ϕtHα
(γ(0), λγ̇(0)F ) = (γ(t), λγ̇(t)F ),

where γ : R → M is a geodesic of (M,F ) parametrized with unit-speed Fα(γ, γ̇) ≡ 1,
and γ̇(t)F = ∂vFα(γ(t), γ̇(t)). In particular, there is a one-to-one correspondence between
the unit-speed τ -periodic closed geodesic γ of (M,Fα) and the cylinders of fixed points
(γ(t), λγ̇(t)F ) ∈ fix(ϕτHα

), t ∈ R/τZ, λ > 0. The commutativity relation (2.5), together
with a simple computation, implies that

ϕtHα
= ϕtH ◦ ϕαtK = ϕαtK ◦ ϕtH . (2.6)

We require α to be irrational, and consider a fixed point

z = (γ(0), γ̇(0)g) ∈ fix(ϕτHα
)

for some τ > 0, where γ is a geodesic of (M, g) with unit-speed ∥γ̇∥g ≡ 1. By (2.6), the
fact that such a z is a fixed point of ϕτHα

is equivalent to

ϕsH(z) = ϕsH ◦ ϕτHα
(z) = ϕτHα

◦ ϕsH(z) = ϕατK ◦ ϕτ+sH (z), ∀s ∈ R,
and therefore to

ψατ (γ(s)) = γ(s− τ), ∀s ∈ R, (2.7)

We claim that ατ is irrational. Otherwise, if ατ = n
m

for some integers n,m, we would
have

γ(s) = ψn(γ(s)) = ψmατ (γ(s)) = γ(s−mτ),
which would imply thatmτ is an integer, and thus that α is rational. Since ατ is irrational,
for each t ∈ S1 = R/Z we have a sequence mk →∞ and some st ∈ S1 such that mkατ → t
and mkτ → st in S

1, and therefore (2.7) implies

ψt(γ(s)) = γ(s− st), ∀t, s ∈ S1.

This show that, for any closed geodesic γ̃ of (M,Fα) with suitable speed, the curve γ(t) =
ψ−αt(γ̃(t)) is a unit-speed geodesic of (M, g) invariant by the whole flow of the Killing
vector field V . Conversely, if γ is a unit-speed (closed) geodesic of (M, g) invariant by the
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whole flow of V , the geodesic γ̃(t) = ψαt(γ(t)) of (M,Fα) must be closed. Overall, we have
a one-to-one correspondence between closed geodesics of (M,Fα) and geodesics of (M, g)
that are invariant by the flow of V .

This construction can be readily applied to the round sphere S2 ⊂ R3 of radius (2π)−1,
equipped with the restriction of the ambient Euclidean metric of R3. We choose the
Killing vector field V (q) = −2πq2∂q1 +2πq1∂q2 , which generates the rotation around the q3
axis. The Finsler metric Fα obtained by the previous construction, with α ∈ (0, (2π)−1)
irrational, has exactly two unit-speed closed geodesics: the equators

γ1(t) = (cos(2π(1 + α)t), sin(2π(1 + α)t), 0),

γ2(t) = (cos(−2π(1− α)t), sin(−2π(1− α)t), 0);

none of the other geodesics is periodic. Similar constructions can be carried out for:

• higher dimensional spheres S2n and S2n−1, producing a Finsler manifold with 2n
closed geodesics,
• complex projective spaces CPn, producing a Finsler manifold with n(n+1) closed
geodesics,
• quaternionin projective spaces HPn, producing a Finsler manifold with 2n(n+1)
closed geodesics,
• the Cayley plane CaP2, producing a Finsler manifold with 24 closed geodesics. □

2.4. The curve shortening semi-flow

Katok’s Finsler metrics F of Example 2.10 are non-reversible, i.e. F (q, v) ̸= F (q,−v)
for some (q, v) ∈ TM . It turns out that the lack of reversibility is what makes Theorems 2.3
and 2.5 fail in the Finsler category. In the next section, we shall present our joint results
with De Philippis, Marini, and Suhr [DPMMS20], which in particular recover these two
theorems for reversible Finsler 2-spheres. For what concerns the existence and multiplicity
of closed geodesics, one should expect any result valid for general Riemannian metrics to
hold for general reversible Finsler metrics as well (crucial differences between Riemannian
and reversible Finsler metrics still manifest themselves in other subjects related to the study
of geodesic flows, for instance in geometric inverse problems [Ota90b, Ota90a, BI16]).

We already mentioned that one of the main ingredients for the proof of Theorem 2.3,
which caused trouble for several decades, was a length-decreasing deformation of the space
of embedded loops in an orientable closed surface. A formidable solution was provided by
Grayson [Gra89] with its curve shortening flow (which should more precisely be called a
“semi-flow”, as the evolution is only defined in forward time). This was later on extended
to more general settings, including the one of reversible Finsler metrics, by Oaks [Oak94]
and Angenent [Ang08]. We shall now present the construction in the framework of Morse
theory, and in the generality necessary to extend Theorem 2.3.

Let (M,F ) be an oriented, reversible Finsler, closed surface. We denote by Emb(S1,M)
the space of smooth embedded loops, endowed with the C∞-topology. This is a Fréchet
manifold, whose tangent space TγEmb(S1,M) is the Fréchet vector space of smooth vector
fields along γ. Instead of working with the energy functional as in the previous sections,
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we will work with the length functional

L : Emb(S1,M)→ (0,∞), L(γ) =

∫
S1

F (γ(t), γ̇(t)) dt.

In this setting, this functional is smooth. Moreover, it is invariant under the action of the
circle diffeomorphisms group

θ · γ = γ ◦ θ, ∀θ ∈ Diff(S1), γ ∈ Emb(S1,M).

Notice that Diff(S1) includes the diffeomorphisms that reverse the orientation of the circle,
and the invariance of L thus requires the reversibility of the Finsler metric F .

As much as it would be more elegant to proceed canonically, it turns out to be more
convenient for the exposition (although not strictly necessary) to introduce an arbitrary
auxiliary Riemannian metric g on M . We will employ g only to define an L2 Riemannian
metric G on Emb(S1,M) by

G(ξ, η) =

∫
S1

g(ξ(t), η(t)) ∥γ̇(t)∥g dt, ∀ξ, η ∈ TγEmb(S1,M).

The group Diff(S1,M) acts on Emb(S1,M) by G-isometries, i.e.

G(ξ ◦ θ, η ◦ θ) = G(ξ, η), ∀θ ∈ Diff(S1,M), ξ, η ∈ TγEmb(S1,M).

We denote by ∇L the G-gradient of the length functional, which is defined by

dL(γ)ξ = G(∇L(γ), ξ),
and consider the associated anti-gradient flow equation

∂sγs = −∇L(γs), (2.8)

where γs ∈ Emb(S1,M) is a family of embedded circles. Since the length L(γ) is indepen-
dent of the parametrization of γ, a simple computation shows that g(∇L(γs)(t), γ̇s(t)) = 0
for all t ∈ S1. Once we suitably mod out the directions parallel to γ̇s, Equation (2.8)
becomes a parabolic PDE, for which there are well-known local existence and uniqueness
results: for every γ0 ∈ Emb(S1,M), there exists ϵ > 0 and a unique smooth solution
γ : [0, ϵ) × S1 → M , γ(s, t) = γs(t) of (2.8), smoothly depending on the initial condition
γ0. Clearly, if γ0 is a (simple) closed geodesic, then ∇L(γ0) = 0, and we have a stationary
solution γs = γ0 defined for all s ≥ 0. If γ0 is not a closed geodesic, the function s 7→ L(γs)
is strictly decreasing on its domain of definition.

The global existence of solutions of (2.8) is a deep result, originally proved by Grayson
[Gra89] in the Riemannian case (that is, when F = ∥ · ∥g), and extended by Oaks [Oak94]
to a more general setting which includes our Finsler one.

Theorem 2.11 (Grayson, Oaks). For each γ0 ∈ Emb(S1,M), let [0, s∞) ⊂ [0,∞) be the
maximal interval of definition of the corresponding solution of (2.8). For each s ∈ (0, s∞),
we have γs ∈ Emb(S1,M). Let

ℓ∞ := lim
s→s∞

L(γs).
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Then s∞ <∞ if and only if ℓ∞ = 0. □

Since all the closed geodesics of (M,F ) have length larger than the injectivity radius,
we can modify the PDE (2.8) on the sublevel set L−1(0, ρ), for any ρ > 0 smaller than
the injectivity radius, in order to have solutions γs always defined for all s ≥ 0. We do
this by means of a smooth monotone increasing function χ : [0,∞) → [0, 1] such that
supp(χ) = [ρ/2,∞) and χ|[ρ,∞) ≡ 1. We define the curve-shortening semi-flow to be the
continuous map

ϕ : (0,∞)× Emb(S1,M)→ Emb(S1,M), ϕ(s, γ0) = ϕs(γ0) := γs,

where γs is the solution of the PDE

∂sγs = −χ(L(γs))∇L(γs).
The following theorem summarizes its properties. Most of them follow from Theorem 2.11,
except property (iv), which is crucial for the applications to Lusternik-Schnirelmann theory
(Theorem 2.13) and required rather subtle estimates carried out in [DPMMS20] (in the
Riemannian case, even though the statement does not explicitly appear, the estimates can
be extracted from Grayson’s paper [Gra89]). Given a subset U ⊆ Emb(S1,M) and ℓ > 0,
we denote

U<ℓ :=
{
γ ∈ U

∣∣ L(γ) < ℓ
}
. (2.9)

Theorem 2.12.

(i) ϕ0 = id and ϕs1 ◦ ϕs2 = ϕs1+s2 for all s1, s2 ≥ 0;
(ii) ϕs(γ ◦ θ) = ϕs(γ) ◦ θ for all θ ∈ Diff(S1) and γ ∈ Emb(S1,M);
(iii) d

ds
L(ϕs(γ)) ≤ 0, with equality if and only if γ is a closed geodesic or L(γ) ≤ ρ/2.

(iv) For each ℓ > ρ and ϵ > 0 there exists δ > 0 such that, for all t > 0 large enough,
we have

ϕt(Emb(S1,M)<ℓ+δ) ⊂ U(ℓ, ϵ) ∪ Emb(S1,M)<ℓ−δ,

where U(ℓ, ϵ) is the Diff(S1)-invariant open subset of the space of simple closed
geodesics of length ℓ given by

U(ℓ, ϵ) :=
{
γ ∈ Emb(S1,M)

∣∣ L(γ) ∈ (ℓ− ϵ2, ℓ+ ϵ2), ∥∇L(γ)∥L∞ < ϵ
}
. (2.10)

□

Property (ii) implies that the curve shortening semi-flow ϕt is well defined on the space
of unparametrized embedded loops

Π = ΠM :=
Emb(S1,M)

Diff(S1)
,

which we endow with the quotient topology. It is in this space that we will now recover the
fundamental Lusternik-Schnirelmann theorem for our length functional L. We will apply
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the same notation (2.9) to subsets U ⊆ Π, and with a slight abuse of notation we will still
denote by U(ℓ, ϵ) the projection of the open subsets (2.10) to Π.

For any non-trivial homology class h ∈ H∗(Π,Π
<ℓ), we consider the associated spectral

invariant

c(h) := inf
{
c > 0

∣∣ h ∈ im
(
H∗(Π

<c,Π<ℓ)
incl∗−−→H∗(Π,Π

<ℓ)
)}
≥ ℓ.

Property (iv) of the curve shortening semi-flow implies that c(h) is the length of a simple
closed geodesic. Otherwise, by a simple compactness argument, the open subset U(c(h), ϵ)
would be empty for ϵ > 0 small enough, and property (iv) would imply that

h ∈ im
(
H∗(Π

<c(h)−δ,Π<ℓ)
incl∗−−→H∗(Π,Π

<ℓ)
)
,

contradicting the very definition of c(h).
We now consider the cap product ⌢ between homology and cohomology classes, which

produces h ⌢ k ∈ Hd(X, Y ) out of h ∈ Hd+j(X, Y ) and k ∈ Hj(X). By means of the
curve shortening semi-flow, we can recover the following version of the classical Lusternik-
Schnirelmann theorem in the setting Π.

Theorem 2.13. Let h ∈ Hd+j(Π,Π
<ℓ) and k ∈ Hj(Π) be such that h ⌢ k ̸= 0. Then

c(h) ≥ c(h ⌢ k), and if the equality holds then k|U(c,ϵ) ̸= 0 in Hj(U(c, ϵ)) for all ϵ > 0.

Proof. The inequality c(h) ≥ c(h ⌢ k) is rather straightforward. Indeed, consider an
arbitrary value c > c(h), so that there exists a preimage h′ ∈ Hd+k(Π

<c,Π<ℓ) of h under
the inclusion

ι∗ := incl∗ : Hd+k(Π
<c,Π<ℓ)→ Hd+k(Π,Π

<ℓ).

Since ι∗(h
′ ⌢ ι∗k) = (ι∗h

′) ⌢ k = h ⌢ k ̸= 0, we have c(h ⌢ k) ≤ c.
As for the remaining part of the statement, we employ property (iv) of the curve

shortening semi-flow: for any given ϵ > 0, if we set U := U(c(h), ϵ) there exists a relative
cycle σ that is entirely contained in Π<c(h) ∪ U and such that [σ] = h in Hd+j(Π,Π

<ℓ).
Let us assume that k|U = 0, so that there exists a cocycle κ that vanishes when evaluated
on chains contained in U , and represents [κ] = k in Hj(Π). After applying sufficiently
many barycentric subdivisions to σ, we can assume that it splits as a sum σ = σ′ + σ′′,
where σ′ is contained in Π<c(h), while σ′′ is contained in U . By computing h ⌢ k with the
representatives that we introduced, we have

h ⌢ k = [(σ′ + σ′′) ⌢ κ] = [σ′ ⌢ κ+ σ′′ ⌢ κ︸ ︷︷ ︸
=0

] = [σ′ ⌢ κ].

Since the relative cycle σ′ ⌢ κ is contained in the sublevel set Π<c(h), we conclude that
c(h ⌢ k) < c(h). □

2.5. Reversible Finsler metrics on the 2-sphere

In this section, we prove a stronger version of Theorem 2.3 for general reversible
Finsler 2-spheres (S2, F ). We recall that the length spectrum σ(S2, F ) is the set of all
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(a) (b) (c)

Figure 2.3. (a) A triaxial ellipsoid with only three simple closed geodesics. (b) An
oblate ellipsoid of revolution, whose only simple closed geodesics are the meridians and
the equator. (c) The round sphere, all of whose geodesics are simple closed.

the multiples of the lengths of the closed geodesics, that is, the set of all the periods
of the unit-speed closed geodesics. A less common object is the simple length spectrum
σs(S

2, F ) ⊂ σ(S2, F ), which is the set of lengths of the simple closed geodesics. The follow-
ing theorem was claimed for Riemannian 2-spheres by Lusternik [Lju66], and a proof was
given by the author and Suhr [MS18]; by means of the Finsler curve shortening semi-flow,
the same proof goes through in the general reversible Finsler case.

