
INVARIANT SETS AND HYPERBOLIC CLOSED REEB ORBITS

ERMAN ÇİNELİ, VIKTOR L. GINZBURG, BAŞAK Z. GÜREL,
AND MARCO MAZZUCCHELLI

Abstract. We investigate the effect of a hyperbolic (or, more generally, iso-
lated as an invariant set) closed Reeb orbit on the dynamics of a Reeb flow on
the (2n−1)-dimensional standard contact sphere, extending two results previ-
ously known for Hamiltonian diffeomorphisms to the Reeb setting. In particu-
lar, we show that under very mild dynamical convexity type assumptions, the
presence of one hyperbolic closed orbit implies the existence of infinitely many
simple closed Reeb orbits. The second main result of the paper is a higher-
dimensional Reeb analogue of the Le Calvez–Yoccoz theorem, asserting that
no closed orbit of a non-degenerate dynamically convex Reeb pseudo-rotation
is locally maximal, i.e., isolated as an invariant set. The key new ingredient of
the proofs is a Reeb variant of the crossing energy theorem.

Contents

1. Introduction and main results 2
1.1. Introduction 2
1.2. Main results 4
1.3. About the proofs 5
Acknowledgments 7
2. Conventions and notation 8
2.1. Hamiltonians and the action functional 8
2.2. Conley–Zehnder index and dynamical convexity 10
3. Preliminaries 11
3.1. Floer equation 11
3.2. Filtered Floer and symplectic homology 13
3.3. Floer complexes and graphs 17
4. Background results 20
4.1. Crossing energy theorem 20
4.2. Vanishing of symplectic homology 22
4.3. Index recurrence 25
5. Proofs of the main theorems 26
5.1. Proof of Theorem A: Hyperbolic periodic orbits and multiplicity 26
5.2. Proof of Theorem B: Non-existence of locally maximal orbits 32
6. Proof of the crossing energy theorem 33

Date: September 7, 2023.
2020 Mathematics Subject Classification. 53D40, 37J11, 37J46.
Key words and phrases. Periodic orbits, Reeb flows, Floer homology, symplectic homology.
The work is partially supported by the NSF CAREER award DMS-1454342 (BG), Simons

Foundation Collaboration Grants 581382 (VG) and 855299 (BG), ERC Starting Grant 851701
via a postdoctoral fellowship (EÇ), and the ANR grants CoSyDy, ANR-CE40-0014 and COSY,
ANR-21-CE40-0002 (MM).

1



2 ERMAN ÇİNELİ, VIKTOR GINZBURG, BAŞAK GÜREL, AND MARCO MAZZUCCHELLI

6.1. Location constraints 33
6.2. Proof of Theorem 6.3: The r-range 35
6.3. Energy bounds 38
7. Appendix: The local Le Calvez–Yoccoz theorem in dimension two 40
References 42

1. Introduction and main results

1.1. Introduction. We investigate the impact of hyperbolic or, more generally,
locally maximal as an invariant set closed Reeb orbits on the dynamics of Reeb
flows on the standard contact sphere S2n−1. We prove that, under a very mild
dynamical convexity type assumption, the presence of one hyperbolic closed orbit
implies the existence of infinitely many simple closed Reeb orbits. In a related
theorem, we show that for non-degenerate dynamically convex Reeb flows on the
sphere, the same is true when there is a locally maximal closed Reeb orbit. These
results hold for all dimensions 2n− 1 ≥ 3, but they are primarily of interest when
2n − 1 ≥ 5: in dimension three the results can be derived from other known facts
in low-dimensional dynamics and three-dimensional contact topology.

In symplectic dynamics, even a minimal input of localized hyperbolicity, such as
the presence of one or several hyperbolic periodic orbits, can have a strong impact
on non-local dynamics of the system. Moreover, in some instances hyperbolicity can
be replaced by the weaker condition that the orbit is locally maximal, i.e., isolated
as an invariant set. This phenomenon manifests itself in a variety of disparate ways.
We illustrate it by the next two examples, only tangentially related to the main
theme of the paper.

The first one is provided by results from, e.g., [Ha, Xi] asserting that C1-
generically the stable and unstable manifolds of a hyperbolic periodic point of
a Hamiltonian diffeomorphism ϕ of a closed symplectic manifold M have trans-
verse non-empty intersections. As a consequence, ϕ has a horseshoe and positive
topological entropy. (This is a construction somewhat similar to the C1-closing
lemma.) In dimension two, this is also true C∞-generically, [LCS22, LCS23]. We
also note that for many manifolds M , a Hamiltonian diffeomorphism has infinitely
many hyperbolic periodic points C∞-generically; see, e.g., [ÇGG22b, ÇGG23] and
references therein.

The second example, more of a symplectic geometric nature, is that for any
Hamiltonian diffeomorphism ϕ : M →M with sufficiently many hyperbolic periodic
points the spectral norm γ(ϕk) of the iterates is bounded away from zero, [ÇGG22b].
The lower bound on the required number of hyperbolic points depends only on the
topology of M ; for instance, for S2 just one such a point is sufficient.

In this paper we extend to dynamically convex Reeb flows on S2n−1 two results
about the effect of hyperbolic or locally maximal periodic points on global dynamics
of Hamiltonian diffeomorphisms of CPn.

The first of these results is that a Hamiltonian diffeomorphism of CPn with a hy-
perbolic periodic point necessarily has infinitely many periodic points; see [GG14,
Thm. 1.1] and also [Al22a]. (In fact, the theorem holds for a broader class of closed
symplectic manifolds.) In dimension two, i.e., for S2 = CP1, this theorem read-
ily follows from the celebrated theorem of Franks from [Fr92, Fr96] asserting that
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an area preserving diffeomorphism of S2 with more than two periodic points must
have infinitely many periodic points; see also [LeC]. Furthermore, when the sta-
ble and unstable manifolds of the hyperbolic periodic point intersect transversely
and non-trivially, the resulting horseshoe immediately provides infinitely many pe-
riodic points. Moreover, as we have pointed out above, such intersections exist
C1-generically in all dimensions and C∞-generically in dimension two. Hence, it is
essential that no intersection condition is imposed in [GG14, Thm. 1.1].

Recently, Franks’ theorem has been (partially) generalized to a class of sym-
plectic manifolds of any dimension including CPn under a minor non-degeneracy
requirement; see [Sh22] and also [Al22b, Al23, ÇGG22a]. This higher-dimensional
variant of Franks theorem, originally conjectured by Hofer and Zehnder in [HZ],
implies [GG14, Thm. 1.1] in all dimensions. A different conjecture inspired by that
theorem goes beyond the orbit count and asserts that a Hamiltonian dynamical sys-
tem (in a very broad sense) must have infinitely many simple periodic orbits when-
ever it has a periodic orbit which is homologically or geometrically unnecessary, e.g.,
a non-contractible or degenerate orbit for Hamiltonian diffeomorphisms. We refer
the reader to, for instance, [Ba15, Ba17, Ba18, GG16, Gü13, Or17, Or20, Su21] for
some sample results in this direction.

In the spirit of [GG14, Thm. 1.1], the first main result of this paper (Theorem
A) is an extension of that theorem to dynamically convex, in a very loose sense,
Reeb flows on S2n−1. Thus this result can be viewed as the first step towards the
contact Franks’ theorem in all dimensions.

Our second main result (Theorem B) is a Reeb analogue of the higher-dimensional
Le Calvez–Yoccoz theorem, [GG18, Thm. 4.1], on invariant sets of pseudo-rotations.
Roughly speaking, a Hamiltonian pseudo-rotation is a Hamiltonian diffeomorphism
with the minimal possible number of periodic points, where the lower bound is usu-
ally interpreted in terms of Arnold’s conjecture. Pseudo-rotations in dimension two
have been extensively studied by dynamical systems methods (see, e.g., [A-Z, LCY]
and references therein) and also by holomorphic curves techniques, [Br15a, Br15b].
Recently, Floer theoretic methods have been used to study Hamiltonian pseudo-
rotations in all dimensions; see [ÇS, GG18, JS]. While official definitions of a
pseudo-rotation vary (see, e.g., [ÇGG20a, ÇGG20b, Sh20, Sh21]), for CPn they all
amount to requiring a Hamiltonian diffeomorphism to have exactly n+ 1 periodic
points which are then necessarily the fixed points. Pseudo-rotations can have quite
complicated dynamics. For instance, the Anosov–Katok conjugation method, origi-
nally developed in [AK] (see also [FK]) yields area-preserving diffeomorphisms of S2

with exactly three ergodic measures: the two fixed points and the area form. The
conjugation method was extended to higher dimensions in the Hamiltonian setting
in [LRS], leading in particular to a construction of Hamiltonian diffeomorphisms of
CPn with exactly n+ 1 ergodic measures: the fixed points and the volume.

Such pseudo-rotations are uniquely ergodic outside the fixed point set, and one
would expect every orbit to be either periodic or dense. This is, however, not
true. The celebrated Le Calvez–Yoccoz theorem asserts that for an area-preserving
pseudo-rotation of S2 no fixed point is locally maximal, i.e., isolated as an invariant
set; see [LCY] and also [Fr99, FM, Sal]. In [GG18, Thm. 4.1] this result is general-
ized to Hamiltonian pseudo-rotations of CPn in all dimensions. We note that here
a pseudo-rotation is not required to be non-degenerate, although this is the case in
all known examples.
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The contact analogue of a pseudo-rotation is a Reeb flow with finitely many
periodic orbits. (For the sake of simplicity we are leaving aside the requirement
that the number of closed Reeb orbits is minimal; see Section 1.2 and Remark
1.2.) Such flows can also have very involved dynamics. For instance, ergodic
pseudo-rotations on S2n−1 were constructed in [Ka]; these are Reeb flows on certain
C∞-small perturbations of irrational ellipsoids. In [AGZ], pseudo-rotations of S3

with exactly three invariant measures are constructed by applying the “contact
suspension” to Anosov–Katok pseudo-rotations of the disk. In Theorem B we show
that no closed Reeb orbit of a dynamically convex, non-degenerate pseudo-rotation
of S2n−1 is locally maximal.

In the next section we will precisely state our main results, discuss them in more
detail and also touch upon the key ingredients of the proofs. Here we only mention
that the central new component of the proofs is a Reeb analogue of the Crossing
Energy Theorem from [ÇGG21, GG14, GG18].

1.2. Main results. Both of our main results concern the Reeb flow of a contact
form α on S2n−1 supporting the standard contact structure. To state the theorems,
recall that a contact form or a Reeb flow is said to be dynamically convex when
µ−(x) ≥ n + 1 for all closed contractible Reeb orbits x, where µ− is the lower
semi-continuous extension of the Conley–Zehnder index µ. The Reeb flow on a
convex hypersurface in R2n is dynamically convex, [HWZ]. Our first result requires
a condition similar to dynamical convexity but notably less restrictive. Namely,
denote by µ̂(x) the mean index of a closed Reeb orbit x and by 2νalg(x) the algebraic
multiplicity of the eigenvalue 1 of the Poincaré return map of x. We refer the reader
to Section 2.2 for a more detailed discussion of the Conley–Zehnder and mean
indices and of dynamical convexity type conditions and for further references.

Theorem A. Assume that (S2n−1, α) has a hyperbolic (simple) closed Reeb orbit
z with µ̂(z) > 0 and

µ−(x) ≥ max
{

3, 2 + νalg(x)
}

for all, not necessarily simple, periodic orbits x with µ̂(x) > 0. Then the Reeb flow
of α has infinitely many simple periodic orbits.

The condition of the theorem is met when α is dynamically convex and 2n−1 ≥ 3.
Indeed, then for all closed Reeb orbits µ−(x) ≥ n + 1 ≥ 3 and µ−(x) − νalg(x) ≥
(n+ 1)− (n− 1) ≥ 2 since νalg(x) ≤ n− 1; see Section 2.2. Furthermore, note that
µ̂(x) ≥ (n + 1) − (n − 1) ≥ 2 by (2.6). We emphasize that we do not impose any
non-degeneracy requirements on the Reeb flow in Theorem A.

In contrast, the non-degeneracy and essentially full dynamical convexity condi-
tions are essential for the proof of our second main result:

Theorem B. Assume that (S2n−1, α) with 2n− 1 ≥ 3 is dynamically convex, non-
degenerate and its Reeb flow has only finitely many simple closed orbits, i.e., the
flow is a Reeb pseudo-rotation. Then no closed orbit of the flow is locally maximal,
i.e., isolated as an invariant set.

Since hyperbolic orbits are obviously locally maximal, this theorem would be a
stronger statement than Theorem A if not for the more restrictive conditions on
the Reeb flow.

Remark 1.1. In fact, as is easy to see from the proof, we prove a slightly stronger
result than Theorem B. Namely, assume that all closed Reeb orbits x of the Reeb
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flow on (S2n−1≥3, α) with µ̂(x) > 0 are non-degenerate and µ(x) ≥ n+ 1 and that
one of such orbits is locally maximal. Then the flow has infinitely many simple
closed orbits with µ̂ > 0.

Both of these results are primarily of interest when 2n − 1 ≥ 5. In dimension
three, Theorem A readily follows from the existence of a global surface of section,
[HWZ], and Franks’ theorem, [Fr92, Fr96]. Furthermore the non-degenerate version
of Franks’ theorem is known to hold in dimension three: every non-degenerate Reeb
flow on a closed contact 3-manifold has either exactly two closed orbits, which are
then elliptic, or infinitely many; see [CGHP, CDR]. Moreover, for the standard
contact sphere S3 this is true without the non-degeneracy requirement, [CGH,
GH2M].

Theorem B holds for any non-degenerate Reeb flow with finitely many periodic
orbits on a closed 3-manifold. The reason is that the Le Calvez–Yoccoz theorem is
in fact local. To be more precise, an irrationally elliptic fixed point (or equivalently
an elliptic fixed point which is non-degenerate along with all iterates) of an area
preserving diffeomorphism of a surface is never locally maximal. This is an im-
mediate consequence of the topological proof of the Le Calvez–Yoccoz theorem by
Franks; see [Fr99, Prop. 3.1] and also [FM]. For the sake of completeness, we have
included a proof in the Appendix (Section 7) – see Theorem 7.1 and Corollary 7.2,
closely following Franks’ argument. However, to the best of our knowledge, noth-
ing like this local result is known in higher dimensions. In other words, it is not
known if a non-degenerate (with all iterates) elliptic fixed point of a Hamiltonian
diffeomorphism is necessarily locally maximal.

Theorem A and its proof are closely related to the multiplicity problem for simple
closed Reeb orbits on S2n−1≥5, and this is where the dynamical convexity–type
condition becomes essential. This problem is an analogue of the Arnold conjecture
for Reeb flows on the standard contact sphere and concerns with the minimal
number of such orbits. Hypothetically, this number is n. The question has been
extensively studied and we refer the reader to, e.g., [DL2W, GG20, GGMa, GK,
Lo, LZ] for some relevant results and further references. However, all these results
require the Reeb flow to meet some additional requirements. Without a dynamical
convexity–type condition (or symmetry), it is not even known if in general a Reeb
flow on S2n−1≥5 must have more than one simple closed Reeb orbit, or if there
are more than two simple closed Reeb orbits when the flow is non-degenerate; see
[Gü15, Rmk. 3.3] and also [AGKM].

Likewise, it is tempting to conjecture that a variant of Franks theorem holds for
Reeb flows on S2n−1≥5: a flow with more than n simple closed Reeb orbits must
have infinitely many such orbits. Theorem A and also [Gü15, Thm. 1.7] are the
only results known to us supporting this conjecture when 2n− 1 ≥ 5.