Theorem 2.14. Any reversible Finsler 2-sphere (S2, F ) has at least three simple closed
geodesics, and more precisely satisfies one of the following three conditions:

(i) σs(S
2, F ) contains at least three elements;

(ii) σs(S
2, F ) contains exactly two elements; for some ℓ ∈ σs(S2, F ), every point of S2

lies on a simple closed geodesic of length ℓ;

(iii) σs(S
2, F ) = {ℓ}, and every geodesic is a simple closed geodesics of length ℓ.

Example 2.15 (Morse [Mor96]). Theorem 2.14 is sharp already in the Riemannian case.
The three cases can be realized by means of ellipsoids

S(r1, r2, r3) :=

{
q = (q1, q2, q3) ∈ R3

∣∣∣∣ q21r21 +
q22
r22

+
q23
r23

= 1

}
, r1, r2, r3 > 0

equipped with the restriction of the Euclidean Riemannian metric of R3:

(i) The triaxial ellipsoid S(r1, r2, r3) with r1 < r2 < r3 sufficiently close to 1 has
exactly three simple closed geodesics γ1, γ2, γ3, where γi = S(r1, r2, r3)∩ {qi = 0},
see Figure 2.3(a). Any other closed geodesic of S(r1, r2, r3) has self-intersections.

(ii) The oblate ellipsoid of revolution S(1, 1, r) with r < 1 sufficiently close to 1 has
only two kind of simple closed geodesics: the equator γ = S(1, 1, r) ∩ {q3 = 0},
which has length 1, and the meridians γθ = S(1, 1, r) ∩ (cos θ, sin θ, 0)⊥, which
have length slightly less than 1, see Figure 2.3(b).

(iii) In the round sphere S(1, 1, 1), every geodesic is simple closed of length 2π; see
Figure 2.3(c). □
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In order to apply Lusternik-Schnirelmann theory to the 2-sphere, we need to study the
topology of the space of unparametrized embedded loops

Π = ΠS2 :=
Emb(S1, S2)

Diff(S1)
.

In general, the study of the topology of loop spaces can be sophisticated business. However,
Π is not the usual free loop space, and its topology (or at least the relevant one for
our applications) turns out to be very simple, and completely finite dimensional. It is
convenient to enlarge Π slightly, by adding to it the space of constant loops, which we
identify with S2 itself. We denote their union by

Π = Π ∪ S2,

and we endow it with the topology induced by their inclusion into C∞(S1, S2)/Diff(S1).
In this topological discussion, we realize S2 as the unit sphere in R3. We consider the real
projective space RP2, whose elements are projective classes [q] = [−q] with q ∈ S2, and
the tautological bundle pr : E → RP2, whose fibers are given by

pr−1([q]) =
{
([q], λq) ∈ RP2 ×R3 | λ ∈ [−1, 1]

}
, q ∈ S2.

Throughout this section, all the homology and cohomology groups will be taken with
coefficients in Z2 = Z/2Z. In particular, homology and cohomology groups will be dual
of one another. The total space E is homotopy equivalent to RP2, and therefore its
cohomology ring is given by

H∗(E) =
Z2[w]

(w3)
,

where w is the generator of H1(E) ∼= Z2. Let u ∈ H1(E, ∂E) be the Thom class, which
gives the Thom isomorphism

H∗(E)
∼=−→H∗+1(E, ∂E), r 7−→ u ⌣ r.

The relative cohomology H∗(E, ∂E) is generated as a group by u ⌣ wj, for j = 0, 1, 2.
Since ∂E is homeomorphic to S2, the long exact sequence of the inclusion ∂E ⊂ E gives
an isomorphism

H1(E, ∂E)
∼=−→H1(E)

mapping u 7→ w.
The space E embeds into Π by means of the map

ι : (E, ∂E)→ (Π, S2), (2.11)

where ι([q], v) is the (possibly constant) loop given by the intersection of S2 with the affine
plane P ([q], v) := span{q}⊥ + v ⊂ R3, see Figure 2.4. One would be tempted to show
that ι induces an isomorphism in cohomology. Such a statement turns out to be subtle
to prove, and instead we will simply show that ι induces a surjective homomorphism in
cohomology, which suffices for our applications. We will denote by a two-head arrow →→ a
surjective homomorphism.
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v

[q]

ι([q], v)
0

P ([q], v)

Figure 2.4. The map ι : (E, ∂E)→ (Π, S2).

Notice that ι|∂E : ∂E → S2 is a homeomorphism. A simple argument “by hands” shows
that ι induces an injective homomorphism of fundamental groups ι∗ : π1(E) ↪→ π1(Π).
Since π1(E) ∼= H1(E) ∼= Z2, the map ι also induces surjective and injective homomorphisms

H1(Π)→→H1(E),

H1(E, ∂E) ↪→ H1(Π, S
2). (2.12)

The relative homology H∗(E, ∂E) is generated as a group by three elements e1, e2, e3, which
are related by

ej = ej+1 ⌢ w ∈ Hj(E, ∂E), j = 1, 2.

We infer that ι induces an injective homomorphism in all degrees

ι∗ : H∗(E, ∂E) ↪→ H∗(Π, S
2), hj := ι∗(ej), j = 1, 2, 3.

Indeed, (2.12) implies that h1 ̸= 0, and for any w̃ ∈ H1(Π) such that ι∗w̃ = w we have

hj+1 ⌢ w̃ = ι∗(ej+1 ⌢ ι∗(w̃)) = ι∗(ej+1 ⌢ w) = ι∗(ej) = hj.

Modulo technical details, this topological description of the space Π was known to Lusternik
and Schnirelmann, and in a slightly different setting can be found in Ballmann’s memoir
[Bal78]. The details of the computations were carried out by the author and Suhr in [MS18].

We now equip S2 with any reversible Finsler metric F , and we consider the associated
length functional L : Π→ [0,∞) and sublevel sets

U<b := {γ ∈ U | L(γ) < b}, U ⊂ Π, b > 0.

We can get rid of the constant loops S2 ⊂ Π as follows. A simple argument, which does
not even need the curve shortening semi-flow, implies that the inclusion S2 ↪→ (Π)<ρ is a
homotopy equivalence provided ρ > 0 is small enough. This, together with the excision
property, implies that the inclusions induce homology isomorphisms

H∗(Π, S
2)

∼=−→H∗(Π,Π
<ρ
) ∼= H∗(Π,Π

<ρ),

hj 7−→ hj.
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Similarly, if δ ∈ (0, 1) and F :=
{
([q], v) ∈ E

∣∣ ∥v∥ ≤ 1−δ
}
, the inclusions induce homology

isomorphisms

H∗(E, ∂E)
∼=−→H∗(E,E \ F ) ∼= H∗(F, ∂F ),

ej 7−→ fj.

Choosing this constant δ > 0 to be small enough, the map ι in (2.11) also has the form

ι : (F, ∂F )→ (Π,Π<ρ), (2.13)

and for all w̃ ∈ H1(Π) such that ι∗(w̃) = w|F we have

hj = ι∗(fj) = ι∗(fj+1 ⌢ w|F ) = hj+1 ⌢ w̃.

We consider the spectral invariants

cj := c(hj) := inf
{
c > 0

∣∣ hj ∈ im
(
H∗(Π

<c,Π<ρ)
incl∗−−→H∗(Π,Π

<ρ)
)}
,

j = 1, 2, 3,
(2.14)

which are elements of the simple length spectrum σs(S
2, F ), ordered as c1 ≤ c2 ≤ c3

according to Theorem 2.13. Theorem 2.14 will be a direct consequence of the next two
statements.

Theorem 2.16. If cj = cj+1 for some j ∈ {1, 2}, then for all q ∈ S2 there are infinitely
many simple closed geodesics of length cj going through q.

Proof. Assume by contradiction that c := cj = cj+1, but that some point q ∈ S2 does not
lie on a simple closed geodesic of length c. We consider the subset W = {γ ∈ Π | q ̸∈ γ}.
It is easy to see thatW is contractible: if we denote by B2 ⊂ R2 the unit open ball, and we
consider a diffeomorphism θ : S2 \ {q} → B2, the homotopy rt :W →W , t ∈ [0, 1], given
by rt(γ) = θ−1((1 − t)θ(γ)) defines a contraction of W onto a constant loop in S2 ∩ W .
In particular H1(W) is trivial. Moreover, for ϵ > 0 small enough, W contains the open
subset U := U(c, ϵ) defined in (2.10).

Choose any w̃ ∈ H1(Π) such that ι∗(w̃|Π) = w|F , so that hj = hj+1 ⌢ w̃|Π. Since
cj = cj+1, Theorem 2.13 implies that w̃|U ̸= 0. However, since H1(W) = 0, we have
w̃|W = 0, and therefore w̃|U = (w̃|W)|U = 0, which gives a contradiction. □

Theorem 2.17. If c1 = c2 = c3, then every geodesic of (S2, F ) is a simple closed geodesics
of length c1.

Proof. We consider a circle bundle π : P → Π, whose total space is given by

P = {(γ, x) ∈ Π× S2 | x ∈ γ}
and whose projection is π(γ, x) = γ. We shall employ the projectivized tangent bundle

PTS2 =
{
Vx

∣∣ x ∈ S2, Vx 1-dimensional vector subspace of TxS
2
}
,

and define the continuous evaluation map ev : P → PTS2, ev(γ, x) = Txγ. Since PTS
2 is

a closed 3-manifold, we have H3(PTS2) ∼= Z2 (we recall that we are considering homology
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and cohomology with coefficients in Z2). We denote by m a generator of H3(PTS2). We
consider the map ι in (2.13), and the zero section E0 ⊂ E, which is homeomorphic to RP2.
We denote ι0 := ι|E0 : E0 → Π, and form the pull-back bundle

P0 = ι∗0P =
{
(y, p) ∈ E0 × P | ι0(y) = π(p)

}
.

We have a commutative diagram

P0 P PTS2

E0 Π

ι̃0

π

ev

π

ι0

where ι̃0(y, p) = p is the projection onto the second factor. Notice that ev ◦ ι̃0 is a homeo-
morphism. Moreover, since H3(E0) and H

4(E0) are trivial, the Gysin long exact sequence

... H3(E0) H3(P0) H2(E0) H4(E0) ...

0 0

π∗ π∗

implies that π∗ : H
3(P0)−→∼=H2(E0) is an isomorphism. This implies that π∗ι̃

∗
0ev

∗(m) ̸= 0
in H2(E0;Z2). We set

z := π∗ev
∗(m) ∈ H2(Π;Z2).

Since ι∗0(z) = π∗ι̃
∗
0ev

∗(m) ̸= 0, we must have ι∗(z) = w2|F ∈ H2(F ), and therefore h1 =
h3 ⌢ z.

Now, assume by contradiction that c := c1 = c2 = c3, but there exists (q, v) ∈ TS2 with
F (q, v) = 1 and such that the geodesic γ(t) := expq(tv) is not a simple closed geodesic of
minimal period c (namely, γ is not a closed geodesic, or it is closed but not simple closed,
or it is simple closed but its length is not c). We consider the open subset U = U(c, ϵ) ⊂ Π
defined in (2.10). We fix ϵ > 0 to be small enough, so that v is not tangent to any curve
γ ∈ U passing through q. Namely, if we set P ′ := π−1(U), the restriction ev|P ′ : P ′ → PTS2

is not surjective. Since c1 = c3 and h1 = h3 ⌢ z, Theorem 2.13 implies that z|U ̸= 0 in
H2(U). However, since z|U = (π|P ′)∗ev|∗P ′m, this implies that the homomorphism

ev|∗P ′ : H3(PTS2)→ H3(P ′)

is non-zero, which is impossible since ev|P ′ is not surjective. □

The closed geodesics provided by the spectral invariants (2.14), and more precisely
the ones provided by the largest one c3, allows to extend Theorem 2.5 to the class of
reversible Finsler metric on the 2-sphere. The arguments remain analogous to the ones for
the Riemannian case, and can be found in full details (in particular filling a few expository
gaps in the previously available literature) in the joint paper of the author together with
De Philippis, Marini, and Suhr [DPMMS20].

Theorem 2.18. Every reversible Finsler 2-sphere has infinitely many closed geodesics.
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q

γ

ζ

σ

Figure 2.5. A geodesic ray ζ issued from q ∈ γ and trapped in the right hemisphere.

Proof. We will not actually provide a proof of this theorem, but only briefly illustrate the
required steps. What makes this theorem particularly hard is that there is no sigle phe-
nomenon that guarantees at once the existence of infinitely closed geodesics; all currently
available proofs are multiple case ones.

The argument begins with the spectral invariant c3, defined in (2.14). Since this spectral
invariant is associated with the relative homology class h3, which has degree 3, one would
expect to be carried by a closed geodesic with non-trivial local homology in degree 3. There
is a technical subtlety here, due to the fact that the spectral invariant c3 is defined in the
setting of the unparametrized loop space ΠS2 = Emb(S1, S2)/Diff(S1), instead of the more
common free loop space ΛS2 = W 1,2(S1,M). Nevertheless, one can show that there exists
a simple closed geodesic γ : S1 ↪→ S2 (parametrized with constant speed so as to be a
critical point of the energy functional E : ΛM → [0,∞)) having length L(γ) = c3 and
non-trivial local homology in degree 3, i.e.

C3(γ) := H3((ΛS
3)<c

2
3 ∪ {γ}, (ΛS3)<c

2
3) ̸= 0.

For each t0 ∈ S1 = R/Z, we denote by ti > 0 the i-th positive value such that γ(t0) and
γ(t0+ ti) are conjugate along γ|[t0,t0+ti]. The values ti < 0 for i < 0 are defined analogously.
The non-vanishing of the local homology C3(γ) implies in a non-trivial way that, for every
t0 ∈ S1, the corresponding t2 is at most 1 (i.e. the second conjugate point to γ(t0) occur
at latest when γ closes up). We have three possible cases to consider.

In the first case, we have some point q ∈ γ and some tangent vector v ∈ TqS
2 such

that the geodesic ray ζ(t) := expq(tv) stays trapped in one connected component H ⊂
S2 \ {γ} for all t > 0 (Figure 2.5). An argument, originally due to Bangert [Ban93] for the
Riemannian case, implies that the open hemisphere H contains a waist, that is, a closed
geodesic that is a local minimizer of the energy functional E (in Figure 2.5, such a waist
σ is the ω-limit of the geodesic ray ζ, but the proof does not guarantee it). The existence
of a waist forces the existence of infinitely many other closed geodesics; this was originally
proved by Bangert [Ban80] in the Riemannian case, and in the general Finsler case follows
by an argument similar to the one in the proof of Theorem 1.24.

If we are not in the first case, then no geodesic that intersects γ transversely remains
trapped in a connected component of S2 \ {γ}. We denote by H one such connected
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ζ(0)

ζ(τ)

ζ

γ

Figure 2.6. The first return map ψ : A→ A, ψ(ζ(0), ζ̇(0)) = (ζ(τ), ζ̇(τ)).

components. Following a seminal idea of Poicaré and Birkhoff, the open annulus

A :=
{
(q, v) ∈ TS2

∣∣ q ∈ γ, F (q, v) = 1, v points inside H
}

is a surface of section for the geodesic flow. Namely, there is a first return map ψ : A→ A
defined by ψ(q, v) = ζ(τ), where ζ(t) = expq(tv) and τ > 0 is the second positive time
instant in which ζ intersects γ (Figure 2.6). Notice that there is a one-to-one correspon-
dence between closed geodesics intersecting γ transversely and periodic orbits of ψ. Since,
every point γ(t) has conjugate points along γ, it turns out that ψ extends continuously to
the closure of A by

ψ(γ(t0),±γ̇(t0)) = (γ(t±2),±γ̇(t±2))

After a suitable identification A ≡ S1× [−1, 1], it turns out that ψ preserves the Lebesgue
measure of A.

Assume that, for every t0 ∈ S1, the corresponding t2 is strictly less than 1 (i.e. the
second conjugate point to γ(t0) occurs before γ closes up). Then ψ turns out to satisfy the
twist condition of Poincaré-Birkhoff. A simple argument due to Neumann implies that a
twist map of the closed annulus has infinitely many periodic orbits in the interior of the
annulus. This provides infinitely many closed geodesics intersecting γ.

It remains to consider the case in which, for some t0, the corresponding t2 is equal to 1
(i.e. the second conjugate point to γ(t0) occurs exactly the first time that γ closes up).
This is the hardest case, and is taken care of by means of a sophisticated argument due
to Hingston [Hin93] (see also the paper of Asselle and the author [AM18] for a detailed
argument and an extension of the result to non-compact Riemannian manifolds): under
this assumptions, the local homology of the critical circle of γ is unstable (cf. end of
Section 1.4), and forces the existence of infinitely many other closed geodesics. □

2.6. Isometry-invariant geodesics

The last topic of this chapter concerns a generalization of the closed geodesics problem
for Riemannian manifolds with symmetries, which was first formulated and studied by
Grove [Gro73, Gro74, Gro85b]. Let (M, g) be a closed Riemannian manifold of dimension
at least 2, and ψ : M → M an isometry (that is, a diffeomorphism satisfying ψ∗g = g).
Since ψ maps geodesics to geodesics, a natural question is whether there are geodesics
preserved by ψ. Grove’s notion of invariance is slightly more restrictive: we say that a
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γ

ψ(γ)

ψ

T2

Figure 2.7. An isometry ψ of the flat torus T2 (i.e. the Riemannian square [0, 1]2 with the
parallel portions of the boundary suitably identified as indicated by the arrows) without
invariant geodesics.

geodesic γ : R↬M is non-trivially ψ-invariant when, for some τ ̸= 0, we have ψ ◦ γ(t) =
γ(t + τ) for all t ∈ R; we stress that, with this definition, ψ preserves the orientation of
the geodesic and acts on it as a non-trivial shift on its domain. Up to a reparametrization
of the geodesic, we can always assume the shift to be τ = 1. Notice that, when ψ = id,
the id-invariant geodesics are precisely the closed geodesics.

Theorem 2.2 implies that (M, g) has a closed geodesic. In general, however, it may
have isometries not admitting any non-trivially invariant geodesic.

Example 2.19. Consider the 2-torus T2 = R2/Z2 equipped with the flat Riemannian metric
inherited from the Euclidean space R2, and the isometry ψ : T2 → T2 that rotates the
fundamental domain [0, 1]2 by a counterclockwise angle of π/2, i.e.

ψ([x, y]) = [1− y, x], ∀(x, y) ∈ [0, 1]2.

The geodesics of T2 are the straight lines, and none of them is invariant under ψ (Fig-
ure 2.7). □

The non-trivially ψ-invariant geodesics admit a variational characterization, which is
the generalization of the one of closed geodesics. The ambient is the following space of
ψ-invariant curves

Λ(M,ψ) :=
{
γ ∈ W 1,2

loc (R,M)
∣∣ ψ ◦ γ(t) = γ(t+ 1) ∀t ∈ R

}
,

which is the usual free loop space ΛM when ψ = id. The critical points of the energy
functional

E : Λ(M,ψ)→ [0,∞), E(γ) =

∫ 1

0

∥γ̇(t)∥2g dt.

with positive critical value are precisely the non-trivially ψ-invariant geodesics. All the
functional properties of E valid when ψ = id (Section 1.2) continue to hold for general
isometries ψ.

The reason why the isometry ψ of Example 2.19 has no invariant geodesics lies in the
fact that ψ is not homotopic to the identity. If instead ψ is homotopic to the identity
through continuous map, we can always produce a homotopy ψt : M → M such that
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ψ0 = id, ψ1 = ψ, and every curve t 7→ ψt(q) is piecewise smooth. The space Λ(M,ψ) is
then homotopy equivalent to the free loop space ΛM via the continuous map

ΛM → Λ(M,ψ), γ 7→ γψ, (2.15)

where γψ(t) = ψt(γ(t)) for all t ∈ [0, 1]. With these premises, the proof of Theorem 2.2
goes through for the functional E : Λ(M,ψ)→ [0,∞).

Theorem 2.20 (Grove). On a closed Riemannian manifold of dimension at least 2, every
isometry homotopic to the identity has a non-trivially invariant geodesic. □

As for the multiplicity of isometry-invariant geodesics, the starting point is the following
beautiful observation of Grove, which is a consequence of the Baire category theorem: if
γ : R ↬ M is a non-trivially ψ-invariant geodesic that is not a periodic curve, then the
closure of its image γ(R) contains uncountably many non-trivially ψ-invariant geodesics.
Therefore, as far as multiplicity results are concerned, one can always assume that all the
non-trivially ψ-invariant geodesics γ ∈ crit(E) are also closed geodesics, that is, γ = γ(·+p)
for some period p ≥ 1.

A non-trivially ψ-invariant closed geodesic γ ∈ crit(E) produces infinitely many critical
circles of the energy functional E. Indeed, if p ≥ 1 is a period of γ, then for each integer
m > 0 its reparametrization γmp+1(t) = γ((mp + 1)t) is also a critical point of E. The
curves γmp+1 play the role of the iterates in the theory of closed geodesics. In the early
papers [GT76, GT78], Grove and Tanaka studied the behavior of critical point theory
indices along sequences m 7→ γmp+1, extending in particular Bott’s iteration theory of the
Morse indices and Gromoll-Meyer’s theory of the local homology. As an outcome, they
obtained the following extension of Theorem 2.4.

Theorem 2.21 (Grove-Tanaka). On every closed simply connected Riemannian manifold
(M, g) whose rational cohomology ring H∗(M ;Q) is non-monogenic, every isometry homo-
topic to the identity has infinitely many non-trivially invariant geodesics. □

We already mentioned in Section 2.2 that the fact that H∗(M ;Q) is not a monogenic
ring translates into the unboundedness of the rational Betti numbers of the free loop space
ΛM , and therefore of the space Λ(M,ψ) as well for all ψ : M → M homotopic to the
identity. On the other hand, unlike in the case of closed geodesics, when the homology
H∗(Λ(M,ψ)) is not sufficiently rich there may be isometries having only finitely many
non-trivially invariant geodesics.

Example 2.22. Let S2 be the unit sphere in R3 equipped with the restriction of the Eu-
clidean Riemannian metric. Any rotation of S2 of an angle θ ̸∈ 2πZ is an isometry homo-
topic to the identity, but has only one invariant geodesic: the closed geodesic orthogonal
to the axis of the rotation. □
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In a series of papers [Maz14, Maz15, MM17], the last one in collaboration with
Macarini, we addressed the multiplicity of isometry-invariant geodesics on non simply con-
nected closed Riemannian manifolds. Here, we only mention the following result, which is
the outcome of [Maz15, MM17], and generalizes Bangert and Hingston’s Theorem 2.6.

Theorem 2.23. On a closed Riemannian manifold of dimension at least 2 with infinite
abelian fundamental group, every isometry homotopic to the identity has infinitely many
non-trivially invariant geodesics.

Proof. We only outline the proof for the most difficult case, which was established in
[MM17]: the one of closed Riemannian manifolds (M, g) with fundamental group π1(M) ∼=
Z. We denote by α ∈ ΛM a generator of π1(M), and by Dm ⊂ ΛM the connected
component containing them-th iterate αm. Notice that the evaluation map ev : ΛM →M ,
ev(γ) = γ(0) induces surjective homomorphisms of homotopy groups

ev∗ : π∗(Dm)→→ π∗(M), ∀m ∈ N. (2.16)

Since we are assuming that the closed manifold M has dimension at least 2, it is not
homotopy equivalent to a circle; since π1(M) ∼= π1(S

1) ∼= Z there must be a non-trivial
homotopy group πd(M) in some degree d ≥ 2. A topological argument due to Bangert and
Hingston [BH84] implies that there exists k ∈ N and, for all m ∈ N, a non-zero homotopy
class hm ∈ πd−1(Dkm) such that ev∗(hm) = 0. Notice that, if d = 2, the surjectivity of the
homomorphisms (2.16) implies that π1(Dkm) ̸= Z.

Let ψ : M → M be an isometry homotopic to the identity, and Ckm ⊂ Λ(M,ψ) the
connected component corresponding to Dkm via the homotopy equivalence (2.15). Since
we are looking for infinitely many non-trivially ψ-invariant geodesics, we only have to
consider the case in which they are all closed geodesics (Theorem 2.20). For each m ∈ N,
we denote by ζm ∈ Ckm a global minimizer of the energy functional E|Ckm

. We only
consider the worst case scenario, in which all the ζm are reparametrization of the same
closed ψ-invariant geodesic. In order to detect the geodesics claimed by the theorem, we
consider a non-zero homotopy class hm ∈ πd−1(Ckm, ζm). In case d = 2, since we know
that π1(Ckm, ζm) ̸∼= Z, we choose such a class hm in such a way that it does not have a
representative contained in the critical circle of ζm. In any case, the min-max value

cm := inf
{
c ≥ 0

∣∣ hm ∈ im(πd−1(C
<c
km, ζm)

incl∗−−→πd−1(Ckm, ζm))
}
,

where C<c
km := E−1[0, c)∩Ckm, is a critical value of E strictly larger than E(ζm). The core of

the proof consists in showing that, as m grows, the critical points in crit(E|Ckm
)∩E−1(cm)

eventually correspond to new non-trivially ψ-invariant geodesics (that is, not the same
geodesics already detected for lower values of m). This is carried out by an instability
argument for the local homotopy of isometry-invariant geodesics, which is a harder version
of the argument employed in the proof of Theorem 1.24. □

We close the section and the chapter by pointing out a contact geometry generalization
of the notion of isometry-invariant geodesics. We recall that a contact manifold is a (2n+1)-
dimensional manifold Y equipped with a 1-form α, called the contact form, such that
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α ∧ (dα)n is a volume form. A diffeomorphism ϕ : Y → Y is called a contactomorphism
when it preserves the contact structure ker(α), i.e. dϕ(z) ker(αz) = ker(αϕ(z)). If ϕ also
preserves the contact form α, i.e. ϕ∗α = α, it is called a strict contactomorphism. On
every contact manifold (Y, α), there is a distinguished vector field R, called the Reeb vector
field, defined by the equations α(R) ≡ 1 and dα(R, ·) ≡ 0. Its flow ϕtα consist of strict
contactomorphisms. More generally, any strict contactomorphism ϕ preserves the Reeb
vector field, and in particular maps Reeb orbits to Reeb orbits. A Reeb orbit γ : R→ Y ,
γ(t) = ϕtα(γ(0)) is called non-trivially ϕ-invariant when ϕ ◦ γ = γ(τ + ·) for some τ ̸= 0.

If (M, g) is a Riemannian manifold, its unit tangent bundle

SM =
{
(q, v) ∈ TM

∣∣ ∥v∥g = 1
}

equipped with the Liouville 1-form α(q,v) = g(v, dπ(q, v)·), where π : SM →M is the base
projection, is a contact manifold. The associated Reeb vector field is precisely the geodesic
vector field, and therefore the orbits of its flow are of the form t 7→ (γ(t), γ̇(t)), where γ is a
unit-speed geodesic of (M, g). Any isometry ψ of (M, g) lifts to a strict contactomorphism

ψ̃ : SM → SM, ψ̃(q, v) = (ψ(q), dψ(q)v),

and a non-trivially ψ-invariant unit-speed geodesic γ lifts to a non-trivially ψ̃-invariant
Reeb orbit (γ, γ̇).

⋆ Open problems: The celebrated Weinstein conjecture, which is widely open in dimension
at least 5, states that every closed contact manifold has a closed Reeb orbit. An even
harder problem, which we phrase as an open question, is whether on a closed contact
manifold (Y, ψ), any strict contactomorphism ϕ that is isotopic to the identity (say through
contactomorphisms) has a non-trivially ϕ-invariant Reeb orbit (the Weinstein conjecture
corresponds to the special case ϕ = id).

Indeed, we can even ask a harder question by considering the notion of translated
point, which was introduced by Sandon [San10] as a special case of the notion of leaf-wise
intersection from symplectic geometry. If ϕ is a contactomorphism of a closed contact
manifold (Y, α), a point z = γ(0) on a Reeb orbit γ : R → Y is called a ϕ-translated
point when ϕ(γ(0)) = γ(τ) for some translation τ ∈ R, and ϕ preserves the contact form
α at z, i.e. (ϕ∗α)z = αz. A conjecture due to Sandon [San12], and proved in certain
settings [San13, AFM15, MN18], states that a generic contactomorphism ϕ : Y → Y that
is contact-isotopic to the identity has as many translated points as the total rank of the
homology H∗(Y ). A slightly different open question, which is harder than the ones in
the previous paragraph, is whether any contactomorphism that is contact isotopic to the
identity has at least one translated point with non-zero translation.



CHAPTER 3

Besse and Zoll Reeb flows

This final chapter covers the very recent author’s results on contact manifolds all of
whose Reeb orbits are closed. This line of research originated from the joint result with
Suhr [MS18] presented in Section 2.5, the initial goal being to extend Theorem 2.14 beyond
the class of geodesic flows of Riemannian 2-spheres.