1.3. About the proofs. The proofs of the two main theorems are quite similar and
hinge on three key results. These are the Crossing Energy Theorem (Theorem 4.1),
the Floer Homology Vanishing Theorem (Theorem 4.3) and the Index Recurrence
Theorem (Theorem 4.7).

In the Hamiltonian setting, the Crossing Energy Theorem asserts that whenever
a 1-periodic orbit z of a Hamiltonian diffeomorphism ϕH is locally maximal (e.g.,
hyperbolic), every Floer cylinder u for ϕkH asymptotic to the iterates zk at either
end has energy E(u) bounded from below by a constant c∞ > 0 independent of
k; see [ÇGG21, GG14, GG18]. For our purposes independence of k is crucial;
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furthermore, for a fixed k the lower bound readily follows from a suitable variant
of Gromov compactness.

A simple proof of the Crossing Energy Theorem in this case is based on the fact
that every loop t 7→ u(s, t), t ∈ S1

k = R/kZ, is an ε-pseudo-orbit of the Hamiltonian
flow ϕtH , i.e., it deviates from the flow by no more than ε in time-one, where ε
is small when e = E(u) is small. In fact, we can take ε = O

(
e1/4

)
uniformly in

k; see [Sa99, Sec. 1.5] or Remark 6.4. Then, arguing by contradiction, we assume
that e → 0 for some sequences k = ki → ∞ and u = uki . Let V be a compact
isolating neighborhood of z. For each u, pick s ∈ R such that u(s, ·) is tangent to
∂V and contained in V . (Strictly speaking, here we have to work with V × R/Z
unless H is autonomous.) Passing to the limit as k → ∞ and hence ε → 0, we
obtain an integral curve of ϕtH entirely contained in V and different from z, which
is impossible since z is locally maximal.

Generalizing this argument to the Reeb and symplectic homology setting en-
counters several difficulties. First of all, it is not entirely clear how to state the
Crossing Energy Theorem on the level of Reeb flows and/or symplectic homology.
This forces us to work with admissible Hamiltonians H on the symplectic comple-
tion Ŵ of a Liouville domainW , which are constant onW . But then the 1-periodic
orbit z̃ of H corresponding to a locally maximal closed orbit z of the Reeb flow on
∂W is no longer maximal and, in addition, a Floer cylinder u for kH asymptotic
z̃k can hypothetically get arbitrarily close to W where the Hamiltonian vector field
XH is close to zero. As a consequence, the above argument breaks down. We show
however that, under certain extra conditions, this does not happen: u remains
some distance from W ; see Theorem 6.1. This is sufficient to prove a variant of the
Crossing Energy Theorem suitable for our purposes.

We should mention that recently a few other variants of the Crossing Energy The-
orem have been established: for CPn by employing generating functions in [Al22a];
for geodesic flows via finite-dimensional approximations in [GGMz]; and finally in
[Pr] for certain holomorphic curves in the symplectization by using the machinery
of feral holomorphic curves developed in [FH]. Let us, however, emphasize that
none of the other variants of the Crossing Energy Theorem is currently applicable
in the setting of our main theorems, and hence Theorem 4.1 is indispensable for
this work.

The second key ingredient of the proof concerns with the vanishing of the (non-
equivariant) symplectic homology SH(W ). To be more precise, denote by SHI(α)
the filtered symplectic homology of the contact form α on ∂W . Then, whenever
SH(W ) = 0, there exists a constant C ≥ 0 such that the natural map SHI(α) →
SHI+C(α) is zero. In particular, when I = R = I+C, we have SH(α)I = SH(W ) =

SHI+C(α), the map in question is the identity and we get back the assumption that
SH(W ) = 0. In other words, the condition that SH(W ) = 0 implies that the every
bar of the persistence module SH(−∞,a)(α) has length at most C. (This observation
is originally due to Kei Irie; we refer the reader to [GS] or Section 4.2 for a proof.)
This is the case, for instance, when W is a star-shaped domain in R2n with smooth
boundary, i.e., α is a contact form on the standard contact sphere S2n−1.

In general, the statement is no longer literally true if we replace SHI(α) by
the filtered Floer homology HFI(H) for an admissible Hamiltonian H on Ŵ . For
instance, HF(H) 6= 0 in general. However, we show in Theorem 4.3 that an analogue
of this vanishing result holds for the family of the filtered Floer homology groups
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HFI(kH), k ∈ N, with C independent of k, as long as the right end-point of I is
within a certain range which grows linearly with k.

The final key ingredient of the proof is the Index Recurrence Theorem (Theorem
4.7). This is a symplectic linear algebra or number theory result roughly asserting
that for a finite collection Φi ∈ S̃p(2m), the sequences of Conley–Zehnder indices
of the iterates φki have a certain recurrence property. As stated and used here,
the theorem was proved in [GG20], but it can also be derived from the common
jump theorem from [Lo, LZ]. The two theorems are closely related and make a
central component of the proofs of many multiplicity results. For instance, com-
bined with dynamical convexity, the Index Recurrence Theorem allows one in the
non-degenerate case to construct infinitely many index intervals of length 2m such
that each sequence µ

(
Φki
)
enters each interval at most once.

Theorems A and B are proved by contradiction. Assuming that the flow has
only finitely many simple periodic orbits we use the Index Recurrence and Crossing
Energy Theorems to find arbitrarily long action intervals I such that for a suitable
Hamiltonian H and all large k ∈ N, a locally maximal closed Reeb orbit z gives
rise to a non-zero class in HFI(kH) with action at the center of the interval. Then
the map HFI(kH) → HFI+C(kH) is non-zero. This is impossible by Theorem
4.3. Theorem A requires much weaker dynamical convexity conditions and no non-
degeneracy for other orbits because µ(zk) = kµ(z) for a hyperbolic orbit z. This
enables us to use the Index Recurrence Theorem in a more precise way tying the
index sequences of other closed orbits to µ(zk).

Remark 1.2. In connection with the discussion in Section 1.2 let us point out an
interesting discrepancy between Theorem B and the higher-dimensional Le Calvez–
Yoccoz theorem, [GG18, Thm. 4.1], for Hamiltonian pseudo-rotations ϕ of CPn.
The former theorem only requires the Reeb flow to have finitely many simple closed
orbits, while in the latter the number of periodic points must be exactly n although
the Hamiltonian diffeomorphism need not be non-degenerate. From this perspec-
tive, the conditions of Theorem B are less restrictive. This discrepancy is reflected
by the difference in the definitions of pseudo-rotations of CPn and Reeb pseudo-
rotations of S2n−1 which we adopt here. Of course, the higher-dimensional Franks
theorem from [Sh22] allows us to just require ϕ to have finitely many periodic orbits
along with a minor non-degeneracy condition, but this is a substantial extra step
using a machinery unavailable in the contact setting.

The paper is organized as follows. In Section 2 we set our conventions and no-
tation. The relevant facts from Floer theory, mostly quite standard, are assembled
in Section 3. In Section 4 we state and discuss in detail the three key results used
in the proofs of the main theorems. We prove the main results of the paper in
Section 5 and the Crossing Energy Theorem in Section 6. Finally, in the Appendix
(Section 7) we recall an argument from [Fr99, FM] and prove the local version of
the Le Calvez–Yoccoz theorem.

Acknowledgments. The authors are grateful to Bassam Fayad, Umberto Hryni-
ewicz, Patrice Le Calvez and Jean-Pierre Marco for useful discussions. Parts of
this work were carried out while the second and third authors were visiting the
IMJ-PRG, Paris, France, in May 2023 and also during the Summer 2023 events
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plectic Geometry: Topological Aspects and Dynamical Implications Conference at
CIRM, Luminy, France, and Workshop on Conservative Dynamics and Symplectic
Geometry at IMPA, Rio de Janeiro, Brazil. The authors would like to thank these
institutes for their warm hospitality and support.

2. Conventions and notation

In this section we set our conventions and notation, which are mainly similar to
the ones used in [GG20].

2.1. Hamiltonians and the action functional. Even though Theorems A and
B concern with Reeb flows on the sphere S2n−1, 2n − 1 ≥ 3, it is convenient for
the sake of future references to work with more general Liouville domains than
star-shaped domains in R2n. Thus let α be the contact form on the boundary
M = ∂W of a Liouville domain W 2n≥4. For the sake of simplicity we will assume
that c1(TW ) |π2

= 0. As usual denote by Ŵ the symplectic completion of W , i.e.,

Ŵ = W ∪M M × [1, ∞)

with the symplectic form ω extended to M × [1,∞) as d(rα), where r is the coor-
dinate on [1, ∞). Sometimes it is convenient to extend the function r to a collar of
M = ∂W in W . Thus we can think of Ŵ as the union of W and M × [1 − ε, ∞)
for small ε > 0 with M × [1 − ε, 1] lying in W and the symplectic form given by
the same formula.

Example 2.1. In this paper we are mainly interested in contact forms α on the
standard contact sphere M = S2n−1. In this case, we can take a star-shaped
domain W ⊂ Ŵ = R2n as the Liouville domain.

Unless specifically stated otherwise, most of HamiltoniansH : Ŵ → R considered
in this paper depend only on r outside W , i.e., H = h(r) on M × [1, ∞), where the
function h : [1, ∞)→ R is required to meet the following conditions:

• H is constant on W and h is monotone increasing;
• h is convex, i.e., h′′ ≥ 0, and h′′ > 0 on (1, rmax) for some rmax > 1

depending on h;
• h(r) is linear, i.e., h(r) = ar − c, when r ≥ rmax.

In other words, the behavior of h changes from a constant on W to convex in r on
M × [1, rmax], and strictly convex on the interior, to linear in r on M × [rmax, ∞).
When needed, we will denote rmax by rmax(h) to indicate its dependence on h.

In what follows, we will refer to a as the slope ofH (or h) and write a = slope(H).
The slope is always assumed to be outside the action spectrum of α, i.e., a 6∈ S(α).
We call H admissible when H|W = const < 0 and semi-admissible when H|W ≡ 0.
(This terminology differs somewhat from the standard usage and we emphasize that
admissible Hamiltonians are not semi-admissible.) When H satisfies only the last
of these conditions, we call it linear at infinity.

The difference between admissible and semi-admissible Hamiltonians is just an
additive constant: H − H|W is semi-admissible when H is admissible. Hence the
two Hamiltonians have the same filtered Floer homology up to an action shift.
Our reason for introducing semi-admissible Hamiltonians is that in the proofs of
the main results we need to work with the Floer homology of a fixed Hamiltonian
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and its iterates rather than symplectic homology, and in this case semi-admissible
Hamiltonians have a more convenient normalization.

The Hamiltonian vector field XH is determined by the condition

ω(XH , ·) = −dH
and, on M × [1, ∞),

XH = h′(r)Rα,

where Rα is the Reeb vector field. Hence every T -periodic orbit x of the Reeb flow
with T < a gives rise to a 1-periodic orbit x̃ = (x, r) of H, where

h′(r) = T. (2.1)

Clearly, x̃ lies in the shell 1 < r < rmax.
The action functional AH is defined as

AH(z) =

∫
z

α̂−
∫
S1

H(z(t)) dt,

where z : S1 = R/Z→ Ŵ is a smooth loop in Ŵ and α̂ is the Liouville primitive αW
of ω on W and α̂ = rα on M × [1, ∞). More explicitly, when z : S1 →M × [1, ∞),
we have

AH(z) =

∫
S1

r(z(t))α
(
z′(t)

)
dt−

∫
S1

h
(
r(z(t))

)
dt.

Thus when z = x̃ = (x, r) is a 1-periodic orbit of H, the action can be expressed
as a function of r only:

AH(x̃) = AH(r),

where
AH : [1, ∞)→ [0, ∞) is given by AH(r) = rh′(r)− h(r). (2.2)

Sometimes we will also denote this action function by Ah. This is a monotone
increasing function, for

A′H(r) = h′(r) + rh′′(r)− h′(r) = rh′′(r) ≥ 0.

It is easy to see that

maxAH = AH(rmax) = c ≥ a. (2.3)

Here the first equality follows from the fact that AH is monotone increasing and
the second one from that h is linear, i.e., h(r) = ar− c, on [rmax, ∞). To prove the
inequality, note first that

h(rmax) ≤
∫ rmax

1

h′(r) dr ≤ a(rmax − 1).

Hence, since h′(rmax) = a, we have

c = armax − h(rmax)

≥ armax − a(rmax − 1)

= a.

Thus, when r ≥ rmax, the function AH is constant: AH(r) = AH(rmax) = c. For
this reason, in what follows we will usually limit the domain of this function to
[1, rmax].

While the function AH expresses the Hamiltonian action as a function of r we
will also need another variant aH of an action function, expressing the Hamiltonian
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action as a function of the period T , i.e., the contact action. In other words, the
function aH translates the contact action to the Hamiltonian action. Thus

aH = AH ◦ (h′)−1 : [0, a]→ [0, maxAH = AH(rmax)]

is more specifically defined by the condition

aH(T ) = AH(r), where h′(r) = T. (2.4)

Since H is (semi-)admissible, h′ is one-to-one on [0, rmax], and the inverse (h′)−1

is defined on [0, a].
Then using the chain rule, we have

a′H(T ) = r := (h′)−1(T ) and 1 ≤ a′H ≤ rmax.

Thus aH a strictly monotone increasing convex C1-function, which is C∞ on (0, a),
with a′′H =∞ at T = 0 and T = a. Furthermore,

aH1
≤ aH0

on [0, slope(H0)] whenever H1 ≥ H0. (2.5)

This inequality is not obvious. A simple way to prove (2.5) is as follows. First, note
that that −AH(r) is the ordinate of the intersection with the vertical axis of the
tangent line to the graph of h at (r, h(r)). Next, we have aH1(T ) = AH1(r1) and
aH2

(T ) = AH2
(r2), where h′1(r1) = T = h′2(r2). As a consequence, the two tangent

lines have the same slope T . The tangent line to the graph of h2 lies above the
tangent line to the graph of h1; for it passes through the point (r2, h2(r)) which is
above the graph of h1 ≤ h2. Therefore, AH1(r1) ≤ AH2(r2).

Concluding this section we note that x̃ is well-defined only as a 1-periodic orbit of
the Hamiltonian flow ϕtH ofH. This orbit corresponds to the whole circle Γ = x̃(S1)
of fixed points of the time-one map ϕH (aka 1-periodic points of ϕH). These orbits
however have the same action, mean index, etc. In what follows we will ignore this
terminological ambiguity.

2.2. Conley–Zehnder index and dynamical convexity. We refer the reader
to, e.g., [SZ] for the definition and a detailed discussion of the Conley–Zehnder
index and to, e.g., [GG20, Sec. 4] or [GM, Sec. 2] or [Lo]. Here we normalize
the Conley–Zehnder index, denoted throughout the paper by µ, by requiring the
flow for t ∈ [0, 1] of a small positive definite quadratic Hamiltonian Q on R2m to
have index m. More generally, when Q is small and non-degenerate, the flow has
index equal to (sgnQ)/2, where sgnQ is the signature of Q. In other words, the
Conley–Zehnder index of a non-degenerate critical point of a C2-small autonomous
Hamiltonian H on R2m is equal tom−µMorse, where µMorse = µMorse(H) is the Morse
index of H.

We denote by µ± : S̃p(2m)→ Z the upper and lower semi-continuous extensions
of the Conley–Zehnder index. The mean index of Φ ∈ S̃p(2m) is defined as

µ̂(Φ) = lim
k→∞

µ±
(
Φk
)

k
.