3.1. Basic properties of Besse contact manifolds

The setting of this chapter is the one of closed contact manifolds, which were already
introduced at the end of the last chapter. Let (Y, α) be a closed contact manifold of
dimension 2n + 1, with Reeb vector field R = Rα and associated Reeb flow ϕtα : Y → Y .
The action spectrum σ(Y, α) ⊂ (0,∞) is the set of periods of the closed Reeb orbits, i.e.

σ(Y, α) =
{
τ > 0

∣∣ fix(ϕτα) ̸= ∅
}
.

Notice that, if some τ belongs to σ(Y, α), so do its multiples kτ , with k ∈ N.

Example 3.1. If (M,F ) is a closed Finsler manifold, its unit tangent bundle SM :=
{(q, v) ∈ TM | F (q, v) = 1} equipped with the Liouville 1-form α is a contact mani-
fold whose Reeb flow is the geodesic flow: its orbits are of the form ϕtα(q, v) = (γ(t), γ̇(t)),
where γ : R → M is the geodesic such that γ(0) = q and γ̇(0) = v. The action spectrum
σ(SM,α) is precisely the length spectrum σ(M,F ), which is the set of multiples of the
lengths of the closed geodesics of (M,F ). □

A closed contact manifold (Y, α) (or just its contact form, or its Reeb flow) is called
Besse when every orbit of its Reeb flow is closed, i.e. for all z ∈ Y there exists a minimal
τz > 0 such that ϕτzα (z) = z. The terminology comes from the pseudonym “Arthur Besse”
of a collective of mathematicians based in France and directed by Berger, who wrote
among other things an influential monograph [Bes78] on Riemannian manifolds all of whose
geodesics are closed (their unit tangent bundle thus being a Besse contact manifold). In the
literature, Besse contact manifolds are sometimes called “almost regular” [Tho76, Gei08].

The minimal period τz, in general, may vary discontinuously with the point z. Never-
theless, when Y is connected, a rather subtle result due to Wadsley [Wad75] implies that
there is a common multiple τ > 0 for all the τz. In other words the whole Reeb flow is
periodic:

ϕτα = id.

67
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This is in contrast with a counterexample, due to Sullivan [Sul76], of a flow on a closed
5-dimensional manifold all of whose orbits are closed but without a global upper bound
for their minimal periods.

What prevents Sullivan’s counterexample to apply in the Reeb setting is that Reeb
flows are geodesible: every Reeb orbit is a geodesic for any Riemannian metric g0 on Y
such that g0(Rα, ·) = α. Assuming that (Y, α) is Besse with minimal common period τ ,
the same is true with respect to the averaged Riemannian metric

g :=
1

τ

∫ τ

0

(ϕtα)
∗g0 dt,

which indeed still satisfies g(Rλ, ·) = λ, while at the same time is invariant under the
Reeb flow, i.e. (ϕtλ)

∗g = g. We can employ this Riemannian metric to show that Y admits

a stratification in Besse contact submanifolds. For each integer k > 0, since ϕ
τ/k
α is a

g-isometry, its fixed-point set

Yk := fix(ϕτ/kα )

is a closed submanifold of Y with tangent spaces

TzYk = ker(dϕτ/kα (z)− id), (3.1)

see [Kob95, Th. 5.1]. For each z ∈ Yk, the linearized map dϕ
τ/k
α (z) restricts to a sym-

plectic endomorphism of the symplectic vector space (ker(αz), dα|ker(αz)). Therefore, the
eigenvalue

1 ∈ σ(dϕτ/kα (z)|ker(αz))

has even algebraic multiplicity. Since dϕ
τ/k
α (z)|ker(αz) is an k-th root of the identity, this

algebraic multiplicity is equal to the geometric multiplicity dim(TzYk). This, together with
the fact that

dϕτ/kα (z)Rα(z) = Rα(z),

proves that dim(TzKα) is odd, and thus (Yk, α) is a closed contact submanifold of (Y, α).

Example 3.2. The ellipsoid

E(a1, . . . , an) =

{
z = (z1, . . . , zn) ∈ Cn

∣∣∣∣ n∑
i=1

|zi|2

ai
=

1

π

}
,

where 0 < a1 ≤ a2 ≤ . . . ≤ an, comes equipped with a natural contact form, which we
write in complex coordinates as

α :=
i

2

n∑
j=1

(
zj dzj − zj dzj

)
.

The associated Reeb flow is the linear one

ϕtα(z1, ..., zn) = (ei2πt/a1z1, ..., e
i2πt/anzn).
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The action spectrum σ(E(a1, . . . , an)) is the set of multiples of the parameters a1, ..., an. We
readily see that E(a1, . . . , an) is Besse if and only if it is a rational ellipsoid, i.e. ah/aj ∈ Q
for all h, j = 1, ..., n. Its strata are the sub-ellipsoids

E(a1, . . . , an)k =
{
(z1, . . . , zn) ∈ E(a1, . . . , an)

∣∣ zi = 0 if lcm(a1,...,an)
kai

̸∈ N
}
. □

Within the Besse class, a distinguished subclass, which was first introduced and studied
by Boothby and Wang [BW58], is given by the Zoll contact manifolds. They are those
closed contact manifolds (Y, α) all of whose Reeb orbits are closed with the same minimal
period τ > 0. Namely, ϕτα = id and fix(ϕtα) = ∅ for all t ∈ (0, τ). The Reeb flow ϕtα thus
defines a free R/τZ action on Y . The simplest examples of Zoll contact manifolds are
the round contact spheres E(1, ..., 1), and the unit tangent bundles of round Riemannian
spheres. The terminology comes from a construction due to Zoll [Zol03] of a Riemannian
2-sphere of revolution of non-constant curvature and all of whose geodesics are closed with
the same length (and thus having a unit tangent bundle that is a Zoll contact manifold).

⋆ Open problem: Let (Y, α) be a closed contact manifold, and K ⊂ Y be the subset of
closed Reeb orbits. For each z ∈ K, we denote by τz > 0 the minimal period of the
corresponding closed Reeb orbit, i.e.

z ∈ fix(ϕτzα ) \
⋃

t∈(0,τz)

fix(ϕtα).

The prime action spectrum σp(Y, α) is the set of minimal periods of the closed Reeb orbits,
i.e.

σp(Y, α) =
{
τz

∣∣ z ∈ K}
.

The Weinstein conjecture, if true, would guarantee that σp(Y, α) is always non-empty.
Theorem 2.14 prompted Cristofaro-Gardiner and the author to ask whether a closed contact
manifold with a singleton prime action spectrum σp(Y, α) = {τ} is necessarily a Zoll contact
manifold. In full generality, of course this question is widely open. Notice that, if the
Weinstein conjecture hold, an affirmative answer to our question would imply that every
closed contact manifold has at least two closed Reeb orbits, a statement that is currently
open even for general geodesic flows (see Section 2.1). Over the next few sections, we shall
address this question in several settings.

3.2. Spectral characterization of Besse contact three-manifolds

Several open problems in Reeb dynamics have been actually established for closed
contact 3-manifolds. This is the case for the Weinstein conjecture (the existence of a
closed Reeb orbit), which was proved by Taubes [Tau07, Tau09] a little over a decade ago
by means of techniques based on holomorphic curves and Seiberg-Witten theory. As it
turned out, the Weinstein conjecture is not sharp in dimension 3: a more recent result of
Cristofaro-Gardiner and Hutchings [CGH16] asserts that every closed contact 3-manifolds
has at least two closed Reeb orbits. By pushing further the arguments in the proof of
this result, in a joint work with Cristofaro-Gardiner [CGM20] we could answer the open
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question mentioned at the end of the previous section, and indeed prove the following
stronger result.

Theorem 3.3. For any closed connected contact 3-manifold (Y, α), the following three
conditions are equivalent.

(i) The contact manifold (Y, α) is Besse.
(ii) The closed orbits of the Reeb flow ϕtα have some common period τ > 0, i.e. ϕτα = id.
(iii) The action spectrum σ(Y, λ) has rank 1, i.e. σ(Y, α) ⊂ rZ for some r > 0.

Here, the implication (i)⇒ (ii) is provided by the already mentioned Wadsley theorem
[Wad75], and the implication (ii)⇒ (iii) is a straightforward consequence of the fact that
the Reeb vector field is nowhere vanishing. Our novel contribution is the implication
(iii)⇒ (i). We shall sketch its proof later on, but first let us discuss the important corollaries
of Theorem 3.3. The following one is immediate, and provides the spectral characterization
of Zoll contact 3-manifolds.

Corollary 3.4. A closed contact 3-manifold (Y, α) is Zoll if and only if its prime action
spectrum σp(Y, α) is a singleton. □

In Section 2.5 we already presented a (slightly stronger) version of this latter corollary
for the special class of unit tangent bundles of reversible Finsler 2-spheres (Theorem 2.14).
Theorem 3.3, combined with other results available in the Finsler and Riemannian lit-
erature, allows us to infer new spectral characterization results for Zoll Finsler surfaces
(M,F ), reversible or not. We recall that the length spectrum of a Finsler surface is the set
σ(M,F ) := σ(SM,α), where α is the standard contact form on the unit tangent bundle
SM (Example 3.1)

Corollary 3.5. Let (M,F ) be a closed connected orientable Finsler surface. The length
spectrum σ(M,F ) has rank 1 if and only if M = S2 and F is Besse. Moreover, if F is
reversible, the length spectrum σ(M,F ) has rank 1 if and only if M = S2 and F is Zoll.

Remark 3.6. The reversibility assumption in the second part of this statement is essential.
Indeed, Katok’s Finsler metrics Fα of Example 2.10 with a rational parameter α are Besse
but not Zoll. □

Proof of Corollary 3.5. Theorem 3.3 guarantees that the length spectrum σ(M,F ) has
rank 1 if and only if the Finsler surface (M,F ) is Besse. A theorem due to Frauenfelder-
Labrousse-Schlenk [FLS15], which extends the classical Bott-Samelson Theorem [Bot54,
Sam63] from Riemannian geometry, implies that F can be Besse only if the fundamental
group of M is finite and the integral cohomology ring of the universal cover of M is
monogenic. The only closed orientable surface M with these properties is S2. Finally,
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a Besse reversible Finsler metric on S2 is Zoll according to a theorem of Frauenfelder-
Lange-Suhr [FLS16], which generalizes the classical Riemannian result of Gromoll-Grove
[GG81]. □

Corollary 3.7. Let (M,F ) be a closed connected non-orientable Finsler surface. The length
spectrum σ(M,F ) has rank 1 if and only if M = RP2 and F is Besse. Moreover, if F is
Riemannian, the length spectrum σ(M,F ) has rank 1 if and only if M = RP2 and F is
the norm associated with a Riemannian metric with constant curvature (in particular, F
is Zoll).

Proof. Let M ′ be the orientation double cover of M , and F ′ : TM ′ → [0,∞) the lift of F .
By Corollary 3.5, F ′ is Besse if and only if σ(M ′, F ′) has rank 1 and M ′ = S2. Notice that
M ′ = S2 if and only if M = RP2. The length spectra satisfy σ(M ′, F ′) ⊆ σ(M,F ) and
2σ(M,F ) ⊆ σ(M ′, F ′); in particular, σ(M ′, F ′) has rank 1 if and only if the same is true
for σ(M,F ). Moreover, F ′ is Besse if and only if the same if true for F . This proves the
first part of the statement. Finally, a Riemannian metric on RP2 is Besse if and only if it
has constant curvature, according to a theorem of Pries [Pri09]. □

We now briefly outline the techniques and the arguments needed for the proof of The-
orem 3.3; the reader that is only interested in the applications can skip the rest of the
section. The closed Reeb orbits of a closed contact manifold (Y, α) can be characterized
variationally in several ways. The conceptually simplest way employs the contact action
functional

Aα(γ) =
∫
γ

α,

where γ : R/τZ→ Y is a smooth periodic curve. If we fix the period τ > 0 and define Aα
over the space of immersed curves Imm(R/τZ, Y ), its critical points are precisely those γ
whose derivative γ̇ is tangent to the Reeb vector field. In particular, the critical points
γ with positive critical value Aα(γ) > 0 are the orientation preserving reparametrizations
of closed Reeb orbits of period Aα(γ). Unfortunately, Aα is far from suitable for clas-
sical variational methods: beside being invariant under the action of the huge group of
orientation-preserving circle diffeomorphisms, its critical points have infinite Morse index,
and the sublevel sets are far from being compact in any possible sense (cf. Section 1.2).
Nevertheless, when Y is 3-dimensional, there is an available version of Morse theory for the
contact action, called embedded contact homology and developed by Hutchings. Such a
theory is based on holomorphic curves techniques in symplectic geometry, an approach pi-
oneered by Gromov [Gro85a] and that paved the way for the further development of Floer
homology [Sal99, AD14], which is a version of Morse theory for rather general Hamiltonian
systems. It is impossible to give an even remotely complete account of such a sophisticated
theory within a short section; instead, we shall limit the exposition to a brief description
of those properties of embedded contact homology that are needed for our applications.
We refer the reader to the survey [Hut14] for a more detailed account, and for a guide to
the vast literature on the subject.
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Let Y be a closed 3-manifold. Its embedded contact homology is a Z2-vector space
ECH(Y ), equipped with a homomorphism U : ECH(Y ) → ECH(Y ). Both objects are
topological invariants of Y . As the name suggests, ECH(Y ) is the homology of a chain
complex, and U is the homology homomorphism induced by a chain map. At chain level,
the constructions require auxiliary choices:

• We fix a contact form α on Y that is non-degenerate: for all τ > 0 and z ∈ fix(ϕτα),
the linearized return map dϕτα(z)|ker(αz) does not have the eigenvalue 1; it is well
known that a C∞ generic contact form α is non-degenerate.

• We consider the symplectization of our contact 3-manifold, which is the symplectic
manifold (Y × R, d(esα)), where s denotes the variable on the real line R. We
equip Y ×R with a tame almost complex structure J , which is an endomorphism
of T(Y ×R) such that J2 = −id, JRα = ∂s, J ker(α) = ker(α), and dα(v, Jv) > 0
for each non-zero v ∈ ker(α). Such a J should be chosen in a suitably generic way
in order to satisfy certain technical assumptions.

• We fix a point z ∈ Y .

The chain complex ECC(Y, α, J) that gives the embedded contact homology is the
Z2-vector space freely generated by finite collections

γ = {(mi, γi) | i = 1, ..., k},

where k ∈ N, the γi are distinct simple closed orbits of the Reeb flow ϕtα, and mi is a
positive integer. Here, by “simple” we mean that the closed Reeb orbits γi are viewed as
maps of the form γi : R/τiZ → Y , where τi > 0 is the minimal period of γi. Two simple
closed Reeb orbits γi, γj are distinct if they are not of the form γi = γj(·+s) for any s > 0.
One should think of γ as to a multicurve whose components are the iterated closed Reeb
orbits γmi

i , for i = 1, ..., k. Its contact action is given by

Aα(γ) =
k∑
i=1

miAα(γi) =
k∑
i=1

mi

∫
γi

α.

At chain level, the crucial property of the homomorphism

U : ECC(Y, α, J)→ ECC(Y, α, J)

is related to holomorphic curves in the symplectization. These are smooth maps

u : Σ \ {p+1 , ..., p+a , p−1 , ..., p−b } → Y ×R,

where (Σ, j) is a closed Riemann surface equipped with its complex structure, satisfying the
Cauchy-Riemann equation J ◦ du = du ◦ j. We require u to be a proper map, asymptotic
towards each puncture p±i to a closed Reeb orbit γ±i in the end Y × {±∞} of the sym-
plectization (Figure 3.1). We express this by saying that u is positively asymptotic to the
multicurve with components γ+1 , ..., γ

+
a , and negatively asymptotic to the multicurve with

components γ−1 , ..., γ
−
b . The tameness condition of the almost complex structure implies



3.2. SPECTRAL CHARACTERIZATION OF BESSE CONTACT THREE-MANIFOLDS 73

γ+1 γ+2

γ−3γ−2γ−1

s

u

Figure 3.1. A J-holomorphic curve u : Σ \ {p+1 , p
+
2 , p

−
1 , p

−
2 , p

−
3 } → Y × R positively

asymptotic to γ+1 , γ
+
2 and negatively asymptotic to γ−1 , γ

−
2 , γ

−
3 .

that dα is non-negative on the image of u, and by Stokes theorem

0 ≤
∫
Σ0

u∗dα = Aα(γ+1 ) + ...+Aα(γ+a )−Aα(γ−1 )− ...−Aα(γ+b ),

where Σ0 = Σ\{p+1 , ..., p+a , p−1 , ..., p−b }. We can now state the property of the homomorphism
U at chain level: if

U(γ+) = γ−
1 + ...+ γ−

r ,

for some pairwise distinct multicurves γ−
i , then for each i = 1, ..., r there exists a holomor-

phic curve u as above positively and negatively asymptotic to the multicurves γ+ and γ−
i

respectively, and the image of u contains the point (z, 0) ∈ Y × {0}, where z is the point
that we fixed before.

Any non-zero embedded contact homology class h ∈ ECH(Y ) produces a spectral
invariant

cα(h) := inf{Aα(σ) | h = [σ]}.
Here, the contact action of a cycle σ ∈ ECC(Y, α, J) is defined as follows: if σ = γ1+...+γr
for some pairwise distinct multicurves γi, then

Aα(σ) = max
i=1,...,r

Aα(γi).

Notice that cα(h) is not an element of the action spectrum σ(Y, α), but rather the sum of
finitely many elements of σ(Y, α). These spectral invariants turn out to be C0 continuous
with respect to the contact form α. This allows to extend their construction to contact
forms α on Y that are possibly degenerate (as are the Besse ones): it suffices to consider
a sequence of non-degenerate contact forms αn = efnα, where fn : Y → R are continuous
functions C0-converging to zero, and set

cα(h) = lim
n→∞

cαn(h).
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It is still true that cα(h) is the sum of finitely many elements of the action spectrum σ(Y, α).
One last ingredient that we need before presenting the proof of Theorem 3.3 is the

following statement due to Cristofaro-Gariner and Hutchings [CGH16].

Lemma 3.8. For each contact distribution ξ ⊂ TY , there exists an infinite sequence of
non-zero embedded contact homology classes hk ∈ ECH(Y ) such that Uhk+1 = hk and
cα(hk)/k → 0 as k →∞ for each contact form α such that ker(α) = ξ. □

Proof of Theorem 3.3. We only need to prove the implication (iii)⇒ (i). Let us assume
by contradiction that the closed connected contact 3-manifold (Y, α) is not Besse, but
its action spectrum satisfies σ(Y, α) ⊂ rZ for some r > 0. We choose the sequence of
embedded contact homology classes hk ∈ ECH(Y ) provided by Lemma 3.8. Notice that
we cannot have cα(hk+1) > cα(hk) for all k, for the assumption on the action spectrum
would imply that cα(hk+1) > cα(hk) + r, contradicting the fact that cα(hk)/k → 0 as
k →∞. In particular, there exists k such that cα(hk+1) = cα(hk).

Since (Y, α) is not Besse, we can fix a point z ∈ Y that does not lie on a closed Reeb
orbit; we use such a z as the selected point for the homomorphism U at chain level. Let
B ⊂ Y be an embedded compact ball of codimension 1 containing z in its interior and
such that TzB = ker(αz). We fix a constant τ > cα(hk+1). Up to shrinking B around z,
the map

ψ : [−τ/2, τ/2]×B → Y, ψ(t, w) = ϕtα(w)

is a diffeomorphism onto its image K := ψ([−τ/2, τ/2]×B). Namely, K is a flow box for
the Reeb flow ϕtα containing orbits of length τ .

The contact form α may be degenerate. However, for each integer n > 0 we can find
a smooth function bn : Y → R such that ∥bn∥L∞ < 1

n
and αn = ebnα is a non-degenerate

contact form. Since the flow box K does not contain closed orbits, we can even find such
functions bn so that bn|K ≡ 0. This gives us a sequence of non-degenerate contact forms
αn such that ker(αn) = ker(α), αn|K ≡ α, and αn → α as n → ∞. We choose an almost
complex structure J tame with respect to α, and a sequence of almost complex structures
Jn that are tame with respect to the corresponding αn, are sufficiently generic to satisfy
the technical requirements of embedded contact homology, and satisfy Jn|K×R ≡ J |K×R.

We consider an arbitrary representative σn = γn,1 + ... + γn,a ∈ ECC(Y, αn) of the
embedded contact homology class hk+1 = [σn] such that Aαn(σn) → cα(hk+1) as n → ∞.
In order to produce a contradiction and thus complete the proof it is enough to show that,
for some δ > 0, the following holds: if

Uγn,i = ζn,1 + ...+ ζn,b

for some pairwise distinct multicurves ζn,h, then

Aαn(γn,i)−Aαn(ζn,h) ≥ δ, ∀h = 1, ..., b.
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Indeed, this would readily imply cα(hk+1) > cα(hk)+δ, contradicting the equality cα(hk+1) =
cα(hk). Let us assume that such a constant δ > 0 does not exists, so that we can find mul-
ticurves γn,in and ζn,hn as above such that, up to extracting a subsequence,

lim
n→∞

(
Aαn(γn,in)−Aαn(ζn,hn)

)
= 0. (3.2)

Since γn,in and ζn,hn are related by the chain homomorphism U , there exist Jn-holomorphic
curves un : Σn → Y × R positively and negatively asymptotic to the multicurves γn,in
and ζn,hn respectively, and the image of u contains the point (z, 0) ∈ Y × {0}. We set
Cn := un(Σn), and from now on we will not distinguish between the map un and its image
Cn. Notice that, by Stokes theorem,∫

Cn

dαn = Aαn(γn,in)−Aαn(ζn,hn), (3.3)

and in particular this quantity is uniformly bounded in n. Since Jn ≡ J on K × R, the
intersections Cn∩ (K× [−1, 1]) are J-holomorphic curves. Since dαn = dα is non-negative
on Cn ∩ (K × [−1, 1]), Equations (3.2) and (3.3) imply that

lim
n→∞

∫
Cn∩(K×[−1,1])

dα = 0. (3.4)

Let s0 ∈ [−2,−1] and s1 ∈ [1, 2] be such that un is transverse to Y × {s0, s1}. Since both
d(esαn) and dαn are non-negative on Cn, we have the uniform bound∫

Cn∩(K×[−1,1])

d(esα) ≤
∫
Cn∩(Y×[s0,s1])

d(esαn)

= es1
∫
Cn∩(Y×{s1})

αn − es0
∫
Cn∩(Y×{s0})

αn

≤ e2
(∫

Cn∩(Y×{s1})
αn +

∫
Cn∩(Y×[s1,∞))

dαn

)
= e2Aαn(γn,in) ≤ e2cσ(Y, α) + 1

for all n ∈ N large enough. We now invoke a compactness result due to Taubes [Tau98,
Prop. 3.3] and infer that, up to extracting a subsequence, Cn ∩ (K × [−1, 1]) converges in
the sense of currents to a compact J-holomorphic curve C ⊂ K × [−1, 1] with boundary
in ∂(K × [−1, 1]), and (0, z) ∈ C. Equation (3.4) implies∫

C

dα = 0,

and therefore C must have a component of the form ϕ
[−τ/2,τ/2]
α (z)× [−1, 1]. In particular∫

C∩(K×{s})
α ≥ τ, ∀s ∈ [−1, 1].

We fix an arbitrary τ ′ ∈ (cα(hk+1), τ). For each n ∈ N, we choose a point sn ∈ [−1, 1]
such that un is transverse to Y ×{sn}. With the suitable convention on the orientation of
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intersections, the contact form αn is non-negative along the oriented 1-manifold Cn∩ (Y ×
{sn}). Therefore, since Cn ∩ (K × [−1, 1]) → C in the sense of currents, up to removing
sufficiently many elements from the sequence {Cn | n ∈ N} we have∫

Cn∩(Y×{sn})
αn ≥

∫
Cn∩(K×{sn})

αn ≥ τ ′, ∀n ∈ N.

However, if we choose n large enough so that Aαn(γn,in) < τ ′, we have∫
Cn∩(Y×{sn})

αn ≤
∫
Cn∩(Y×{sn})

αn +

∫
Cn∩(Y×[sn,∞))

dαn = Aαn(γn,in) < τ ′,

which gives a contradiction. □

⋆ Open problem: Does Theorem 3.3 hold for higher dimensional contact manifolds, or at
least for suitable classes of higher dimensional contact manifolds? This question seems
unfortunately out of reach at the moment of this writing. Indeed, there is not even a
proof of Theorem 3.3 in the special case of Riemannian or Finsler geodesics flows on the 2-
sphere that is purely based on the classical Morse theory of the energy or length functionals.
Corollaries 3.5 and 3.7 are rare examples of results on closed geodesics whose only available
proof needs holomorphic curves techniques.

3.3. Spectral characterization of Besse convex contact spheres.

While Theorem 3.3 seems currently out of reach in dimension larger than 3, one can
hope to provide suitable characterizations of the Besse condition within classes of contact
manifolds for which there are available tools to detect closed Reeb orbits. Unlike in Theo-
rems 2.14 and 3.3, the knowledge of the action spectrum alone will not suffice to determine
whether the Besse property holds or not. One will often need a “marking” of the action
spectrum, provided by suitable spectral invariants.

One of the first class of contact manifolds for which a variational theory of closed Reeb
orbits was developed is the one of convex contact sphere, on which we will devote the
current section. A convex contact sphere is a positively curved hypersurface Y ⊂ R2n

that bounds a convex set containing the origin. We will equip Y with the contact form
α = λ|Y , where λ is the 1-form on R2n given by

λ =
1

2

n∑
i=1

(
xi dyi − yi dxi

)
. (3.5)

Here, as usual, we are denoting by x1, y1, ..., xn, yn the symplectic coordinates of R2n. The
1-form λ can also be expressed as λz =

1
2
⟨Jz, ·⟩, where J is the complex structure of R2n

that we can write in matrix form as

J =

(
0 −I
I 0

)
.

The exterior differential of λ is the standard symplectic form ω = dλ = ⟨J ·, ·⟩ of R2n.
Among the contact convex spheres, there are the ellipsoids of Example 3.2.
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A convenient variational principle for the study of the closed Reeb orbits of the convex
contact sphere Y is the one associated with the Clarke action functional [Cla79]. Such a
functional appears in the literature under different, although equivalent, formulations; here
we present the one in the L2 setting, following Ekeland-Hofer [EH87]. We first embed the
Reeb flow ϕtα : Y → Y into a Hamiltonian flow as follows. We consider the Hamiltonian
H : R2n → R defined by H|Y ≡ 1 and H(λz) = λ2 for all λ > 0 and z ∈ Y . As
usual, we denote the associated Hamiltonian vector field by XH := J∇H, and its flow by
ϕtH : R2n → R2n. Such a flow satisfies

ϕtH(λz) = λϕtα(z), ∀t ∈ R, λ > 0, z ∈ Y.
Since H is a convex 2-homogeneous function smooth outside the origin, so is its dual

G : R2n → [0,∞), G(w) = max
z

(
⟨w, z⟩ −H(z)

)
.

We consider the Hilbert space

L2
0(S

1,R2n) =

{
ζ ∈ L2(S1,R2n)

∣∣∣∣ ∫
S1

ζ(t) dt = 0

}
,

where S1 = R/Z. Notice that every element in L2
0(S

1,R2n) is the first derivative γ̇ of some
γ ∈ W 1,2(S1,R2n). We consider the symplectic action functional

A : L2
0(S

1,R2n)→ R, A(γ̇) =
∫
S1

γ∗λ =
1

2

∫
S1

⟨Jγ(t), γ̇(t)⟩ dt.

Notice that the expression of A involves a primitive γ, but the value A(γ̇) is independent
of its choice. We next consider the functional

G : L2
0(S

1,R2n)→ [0,∞), G(γ̇) =
∫
S1

G(−Jγ̇(t)) dt.

Notice that G(0) = 0, G is positive away from the origin, and G(λγ̇) = λ2G(γ̇) for all λ > 0
and γ̇ ∈ L2

0(S
1,R2n). We set

Λ := G−1(1) ∩ A−1(0,∞).

The Clarke action functional is defined by

Ψ : Λ→ (0,∞), Ψ(γ̇) =
1

A(γ̇)
.

The critical points γ̇ ∈ crit(Ψ) ∩ Ψ−1(c) are precisely those curves admitting a (unique)
smooth primitive γ : S1 → H−1(c−2) such that γ̇ = cXH(γ). Namely, the curve t 7→ c γ(t/c)
is a c-periodic Reeb orbit of Y . In particular, the action spectrum σ(Y ) = σ(Y, α) coincides
with the set of critical values of Ψ.

The Clarke action functional Ψ satisfies all the desirable properties required by critical
point theory (cf. Section 1.2):

• (Suitable domain) The domain Λ is an open subset of G−1(1), which is a C1,1-hypersurface
in the Hilbert space L2

0(S
1;R2n) homeomorphic to its unit sphere via the radial homeo-

morphism γ̇ 7→ γ̇/∥γ̇∥L2 .
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• (Regularity) The Clarke action functional Ψ is C1,1, and suitable finite dimensional
reduction techniques allow to treat it as a C∞ functional.