This is the unique, up to normalization, homogeneous continuous quasi-morphism

µ̂ : S̃p(2m)→ R;

cf. [BG]. It is a standard fact (see, e.g., [SZ]) that

µ̂(Φ)−m ≤ µ−(Φ) ≤ µ+(Φ) ≤ µ̂(Φ) +m (2.6)

and that the first and the last inequalities are strict when Φ is non-degenerate.
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The assumption that c1(TW ) |π2
= 0 guarantees that these invariants are also

defined for a contractible periodic orbit x of the Reeb flow on M or a Hamiltonian
flow on Ŵ , which we denote by µ(x), µ±(x) and µ̂(x) or µ(x̃), etc. We note that
since the Conley–Zehnder index of a closed Reeb orbit is defined via a trivialization
of the contact structure, dealing with Reeb flows everywhere above we should set
m = n− 1 where 2n = dimW . On the other hand, for Hamiltonian flows, m = n.

A feature of Reeb flows central to our results is that of dynamical convexity.

Definition 2.2. The Reeb flow on a (2n−1)-dimensional contact manifold is said to
be dynamically convex if for every closed contractible Reeb orbit x (or equivalently
when π1 has no torsion, every simple closed contractible Reeb orbit) µ−(x) ≥ n+1.

As is shown in [HWZ], the Reeb flow on a strictly convex hypersurface in R2n is
dynamically convex. The converse is not true; see [CE22a, CE22b]. The geodesic
flow of a Finsler metric on S2 with curvature meeting a certain pinching condition
is dynamically convex, [HP]. While the notion of dynamical convexity understood
literally as in Definition 2.2 encapsulates an important class of Reeb flows on the
spheres, it is not entirely clear if it is of serious relevance for other contact manifolds,
especially in higher dimensions. We are not aware of any non-trivial examples of
dynamically convex geodesic flows on manifolds of dimension n > 2. However,
some geodesic flows are close to being dynamically convex. For instance, all closed
geodesics on the standard round sphere Sn≥3 have index greater than on equal to
n − 1. (For geodesic flows, the Morse index is equal to the Conley–Zehnder index
µ−.) It is not difficult to show that the same is true for the geodesic flow of a
Finsler metric which is C2-close to the round metric on Sn.

We refer the reader to, e.g., [GG20, Sec. 4.2] for a very detailed treatment of
dynamical convexity and also to, e.g., [AM, ALM, DL2W, GM, GGMa] for other
relevant notions and results.

3. Preliminaries

In this section we recall basic definitions and results from Floer theory used in
the proofs of Theorems A and B. None of the results stated here are really new and
most of them are quite standard and can be traced in some form to the original
works, [CFH, Vi], or found in, e.g., [BO09a, BO09b, CO]. When necessary, we give
more specific references.

3.1. Floer equation. Fix an almost complex structure J on Ŵ satisfying the
following conditions:

• J is compatible with ω, i.e., ω(·, J ·) is a Riemannian metric, and on the
cone M × [1, ∞) we have

• Jr∂/∂r = Rα and
• J preserves ker(α).

Note that the last two conditions are equivalent to

dr ◦ J = −rα. (3.1)

We call such almost complex structures admissible. If the second and the third
conditions are satisfied only outside a compact set and in addition J can be time-
dependent and 1-periodic in time within a compact set, we call J admissible at
infinity.
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Let now H be a Hamiltonian linear at infinity and let J be an admissible at
infinity almost complex structure. For our purposes it is convenient to have the
L2-anti-gradient of AH adopted as the Floer equation:

∂su = −∇L2AH(u), (3.2)

where u : R × S1 → Ŵ with coordinates s on R and t on S1. Thus the function
s 7→ AH

(
u(s, ·)

)
is decreasing. More explicitly this equation reads

∂su− J
(
∂tu−XH(u)

)
= 0. (3.3)

Note that in contrast with the standard conventions the leading term of this equa-
tion is not the ∂̄-operator but the ∂-operator. In other words, whenH ≡ 0, solutions
of (3.3) are anti-holomorphic curves rather than holomorphic curves. Nonetheless
the standard properties of the solutions of the Floer equation readily translate to
our setting, e.g., via the change of variables s 7→ −s. We will often refer to solutions
of the Floer equation as Floer cylinders.

Recall also that the energy of u is by definition

E(u) =

∫
S1×R

‖∂su‖2 dt ds.

When u is asymptotic to x̃ = (r+, x) at −∞ and ỹ = (r−, y) at +∞, we have

E(u) = AH(x̃)−AH(ỹ) = AH(r+)−AH(r−), (3.4)

where r+ ≥ r− since (3.2) is an anti-gradient Floer equation; see Section 4.1.
We will make extensive use of two properties of Floer cylinders u for admissible

or semi-admissible Hamiltonians H and admissible almost complex structures J .
The first one is the standard maximum principle asserting that the function r◦u

cannot attain a local maximum in the domain mapped by u into the coneM×[1, ∞)
where r is defined. (We refer the reader to, e.g., [Vi] and also [FS, Sec. 2] for a
direct proof of this fact.) Of course, the same is true for Hamiltonians linear at
infinity and J admissible at infinity in the domain where the Hamiltonian is a linear
function of r and J is admissible. Moreover, the maximum principle also holds for
continuation Floer trajectories when h(r) = a(s)r − c(s) as long as the slope a is
a non-decreasing function of s; there are however no constraints on the function
c(s). The maximum principle is crucial to having Floer cylinders and continuation
solutions of the Floer equation contained in a compact region of Ŵ , and thus the
Floer homology and continuation maps for homotopies with non-decreasing slope
defined.

In particular, let u be a solution of the Floer equation asymptotic to 1-periodic
orbits (x+, r+) at −∞ and (x−, r−) at +∞. Note that r+ > r− – hence the
notation – since with our conventions AH is an increasing function and the action
is decreasing along u. Then the maximum principle implies that

sup
R×S1

r
(
u(s, t)

)
≤ r+ = r

(
u(−∞, t)

)
. (3.5)

The second fact we need, which we will refer to as Bourgeois–Oancea monotonic-
ity, is much less standard and goes back to [BO09b, p. 654]; see also [CO, Lemma
2.3]. It asserts that

max
t∈S1

r
(
u(s, t)

)
≥ r− = r

(
u(∞, t)

)
(3.6)
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for all s ∈ R. For the sake of completeness, we prove (3.6) in Section 6.2.5, closely
following the argument in [CO]. Note that as a consequence of the maximum
principle and (3.6), the left-hand side of (3.6) is a monotone decreasing function of
s ranging from r+ at −∞ to r− at ∞.

3.2. Filtered Floer and symplectic homology.

3.2.1. Floer homology and continuation maps. Let H be a Hamiltonian H linear at
infinity such that, as usual, slope(H) 6∈ S(α) and let I ⊂ R be an action interval.
Then, regardless of whether H is non-degenerate or not, the filtered (contractible)
Floer homology HFI(H) over a fixed ground field F is defined as long as the end-
points of I are outside the action spectrum S(H) of H. Throughout the paper we
will always assume the latter condition to be met by I. For the sake of brevity, we
will write

HFτ (H) := HF(−∞, τ ](H).

To define HFI(H) it suffices to replace H by a small compactly supported non-
degenerate perturbation. With our conventions the Floer homology is graded by the
Conley–Zehnder index. Thus a non-degenerate minimum of H with small Hessian
gives rise to a generator of degree n and a non-degenerate closed Reeb orbit x with
Conley–Zehnder index m gives rise to two generators x̌ and x̂ with indices m and
m+ 1, respectively. (The Floer complex is discussed in more detail in Section 3.3.)
We will usually suppress the grading in the notation.

Let Hs, s ∈ R, be a homotopy between two linear at infinity Hamiltonians H0

and H1, i.e., Hs is a family of linear at infinity Hamiltonians such that Hs = H0

when s is close to −∞ and Hs = H1 when s is close to +∞. (In what follows
we will take the liberty to have homotopies parametrized by [0, 1] rather than R.)
There are two situations where a homotopy gives rise to a map in Floer homology.

The first one is when all Hamiltonians Hs have the same slope. Then the homo-
topy induces a continuation map

HFI(H0)→ HFI+C(H1)

shifting the action filtration by

C =

∫ ∞
−∞

max
z∈Ŵ

max{0,−∂sHs(z)} ds.

As a consequence, HF(H) = HFτ (H) for τ > suppS(H); see Lemma 3.2. Moreover,
it is well-known and not hard to show that HF(H) does not change as long as
slope(H) stays outside of S(α).

The second one is when Hs is monotone increasing, i.e., the function s 7→ Hs(z)

is monotone increasing for all z ∈ Ŵ . In this case, the function s 7→ slope(Hs)
is also monotone increasing. Furthermore, while slope(H0) and slope(H1) are still
required to be outside S(α), the intermediate slopes slope(Hs) can pass through
the points of S(α). A monotone increasing homotopy induces a map

HFI(H0)→ HFI(H1)

preserving the action filtration.
In both cases the fact that the continuation Floer trajectories are confined to a

compact set is a consequence of the maximum principle; see Section 3.1.
The Floer homology is insensitive to small perturbations of the Hamiltonian and

the action interval. To be more precise, fix a linear at infinity Hamiltonian H and
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an interval I. (Here as usual we require that slope(H) 6∈ S(α) and the end-points
of I are not in S(H).) Assume that the slope of H ′ is sufficiently close to the slope
of H and H ′ is C0-close to H on the complement of the domain where they both
are linear functions of r, and that the end-points of I ′ are close to I. Then there is
a natural isomorphism of the Floer homology groups

HFI(H) ∼= HFI
′
(H ′).

Floer homology carries the pair-of-pants product

HFτ0m0
(H0)⊗HFτ1m1

(H1)→ HFτ0+τ1
m0+m1−n(H0 +H1),

where as always we have assumed that the slopes of H0 and H1 and their sum are
not in S(α); see, e.g., [AS].

With our conventions, when F is a semi-admissible Hamiltonian and δ > 0 is
small, there is a natural isomorphism

HFδ∗(F ) ∼= Hn+∗(W ; ∂W ). (3.7)

Furthermore, under this isomorphism, the fundamental class

[W,∂W ] ∈ H2n(W,∂W ) ∼= F ∼= HFδn(F ) (3.8)

corresponds to a unit for the pair-of-pants product. To be more precise, fix a linear
at infinity Hamiltonian H and τ 6∈ S(H). For the sake of simplicity, assume in
addition that for a semi-admissible Hamiltonian F as above, slope(F ) and also
δ > 0 are sufficiently small. Then the composition of maps

HFτ (H) = HFτ (H)⊗HFδn(F )
∼=−→ HFτ+δ(H + F ) ∼= HFτ (H) (3.9)

with the middle arrow given by the pair-of-pants product is the identity map.

3.2.2. Invariance. The results of this section are somewhat less standard although
the methods are. So far, throughout the above discussion, it was sufficient to
have Hamiltonians to only be linear at infinity. (The Hamiltonian F in (3.7) and
(3.9) is an exception.) In what follows, however, it becomes essential to require
Hamiltonians to be semi-admissible.

Namely, let H0 ≤ H1 be two such Hamiltonians. For the sake of simplicity, we
will assume furthermore that rmax(h1) = rmax(h0) and use rmax to denote both of
these parameters. (This condition can be replaced by that rmax(h1) ≤ rmax(h0)
with suitable wording modifications.)

Let
f = aH1

◦ a−1
H0

: [0, AH0
(rmax)]→ [0, AH1

(rmax)].

The function f is monotone as a composition of two monotone increasing functions.
Furthermore, as is easy to see,

f
(
S(H0)

)
= f

(
[0, AH0(rmax)]

)
∩ S(H1), (3.10)

i.e., f gives rise to a one-to-one correspondence between the action spectra as long
as the target is in the range of f .

Proposition 3.1. We have f(τ) ≤ τ for all τ . Furthermore, for all τ < AH0(rmax)
and not in S(H0), there are isomorphisms of Floer homology groups

HFτ (H0)
∼=−→ HFf(τ)(H1). (3.11)
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These isomorphisms are natural in the sense that they commute with maps induced
by inclusion of action intervals, monotone homotopies, etc. For instance, whenever
β is in the range of f , the composition

HFβ(H0)→ HFβ(H1)→ HFf
−1(β)(H0),

where the first arrow comes from a monotone increasing homotopy and the second
is the inverse of (3.11), is induced by the inclusion of action intervals: β ≤ f−1(β).

Of course, a similar result holds for admissible Hamiltonians, but then we also
have to take into account the shift of actions. For the sake of completeness we
include a proof of the proposition.

Proof. The fact that f(τ) ≤ τ follows from that aH1 ≤ aH0 when H1 ≥ H0; see
(2.5). We construct the isomorphism (3.11) in two steps.

Let r0 ∈ [1, rmax) be uniquely determined by the condition that AH0
(r0) = τ .

Pick an intermediate semi-admissible Hamiltonian H01 = h01(r) with rmax(h01) =
rmax(h0) = rmax(h1) and the following properties

• h0 ≤ h01 ≤ h1;
• h01 = h0 on [1, r0];
• slope(h01) = slope(h1).

We note that τ 6∈ S(H01).
Then the monotone increasing linear homotopy from H0 to H01 induces an iso-

morphism
HFτ (H0)

∼=−→ HFτ (H01). (3.12)
This is a consequence of the fact that by the maximum principle (see Section 3.1)
all Floer cylinders for H0 and H01 and Floer continuation trajectories starting at
1-periodic orbits with action less than or equal τ lie on the region r ≤ r0 or, to be
more precise, W ∪

(
M × [1, r0]

)
; cf. Section 3.3.

The second step is based on the following standard lemma which essentially goes
back to [CFH, Vi].

Lemma 3.2. Let Fs be a homotopy of Hamiltonians linear at infinity such that all
Hamiltonians Fs have the same slope, and let Is be a family of intervals continuously
depending on s such that for all s the end-points of Is are outside S(Fs). Then there
is a natural isomorphism

HFI0(F0)
∼=−→ HFI1(F1). (3.13)

The lemma is proved by breaking down the homotopy into a concatenation of
homotopies such that for each of them either the interval or the Hamiltonian is
independent of s. For a fixed Hamiltonian and varying interval, the assertion follows
directly from the definition. For a fixed interval and varying Hamiltonian, it is a
consequence of the fact that the “inverse” homotopy induces the inverse map. This
is the point where the condition that slope(Fs) = const, and hence a homotopy
need not necessarily be monotone increasing, enters the picture.

In the setting of the proposition, let Fs be a linear monotone increasing homotopy
from F0 = H01 to F1 = H1. Denote by fs = aFs ◦ a−1

F0
the resulting family of maps

and note that fs(τ) 6∈ S(Fs) by (3.10) since τ 6∈ S(F0). Applying the lemma to the
family of intervals Is = (−∞, fs(τ)], we obtain an isomorphism

HFτ (H01)
∼=−→ HFf1(τ)(H1) = HFf(τ)(H1). (3.14)
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In the last identity we have used the fact that f = f1 on [0, τ ], i.e., in self-
explanatory notation fH0H1 = fH01H1 on this interval, since h01 = h0 on [1, r0].

The desired isomorphism (3.11) is now defined as the composition of the isomor-
phisms (3.12) and (3.14). The last assertion of the proposition follows immediately
from this construction. �

Remark 3.3. The condition that slope(Fs) = const in Lemma 3.2 is essential. For
instance, let Fs be a monotone increasing homotopy from F0 to F1. Let Is =
(−∞, τ ] where τ > supps∈R maxS(Fs). Then HFI(F0) = HF(F0) and HFI(F1) =
HF(F1) are not in general isomorphic when slope(Fs) crosses S(α) as one can see
already from the example of the round sphere. However, one can somewhat relax
this condition by requiring that slope(Fs) stays outside S(α).

3.2.3. Local Floer homology. When x is an isolated T -periodic orbit of α with T <
slope(H) the 1-periodic orbit x̃ of H is also isolated as a 1-periodic orbit of the flow
of H. As a consequence, we obtain an isolated circle Γ = x̃(S1) of fixed points of
ϕH . We denote by HF(x̃) the local Floer homology of Γ; see [Fl89a, Fl89b] and also
[Fe, GG10, McL]. By definition, the support supp HF(x̃) is the range of degrees for
which this homology is non-trivial. Clearly, by (2.6) with m = n− 1,

supp HF(x̃) ⊂ [µ−(x), µ+(x) + 1] ⊂ [µ̂(x)− n+ 1, µ̂(x) + n]. (3.15)

For instance, when x is non-degenerate the support of HF(x̃) comprises exactly two
points: µ(x) and µ(x) + 1. More generally, HF∗(x̃) = HF∗(ψ) ⊕ HF∗−1(ψ), where
ψ is the germ of the Poincaré return map of x; see [Fe]. However, we will not use
this fact.

3.2.4. Symplectic homology. Let I be an interval, and as always assume that the
end-points of I are not in S(α). The symplectic homology SHI(α) is defined as

SHI(α) := lim−→
H

HFI(H), (3.16)

where the limit is over all Hamiltonians linear at infinity and such that H|W < 0.
Since admissible (but not semi-admissible) Hamiltonians form a co-final family, we
can limit H to this class. When working with this definition, it is useful to keep in
mind that

S(H)→ {0} ∪ S(α)

uniformly on compactly intervals. Clearly, SHI(α) is a Z-graded vector space over
F with the grading coming from the Conley–Zehnder index. For the sake of brevity
we will write SHτ (α) when I = (−∞, τ ].

Remark 3.4. In (3.16), we could have required that H|W ≤ 0 rather than that
H|W < 0, or equivalently required H to be semi-admissible or admissible. This
would result in the same groups SHI(α), but also keep us from having convenient
choices of co-final sequences. For instance, let H be a semi-admissible Hamiltonian.
Pick two sequences of positive numbers: λi → ∞ and εi → 0. Then the sequence
Hi = λiH − εi is co-final in the class of admissible Hamiltonians. However, neither
this sequence nor the sequence λiH is co-final when semi-admissible Hamiltonians
is added to the class.
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From a somewhat different perspective, SHτ (α) can also be defined as follows;
cf. [Vi]. For τ 6∈ S(α), consider the function Fτ : Ŵ → [0, ∞) given by

Fa(z) =

{
0 z ∈W,
τ
(
r(z)− 1

)
z ∈M × [1, ∞).

While this function is only continuous, its Floer homology is obviously defined (by
continuity). For instance, we can set

HFI(Fτ ) := lim−→
H≤Fτ

HFI(H)

where the limit is taken over admissible or semi-admissible Hamiltonians bounded
from above by Fτ . It is not hard to see that

S(H)→ {0} ∪
(
S(α) ∩ [0, τ ]

)
,

and hence it suffices to require that the end-points of I are not in {0}∪
(
S(α)∩[0, τ ]

)
.

Corollary 3.5. For I ⊂ R, we have

HFI(Fτ ) = SH(−∞, τ ]∩I(α).

In particular, HF(Fτ ) = SHτ (α).

This corollary is essentially a consequence of Proposition 3.1 with some wording
modifications; its proof is routine and for the sake of brevity we omit it.

A well-known, but crucial for our purposes, fact is that SH(α) vanishes whenever
W is displaceable in Ŵ . For instance, SH(α) = 0 when W is a ball in Ŵ = R2n.
In the latter case, vanishing of SH(α) is established in [Vi]. The general case is
proved in [CFO] via Rabinowitz–Floer homology and direct proofs are given in
[Su16] and [GS].

On the level of specific Hamiltonians this fact is reflected by the following lemma
which follows from the definition of symplectic homology as a direct limit and
Remark 3.4.

Lemma 3.6. Assume that SH(α) = 0. Then for any semi-admissible Hamiltonian
H and any I ⊂ R there exist constants λ ≥ 1 and C ≥ 0 such that the natural
inclusion/homotopy map

HFI(H)→ HFI+C(λH)

is zero.

3.3. Floer complexes and graphs. The proofs of the main theorems require
working on the level of Floer complexes rather than Floer homology. The construc-
tion of the Floer complex is quite standard and in this section we just briefly spell
out the necessary definitions.

3.3.1. Non-degenerate case. Assume first that the Reeb flow of α is non-degenerate.
Then a (semi-)admissible Hamiltonian H is Morse–Bott non-degenerate except for
the critical set W . To deal with this minor issue, we fix an autonomous C2-small
perturbation H̃ of H such that H̃ −H is supported in a small neighborhood of W
and H̃ is Morse. Now H̃ is Morse–Bott non-degenerate and all constant 1-periodic
orbits of H̃ are non-degenerate.

We will define the Floer complex CF(H) by applying the standard Morse–Bott
complex construction using “cascades” to the non-constant 1-periodic orbits of H;
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see, e.g., [BH10, BH13, Bo, BO09a, Fu, HN] and references therein. Let x be a
closed Reeb orbit of α with period T < a and let x̃(x, r) be the corresponding orbit
of H; see Section 2.1. All non-constant 1-periodic orbits of H have this form. Here
we think of x̃ as a, not necessarily simple, 1-periodic orbit of the flow of H. It gives
rise to a family of fixed points of ϕH parametrized by the circle Γx = x̃(S1) ⊂ Ŵ
which we identify with x(S1) ⊂M . Fix a Morse function fx on Γ with exactly one
maximum and one minumum and a Riemannian metric which we suppress in the
notation. (Note that different orbits x can give rise to the same set Γ and in this
case we are allowed to take different functions fx, although this is not necessary for
our purposes.)

Each orbit x̃ gives rise to two generators x̂ and x̌ of CF(H) with grading |x̂| =
µ(x) + 1 and |x̌| = µ(x), corresponding to the maximum and the minimum of
fx. Each constant orbit of H̃ gives rise to one generator. (In the proofs we are
only interested in the part of the complex where the actions and indices are large.
Clearly, the generators coming from W do not contribute to this part.)

The Floer differential ∂Fl counts cascades: concatenations of integral curves of
−∇fx and Floer trajectories. For instance, when |x̂| = |y̌|+ 1, a cascade from x̂ to
y̌ comprises an integral curve on −∇fx from x̂ to some point z ∈ Γx, a solution of
the Floer equation asymptotic at −∞ to a parametrization of x̃ with x̃(0) = z and
to some parametrization of ỹ at +∞ and finally an integral curve of −∇fy from
ỹ(0) to y̌. The coefficient with which y̌ enters ∂Flx̂ is an algebraic number of such
(unparametrized) cascades. Cascades from x̂ to ŷ or from x̌ to y̌ or ŷ are defined
in a similar fashion, as long as the degree difference is 1, but now at least one of
the integral curves is constant. Note also that x̌ enters ∂Flx̂ with zero coefficients
since the Morse function fx is perfect.

While the generators of the complex are essentially determined by H (and its
perturbation H̃), the differential depends in addition on some auxiliary data: the
functions fx and metrics on Γx and an almost complex structure J admissible at
infinity. To ensure regularity, it suffices to take J generic in this class, [FHS]. In
particular, we can take J arbitrarily C∞-close to a fixed admissible almost complex
structure. The Floer complex CF(H) is still filtered by the action functional AH .
Hence, while the generators x̂ and x̌ lie on the same action level, the differential
∂Fl is strictly action decreasing.

We find it convenient to think in terms of the Floer graph of H; see [ÇGG22a].
The vertices of the graph are the generators of the complex and two generators
are connected by an arrow whenever one of them enters the Floer differential of
the other with non-zero coefficient. The length of the arrow is by definition the
action difference. Keeping in mind that the generators outside W come in pairs,
we will also say that x̃ (or x) is connected by an arrow to ỹ (or to y) when x̂ or
x̌ is connected to ŷ or y̌. The Floer graph carries the same information as the
Morse–Bott Floer complex of H. In particular, it also depends on all the auxiliary
structures and choices used in the construction of the Floer Morse–Bott differential.

3.3.2. Degenerate case. Assume now that the Reeb flow of α is degenerate and let
H be a (semi-)admissible Hamiltonian for α. As always we require that slope(H) 6∈
S(α). Then the Floer complex of H is defined by replacing it with a C∞-small
perturbation H̃. Here we specify two ways to do this.
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In the first one, we simply take as H̃ a C∞-small autonomous maximally non-
degenerate perturbation of H which has the same or nearly the same slope as H.
Then H̃ is Morse–Bott and we can apply the construction from the previous section.

The second approach is based on perturbing the contact form rather than directly
H. To this end, fix a C∞-small non-degenerate perturbation α̃ = gα of α, where
g : M → R is C∞-close to 1. Thus α̃ is the contact form on the hypersurface
{r = g} in Ŵ . (We may assume that g ≥ 1 or extend r to a collar of M in
W .) As a result, while the Liouville domain W is slightly effected, we can keep Ŵ
unchanged. The r-coordinate is however also effected and H is no longer admissible
for α̃. We replace it with the new Hamiltonian H̃ obtained by the change of variables
r 7→ r/g (and also perturb it on a neighborhood ofW as in the non-degenerate case).
Now the resulting Hamiltonian H̃ is Morse–Bott. We fix the necessary auxiliary
structures and apply the construction from Section 3.3.1 to H̃. By definition, the
Floer complex of H is the Floer complex of H̃.

In both cases, the Hamiltonian H̃ is C∞-close to H on compact sets and in the
first construction we can even have H̃ = H at infinity.

Assume next that the closed Reeb orbits of α with period smaller than slope(H)
are isolated. Then so are the non-constant 1-periodic orbits ofH. As a consequence,
all non-constant 1-periodic orbits of H̃ arise from non-constant 1-periodic orbits x̃
of H splitting into Morse–Bott non-degenerate orbits. In other words, non-constant
1-periodic orbits of H̃ and the corresponding generators of CF(H̃) come in clusters
labeled by the orbits H. Limiting the Floer differential to a cluster we obtain a
complex and the homology of this complex is the local Floer homology HF(x̃); see
Section 3.2.3.

The reduced Floer graph of H is then defined as follows; cf. [ÇGG22a, Sec. 5.2].
The vertices are the 1-periodic orbits of H or equivalently the underlying closed
Reeb orbits of α. Each vertex is also labeled by HF(x̃). In addition, the graph has
an extra vertex corresponding to W , which is labeled by

HFδ(H) = HFδ(H̃) = H(W ; ∂W )[−n]

for a sufficiently small δ > 0; see (3.7) and (3.8).
The arrows of the reduced Floer graph are defined by using the action filtration

spectral sequence and then collapsing it into one complex as in [GG20, Sec. 2.1.3
and 2.5]. Namely, the E2-term of this spectral sequence is

C =
⊕
x

HF(x̃)⊕HFδ(H) (3.17)

Then [GG20, Lemma 2.8] gives a way to organize the higher level differentials in the
spectral sequence into one differential ∂ : E2 → E2 so that the resulting homology
is isomorphic to HF(H) or, to be more precise, to the graded space associated with
the filtration of HF(H) by the images of the maps HFτ (H)→ HF(H). Denote by

∂x̃ỹ : HF(x̃)→ HF(ỹ)

the HF(ỹ)-component of the restriction of ∂ to HF(x̃). The vertices x and y or
equivalently x̃ and ỹ are connected by an arrow if ∂x̃ỹ 6= 0 and then the arrow is
labeled by this map. Thus the graph carries exactly the same information as the
complex (C, ∂) together with the decomposition (3.17). The length of an arrow is
again the action difference. The arrows to or from the vertex W are defined in a
similar fashion.
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Example 3.7. Clearly, the range of degrees of the generators in the cluster corre-
sponding to x is contained in

[µ−(x), µ+(x) + 1] ⊂ [µ̂(x)− n+ 1, µ̂(x) + n].

Hence, x and y are never connected by an arrow when µ̂(x)− µ̂(y) > 2n.
Likewise, assume that every Floer cylinder u asymptotic to x̃ has energy E(u) >

σ; see Section 4.1 for the precise definition. Then all arrows to/from x have length
greater than σ. We will repeatedly use both of these facts in the proofs of the main
theorems.

Remark 3.8. Even when α is non-degenerate, the reduced Floer graph differs from
the Floer graph in two ways. First, in the reduced Floer graph the vertices x̌ and x̂
are lumped together. (The same is true for the generators coming from the critical
points of H̃ in W .) But equally importantly the reduced Floer graph may have
fewer arrows. This can be the case already when the construction is applied to
a Morse function, and hence the two graphs have exactly the same vertex set; cf.
[GG20, Rmk. 2.10]. Furthermore, it is not clear to us to what extent the reduced
Floer graph depends on the auxiliary data: the perturbation H̃, the Morse–Bott
data, the almost complex structure, etc.

4. Background results

In this section we discuss three results central to the proofs of the main theorems.
These are the Crossing Energy Theorem for admissible Hamiltonians (Theorem 4.1);
Theorem 4.3 stating, generally speaking, that the barcode of a (semi-)admissible
Hamiltonian is a priori bounded; and finally the Index Recurrence Theorem (The-
orem 4.7).

4.1. Crossing energy theorem. The first key ingredient of the proofs is the
Crossing Energy Theorem (Theorem 4.1). To state this result, we start by recalling
some terminology.

Let z be a closed Reeb orbit of α with period T . We say that z is isolated (as a
periodic orbit) if for every T ′ > T it is isolated among periodic orbits with period
less than T ′. Clearly, all periodic orbits of α are isolated if and only if for every
T ′ the number of periodic orbits with period less than T ′ is finite. A stronger
requirement is that z is isolated as an invariant set or locally maximal, i.e., z has
a neighborhood V which contains no invariant sets other than the image z(R/TZ).
We call V an isolating neighborhood. These definitions extend verbatim to any flow.

For instance, a non-degenerate periodic orbit is isolated as a periodic orbit but
not necessarily as an invariant set. A hyperbolic periodic orbit is isolated as an
invariant set.

Let H(x, r) = h(r) be a (semi-)admissible Hamiltonian with a = slope(H) > T
and let z̃ = (z, r∗), where

h′(r∗) = T

by (2.1), be the corresponding 1-periodic orbit of the Hamiltonian flow of H. In
particular, r∗ < rmax; see Section 2.1. (Note that z̃ is isolated as a 1-periodic orbit
of H if z is isolated; z̃ is Morse–Bott non-degenerate when z is non-degenerate; and
z̃ is never isolated as an invariant set.) Then

z̃k = (zk, r∗)
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is also a 1-periodic orbit of kH or equivalently a k-periodic orbit of H.
Let u : R× S1 → Ŵ be a Floer cylinder of H. We say that u is asymptotic to z̃

at −∞ if there exists a sequence si → −∞ such that u(si, ·) → z̃ in the C1-sense,
up to the choice of the initial condition on z̃ which might depend on si. This is
equivalent to u(s, ·) → z̃ in the C∞-sense as s → −∞ when z is non-degenerate,
[Bo]. (Likewise, u is asymptotic to z̃ at +∞ when si → +∞, etc.)

In general, u can be asymptotic to more than one orbit z̃ at the same end.
However, AH(z̃) = limAH

(
u(si, ·)

)
, and hence AH(z̃) is independent of the choice

of z̃. Furthermore, (3.4) holds: E(u) is the difference of actions of the orbits which
u is asymptotic to at ±∞. It is a standard fact that u is asymptotic to some
1-periodic orbits of H at ±∞ if and only if E(u) <∞; see [Sa99, Sec. 1.5].