• (Compactness of the sublevel sets) While the domain Λ is not complete as a Riemannian
submanifold of L2

0(S
1;R2n), the functional Ψ is bounded from below, and the closed sublevel

sets

Λ≤b := Ψ−1(0, b], b > 0,

are complete. Moreover, Ψ satisfy the Palais-Smale condition: every sequence γ̇k in a
sublevel set Λ≤b and such that ∥∇Ψ(γ̇k)∥L2 → 0 admits a converging subsequence.

• (Finite Morse indices) Every critical point γ̇ ∈ crit(Ψ) has finite Morse indices

ind(γ̇) :=
∑
λ<0

dimker(∇2Ψ(γ̇)− λI) <∞,

nul(γ̇) := dimker(∇2Ψ(γ̇)) <∞.
The existence of a closed Reeb orbit in the convex contact sphere Y is a straighforward

consequence of the properties of the Clarke action functional Ψ: the global minimum

c0(Y ) := minΨ (3.6)

is an element of the action spectrum σ(Y ), and indeed is the minimum of σ(Y ). In order
to detect other elements of σ(Y ), one needs to employ Morse theory. It is not hard to
show that the domain Λ is contractible, which means that plain Morse theory is not able
to detect critical values of Ψ other than the global minimum c0(Y ). Nevertheless, the
topology of Λ becomes non-trivial when considered together with the S1 action

t · γ̇ = γ̇(t+ ·), t ∈ S1, γ̇ ∈ Λ.

The Clarke action functional being S1-invariant, one may detect its critical values by means
of equivariant Morse theory.

The tool to handle the topology of the S1-space Λ is equivariant cohomology, which
we briefly recall here (for a detailed account and more references, we refer the reader to
Atiyah and Bott [AB83]). We consider the universal S1-bundle ES1 → BS1, which is any
principal S1-bundle whose total space ES1 is contractible. Such a bundle can be realized
by setting ES1 to be the unit infinite-dimensional sphere S∞ ⊂ C∞, equipped with the
diagonal action of the unit circle S1 ⊂ C. With this choice, the base space BS1 = ES1/S1

is the infinite-dimensional complex projective space CP∞. The integral cohomology ring
of BS1 is a polynomial ring H∗(BS1) = Z[e] in the variable e ∈ H2(BS1), which is the
Euler class of the universal bundle ES1 → BS1. Now, given a space X equipped with an
S1 action, one obtains a principal S1-bundle

π : X × ES1 → X ×S1 ES1, (3.7)

whose base space X×S1ES1 is the quotient of the total space X×ES1 under the diagonal
S1-action

t · (x, y) = (t · x, t · y), t ∈ S1, (x, y) ∈ X × ES1.
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The Euler class of the principal S1-bundle (3.7) is pr∗2 e, where pr2 : X ×S1 ES1 → BS1 is
the projection onto the second factor. The equivariant cohomology of X is defined as

H∗
S1(X) := H∗(X ×S1 ES1).

Beyond the usual properties, H∗
S1(X) is also a H∗(BS1)-module with the scalar multipli-

cation f · k := (pr∗2 f) ⌣ k, for f ∈ H∗(BS1) and k ∈ H∗
S1(X). With a common abuse

of notation, in the following we shall omit the homomorphism pr∗2, and simply write e for
e · 1 ∈ H2

S1(X). The equivariant cohomology is related to the usual cohomology by means
of the Gysin long exact sequence

...−→H∗+1(X)−→H∗
S1(X)

⌣e−→H∗+2
S1 (X)−→H∗+2(X)−→ ...

All the properties mentioned in this paragraph hold for any coefficient ring. With rational
coefficients, if the S1 action on X is without fixed points, the equivariant cohomology is
simply the usual cohomology of the quotient H∗

S1(X;Q) ∼= H∗(X/S1;Q). A “measure” of
the cohomological non-triviality of X is given by the Fadell-Rabinowitz index [FR78]

indFR(X) :=

{
−1, if X = ∅,
sup

{
i
∣∣ ei ̸= 0 in H∗

S1(X;Q)
}
, if X ̸= ∅,

which is usually employed instead of the cup-length in an S1-equivariant setting.
The domain Λ can be showed to be S1-equivariantly homotopy equivalent to the unit

sphere of the infinite dimensional separable Hilbert space. The contractibility of such
sphere, together with the Gysin sequence, implies that H∗

S1(Λ;Q) ∼= Q[e], where e ∈
H2
S1(Λ;Q) is the Euler class. For each integer i ≥ 0, the i-th Ekeland-Hofer spectral

invariant is defined by

ci(Y ) := inf
{
c > 0

∣∣ indFR(Λ
≤c) ≥ i

}
.

Equivariant Morse theory guarantees that ci(Y ) is a critical value of Ψ, that is, an element
of the action spectrum σ(Y ). The notation ci(Y ) is consistent with the above one in
Equation (3.6): c0(Y ) is the global minimum of Ψ.

Example 3.9. The Ekeland-Hofer spectral invariants can be computed by hands for the
ellipsoids E(a1, ..., an) (Example 3.2). The action spectrum σ(E(a1, ..., an)) is the set of
multiples of the parameters aj. Let σ1 < σ2 < σ3 < . . . be the elements of σ(E(a1, ..., an))
listed in increasing order. For each i ≥ 0, we denote by di the number of aj’s such that
σi/aj ∈ N. These numbers are indeed related to the dimensions of the sub-ellipsoids
fix(ϕσiα ) ⊂ E, i.e.

di := (dim(fix(ϕσiα )) + 1)/2.

Here, ϕtα denotes as usual the Reeb flow on E(a1, ..., an). The Ekeland-Hofer spectral
invariant ci(Y ) is the (i+ 1)-th element in the sequence

σ1, . . . , σ1︸ ︷︷ ︸
×d1

, σ2, . . . , σ2︸ ︷︷ ︸
×d2

, σ3, . . . , σ3︸ ︷︷ ︸
×d3

, . . . □
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The definition of the Ekeland-Hofer spectral invariants readily implies that ci(Y ) ≤
ci+1(Y ), and if the equality holds then the critical set crit(Ψ)∩Ψ−1(ci(Y )) contains infinitely
critical circles, that is, there are infinitely many closed Reeb orbits of period ci(Y ). In a
joint work with Ginzburg and Gurel [GGM19] we showed that the equality of suitable
spectral invariants characterize the Besse and Zoll properties of convex contact spheres.

Theorem 3.10. Let Y be a convex contact sphere of dimension 2n− 1. Its Ekeland-Hofer
spectral invariants satisfy ci(Y ) = ci+n−1(Y ) for some i ≥ 0 if and only if Y is Besse and
ci(Y ) is a common period for its closed Reeb orbits.

Proof. Although none of the two implications of this theorem is straightforward, we begin
with a sketch of the harder one. Let us assume that c := ci(Y ) is not a common period for
the closed Reeb orbits of Y . Namely, the compact subset K := fix(ϕcα) is not the whole Y .
By hands, it is possible to construct arbitrarily small open neighborhoods U ⊂ Λ of the
critical set K := crit(Ψ)∩Ψ−1(c) that are homotopy equivalent to neighborhoods U ⊊ Y of
the fix-point set K (in [GGM19], we constructed such neighborhoods by taking advantage
of the geodesibility of the Reeb flow, but alternative constructions might be possible as
well). In particular,

Hd(U ;Q) ∼= Hd(U ;Q) = 0, ∀d ≥ 2n− 1. (3.8)

Such neighborhoods U are unfortunately not S1-invariant, and therefore they do not have
a well defined S1-equivariant cohomology. Instead, we employ them as follows. Since the
Ekeland-Hofer spectral invariants cj(Y ) can be shown to diverge to +∞ as j →∞, we have
indFR(Λ

≤c+1) < ∞. Therefore, we can find a sufficiently small S1-invariant neighborhood
V ⊂ Λ≤c+1 of the critical set K such that, for any other S1-invariant neighborhood W ⊂ V
of K, we have d := indFR(V) = indFR(W). We fix a smaller neighborhood U ⊂ V of K
satisfying (3.8), and another S1-invariant neighborhoodW ⊂ U of K. The Gysin sequence
implies that ed belongs to the image of the homomorphism π∗ : H

2d+1(V ;Q)→ H2d
S1(V ;Q).

Equation (3.8), together with the commutative diagram

H2d+1(V ;Q) H2d+1(U ;Q) H2d+1(W ;Q)

H2d
S1(V ;Q) H2d

S1(W ;Q)

incl∗

π∗

incl∗

π∗

incl∗

implies 2d+ 1 = dim(Y ) < 2n− 1, that is,

en−1 = 0 in H2d
S1(W ;Q). (3.9)

By means of an argument à la Lusternik-Schnirelmann (cf. Theorem 2.13), the equality
of the two spectral invariants ci(Y ) = ci+j(Y ) implies that ej ̸= 0 in H2d

S1(W ;Q). This,
together with (3.9), implies the strict inequality ci(Y ) < ci+n−1(Y ).

As for the converse implication, we need a property of the Morse indices of the Clarke
action functional established by Ekeland [Eke90] along the line of the Morse index theorem
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in Riemannian geometry: the Morse indices of a critical point γ ∈ crit(Ψ)∩Ψ−1(τ) can be
computed in terms of conjugate points as

ind(γ̇) :=
∑
t∈(0,τ)

dimker(dϕtH(γ̇(0))− I), (3.10)

nul(γ̇) := dimker(dϕτH(γ̇(0))− I)− 1. (3.11)

Assume now that Y is Besse. For every critical value τ of Ψ, every connected component
K ⊂ crit(Ψ) ∩ Ψ−1(τ) is homeomorphic to a corresponding connected component K ⊂
fix(ϕτα). Equations (3.11) and (3.1) imply that Ψ is a Morse-Bott functional: nul(K) =
dim(K) = dim(K), and in particular such nullity is odd, for K is a contact submanifold
of Y . It turns out that the Besse assumption further implies that all the Morse indices
ind(K) are even; this can be easily established by reinterpreting ind(γ̇) as a Maslov index.

Let c be a common period of the closed Reeb orbits, and K := crit(Ψ) ∩ Ψ−1(c) the
corresponding critical manifold. Notice that K is homeomorphic to Y ; in particular, it is
connected and has well defined Morse index 2i := ind(K) and nullity nul(K) = dim(Y ) =
2n−1. The above properties of the Morse indices implies that, every connected component
K′ ⊂ crit(Ψ)∩Ψ−1(0, c) satisfy ind(K′)+nul(K′) < 2i−1, and every connected component
K′′ ⊂ crit(Ψ)∩Ψ−1(c,∞) satisfies ind(K′′) > 2i+2n−1. This, together with Morse theory,
implies that

Hd
S1(Λ<c;Q) = 0, ∀d ≥ 2i− 1,

Hd
S1(Λ,Λ≤c;Q) = 0, ∀d ≤ 2i+ 2n− 1,

where Λ<c := Ψ−1(0, c) and, as before, Λ≤c := Ψ−1(0, c]. This readily implies

ci(Y ) = ci+n−1(Y ) = c. □

Since c0(Y ) = min σ(Y ), Theorem 3.10 has the following immediate consequence.

Corollary 3.11. Let Y be a convex contact sphere of dimension 2n− 1. Its Ekeland-Hofer
spectral invariants satisfy c0(Y ) = cn−1(Y ) if and only if Y is Zoll. □

A long standing open question is whether every convex contact sphere of dimension
2n − 1 > 3 always has at least n closed Reeb orbits (a stronger theorem due to Hofer,
Wysozky, and Zehnder [HWZ98] implies that any convex contact 3-sphere has either 2 or
infinitely many closed Reeb orbits). This conjecture was motivated by a theorem due to
Ekeland and Lasry [EL80], which guarantees the existence of n closed Reeb orbits on every
nearly round convex contact sphere of dimension 2n − 1. More precisely, we say that a
convex contact sphere Y ⊂ R2n is δ-pinched when it is contained in a shell

U(r, R) =
{
z ∈ R2n

∣∣ r ≤ ∥z∥ ≤ R
}

with r > 0 and R/r < δ. Ekeland and Lasry’s theorem holds for
√
2-pinched convex

contact spheres. Combining their argument with the above Theorem 3.10, we obtain a
characterization of nearly round convex contact spheres purely based on the knowledge of
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the action spectrum. In the context of geodesic flows (cf. Section 3.4), a theorem in the
same spirit was proved by Ballmann, Thorbergsson, and Ziller [BTZ83].

Corollary 3.12. A convex contact δ-pinched sphere Y with δ ∈ (1,
√
2] is Zoll if and only

if its action spectrum satisfies σ(Y ) ∩ (c0(Y ), δ2c0(Y )) = ∅.

Remark 3.13. In this corollary, the pinching constant δ cannot be taken larger than
√
2,

since 2c0(Y ) is always in the action spectrum σ(Y ). Notice that the pinching condition
cannot be relaxed: for instance the ellipsoid E(1, 2) has action spectrum σ(E(1, 2)) = N =
{1, 2, 3, 4, ...}, and in particular σ(Y )∩ (c0(E(1, 2)), 2c0(E(1, 2))) = ∅, but is not Zoll. □

Proof of Corollary 3.12. For each r > 0, we consider the round convex contact sphere

Yr :=
{
z ∈ R2n

∣∣ ∥z∥ = r
}
.

The associated 2-homogeneous Hamiltonian and dual Hamiltonian are given by

Hr(z) = r−2∥z∥2, Gr(w) =
1
4
r2∥w∥2.

We denote by Ψr : Λr → (0,∞) the associated Clarke action functional. Since Yr is Zoll,
its spectral invariants satisfy c0(Yr) = cn−1(Yr) = πr2.

Assume now that a convex contact sphere Y is δ-pinched with δ <
√
2. Therefore,

there exists radii 0 < r < R < δr such that Gr ≤ G ≤ GR pointwise, where G is the
2-homogeneous dual Hamiltonian associated to Y . These inequalities can be employed to
show the inequalities ci(Yr) ≤ ci(Y ) ≤ ci(YR) among the Ekeland-Hofer spectral invariants.
Therefore

cn−1(Y ) ≤ cn−1(YR) = πR2 = δ2πr2 = δ2c0(Yr) ≤ δ2c0(Y ).

Since c0(Y ) = min σ(Y ), if σ(Y ) ∩ (minσ(Y ), δ2minσ(Y )) = ∅, then the previous in-
equality implies cn−1(Y ) = c0(Y ), and therefore Y is Zoll according to Corollary 3.11.
Conversely, if Y is Zoll, then every Reeb orbit has minimal period min σ(Y ), and in par-
ticular σ(Y ) ∩ (minσ(Y ), 2minσ(Y )) = ∅. □

The results of this section may be extendable to the class of restricted contact type
hypersurfaces of the symplectic vector space (R2n, ω), which are hypersurfaces Y ⊂ R2n

equipped with a contact form θ|Y , where θ is a 1-form on R2n such that dθ = ω. Examples
of such hypersurfaces are the spheres in R2n that are star-shaped with respect to the origin
(Figure 3.2), for which we can take θ = λ to be the 1-form of Equation (3.5). The Clarke
action functional is not available for general restricted contact type hypersurfaces. Instead,
Ekeland and Hofer [EH89, EH90] successfully employed the Hamiltonian action functional;
while such a functional does not satisfy all those desirable properties from critical point
theory (most notably its critical points have infinite Morse index), linking methods from
non-linear analysis allowed to defined a version of the spectral invariants ci(Y ), which in
this context are known as the Ekeland-Hofer capacities (this marked the beginning of the
theory of symplectic capacities [HZ94]). In the same joint work with Ginzburg and Gurel
[GGM19], we could partially extend Theorem 3.10 as follows: a restricted contact type
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Y R2n

0

Figure 3.2. A hypersurface Y ⊂ R2n that is starshaped with respect to the origin: every
line in R2n passing through the origin intersects Y transversely in exactly two points.

hypersurface (Y, θ|Y ) of dimension 2n− 1 with discrete action spectrum is Besse provided
its Ekeland-Hofer capacities satisfy ci(Y ) = ci+n−1(Y ) for some i ≥ 0.

⋆ Open problem: We tend to expect Theorem 3.10, with the Ekeland-Hofer capacities
replacing the spectral invariants, to fully hold for restricted contact type hypersurfaces.
While the assumption that the action spectrum be discrete may be relaxed with some
work, the fact that the Besse assumption implies an equality of Ekeland-Hofer capacities
ci(Y ) = ci+n−1(Y ) for some i ≥ 0 is surprisingly more challenging, since the Maslov index
does does not necessarily grow monotonically along Reeb orbits as it does in the convex
case (Equation (3.10)). It is well known that, for a non-convex restricted contact type
hypersurface Y , c0(Y ) is not necessarily the minimum of the action spectrum σ(Y ); we do
not know whether Corollary 3.11 still holds for such a Y .

3.4. Spectral characterization of Zoll geodesic flows

A closed Riemannian manifold (M, g) of dimension at least 2 is called Besse when all
its geodesics are closed, that is, its unit tangent bundle equipped with its natural contact
form (Example 3.1) is a Besse contact manifold. It is called Zoll when all the geodesics
are closed and have the same length, that is, the unit tangent bundle is a Zoll contact
manifold. The theory of Besse and Zoll Riemannian manifolds attracted a lot of attention
in the second half of the XX century, and is still an active area of research (although most
of the remaining open problems are considered very hard). Despite not being very recent,
the monograph of Besse [Bes78] is still the main reference for the background.

Examples of Zoll Riemannian manifolds are the compact rank-one symmetric spaces
RPn, Sn, CPn/2, HPn/4, and the Cayley plane CaP2 equipped with their standard Rie-
mannian metrics. On real projective spaces RPn of dimension n ̸= 3, a theorem of Lin and
Schmidt [LS17] implies that any Besse Riemannian metric has constant sectional curva-
ture (in dimension 2, this was proved earlier by Pries [Pri09]). A theorem due to Bott and
Samelson [Bot54, Sam63] implies that any Besse Riemannian manifold (M, g) has the same
integral cohomology ring as a compact rank-one symmetric space of the same dimension,
called the model of M .
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It is actually not straightforward to build examples of “exotic” Zoll Riemannian metrics:
as we already mentioned in Section 3.1, Zoll [Zol03] constructed an example of a Zoll
Riemannian 2-sphere of revolution of non-constant curvature; with more sophisticated
methods based on Nash-Moser implicit function theorem, Guillemin [Gui76] constructed
an infinite dimensional family of Zoll Riemannian metrics with trivial isometry group on
the 2-sphere. These, together with the other compact rank-one symmetric spaces, are the
only known examples of Zoll Riemannian manifolds.

The lens space L(p, q) = S3/Zp, with p, q > 1 relatively prime integers, equipped with
the constant curvature Riemannian metric induced by the round metric on the unit sphere
S3 ⊂ R4, is an example of Besse Riemannian metric that is not Zoll: most geodesics have
length 2π, except those that are projections of Zp-invariant geodesics of S3, which have
length 2π/p. Notice that such a lens space is not simply connected, its fundamental group
being π1(L(p, q)) ∼= Zp. A conjecture due to Berger states that any simply connected Besse
Riemannian manifold is actually Zoll. The conjecture was confirmed for S2 by Gromoll and
Grove [GG81], and for spheres Sn of dimension n ≥ 4 by Radeschi and Wilking [RW17];
surprisingly, at the moment of this writing, the conjecture is still open for S3. As we
already mentioned in Remark 3.6, Berger conjecture fails in the Finsler setting: Katok’s
non-reversible Finsler metrics Fα of Example 2.10 with a rational parameter α are Besse
but not Zoll.

Let (M, g) be a simply connected closed Riemannian manifold of dimension n ≥ 2
that has the integral cohomology of some compact rank-one symmetric space M0 with
dim(M) = dim(M0). In this section, we shall employ the S1-equivariant Morse theory of
the energy functional

E : ΛM → [0,∞), E(γ) =

∫
S1

∥γ̇(t)∥2gdt

in order to provide a spectral characterization of the Zoll condition along the lines of
Corollary 3.11. The properties of E that we shall employ are the following.

• (Morse-Bott) If g is a Besse Riemannian metric, then E is a Morse-Bott functional:
any connected component K ⊂ crit(E) has nullity nul(K) = dim(K). This readily fol-
lows from the property (3.1) of the strata of Besse contact manifolds, together with the
characterization (1.7) of the nullity of the energy functional.

• (Bott formula) If g is a Besse Riemannian metric whose unit-speed closed geodesics have
common period ℓ, andK := crit(E)∩E−1(ℓ2) ∼= SM is the corresponding critical manifold,
the Morse indices of the iterates of K are given by

ind(Km) = m ind(K) + (m− 1)(n− 1), ∀m ≥ 1.

This is a special instance of Bott’s iteration formula for the Morse indices [Bot56].

• (Perfectness) If g is a Besse Riemannian metric, the energy functional E is perfect for
the rational S1-equivariant relative cohomology relative to the constants: if we denote as
usual the energy sublevel sets by ΛM<c := E−1[0, c), for each c > b > a > 0 the inclusions



3.4. SPECTRAL CHARACTERIZATION OF ZOLL GEODESIC FLOWS 85

induce a short exact sequence

0−→H∗
S1(ΛM<c,ΛM<b)−→H∗

S1(ΛM<c,ΛM<a)−→H∗
S1(ΛM<b,ΛM<a)−→ 0.

Namely, in the S1-equivariant Morse theory, there are no cancellations among the critical
manifolds with positive critical values. We should stress, here, that the requirements that
a > 0 is essential, since the constants M ≡ E−1(0) ⊂ ΛM do interact with the other
critical manifolds. The perfectness was established by Hingston in the Zoll case in her
seminal paper [Hin84]. In the general Besse case, the statement is much harder, and was
only established recently by Radeschi and Wilking [RW17].

• (Orientability of the negative bundles) Assume that M is a spin manifold (which is
always the case unless its model compact rank-one symmetric space M0 is CP2m of even
complex dimension), and g is Besse. For each connected component K ⊂ crit(E), we
denote by π : NK → K its negative normal bundle, which is the vector bundle whose fibers
π−1(γ) are given by the negative eigenspaces of the Hessian ∇2E(γ), i.e.

π−1(γ) =
⊕
λ<0

ker(∇2E(γ)− λI).

As in the tubular neighborhood theorem in differential geometry, we can identify NK with
an open submanifold of dimension ind(K)+ nul(K) in the free loop space ΛM , containing
K in its interior. A deep result due to Radeschi and Wilking [RW17] implies that, under
the Besse assumption, every negative bundle is orientable. Therefore, the cup product with
its Thom class uK ∈ H ind(K)(NK , NK \K) gives an isomorphism of H∗(BS1) modules

H∗
S1(K)

⌣uK−−→∼= H∗+ind(K)(NK , NK \K).

• (Minimal degree of the cohomology) The S1-equivariant cohomology H∗
S1(ΛM,M ;Q)

was computed by Hingston in her seminal paper [Hin84]. We will not need the full com-
putation for our purposes, but only the following statement:

H i(M)(ΛM,M ;Q) ∼= Q, Hd(ΛM,M ;Q) = 0, ∀d < i(M),

where

i(M) = i(M0) =


n− 1, if M0 = Sn,
1, if M0 = CP

n/2,
3, if M0 = HP

n/4,
7, if M0 = CaP2.

For each non-zero cohomology class h ∈ H∗
S1(ΛM,M ;Q), we consider the associated

spectral invariant

cg(h) := inf
{√

c > 0 | h ̸∈ ker
(
H∗
S1(ΛM,M ;Q)

incl∗−−→H∗
S1(ΛM<c,M ;Q)

)}
.

We recall that the S1-equivariant cohomology groups are H∗(BS1;Q)-modules, and the
same properties clearly holds for the relative cohomology group H∗

S1(ΛM,M ;Q). In par-
ticular, as in the previous section we can see the rational Euler class, which is a generator
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e ∈ H2(BS1;Q), as an element in H∗
S1(ΛM ;Q), so that e ⌣ h ∈ H∗

S1(ΛM,M ;Q) for all
h ∈ H∗

S1(ΛM,M ;Q).
In our joint work with Ginzburg and Gurel [GGM19], we characterized the Zoll Rie-

mannian metrics in terms of the above spectral invariants. We will consider simply con-
nected spin closed manifolds M that are integral cohomology compact rank-one symmet-
ric spaces, meaning that there is a ring isomorphism H∗(M ;Z) ∼= H∗(M0;Z), where
dim(M0) = dim(M) = n and M0 is either Sn, CPn/2 (with n/2 odd), HPn/4, or CaP2

(with n = 16).

Theorem 3.14. LetM be a simply connected, spin, integral cohomology compact rank-one
symmetric space of dimension n ≥ 2, and k a generator of the cohomology group

H
i(M)

S1 (ΛM,M ;Q) ∼= Q.

A Riemannian metric g on M is Zoll if and only if cg(k) = cg(e
n−1 ⌣ k).

Proof. Throughout this proof, all cohomology groups are assumed to have coefficients in
the field of rational numbers Q, and we will remove Q from the notation.

Let us assume that (M, g) is a Zoll Riemannian manifold (spin or not). If ℓ is the length
of the closed geodesics, then

crit(E) ∩ E−1(0,∞) =
⋃
m≥1

Km,

where K := crit(E) ∩ E−1(ℓ2) ∼= SM . The circle S1 acts freely on K, and the quotient
K/S1 is a smooth manifold of dimension 2n− 2 admitting a symplectic form ω such that
π∗ω = dα, where π : K → K/S1 is the quotient projection and α is the natural contact
form of SM . The quotient projection pr1 : K×S1ES1 → K/S1 is a homotopy equivalence,
and we have pr∗1[ω] = e ∈ H2

S1(K). This readily implies that en−1 ̸= 0 in H2n−2
S1 (K), since

ωn is a volume form. Since E is a perfect functional and all the negative bundles of its
critical manifolds are orientable, we have

H∗
S1(ΛM,M) ∼=

⊕
m≥1

H
∗−ind(K)

S1 (Km). (3.12)

Bott’s formula for the Morse indices implies that m 7→ ind(Km) is strictly monotone
increasing. This, together with the fact that i = i(M) is the first degree in which the
cohomology H∗

S1(ΛM,M) is non-trivial, implies that

ind(K) = i(M).

Now, consider the homomorphisms of H∗(BS1)-modules

H∗−i
S1 (NK)

⌣uK−−→∼= H∗
S1(NK , NK \K)

incl∗←←−−H∗
S1(ΛM,ΛM<ℓ2)

incl∗−−→∼= H∗
S1(ΛM,M).

Since H i
S1(ΛM,M) ∼= Q, the second homomorphism is an isomorphism. Therefore, this

sequence of homomorphisms sends 1 ∈ H0
S1(NK) to a generator k ∈ H i

S1(ΛM,M), and
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conversely it sends en−1 ⌣ k ∈ H i
S1(ΛM,M) to en−1 ∈ H2n−2

S1 (NK). We readily conclude
that en−1 ⌣ k ̸= 0 and cg(h) = cg(e

n−1 ⌣ k) = ℓ2.
Assume now that M is a a simply connected, spin, integral cohomology compact rank-

one symmetric space of dimension n ≥ 2. It was proved by Radeschi and Wilking [RW17]
that we have a ring isomorphism H∗

S1(ΛM) ∼= H∗
S1(ΛM0), where M0 is the model of M .

Since M0 admits a Zoll Riemannian metric, by the result of the previous paragraph we
know that en−1 ⌣ k ̸= 0 in H i+2n−2(ΛM,M), where i = i(M) and k is a generator of
H i
S1(ΛM,M). Let g be a Riemannian metric on M such that ℓ := cg(k) = cg(e

n−1 ⌣ k).
Since the energy functional E is perfect and all its critical manifolds have orientable neg-
ative bundle, i must be the minimum among the Morse indices of the critical manifolds
(otherwise Hd

S1(ΛM,M) would be non-trivial in some degree d < i). By an argument
analogous to the one in the proof of Theorem 3.10, g is Besse and the unit-speed closed
geodesics have common period ℓ. The critical manifold K := crit(E) ∩ E−1(ℓ2) is home-
omorphic to the unit tangent bundle SM . Since the cohomology class k has degree i, we
have ind(K) ≤ i, and thus ind(K) = i. We are left to show that every geodesic has length
ℓ, namely that ℓ2 is the smallest positive critical value of the energy functional E. Let
us assume by contradiction that there exists a smaller critical value c0 ∈ (0, ℓ2) of E. We
consider a connected component K0 ⊂ crit(E) ∩ E−1(c0). Since K

m
0 ⊂ K for m = ℓ/

√
c0,

we have ind(K0) ≤ ind(K) = i, and thus ind(K0) = i (for i is the smallest possible Morse
index for the critical manifolds of E). By (3.12), we have

rankH i
S1(ΛM,M) ≥ rankH0

S1(K0) + rankH0
S1(K) = 2,

contradicting the fact that H i
S1(ΛM,M) ∼= Q. □

By combining the arguments in the proof of Theorem 3.14 with the validity of the
Berger conjecture for spheres of any dimension except possibly 3, we obtain a slightly
stronger result for Riemannian spheres.

Theorem 3.15. For any Riemannian sphere (Sn, g) of dimension n ̸= 3, the following three
conditions are equivalent:

(i) (Sn, g) is Zoll.