Next, assume that z is isolated as a closed Reeb orbit or, equivalently, z̃ is
isolated as a 1-periodic orbit of the flow of H. Then, as is easy to see, z̃ is unique
and u(s, ·)→ z̃ as s→ −∞ in the C1-sense, up to the choice of an initial condition
on z̃ which might depend on s. This is a consequence of the fact that

E
(
u|(−∞,si]×S1

)
→ 0 as si → −∞

since AH
(
u(s, ·)

)
is a monotone function of s and of the argument in [Sa99, Sec.

1.5]; see also Remark 6.4. Therefore, for every tubular neighborhood U ⊂ Ŵ of
z̃(S1), there exists s0 ∈ R such that u

(
(−∞, s0]×S1

)
⊂ U , and for s ≤ s0 the loop

u(s, ·) is homotopic to z̃ in U . For instance, when z̃ is k-iterated, the free homotopy
class of u(s, ·) is the kth multiple of a generator of π1(U) ∼= Z.

Theorem 4.1 (Crossing Energy Theorem). Assume that z is a T -periodic orbit
of α which is locally maximal as an invariant set. Let H(r, x) = h(r) be a semi-
admissible or admissible Hamiltonian with slope(H) > T , meeting the additional
requirement that

h′′′ ≥ 0 on [1, r∗ + δ] (4.1)
for some δ > 0. Fix an admissible almost complex structure J . Then there exists
σ > 0 such that E(u) ≥ σ for any k ∈ N and any Floer cylinder u : R×S1 → Ŵ of
kH asymptotic, at either end, to z̃k.

A few remarks are due regarding the statement of this theorem, which we will
prove in Section 6. First of all, the point that σ is independent of k is crucial
for our purposes. Furthermore, without it, for a fixed k the theorem would follow
immediately from a suitable variant of Gromov compactness and it would be enough
to assume that zk is isolated as a periodic orbit.

Secondly, fix k and 0 < σ′ < σ, and let V be a small tubular neighborhood
of z̃k(S1). Consider a C∞-small k-periodic in time, non-degenerate perturbation
H̃ of kH in the class specified in Section 3.3 and a C∞-small generic k-periodic
perturbation of J . The 1-periodic orbit z̃k of kH splits into several non-degenerate
periodic orbits of H̃ contained in V . It follows again from a suitable version of
the Gromov compactness theorem (see, e.g., [Fi]) that every Floer cylinder of H̃
asymptotic to any of these orbits at either end has energy greater than σ′. Thus,
replacing σ by, say, σ′ = σ/2, we obtain the following result.

Corollary 4.2. Let z, H and J be as in Theorem 4.1. Assume that all closed Reeb
orbits of α are isolated. Then there exists σ > 0 such that for all k ∈ N and for
any choice of auxiliary data every arrow to/from z̃k in the Floer graph of kH has
length greater than σ.
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4.2. Vanishing of symplectic homology. The result we need here translates
vanishing of symplectic homology to a certain quantitative property of the filtered
Floer homology of the sequence kH. More specifically, it asserts that the homology
HFI(kH) is uniformly unstable, i.e., there is a uniform upper bound on the longest
bar, over larger and larger range of action as k →∞, whenever SH(α) = 0.

Theorem 4.3. Assume that SH(α) = 0. Fix b > 0 and let H be a semi-admissible
Hamiltonian with a := slope(H) > b. Then there exists a constant Cbar > 0
depending only on H such that for any interval I ⊂ (−∞, kb] and every sufficiently
large k ∈ [1, ∞) the inclusion/quotient map

HFI(kH)→ HFI+Cbar (kH)

is zero. In particular, every bar ending below kb has length less than Cbar.

In particular, this theorem applies when α is a contact form on M ∼= S2n−1

supporting the standard contact structure. Indeed, in this case, we can think of M
as the boundary of a star-shaped domain W ⊂ Ŵ = R2n; and SH(α) = 0 since W
is displaceable in Ŵ ; see Section 3.2.4.

Remark 4.4. This theorem is closely related to [GS, Prop. 3.5], which is essentially
due to Kei Irie, asserting that for some constant C > 0 depending only on α
the map SHI(α) → SHI+C(α) is zero for any interval I if and only if SH(α) =
0. The proof of Theorem 4.3 follows roughly the same path as the proof of that
proposition with natural complications arising from the argument having to deal
with a specific Hamiltonian rather than a direct limit. We also note that Theorem
4.3 is considerably stronger than Lemma 3.6. The key difference is that the constant
Cbar here can be taken independent of I ⊂ (−∞, kb] and k, as long as k is sufficiently
large. Moreover, k need not be an integer here.

Remark 4.5. As stated, the theorem does not hold for admissible Hamiltonians.
For the sequence kH is then decreasing on W and one has to account for this fact
by adding a constant, linearly increasing with k, to kH or to Cbar. Furthermore,
the requirement that I ⊂ (−∞, kb] is essential; for in general HF(kH) 6= 0 even
though SH(α) = 0.

Proof. Let a = slope(H). By the long exact sequence it suffices to prove the theorem
for a semi-infinite interval, which we denote by

(−∞, β] := I ⊂ (−∞, kb].

Hence our goal is to show that the map

HFβ(kH)→ HFβ+Cbar (kH)

is identically zero for all large k and β ≤ kb and some constant Cbar > 0. We carry
out the argument in three steps.

Step 1. Let ε > 0 and δ > 0 be sufficiently small. Then, by (3.7) and (3.8)
HFδ∗(εH) ∼= H∗+n(W,∂W ) and, in particular, HFδn(εH) ∼= F. On the other hand,
by Lemma 3.6, the natural inclusion/homotopy map ι : HFδn(εH) → HFCn (λH) is
identically zero for some C > 0 and a sufficiently large λ since SH(α) = 0.

Next, consider the commutative diagram
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HFβ(kH)⊗HFδn(εH) HFβ+δ
(
(k + ε)H

)

HFβ(kH)⊗HFCn (λH) HFβ+C
(
(k + λ)H

)
id⊗ ι Ψ

Here Ψ is induced by a monotone increasing homotopy of the Hamiltonians and
the inclusion of action intervals, and the horizontal arrows are given by the pair-of-
pants product. The top horizontal arrow in this diagram is an isomorphism since
the generator of HFδn(εH) ∼= F is a “unit” with respect to the pair-of-pants product;
see Section 3.2.1. Therefore, Ψ = 0 since ι = 0. Furthermore,

HFβ+δ
(
(k + ε)H

) ∼= HFβ(kH)

when δ > 0 and ε > 0 are sufficiently small. Composing this isomorphism with Ψ,
we conclude that the map

Φ: HFβ(kH)→ HFβ+C
(
(k + λ)H

)
,

again induced by a monotone increasing homotopy of the Hamiltonians and the
inclusion of action intervals, is also zero. This completes the first step of the proof.

Remark 4.6. Continuing Remark 4.4, note that to prove [GS, Prop. 3.5] we could
simply apply this argument to an admissible Hamiltonian Hk in place of kH from
a cofinal sequence and then pass to the limit. However, for the iterates of a specific
Hamiltonian and an unbounded action range an additional reasoning is needed.
This is in essence the question of uniform convergence and interchanging the limits;
cf. Remark 4.4.

Step 2. By Proposition 3.1, a monotone increasing homotopy from kH to (k+λ)H
induces an isomorphism in the filtered homology

HFτ (kH)→ HFf(τ)
(
(k + λ)H

)
.

Here, as in Section 3.2.2,

f : [0, AkH(rmax)] = [0, kAH(rmax)]→ [0, A(k+λ)H(rmax)] = [0, (k + λ)AH(rmax)]

is the function a(k+λ)H ◦ a−1
kH . We claim that

τ ≥ f(τ) ≥ τ − λh(rmax). (4.2)

The exact value of the right-hand side in (4.2) is inessential for our purposes.
However, it is important that the right-hand side, in contrast with the function f ,
is independent of k.

Postponing the proof of the claim, let us finish the proof of the theorem. First
observe that β + C is in the range of f , i.e.,

β + C ≤ f
(
kAH(rmax)

)
when k is large enough. Indeed, by (2.3) with H replaced by kH and a replaced
by ka, we have

kAH(rmax) ≥ ka.
Also recall that β ≤ kb. Thus, by (4.2), β + C is in the range of f whenever

kb+ C ≤ ka− λh(rmax).
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This condition is automatically satisfied when k is sufficiently large since b < a.
Furthermore, since f is monotone increasing, applying (4.2) to τ = β + C +

λh(rmax), we see that

β + C + λh(rmax) ≥ f−1(β + C). (4.3)

Consider now the sequence of maps

HFβ(kH)
Φ=0−→ HFβ+C

(
(k + λ)H

)
→ HFf

−1(β+C)(kH)→ HFβ+C+λh(rmax)(kH).

Here f−1(β+C) ≥ β+C > β and, by Proposition 3.1, the composition of the first
two maps is the inclusion-induced map

HFβ(kH)→ HFf
−1(β+C)(kH),

which is then identically zero, for Φ = 0. The action level f−1(β + C) depends on
k, but (4.3) provides an upper bound which does not. Hence, setting

Cbar = C + λh(rmax),

we conclude that the map

HFβ(kH)→ HFβ+Cbar (kH)

is also zero.

Step 3. To complete the argument, it remains to prove (4.2). Consider the linear
monotone increasing homotopy Fs := (k + sλ)H, s ∈ [0, 1], from F0 = kH to F1 =
(k + λ)H. (Strictly speaking, we should replace here s by a monotone increasing
function on R equal to 0 near −∞ and 1 near +∞. However, this technicality does
not affect the result of the calculation.) Setting

fs := aFs ◦ a−1
F0
, (4.4)

we need to bound the change of fs(τ) as s ranges from 0 to 1.
Recall from (2.4) that aFs(T ) = AFs

(
r(s)

)
, where

(k + sλ)h′(r) = T. (4.5)

(In other words, for a closed Reeb orbit with period T , the corresponding 1-periodic
orbit of Fs lies on the level r = r(s).) We also note that the domain of aFs changes
with s increasing from [0, ka] for s = 0 to [0, (k + λ)a] for s = 1. Below we always
assume that T is in the range [0, ka] of a−1

F0
.

Differentiating (4.5) with respect to s, we have

λh′(r) + (k + sλ)h′′(r)r′ = 0. (4.6)

Furthermore, recall that by (2.2)

aFs(T ) = AFs(r) = (k + sλ)
(
rh′(r)− h(r)

)
.

Differentiating again, we see that
d

ds
aFs(T ) = λ

(
rh′(r)− h(r)

)
+ (k + sλ)

(
r′h′(r) + rh′′(r)r′ − h′(r)r′)

)
= λ

(
rh′(r)− h(r)

)
+ (k + sλ)rh′′(r)r′.

By (4.6), the last term in this expression is −λrh′(r), and hence
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d

ds
aFs(T ) = λ

(
rh′(r)− h(r)

)
+ (k + sλ)rh′′(r)r′

= λ
(
rh′(r)− h(r)

)
− λrh′(r)

= −λh(r).

Thus this derivative is non-positive and∣∣∣∣ ddsaFs(T )

∣∣∣∣ ≤ λh(rmax)

for all T ∈ [0, a]. Therefore, by (4.4),

0 ≥ dfs
ds

=
daFs
ds
◦ a−1

F0
≥ −λh(rmax)

on [0, kAH(rmax)]. Integrating with respect to s and using the fact that f0(τ) = τ
and f1 = f , we obtain (4.2). �

4.3. Index recurrence. Index recurrence has a very different flavor from the first
two results of this section and is essentially a symplectic linear algebra phenome-
non. Let, as in Section 2.2, µ± be the upper and lower semicontinuous extensions of
the Conley–Zehnder index to the universal covering S̃p(2m). We need to introduce
some further invariants of Φ, playing a central role in the index recurrence theo-
rem. Abusing notation, we will automatically extend all invariants from Sp(2m) to
S̃p(2m) by applying them to the end-point.

Consider first a totally degenerate symplectic linear map A ∈ Sp(2m). (In other
words, A is unipotent: all eigenvalues of A are equal to 1.) Then we can write A
as A = exp(JQ), where Q is symmetric and all eigenvalues of JQ are equal to 0;
see, e.g., the proof of [GG20, Lemma 4.2]. We will view Q as a quadratic form. It
can be symplectically decomposed into a sum of terms of four types:

• the identically zero quadratic form on R2ν0 ,
• the quadratic form Q0 = p1q2 +p2q3 + · · ·+pd−1qd in Darboux coordinates

on R2d, where d ≥ 1 is odd,
• the quadratic forms Q± = ±(Q0 + p2

d/2) on R2d for any d.
(This variant of the Williamson normal forms is taken from [AG, Sect. 2.4].) Clearly,
dim kerQ0 = 2 and dim kerQ± = 1. Let b∗(Q), where ∗ = 0,±, be the number of
the Q0 and Q± terms in the decomposition. Let us also set b∗(A) := b∗(Q) and
ν0(A) := ν0(Q). These are symplectic invariants of Q and A, and the geometric
multiplicity νgeom of the eigenvalue 1 is

νgeom = 2(b0 + ν0) + b+ + b−.

It is not hard to show (cf. [GG20, Lemma 4.2]) that for a path Φ with Φ(1) = A,
we have

µ+(Φ) = µ̂(Φ) + b0 + b+ + ν0 and µ−(Φ) = µ̂(Φ)− b0 − b− − ν0. (4.7)

These formulas readily extend to all paths. Namely, every Φ ∈ S̃p(2m) can
be written (non-uniquely) as a product of a loop ϕ and the direct sum Ψ0 ⊕ Ψ1

where Ψ0 ∈ S̃p(2m0) is a totally degenerate (for all t) path Ψ0(t) = exp(JQt) and
Ψ1 ∈ Sp(2m1) is non-degenerate. In particular, m0 = ν(Φ) and m0 + m1 = m.
(Note that ϕ can be absorbed into Ψ1 unless m1 = 0.)
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Then we set

b∗(Φ) := b∗(Ψ0) for ∗ = 0,± and ν0(Φ) := ν0(Ψ0).

These are symplectic invariants of Φ, and

µ+(Φ) = µ̂(ϕ) + µ(Ψ1) + b0 + b+ + ν0

and
µ−(Φ) = µ̂(ϕ) + µ(Ψ1)− b0 − b− − ν0.

Let also 2νalg(Φ) be the algebraic multiplicity of the eigenvalue 1 of Φ(1). Clearly,
νgeom/2 ≤ νalg ≤ m and

νalg ≥ ν0 + b0 + b+ + b− ≥ b+ − b−.

Theorem 4.7 (Index Recurrence, [GG20]). Let Φ0, . . . ,Φq be a finite collection of
elements in S̃p(2m) with µ̂(Φi) > 0 for all i. Then for any η > 0 and any `0 ∈ N,
there exists an integer sequence ds → ∞ and q integer sequences kis, i = 0, . . . , q,
going to infinity as s→∞ and such that for all i and s, and all ` ∈ N in the range
1 ≤ ` ≤ `0, we have

(i)
∣∣ µ̂(Φkisi )− ds

∣∣ < η,
(ii) µ±(Φkis+`i ) = ds + µ±(Φ`i),
(iii) µ+(Φkis−`i ) = ds − µ−(Φ`i) +

(
b+(Φ`i)− b−(Φ`i)

)
.

In particular, µ+(Φkis−`i ) ≤ ds − µ−(Φ`i) + νalg(Φ
`
i), and µ(Φkis−`i ) = ds − µ(Φ`i)

when Φi is non-degenerate. Furthermore, for any N ∈ N we can make all ds and
kis divisible by N .