(ii) There exists an integer m ≥ 1 and a generator km ∈ H
(2m−1)(n−1)

S1 (ΛSn, Sn;Q)
such that cg(km) = cg(e

n−1 ⌣ km).

(ii) For each integer m ≥ 1, there exists a generator km ∈ H
(2m−1)(n−1)

S1 (ΛSn, Sn;Q)
such that cg(km) = cg(e

n−1 ⌣ km). □

3.5. On the structure of Besse contact manifolds

In this final section, we investigate the structure of Besse contact manifolds. In the
Riemannian setting, this was already addressed in the previous section: Berger’s conjecture
implies that every simply connected Besse Riemannian manifold is Zoll. While Guillemin
[Gui76] provided a large family of non-isometric Zoll Riemannian metrics on the 2-sphere,
a theorem of Abbondandolo, Bramham, Hryniewicz, and Salomão [ABHSa17, ABHSa18]
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implies that their unit tangent bundles are all strictly contactomorphic (we recall that two
contact manifolds (Y1, α1) and (Y2, α2) are strictly contactomorphic when there exists a
diffeomorphism ψ : Y1 → Y2 such that ψ∗α2 = α1). Indeed, extending this latter result,
Benedetti and Kang [BK18] showed that two diffeomorphic Zoll contact 3-manifolds are
strictly contactomorphic.

Beyond Zoll contact manifolds, in a joint work with Cristofaro Gardiner [CGM20]
we proved the following theorem, which solves an inverse problem for Besse contact 3-
manifolds. We adopt the notation of Section 3.1, and denote by σp(Y, α) the prime action
spectrum of the contact manifold (Y, α).

Theorem 3.16. Let Y be a closed connected 3-manifold, and α0, α1 two Besse contact forms
on Y . Then σp(Y, α0) = σp(Y, α1) if and only if there exists a diffeomorphism ψ : Y → Y
such that ψ∗α1 = α0.

Proof. Let τi > 0 be the minimal common period of the Reeb orbits of (Y, αi). We denote
by Σi the quotient of Y by the circle action given by the Reeb flow ϕtαi

. The quotient
projection πi : Y → Σi is almost a principal circle bundle: it is a Seifert fibration. The
total space Y is oriented by the contact volume form αi∧dαi, and the base space Σi, which
is a closed surface, is oriented via the symplectic form ωi pushed forward from dαi. Such
Seifert spaces were classified by Orlik, Vogt, and Zieschang [OVZ67] when Y is not a lens
space, and the full classification has been extended to lens spaces recently by Geiges and
Lange [GL18]. Employing this classification, it turns out that the equality of the prime
action spectra σp(Y, α0) = σp(Y, α1) implies that the two Seifert fibrations are isomorphic:
there exists a diffeomorphism ϕ : Y → Y such that dϕ(z)Rα0(z) = Rα1(z) for all z ∈ Y ,
and the volume forms ϕ∗(α1∧dα1) and α0∧dα0 define the same orientation on Y . In order
to simplify the notation, let us assume without loss of generality that ϕ = id, so that α0

and α1 define the same Reeb vector field R = Rα0 = Rα1 and the same orientation on Y via
their contact volume forms. For each t ∈ [0, 1], the convex combination αt := t α1+(1−t)α0

is a contact form. Indeed, consider any oriented basis of a tangent space TzY of the form
R(z), v, w. We have

αi ∧ dαj(R(z), v, w) = dαj(v, w) = αj ∧ dαj(R(z), v, w) > 0, ∀i, j ∈ {0, 1}.

This readily implies that the 3-form

αt ∧ dαt = t2α1 ∧ dα1 + (1− t)2α0 ∧ dα0 + t(1− t)(α0 ∧ dα1 + α1 ∧ dα0)

is a positive volume form on Y , and in particular each αt is a contact form. We can now
complete the proof by applying a Moser trick as follows. We consider the time-dependent
vector field Xt on Y defined by αt(Xt) ≡ 0 and Xt⌟ dαt = α0 − α1. Its flow ψt : Y → Y ,
with ψ0 = id, satisfies

d
dt
ψ∗
tαt = ψ∗

t

(
d(αt(Xt)) +Xt⌟ dαt + α1 − α0

)
= 0,

and therefore ψ∗
1α1 = α0. □
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We now focus on convex spheres. In dimension 3, as a byproduct of Theorem 3.16 and
of the classification of Seifert fibrations [GL18], we can show that there are essentially no
Besse contact spheres beside the rational ellipsoids (Example 3.2).

Theorem 3.17. Every Besse contact 3-sphere (S3, α) is strictly contactomorphic to an
ellipsoid.

Proof. Let τ > 0 be the minimal common period of the Reeb orbits of (S3, α). The
classification of Seifert fibrations [GL18] implies that there are at most two distinct periodic
Reeb orbits whose minimal period is strictly less than τ . Therefore, σp(S

3, α) contains at
most three elements, one of which is τ . If σp(S

3, α) contains at least two elements, we
call a1 < a2 the two smallest elements of σp(S

3, α); if instead σp(S
3, α) = {τ}, we set

a1 = a2 = τ . In both cases, we conclude that σp(S
3, α) is also the simple action spectrum

of the Besse ellipsoid E(a1, a2). Finally, by Theorem 3.16, two diffeomorphic Besse contact
3-manifolds are strictly contactomorphic if and only if they have the same prime action
spectrum. □

In higher dimension, a result such as Theorem 3.17 seems out of reach, and indeed it is
not even known whether a Zoll contact (2n+1)-sphere is strictly contactomorphic to a Zoll
ellipsoid E(τ, ..., τ). A celebrated related problem is the uniqueness (up to diffeomorphism)
of the symplectic form with unit volume on complex projective spaces, which is known for
CP2 by a result of Taubes [Tau95], but open in higher dimension.

Motivated by Theorem 3.17, we close this section and the memoir with a sketch of
the proof of our very recent joint result with Radeschi [MR20], which shows that Besse
convex contact spheres have at least some resemblance with the rational ellipsoids. We
recall that the strata of a Besse contact ellipsoid are sub-ellipsoids (Example 3.2), and that
the sequence of Ekeland-Hofer spectral invariants of ellipsoids is given by the sequence
of elements in the action spectrum, where each value is repeated according to a suitable
multiplicity (Example 3.9).

Theorem 3.18. Let Y be a Besse convex contact sphere with Reeb flow ϕtα, and τ > 0 the
minimal common period of its Reeb orbits.

(i) For each k ∈ N, the stratum Yk := fix(ϕ
τ/k
α ) is either empty or an integral homology

sphere (i.e. H∗(Yk;Z) ∼= H∗(S
2d+1;Z), where 2d+ 1 = dim(Yk)).

(ii) Let σ1 < σ2 < σ3 < . . . be the elements of the action spectrum σ(Y ) listed in
increasing order. The Ekeland-Hofer spectral invariant ci(Y ) is the (i + 1)-th
element in the sequence

σ1, . . . , σ1︸ ︷︷ ︸
×d1

, σ2, . . . , σ2︸ ︷︷ ︸
×d2

, σ3, . . . , σ3︸ ︷︷ ︸
×d3

, . . .

where dj = (dim(fix(ϕ
σj
α )) + 1)/2.
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Remark 3.19. To the best of our knowledge, it is unknown whether Theorem 3.18(i) is
true for a general locally free S1 action on a sphere Y . The classical Smith theorem
[Bre72] implies that, if k is a power of a prime p, then the subspace Yk, being the set
fixed by the cyclic subgroup Zk ⊂ S1, is either empty or a Zp-homology sphere (i.e.
H∗(Yk;Zp) ∼= H∗(S

d;Zp) for some d ≥ 0). On the other hand, there are examples of
manifolds equipped with a smooth action by a finite cyclic group whose fixed point set is
not an integral homology sphere [Sch82], although it is not known if these examples can
arise as strata of smooth locally free circle actions. □

Proof of Theorem 3.18. We only provide a summary of the proof, which is rather involved.
We consider the Clarke action functional Ψ : Λ→ (0,∞) associated with the Besse convex
contact sphere Y . We know that Ψ is Morse-Bott: every connected componentK ⊂ crit(Ψ)
is a closed manifold with minimal nullity, that is, nul(K) = dim(K). Let π : NK → K be
the negative normal bundle of the critical manifold K, which is the vector bundle whose
fibers π−1(γ̇) are given by the negative eigenspaces of the Hessian ∇2Ψ(γ̇), i.e.

π−1(γ̇) =
⊕
λ<0

ker(∇2Ψ(γ̇)− λI).

The first ingredient of the proof is the fact that π : NK → K is an orientable vector
bundle, a version of a Riemannian result of Radeschi and Wilking [RW17] that we already
mentioned in Section 3.4. This implies that the critical sets K := crit(Ψ) ∩ Ψ−1(c) are
cohomologically visible: if π0(K) denotes as usual the family of connected components of
K, we have an isomorphism of H∗(BS1)-modules

H∗
S1(Λ<c+ϵ,Λ<c;Q) ∼=

⊕
K′∈π0(K)

H
∗−ind(K′)
S1 (K ′;Q),

for ϵ > 0 small enough.
The second ingredient of the proof is the fact that every connected component K ⊂

crit(Ψ) has trivial S1-equivariant cohomology Hd
S1(K;Q) in every odd degree d. This is

proved by means of a subtle analysis of the torsion of the cohomology groups Hd
S1(Λ<b;Z),

for b > 0. It turns our that, if some rational cohomology group Hd
S1(K;Q) is non-trivial

in some odd degree d, it produces non-trivial torsion in Hp
S1(Λ;Z) in some odd degree p.

This is not possible, for a simple deformation argument shows that

Hq
S1(Λ;Z) ∼= Hq(BS1;Z) ∼=

{
Z, if q is even,
0, if q is odd.

(3.13)

We already mentioned in the proof of Theorem 3.10 that all the connected components
K ⊂ crit(Ψ) have even Morse index ind(K). This, together with the above second ingredi-
ent and the lacunary principle from Morse theory, implies that the Clarke action functional
is perfect for the S1-equivariant Morse theory, i.e. for all b > a > 0 the inclusions induce a
short exact sequence

0−→H∗
S1(Λ<b,Λ<a;Q)−→H∗

S1(Λ<b;Q)−→H∗
S1(Λ<a;Q)−→ 0.
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Namely, in the S1-equivariant Morse theory of Ψ, there are no cancellations among the
critical manifolds. If we denote by σ1, σ2, σ3, ... the elements of the action spectrum σ(y)
listed in increasing order, by Kj := crit(Ψ) ∩ Ψ−1(σj) the corresponding critical set, and
by π0(Kj) the family of path-connected components of Kj, the perfectness of Ψ, together
with the above first ingredient, provides isomorphisms of H∗(BS1;Q)-modules

H∗
S1(Λ;Q) ∼=

⊕
j∈N

H∗
S1(Λ≤σj ,Λ<σj ;Q) ∼=

⊕
j∈N

⊕
K∈π0(Kj)

H
∗−ind(K)

S1 (K;Q) (3.14)

Equation (3.13) implies that H∗
S1(Λ;Q) = Q[e], where e is the Euler class. For each j ∈ N,

let ι0(j) and ι0(j) be the minimal and maximal degrees d such that Hd
S1(Λ≤σj ,Λ<σj ;Q) ̸= 0.

By the first isomorphism in Equation (3.14), for each non-zero cohomology classes

hi ∈ H ιi(j)

S1 (Λ≤σj ,Λ<σj ;Q), i = 0, 1,

there is λ ∈ Q such that edj−1 ⌣ h0 = λh1, where dj = 1+(ι1(j)− ι0(j))/2. This, together
with the second isomorphism in Equation (3.14), implies thatKj is path-connected, ι0(j) =
ind(Kk), 2dj − 1 = ι1(j) − ι0(j) = dim(Kj) − 1, and ι0(j + 1) = ι1(j) + 2. This proves
point (ii) and

H∗
S1(Kj;Q) ∼=

Q[e]

(edj)
,

which, by means of the Gysin sequence, implies that

H∗(Kj;Q) ∼= H∗(Kj;Q) ∼= H∗(S2dj−1;Q).

Finally, sinceHd(Λ;Z) vanishes in positive degrees d > 0, the ordinary (i.e. non-equivariant)
Morse theory of Ψ implies that H∗(Kj;Z) is torsion free, and therefore H∗(Kj;Z) ∼=
H∗(S

2dj−1;Z). □
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Brasileiro de Matemática, IMPA, Rio de Janeiro, 1999.

[CIPP98] G. Contreras, R. Iturriaga, G. P. Paternain, and M. Paternain, Lagrangian graphs, minimiz-
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[Mañ97] R. Mañé, Lagrangian flows: the dynamics of globally minimizing orbits, Bol. Soc. Brasil. Mat.
(N.S.) 28 (1997), no. 2, 141–153.

[Mat91] J. N. Mather, Action minimizing invariant measures for positive definite Lagrangian systems,
Math. Z. 207 (1991), no. 2, 169–207.

[Maz11a] M. Mazzucchelli, The Lagrangian Conley conjecture, Comment. Math. Helv. 86 (2011), no. 1,
189–246.

[Maz11b] , On the multiplicity of non-iterated periodic billiard trajectories, Pacific J. Math. 252
(2011), no. 1, 181–205.

[Maz12] , Critical point theory for Lagrangian systems, Progress in Mathematics, vol. 293,
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δ-pinched, 81

cotangent bundle, 1
curve shortening flow, 43, 52

displacement energy, 36

Ekeland-Hofer
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spectral invariant, 79
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contact –, 68
rational –, 69
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embedded contact homology, 71
energy functional, 42
equivariant cohomology, 78
Euler class, 78
Euler-Lagrange equation, 2

Fadell-Rabinowitz index, 79
Finsler metric, 2, 49
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first return map, 62
free loop space, 4

geodesic flow, 2, 67
Gysin sequence, 79

Hamiltonian vector field, 1
holomorphic curve, 72

isometry-invariant geodesic, 63
iterate of a loop, 30

Jacobi vector field, 45

Lagrangian action functional, 4
length functional, 53
length spectrum, 55, 67
simple –, 56

Liouville form, 1
local homology, 10

Mañé critical values, 18
Maslov index, 36
Mather set, 28
Morse functional, 7
Morse index, 5
average, 47
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Morse-Bott functional, 81, 84, 90

nullity, 5, 17

Palais-Smale condition, 5, 78
perfect functional, 84

Reeb vector field, 36, 66
restricted contact type hypersurface, 82

spectral invariant, 7, 55, 85
Ekeland-Hofer –, 79

surface of section, 62
symplectization, 72

Tonelli
Hamiltonian, 1
Lagrangian, 2

translated point, 66
twist map, 62

unparametrized embedded loops, 54

waist, 28
Weinstein conjecture, 66, 69

Zoll
contact manifold, 69
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