This theorem asserts, in particular, that every arbitrarily long segment starting
at µ±(Φi) and ending at µ±(Φ`0i ) will reoccur infinitely many times in the sequence
µ±(Φki ), k ∈ N, up to a common shift independent of i. (Hence the name of
the name of the theorem.) When the paths are non-degenerate we can take the
symmetric segment µ(Φ−`0i ), . . . , µ(Φ`0i ) with µ(Φ0) omitted. We also note that
when Φ is dynamically convex, i.e., µ−(Φi) ≥ m+ 2, we have µ+(Φkis−`i ) ≤ ds − 2
in (iii).

Theorem 4.7 can be easily derived from the Common Jump Theorem from [Lo,
LZ] or proved independently. We refer the reader to [GG20, Sec. 5] for a direct proof
of a more precise result than stated here. Note that for one non-degenerate path
Φ := Φ0 the assertion readily follows from Kronecker’s theorem – it is enough to pick
the iterations ks := k0s so that all elliptic eigenvalues of Φks are sufficiently close to
1. In a similar vein, the more general case of several non-degenerate paths ultimately
relies on Minkowski’s theorem on simultaneous homogeneous approximations.

5. Proofs of the main theorems

In this section we prove Theorems A and B. When 2n−1 = 1, Theorem A holds
trivially. Hence, we can assume in both of the proofs that 2n− 1 ≥ 3.

5.1. Proof of Theorem A: Hyperbolic periodic orbits and multiplicity. We
argue by contradiction. Assume that the Reeb flow has only finitely many simple
periodic orbits with positive mean index. We denote these orbits by x0, x1, . . . , xq.
Let Ti be the period of xi. Without loss of generality we can assume that z = x0

is a hyperbolic orbit with µ̂(z) > 0 and µ(z) ≥ 3.
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In the notation from Section 2, let H be a semi-admissible Hamiltonian such
that the slope a of H is greater than maxTi. In particular, T0 < a. The 1-periodic
orbits of kH have the form

x̃ji (k) := (xji , rij(k)),

where xji is the j-th iterate of xi and rij(k) ∈ (0,∞) is determined by the condition

kh′
(
rij(k)

)
= jTi; (5.1)

see (2.1). Note that for every fixed i the range of j is
[
1, bka/Tic

]
. In particular,

it is always non-empty since Ti < a; the range grows linearly with k and can be
larger than k.

For technical reasons it will also be useful to require that

max
i
µ̂(z)Ti/ µ̂(xi) < a. (5.2)

Finally, we also need to take a sufficiently large so that Theorem 4.3 applies with
b to be specified later; see (5.4).

When the iteration order k of the Hamiltonian is clear from the context, we will
suppress it in the notation and simply write x̃ji for x̃

j
i (k). For i = 0 we will denote

the corresponding orbit by z̃j . Note that, in spite of the notation, in general x̃ji is
not the j-th iterate of x̃1

i . However, an exception is the case of j = k. Namely, by
(5.1), rik(k) = ri1(1), and hence

x̃ki (k) = (xki , ri1(1)).

Denoting r∗ = r01(1), we have, in particular,

z̃k(k) = (zk, r∗), where h′(r∗) = T0. (5.3)

The orbit z̃k(k) gives rise to two generators žk and ẑk of degrees |žk| = µ(zk) and
|ẑk| = µ(zk) + 1 respectively in the Floer complex of kH.

Throughout the proof we will need to make sure that the pair (H, r∗) meets the
conditions of Theorem 4.1. It is easy to show that such Hamiltonians exist. For
instance, let us start with H such that, in addition,

h′′′ ≥ 0 on [1, ρ]

for some ρ > 1. At this point we do not necessary have r∗ ≤ ρ. Consider, however,
the family of Hamiltonians λH with λ ≥ 1. For each of these Hamiltonians r∗ =
r∗(λ) is determined by

h′(r∗) = T0/λ,

and hence r∗ → 1 as λ → ∞. For λ large enough, we have r∗ < ρ. Replacing
H by λH and keeping the notation, we have a semi-admissible Hamiltonian H
meeting the requirements of Theorem 4.1. Thus E(u) > σ for any non-constant
Floer cylinder for kH asymptotic to (zk, r∗) at either end, where the constant σ > 0
is independent of k and u.

Fix
b > AH(z̃) = r∗T0 − h(r∗). (5.4)

We will further require that a = slope(H) > b, and hence Theorem 4.3 applies.
Again, it is easy to see that H meeting all of the above requirements exist. Let
Cbar > 0 be as in that theorem. In other words, the map

HFI(kH)→ HFI+Cbar (kH)
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vanishes for large k and any I ⊂ (−∞, kb].
In the proof, we will apply the Index Recurrence Theorem (Theorem 4.7) with

m = n−1 to the linearized Reeb flows Φi along xi, including the flow along z = x0.
In the theorem, we can take any η < min{σ/C, 1/2}, where the constant C is to be
specified later (see (5.11)), and any `0 ∈ N with

`0 >
n+ 3

mini≥1 µ̂(xi)
. (5.5)

We will need to have s sufficiently large so that ds and kis are also large. For the
sake of brevity, suppressing s in the notation, we set d = ds, k = k0s and ki = kis
for i = 1, . . . , q.

The key to the proof is the following result.

Lemma 5.1. The length of the shortest arrow to/from ẑk in the Floer complex of
kH goes to infinity as s→∞, and hence k →∞.

The theorem readily follows from the lemma. Indeed, let A = AkH(z̃k) and
I = [A− 2Cbar, A+ 2Cbar]. Then ẑk is closed in CFI(kH) when k is large enough.
Furthermore, [ẑk] 6= 0 in HFI(kH) and its image in HFI+Cbar (kH) is also non-
zero. This contradicts Theorem 4.3. (Alternatively, one can use here a variant of
[ÇGG21, Prop. 3.8].)

Proof of Lemma 5.1. Clearly, ẑk is not connected by an arrow to any orbit y with
µ̂(y) ≤ 0 or any generator arising from W when k is large; see Section 3.3. Hence,
to prove the lemma, it suffices to show that the “index distance” from ẑk(k) to
supp HF

(
x̃ji (k)

)
is greater than or equal to 2 or the action difference between the

action of z̃k(k) and x̃ji (k) becomes arbitrarily large as k →∞ or is smaller than σ.
(We emphasize that all 1-periodic orbits here are taken for the same Hamiltonian
kH where k = k0s. However, we usually suppress this role of k in the notation.
Thus z̃k := z̃k(k), ẑj := ẑj(k), x̃ji := x̃ji (k), etc.)

First, note that since z is hyperbolic, the mean index of zj is equal to its Conley–
Zehnder index:

µ̂(zj) = j µ̂(z) = µ(zj) = jµ(z) ∈ Z. (5.6)
In particular, by Condition (i) of Theorem 4.7,

d = µ̂(zk) = k µ̂(z) = µ(zk)

since 0 < η < 1/2, and hence

|žk| = d and |ẑk| = d+ 1.

For the sake of brevity, we will write y := xji and x = xi. Setting

l = j − ki,

we will treat separately several cases determined by the value of l and whether or
not z = x (i.e., i = 0) or z 6= x (i.e., i ≥ 1).

Case 0: z = x, i.e., i = 0. Clearly, the orbits žk and ẑk are not connected by a
Floer arrow even though the index difference is one. Next, due to the requirement
that µ(z) ≥ 3 and (5.6), for j 6= k the degree difference between žk or ẑk and žj
or ẑj is at least two. Hence, neither of the orbits žk or ẑk is connected by a Floer
arrow to either žj or ẑj . From now on we will assume that i ≥ 1.
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Case 1: l = 0, i.e., j = ki, and i ≥ 1. This case is central to the proof of the
theorem and the argument amounts to controlling the action difference.

Recall that k = k0s and j = kis depend on the parameter s, and k → ∞ and
j →∞ as s→∞. By Condition (i) of Theorem 4.7, we have

j

k
→ µ̂(z)

µ̂(x)
as s→∞.

Consider now the periodic orbits ỹ =
(
xj , r∗ := rij(k)

)
and z̃k = (zk, r∗) of H#k.

Here r∗ is determined by (5.3) and

kh′(r∗) = jT

by (5.1). In other words,

h′(r∗) =
j

k
T → µ̂(z)

µ̂(x)
T as s→∞. (5.7)

We will break down the argument into two subcases: either

T

µ̂(x)
=

T0

µ̂(z)
, (5.8)

or these two ratios are distinct. Here T = Ti is the Reeb action of x and T0 is the
Reeb action of z.

We will show that for a large s, and hence k and j, (5.8) results in a short action
gap (smaller than σ) between 1-periodic orbits ỹ and z̃k of kH and the inequality
leads to a large action gap going to infinity as k → ∞. By rescaling α, we can
assume without loss of generality that

T0 = µ̂(z) = d. (5.9)

Let us first focus on the former subcase – the equality, (5.8). Then we also have

T = µ̂(x). (5.10)

Also note that the limit in (5.7) is then equal to T0.
Let

(h′)inv : [0, a]→ [1, rmax]

be the inverse function of h′, where a is the slope of H. This is a continuous
function, which is C∞-smooth on (0, a). (At the end-points 0 and a the derivative
of this function is +∞.) Set

C1 := 2
d(h′)inv

dτ
(T0) <∞.

Then, since jT/k → T0, when k is large enough we have

|r∗ − r∗| ≤ C1|T0 − jT/k|.

Set

C2 = max
[1, rmax]

|A′h| = max
[1, rmax]

r|h′′(r)| <∞.
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Then ∣∣AkH(ỹ)−AkH(z̃k)
∣∣ =

∣∣kAh(r∗)− kAh(r∗)
∣∣

≤ C2k|r∗ − r∗|
≤ C1C2k|T0 − jT/k|
= C1C2|kT0 − jT |
= C1C2|k µ̂(z)− j µ̂(x)|
≤ C1C2η.

Here we used Condition (i) of Theorem 4.7 and the convention (5.9). Without this
convention, the upper bound would be

(
C1C2T0/ µ̂(z)

)
η.

Therefore, ∣∣AkH(ỹ)−AkH(z̃k)
∣∣ < σ,

when
Cη < σ, where C := C1C2T0/ µ̂(z), (5.11)

and ỹ and z̃k are not connected by a Floer arrow by the Crossing Energy Theorem
(Theorem 4.1).

Next, let us focus on the subcase where (5.8) fails. Again, without loss of gener-
ality we can require (5.9). Now, in place of (5.10), we have

|T − µ̂(x)| > δ

for some δ > 0.
Set

c1 := min
[0, a]

∣∣∣∣d(h′)inv(τ)

dτ

∣∣∣∣ > 0.

Let ξ > 0 be so small that

1 + ξ ≤ (h′)inv
(
µ̂(z)T/ µ̂(x)

)
≤ rmax − ξ

and
1 + ξ ≤ r∗ = (h′)inv(T0) ≤ rmax − ξ.

Such ξ exists due to (5.2). Then, by (5.7), r∗ ∈ Γ and, by construction, r∗ ∈ Γ,
where Γ := [1 + ξ, rmax − ξ]. Let

c2 := min
Γ
|A′h| ≥ (1 + ξ) min

Γ
|h′′| > 0.

We emphasize that both of the constants c1 and c2 are strictly positive and the
interval with end-points r∗ and r∗ is contained in Γ when k is large. Therefore,∣∣AkH(ỹ)−AkH(z̃k)

∣∣ =
∣∣kAh(r∗)− kAh(r∗)

∣∣
≥ c2k|r∗ − r∗|
≥ c1c2k|T0 − jT/k|
= c1c2|kT0 − jT |
≥ c1c2δj − c1c2|k µ̂(z)− j µ̂(x)|
≥ c1c2δj − c1c2η.

As a consequence, the length of an arrow between z̃k and ỹ, if it exists, is bounded
from below by

c1c2δj − c1c2η →∞.
This completes the proof of the lemma in Case 1.
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Remark 5.2. Clearly condition (5.8) is extremely non-generic. However, we cannot
use a small perturbation to eliminate it, for the contradiction assumption that the
Reeb flow of α has finitely many simple periodic orbits is already non-generic. In
fact, under this assumption, one would expect resonance relations of this type to
hold; see, e.g., [GG20, Sec. 6] and references therein.

It remains to deal with the situation where

l = j − ki 6= 0

and i ≥ 1, which is handled via the index gap by Theorem 4.7. Note that in the
setting of that theorem

` = |l|.
Recall also that, by (3.15),

supp HF(ỹ) ⊂ I := [µ−(y), µ+(y) + 1] ⊂ [j µ̂(x)− n+ 1, j µ̂(x) + n].

Case 2: ` := |l| > `0 and i ≥ 1. Let us show that neither of the orbits žk or ẑk is
connected by a Floer arrow to ỹ. Assume first that l is positive, i.e., l > `0. Then

I ⊂ ki µ̂(x) + [l µ̂(x)− n+ 1, l µ̂(x) + n] ⊂ d+ [l µ̂(x)− n, l µ̂(x) + n+ 1],

where the second inclusion relies on the requirement that 0 < η < 1 together
with the fact that |ki µ̂(x) − d| < η by Condition (i) from Theorem 4.7. Thus the
distance from |žk| = d or |ẑk| = d+ 1 to I, and hence to supp HF(ỹ), is at least 2;
for l µ̂(x)− n ≥ `0 µ̂(x)− n ≥ 2 by (5.5). When l < −`0, the argument is similar.

Case 3: ` := |l| ≤ `0 and i ≥ 1. Arguing as in Example 3.7, we claim that under
the assumptions of the theorem, the index difference between |ẑk| = d + 1 and
supp HF(ỹ) is again at least 2, and hence ẑk is not connected to ỹ by a Floer arrow.
To see this, assume first that l > 0. Then, by Condition (ii) of Theorem 4.7 with
l = `,

I ⊂ [d+ µ−(x`), ∞) ⊂ [d+ 3, ∞),

and the distance from |ẑk| = d + 1 to I, and hence to supp HF(ỹ), is at least 2.
When l < 0, setting l = −`, we have

I ⊂ (−∞, d− µ−(x`) + νalg(x
`) + 1] ⊂ (−∞, d− 1]

by Condition (iii). Therefore, the distance from |ẑk| = d + 1 to supp HF(ỹ) ⊂
I is also at least 2. This completes the proof of the lemma and the proof of
Theorem A. �

Remark 5.3. Note that in Cases 0–2 of the proof, the orbits žk and ẑk play similar
roles and neither one of them is connected to ỹ by a (short) arrow. Moreover, no
dynamical convexity type condition other than that µ(z) ≥ 3 was used in these
steps. However, in Case 3 the index conditions enter the picture and the symmetry
between the orbits žk and ẑk breaks down. We have chosen to work with ẑk and
impose the assumption that µ−(x) ≥ max

{
3, 2 + νalg(x)

}
. Alternatively, one

could have used here žk, requiring instead that µ−(x) ≥ 3 + νalg(x) for all closed
orbits including x = z. However, when α is degenerate this condition is more
restrictive and does not appear to automatically follow from dynamical convexity.
Furthermore, note that in the statement of Theorem A and also in this modification
of the theorem, we could have replaced νalg by b+ − b−.
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5.2. Proof of Theorem B: Non-existence of locally maximal orbits. The
proof follows the same line of reasoning as the proof of Theorem A and we will only
outline the argument, emphasizing the necessary modifications and skipping some
details. We will also keep the notation from that proof.

Thus let z = x0 be a non-degenerate, locally maximal orbit of the Reeb flow and
let x1, . . . , xq be the remaining simple closed orbits. By the dynamical convexity
condition, µ̂(xi) ≥ 2 for all i = 0, . . . , q. As in the proof of Theorem A, it is
easy to find an admissible Hamiltonian H such that the Crossing Energy Theorem
(Theorem 4.1) holds for z̃. Furthermore, the Index Recurrence Theorem (Theorem
4.7) applies to the orbits z = x0, . . . , xq. As before, k := k0s. Our goal is to prove
an analogue of Lemma 5.1. Namely, we will show that at least one of the orbits žk
or ẑk cannot be connected by a short arrow to any other closed orbit.

Due to the non-degeneracy requirement, every Reeb orbit xji gives rise to two
generators x̌ji and x̂

j
i in CF(kH) with |x̌ji | = µ(xji ) and |x̂ji | = µ(xji ) + 1.

Recall that, by Condition (i) of Theorem 4.7,

|d− µ̂(xkisi )| < η

and that, by non-degeneracy,

| µ̂(xji )− µ(xji )| < n− 1.

for any j 6= 0. In particular,
|d− µ̂(zk)| < η

and
|µ(zk)− µ̂(zk)| < n− 1.

Set
`0 := n+ 1.

Then, similarly to Case 2 of Lemma 5.1, when ` := |j − kis| > `0, the degree
difference between žk or ẑk and x̌ji or x̂

j
i is greater than or equal to 2.

Next, as in Case 3, assume that 0 < ` = |j − kis| ≤ `0. We claim that then žk is
not connected to x̌ji and x̂

j
i when d < µ̂(zk) and that ẑk is not connected to either

of these orbits when d > µ̂(zk).
To see this, note first that when j > kis the range of |x̌ji | is [d+ n+ 1, ∞) and

the range of |x̂ji | is [d+n+ 2, ∞) by Condition (ii) of Theorem 4.7. Likewise, when
j < kis, the range of |x̌ji | is (−∞, d − n − 1] and the range of |x̂ji | is (−∞, d − n]
by Condition (iii).

When d < µ̂(zk), the range of |žk| is [d− n+ 2, d+ n− 1] and the range of |ẑk|
is [d− n+ 3, d+ n]. Thus the degree difference between žk and x̌ji or x̂

j
i is at least

2.
When d > µ̂(zk), the range of |žk| is [d− n+ 1, d+ n− 2] and the range of |ẑk|

is [d − n + 2, d + n − 1]. Therefore, in this case, the degree difference between ẑk

and x̌ji or x̂
j
i is at least 2.

Note that here we allow i to be 0, and hence we have in particular shown that žk
or ẑk is not connected by an arrow with žj and ẑj for any j. (This is an analogue
of Case 0 of Lemma 5.1, which is now incorporated into Cases 2 and 3.)

The remaining case is where j = kis and i ≥ 1. This case is handled exactly
as Case 1 in the proof of Lemma 5.1: the action difference is either less than σ,
which is impossible by Theorem 4.1 applied to z, or goes to infinity as k → ∞,
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which is also impossible by Theorem 4.3. This contradiction completes the proof
of Theorem B. �

6. Proof of the crossing energy theorem

In this section we prove the Crossing Energy Theorem – Theorem 4.1. The
proof comprises two major components. The first one, Theorem 6.1, deals with
the location of Floer trajectories. Roughly speaking, the goal of this part is to
show that a small energy Floer trajectory cannot enter the region where r is close
to 1 with a lower bound on r independent of the order of iteration. This part is
completely new. The second component gives then an energy lower bound, also
independent of the order of iteration. The proof of the second part is quite similar
to the argument in [ÇGG21, GG14, GG18].

6.1. Location constraints. The key new ingredient in the proof of the Crossing
Energy Theorem is the following result which, under a minor additional condition
on H, limits the range of r ◦ u.

Before stating the result we need to set some new conventions. Throughout
the proof, it is convenient to adopt a different Hamiltonian iteration procedure.
Namely, passing to the kth iterate of H (or to be more precise of ϕH), rather than
looking at 1-periodic orbits of the Hamiltonian kH, we will look at the k-periodic
orbits of H, changing the time range from S1 = R/Z to S1

k = R/kZ. We will
refer to the resulting Hamiltonian as H]k; cf. [GG14, GG18]. A time-dependent
almost complex structure is then also assumed to be k-periodic in time rather than
1-periodic. This modification does not effect the Floer complexes, the action and
the action filtration, the energy of a Floer trajectory, etc., with an isomorphism
given by an (s, t)-reparametrization.

Furthermore, whenever H|W = const a part of a solution u of the Floer equation
is a (anti-)holomorphic curve. Hence, the standard monotonicity (see, e.g., [Si])
implies that solutions with small energy can only enter a narrow collar of M = ∂W
in W . Thus extending r to the collar as a function to (1− η, 1] ⊂ (0, ∞), for some
small η > 0, as in Section 2.1 we can assume without loss of generality that the
composition r ◦ u : R × S1

k → (0, ∞) is always defined. By a suitable variant of
the Gromov compactness theorem (see, e.g., [Fi]) the same is true for a C∞-small
perturbation of H]k.

It is convenient throughout the proof to think of r as taking values in (0, ∞)
rather than in [1,∞) or [1− η, ∞). Likewise, we extend h to a smooth function on
(0, ∞) by setting h|(0, 1] ≡ 0.

In what follows, H is admissible or semi-admissible and J is admissible. In
particular, H and J are independent of time. As above, we will assume that all
Floer cylinders u we consider have sufficiently small energy and hence are contained
M × (1− η, ∞) for some small η > 0.

Theorem 6.1. Let H(r, x) = h(r) be a semi-admissible Hamiltonian. Assume
furthermore that 1 < r−∗ ≤ r+

∗ and δ > 0 are such that 1 < r−∗ −δ and r+
∗ +δ ≤ rmax,

and
h′′′ ≥ 0 on [1, r+

∗ + δ] ⊂ [1, rmax). (6.1)

Fix an admissible almost complex structure J . Then there exists σ > 0 such that
for any k ∈ N and any Floer cylinder u : R×S1

k → Ŵ of H]k with energy E(u) ≤ σ
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and asymptotic, at either end, to a periodic orbit in [r−∗ , r
+
∗ ] ×M , the image of u

is contained in (r−∗ − δ, r+
∗ + δ)×M .

Remark 6.2. By the target compactness theorem from [Fi], the assertion of the
theorem still holds with perhaps a smaller value of σ when H]k and J are replaced
by their compactly supported, k-periodic in time C∞-small perturbations. (The
size of the perturbation may depend on k.) Likewise, one can use perturbations of
the type specified in Section 3.3.2.

The proof of Theorem 6.1 is an easy application of the following technical result.
Recall from Section 2.1 that the action function Ah is defined as Ah(r) = rh′(r)−
h(r), where having extended h to (0, ∞) as 0 on (0, 1] we also have Ah ≡ 0 on
(0, 1].

Theorem 6.3. Let H(r, x) = h(r) be a semi-admissible Hamiltonian and J be an
admissible almost complex structure. There exist ε > 0 and C > 0 such that for any
k ∈ N and any Floer cylinder u : R× S1

k → Ŵ of H]k with E(u) ≤ ε and contained
in the region where h′′′(r) ≥ 0, we have

inf
R×S1

k

r
(
u(s, t)

)
≥ r− − C · (r+)3/4√

Ah(r+)
E(u)5/8, (6.2)

where r± = r
(
u(∓∞, t)

)
and Ah(r+) = r+h′(r+)− h(r+).

Remark 6.4. Let us specify how ε > 0 and C > 0 in Theorem 6.3 are chosen. By
[Sa99, Sec. 1.5], there exist ε′ > 0 and C ′ > 0, depending only on H and J , such
that for any Floer cylinder u : R× S1

k → Ŵ , the point-wise upper bound∥∥∂su(s, t)
∥∥ < C ′E(u)1/4 (6.3)

holds whenever E(u) < ε′. (This is an instance when it is more convenient to
work with H]k than kH; for the proof of (6.3) is local in the domain of u, but the
constants ε′ and C ′ depend on H and its first and second derivatives.) In the proof
of the Theorem 6.3 we take ε = ε′ and C =

√
4C ′.

Let us now prove Theorem 6.1 assuming Theorem 6.3.

Proof of Theorem 6.1. Let ε > 0 be as in Theorem 6.3. Choose 0 < σ′ < ε such
that r+ − r− < δ/2 for any k ∈ N and any Floer cylinder u of H]k with energy
E(u) < σ′, which is asymptotic at at least one of the ends to a k-periodic orbit in
[r−∗ , r

+
∗ ] ×M . Such a constant σ′ exists since A′h = rh′′ > 0 on (r−∗ − δ, r+

∗ + δ).
Note that we can apply Theorem 6.3 to any u as above with E(u) < σ′. Next we
choose 0 < σ < σ′ such that

σ5/8 <
δ
√
Ah(r−∗ )

2C · (r+
∗ )3/4

.

It follows from (6.2) and the maximum principle, (3.5), that the image of u is
contained in (r−∗ − δ, r+

∗ + δ) ×M whenever E(u) < σ. This completes the proof
Theorem 6.1 with σ chosen as above. �

Remark 6.5. Note that in this argument at least one of the points r+ and r− is in
the interval [r−∗ , r

+
∗ ] but a priori we do not know which one. When this is r+, a

small energy trajectory u is contained in (r−∗ − δ, r+
∗ ] ×M . However, this is not

necessarily the case when r+ 6∈ [r−∗ , r
+
∗ ], e.g., if r− = r−∗ = r+

∗ < r+.
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6.2. Proof of Theorem 6.3: The r-range. We carry out the proof in four steps.
First, we show that the average in t ∈ S1

k of r
(
u(s, t)

)
satisfies the differential

inequality (6.4). In the second step, we establish lower and upper bounds on this
average. This is where the third derivative condition on h becomes essential. The
goal of the third step is to prove inequality (6.9), which is central to the proof and
gives an upper bound on the amount of time u(s, t) spends below a certain fixed
r-level. Finally, in the last step, we finish the proof of the theorem by combining
the key inequality, (6.9), with the pointwise upper bound (6.3) on ‖∂su‖.

6.2.1. Step 1. Fix a semi-admissible HamiltonianH(x, r) = h(r), an iteration k ∈ N
and a Floer cylinder u : R× S1

k → Ŵ of H]k as in Theorem 6.3. Let us denote by
us := u(s, ·) : S1

k → Ŵ the s-slice of the cylinder u. In this step we show that

d

ds

∫ k

0

r(us) dt ≤ −kAh(r−) +

∫ k

0

Ah
(
r(us)

)
dt. (6.4)

Using (3.1) and the Floer equation, (3.3), we have

∂s(r(u)) = dr(∂su)

= dr
(
J(∂tu−XH(u))

)
= −r(u)α(∂tu) + r(u)α(XH(u))

= −r(u)α(∂tu) + r(u)h′(r(u))

= −
[
r(u)α(∂tu)− h(r(u))

]
+
[
r(u)h′(r(u))− h(r(u))

]
.

Integrating over S1
k gives

d

ds

∫ k

0

r(us)dt = −AH]k(us) +

∫ k

0

Ah
(
r(us)

)
dt. (6.5)

Recall that by (3.2) the action is decreasing along Floer cylinders. Hence we have

AH]k(us) ≥ AH]k(u∞) = kAh(r−). (6.6)

Then the desired inequality, (6.4), follows from (6.5) and (6.6).

6.2.2. Step 2. From now on we assume that the image of u is contained in a region
where h′′′(r) ≥ 0. In this step we show that

Ah(r−)

Ah(r+)
kr+ ≤ inf

s∈R

∫ k

0

r(us) dt ≤ kr+. (6.7)

The upper bound for the middle term follows from the maximum principle, (3.5).
Let us prove the lower bound.

Remark 6.6. Note that since E(u) = k(Ah(r+)−Ah(r−)), the lower bound in (6.7)
can also be written as kr+ − E(u)r+/Ah(r+).

We will need the following claim, where in the setting of the theorem we can
take r0 = r+

∗ + δ.

Claim 1: The function Ah(r)/r is non-decreasing on [1, r0], provided that h′′′ ≥ 0
on this interval.

Assuming the claim, let us prove the first inequality in (6.7), i.e.,

Ah(r−)

Ah(r+)
kr+ ≤

∫ k

0

r(us) dt (6.8)
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for all s ∈ (−∞, ∞]. First, note that by the claim

Ah(r−)

Ah(r+)
kr+ ≤ kr−.

Hence (6.8) holds at s =∞. It remains to verify (6.8) at the critical points of the
function

s 7→
∫ k

0

r(us) dt.

Thus let s0 be a critical point. Using (6.4), the maximum principle (3.5) and the
claim above, we have

kAh(r−) ≤
∫ k

0

Ah
(
r(us0)

)
dt ≤ Ah(r+)

r+

∫ k

0

r(us0) dt.

It follows that (6.8) holds at the critical points as well. This completes the proof
of (6.7), assuming the claim.

Proof of Claim 1. Recall that Ah(r) = rh′ − h. Dividing by r and differentiating,
we have

d

dr

(
Ah(r)/r

)
=
rA′h −Ah

r2
=
r2h′′ − rh′ + h

r2
.

Thus d
(
Ah(r)/r

)
/dr ≥ 0 whenever f = r2h′′ − rh′ + h ≥ 0. Since h′′′ ≥ 0, the

function h′′ is monotone increasing. This together with the fact that h′(1) = 0
implies that

h′(r) ≤ (r − 1)h′′(r).

Indeed,

h′(r) =

∫ r

1

h′′(ξ) dξ ≤
∫ r

1

h′′(r) dξ = (r − 1)h′′(r).

Hence,

f = r(rh′′ − h′) + h ≥ r
(
rh′′ − (r − 1)h′′

)
+ h = rh′′ + h ≥ 0.

This argument shows that in fact Ah(r)/r is strictly increasing on [1, r0] unless h ≡
0, which in the setting of the theorem is ruled out by that h′′ > 0 on (1, rmax). �

6.2.3. Step 3. Let ρ > 0 and µ(s, ρ) ∈ [0, k] be the total time that the slice us
spends under the level r = r+ − ρ. In other words,

µ(s, ρ) := Leb
{
t | r(u(s, t)) ≤ r+ − ρ

}
.

The purpose of this step is to prove the inequality

µ(s, ρ)ρ ≤ r+

Ah(r+)
E(u). (6.9)

By the maximum principle, (3.5), we have∫ k

0

r(us) dt ≤
(
k − µ(s, ρ)

)
r+ + µ(s, ρ)(r+ − ρ) = kr+ − µ(s, ρ)ρ. (6.10)

Next, combining (6.7), Remark 6.6 and (6.10), we obtain

kr+ − r+

Ah(r+)
E(u) ≤ kr+ − µ(s, ρ)ρ,

from which (6.9) immediately follows.
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6.2.4. Step 4. In this step we finish the proof of Theorem 6.3. Let ε > 0 and
C ′ > 0 be as in Remark 6.4, and assume that E(u) < ε. If r− ≤ infR×S1

k
r(u),

there is nothing to show. Hence we can assume without loss of generality that
r− > inf r(u). Fix η ∈

(
0, r− − inf r(u)

)
.

Next, we choose (s0, t0) ∈ R×S1
k with r

(
u(s0, t0)

)
< r−− η. Notice that by the

Bourgeois–Oancea monotonicity property, (3.6), the slice us0 has to rise at least to
the level r = r−. We will need the following claim.

Claim 2: For every t1 ∈ S1
k with r

(
u(s0, t1)

)
≥ r− − η/2, we have

η/2 < C ′
√
r+E(u)1/4|t1 − t0|.

First, let us prove Theorem 6.3 assuming the claim. Set ρ = (r+ − r−) + η/2.
From the claim and Bourgeois–Oancea monotonicity, (3.6), we obtain

η/2 ≤ C ′
√
r+E(u)1/4µ(s0, ρ). (6.11)

Combining (6.11) with (6.9), we see that

η2/4 ≤ (r+ − r−)η/2 + η2/4 ≤ C ′ · (r+)3/2

Ah(r+)
E(u)5/4.

Next, we take the square root and get

η ≤
√

4C ′ · (r+)3/4√
Ah(r+)

E(u)5/8. (6.12)

Since (6.12) holds for all η ∈ (0, r− − inf r(u)), it holds in particular for η =

r− − inf r(u). Setting C =
√

4C ′ completes the proof of the theorem.

Proof of Claim 2. We have

η/2 < r
(
u(s0, t1)

)
− r
(
u(s0, t0)

)
=

∫ t1

t0

dr
(
∂tu(s0, t)

)
dt. (6.13)

Let us rewrite the integral using the identity

dr(∂tu) = r(u)α(∂su) + r(u)α
(
JXH(u)

)
= r(u)α(∂su),

which follows from (3.1), the Floer equation (3.3) and the condition that α(JXH) =
0. Then (6.13) turns into

η/2 <

∫ t1

t0

r
(
u(s0, t)

)
α
(
∂su(s0, t)

)
dt

≤
∫ t1

t0

r
(
u(s0, t)

) ‖∂su(s0, t)‖∥∥Rα(u(s0, t)
)∥∥ dt

=

∫ t1

t0

√
r
(
u(s0, t)

)
‖∂su(s0, t)‖ dt

≤
√
r+ max

t0≤t≤t1
‖∂su(s0, t)‖ · |t1 − t0|

≤ C
√
r+E(u)1/4|t1 − t0|,

where Rα is the Reeb vector field of α. In the third line we have used the identity

‖Rα‖2 = ω(Rα, JRα) = r.
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The fourth line follows from the maximum principle, (3.5), and the fifth line is a
consequence of Remark 6.4. This concludes the proof of the claim and the theorem.

�

6.2.5. Proof of the Bourgeois–Oancea monotonicity, (3.6). Here, for the sake of
completeness, we include the proof of (3.6) closely following the argument from
[CO, Lemma 2.3]. Arguing by contradiction, assume that there exists s0 ∈ R such
that

max
t∈S1

k

r
(
u(s0, t)

)
< r−.

It follows from the maximum principle, (3.5), that

max
t∈S1

k

r
(
u(s, t)

)
≤ r−

for all s ∈ [s0,∞). Using (6.4) and the condition that A′h(r) ≥ 0 we see that

d

ds

∫ k

0

r(us) dt ≤ −kAh(r−) +

∫ k

0

Ah
(
r(us)

)
dt ≤ 0

for all s ∈ [s0, ∞). On the other hand, by the assumption, we have∫ k

0

r
(
u(s, t)

)
dt ≤ kr− − ε.

for s = s0 and some ε > 0. Then the same is true for all s ∈ [s0, ∞). This is
a contradiction with the fact that the left-hand side converges to kr−, completing
the proof of (3.6). �

6.3. Energy bounds. There are three sufficiently different approaches to the proof
of crossing energy type results. The first one is based on target Gromov compact-
ness; see [Fi]. This approach is used in the original proof in [GG14] and then in
[GG18, ÇGG21] and more recently and in a more sophisticated form in [Pr]. The
second approach uses the upper bound (6.3) from, e.g., [Sa90, Sa99], quoted in
Remark 6.4 and is also closely related on the conceptual level to (the proof of)
Gromov compactness. This method is pointed out in [ÇGG21, Rmk. 6.4]. The
third approach utilized in [GGMz] is based on finite-dimensional approximations in
Morse theory. This approach does not fit well with general Floer theory techniques,
but either of the first two methods can be used to prove Theorem 4.1. Here we
have chosen the second one, which is more hands-on and direct, albeit somewhat
less general.

Proof of Theorem 4.1. Let z̃ = (z, r∗) and H be as in the statement of the theorem.
Let also u be a Floer cylinder of H]k asymptotic to z̃k at either end. Our goal is to
show that the energy E(u) cannot be arbitrarily small. Clearly, to this end, we can
require E(u) to be sufficiently small which we will do several times throughout the
process. Furthermore, we can assume that k is large enough, since for a fixed k ∈ N
the desired lower bound directly follows from Gromov compactness; see Section 4.1.

Setting r−∗ = r∗ = r+ and taking a sufficiently small δ > 0, we see that by (4.1)
the condition (6.1) of Theorem 6.1 is satisfied. As a consequence, the image of u is
contained in (r∗ − δ, r∗ + δ)×M when E(u) is sufficiently small. From now on we
will assume that this is the case.

Next, (6.3) from Remark 6.4 holds since E(u) is assumed to be small. Therefore,∥∥∂su(s, t)
∥∥ < C ′E(u)1/4 =: ε,
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for some constant C ′. (This ε is unrelated to ε and ε′ in Remark 6.4.) By the Floer
equation, (3.3),

‖∂tu−XH‖ < ε,

for all s ∈ R, where XH = h′Rα. (This is another point where it is more convenient
to work with H]k than with kH; for XH]k = XH is independent of k.) Denote by
v the projection of u to M . Then we also have∥∥∂tv − h′(r(u))Rα

∥∥ < ε. (6.14)

Fix an isolating neighborhood V of z. Without loss of generality, we can assume
that V is a closed tubular neighborhood of z(R) in M . We note that v cannot be
entirely contained in V or, equivalently, u cannot be contained in U := (r∗−δ, r∗+
δ)×V . Indeed, if this were the case, u would be asymptotic to some orbit z̃m of H]k

with m 6= k at the other end. This however is impossible; for the free homotopy
classes of these two orbits are different in U since the free homotopy classes of zk
and zm are different in V . Hence the image of v intersects ∂V .

Furthermore, it is not hard to see that, since V is isolating, there exists τ0 > 0
and η > 0 such that

max
τ∈[−τ0, τ0]

d
(
V, ϕτα(x)

)
> η (6.15)

for all x ∈ ∂V . Here d is some fixed distance on M and ϕα is the Reeb flow of α.
Since u is asymptotic to z̃k, for some s ∈ R the curve v(s, S1

k) is contained in V
while v(s, t) ∈ ∂V . Without loss of generality, we may assume that t = 0. Thus,
v(s, t) ∈ V for all t ∈ S1

k and v(s, 0) ∈ ∂V . Let us reparametrize the map t 7→ v(s, t)
by using the change of variables t = t(τ) so that

t′(τ) = h′
(
r(u(s, t))

)
,

and set
γ(τ) = v(s, t(τ)).

The curve γ is parametrized by the circle S1
τk

with

k

h′(r∗ + δ)
≤ k

maxt∈S1
k
h′
(
r(u(s, t))

) ≤ τk ≤ k

mint∈S1
k
h′
(
r(u(s, t))

) ≤ k

h′(r∗ − δ)
.

Here the lower bound follows from the maximum principle and the upper bound,
which we do not need, from Theorem 6.1. We will take k large enough so that
τk ≥ 2τ0. The image of γ is contained in V and x := γ(0) ∈ ∂V .

We infer from (6.14) and Theorem 6.1 that∥∥γ̇(τ)−Rα
(
γ(τ)

)∥∥ < ε

mint∈S1
k
h′
(
r(u(s, t))

) ≤ ε

h′(r∗ − δ)
,

where the dot stands for the derivative with respect to τ . This is the point where
Theorem 6.1 becomes crucial. By the standard Gronwall inequality type argument
(see, e.g., [Br15b, GG18]) and the above upper bound,

d
(
γ(t), ϕτ (x)

)
≤ eC|τ |ε

h′(r∗ − δ)
, (6.16)

for some constant C. (In particular, γ is a pseudo-orbit of the Reeb flow, but we
will not directly use this fact.) Combining (6.15) and (6.16), we obtain

η ≤ eC|τ |ε

h′(r∗ − δ)
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for some τ ∈ [−τ0, τ0]. As a consequence,

η ≤ eCτ0ε

h′(r∗ − δ)
,

which gives a lower bound on ε and hence on E(u), independent of k. More explic-
itly, we have

E(u) ≥
[
ηh′(r∗ − δ)e−Cτ0/C ′

]4
> 0.

This concludes the proof of Theorem 4.1. �

7. Appendix: The local Le Calvez–Yoccoz theorem in dimension two

For the sake of completeness, here we include a topological proof of the local
version of the Le Calvez–Yoccoz theorem, [LCY], closely following [Fr99, Prop. 3.1]
and [FM].

To state the result, let us recall a few classical notions from dynamics. The index
i(ϕ, z) of an isolated fixed point z of a smooth map ϕ : Rn → Rn is defined as the
Brower degree of the associated map

∂Bn(z, ε)→ ∂Bn(0, 1), y 7→ ϕ(y)− y
‖ϕ(y)− y‖

,

for any ε > 0 small enough. Here Bn(z, ε) is the ball of radius ε centered at z.
The definition extends to isolated fixed points of smooth maps of manifolds by
employing arbitrary local coordinates. If ϕ : M → M is a diffeomorphism, we
denote by inv(ϕ,U) the largest ϕ-invariant subset contained in U ⊂M , i.e.

inv(ϕ,U) :=
⋂
k∈Z

ϕk(U).

A compact ϕ-invariant subset Λ is called locally maximal when inv(ϕ,U) = Λ for
some neighborhood U ⊂ M of Λ; cf. Section 4.1. A fixed point z of ϕ is called
irrationally elliptic when the eigenvalues of the linear map dϕ(z) lie on the unit
circle of the complex plane and are not roots of 1. This is equivalent to that ϕ is
elliptic and all iterates ϕk or ϕ are non-degenerate at z.

Theorem 7.1 ([Fr99, FM]). An irrationally elliptic fixed point of a surface sym-
plectomorphism is never a locally maximal invariant set.

Applying this theorem to the Poincaré return map of a closed irrationally elliptic
orbit in dimension three, we obtain the following result.

Corollary 7.2. A closed irrationally elliptic orbit of a volume-preserving flow on
a 3-manifold is never a locally maximal set.

Proof of Theorem 7.1. Let z be an irrationally elliptic fixed point of a surface sym-
plectomorphism ϕ. In particular, dϕm(z) has eigenvalues in S1 \ {1} for all m ≥ 1,
and z is an isolated fixed point of ϕm. Its indices are given by

i(ϕm, z) = 1, ∀m ≥ 1, (7.1)

see, e.g., [KH, p. 320]. Let us assume by contradiction that z is a locally maximal ϕ-
invariant subset. Under this assumption, a theorem due to Easton [Ea] implies that
z possesses so-called isolating blocks in the sense of Conley theory. More precisely,
following Franks and Misiurewicz [Fr99, Sec. 3], there exist an arbitrarily small
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connected compact neighborhood V ⊂ M of z and an arbitrarily small compact
neighborhood W ⊂ V \ {z} of the exit set

V − :=
{
y ∈ V

∣∣ ϕ(y) 6∈ interior(V )
}

such that inv(ϕ, V \W ) = {z}, ϕ(W ) ∩ V \W = ∅, and (V,W ) is homeomorphic
to a finite simplicial pair. Since ϕ is area-preserving, we must have V − 6= ∅, and
thus

W 6= ∅.
If ∂V ⊂ V −, since φ is area-preserving, we must have ϕ(V ) = V , but this would
contradict the local maximality of z. Therefore, ∂V 6⊂ V − and we can choose W
small enough so that

∂V 6⊂W. (7.2)

We consider the induced quotient map

ϕ̃ : V/W → V/W.

Notice that this map has precisely two fixed points: z and [W ]. Since (V,W ) is a
finite simplicial pair, we can apply Lefschetz fixed-point theorem to the iterates of
ϕ̃ and obtain

tr(ϕ̃m0 )− tr(ϕ̃m1 ) + tr(ϕ̃m2 ) = i(ϕm, z) + i(ϕ̃m, [W ]), (7.3)

where ϕ̃k : Hk(V/W ;Q)→ Hk(V/W ;Q) is the homomorphism induced by ϕ̃. Since
V/W is connected, we have

tr(ϕ̃0) = 1.

By (7.2), H2(V/W ;Q) = 0. Therefore,

tr(ϕ̃2) = 0.

For any sufficiently small neighborhood U ⊂ V/W of [W ], we have ϕ̃(U) = [W ],
and hence the index of the fixed point [W ] is given by

i(ϕ̃m, [W ]) = 1.

Putting these equations together and using (7.1), we see that equation (7.3) becomes

tr(ϕ̃m1 ) = −1.

This is impossible. Indeed, as is not hard to show, for every linear endomorphism
L of a finite-dimensional vector space, tr(Lm) ≥ 0 for infinitely many integers
m ≥ 1. �

Remark 7.3. The requirement that z is irrationally elliptic in Theorem 7.1 is essen-
tial. It is easy to construct an area-preserving diffeomorphism ϕ : R2 → R2 with a
non-degenerate rationally elliptic fixed point z such that ϕk has a monkey saddle
at zk, for some k ∈ N, and hence z is locally maximal.

Remark 7.4. It is worth pointing out that the proof of Theorem 7.1 is purely
two-dimensional. The dimension assumption is crucially used in the fact that the
homology H∗(V/W ;Q) is concentrated in only two degrees. As we have noted in
the introduction it is not known if Theorem 7.1 holds in higher dimensions. In
other words, there may exist a Hamiltonian diffeomorphism ϕ with an elliptic fixed
point z which is non-degenerate for all iterates ϕm and locally maximal. This seems
particularly likely when the linearization Dϕ at z is not required to be semi-simple.



42 ERMAN ÇİNELİ, VIKTOR GINZBURG, BAŞAK GÜREL, AND MARCO MAZZUCCHELLI

References

[AS] A. Abbondandolo, M. Schwarz, Floer homology of cotangent bundles and the loop
product, Geom. Topol., 14 (2010), 1569–1722.

[AM] M. Abreu, L. Macarini, Dynamical implications of convexity beyond dynamical con-
vexity, Calc. Var., 61 (2022), Paper No. 116, 47 pp.

[AGKM] M. Abreu, J. Gutt, J. Kang, L. Macarini, Two closed orbits for non-degenerate Reeb
flows, Math. Proc. Cambridge Philos. Soc., 170 (2021), 625–660.

[ALM] M. Abreu, H. Liu, L. Macarini, Symmetric periodic Reeb orbits on the sphere, Preprint
arXiv:2211.16470.

[AGZ] P. Albers, H. Geiges, K. Zehmisch, Pseudorotations of the 2-disc and Reeb flows on
the 3-sphere, Ergodic Theory Dynam. Systems, 42 (2022), 402–436.

[Al22a] S. Allais, On periodic points of Hamiltonian diffeomorphisms of CPd via generating
functions, J. Symplectic Geom., 20 (2022), 1–48.

[Al22b] S. Allais, On the Hofer–Zehnder conjecture on CPd via generating functions, Internat.
J. Math., 33 (2022), Paper No. 2250072, 58 pp.

[Al23] S. Allais, On the Hofer–Zehnder conjecture on weighted projective spaces, Compos.
Math., 159 (2023), 87–108.

[AK] D.V. Anosov, A.B. Katok, New examples in smooth ergodic theory. Ergodic diffeomor-
phisms, (in Russian), Trudy Moskov. Mat. Obšč., 23 (1970), 3–36.

[AG] V.I. Arnold, A.B. Givental, Symplectic geometry, in Dynamical systems, IV, Ency-
clopaedia Math. Sci., 4, 1–138, Springer, Berlin, 2001.

[A-Z] A. Avila, B. Fayad, P. Le Calvez, D. Xu, Z. Zhang, On mixing diffeomorphisms of the
disk, Invent. Math., 220 (2020), 673–714.

[BH10] A. Banyaga, D. Hurtubise, Morse–Bott homology, Trans. AMS, 362 (2010), 3997–
4043.

[BH13] A. Banyaga, D. Hurtubise, Cascades and perturbed Morse–Bott functions, Alg. Geom.
Top., 13 (2013), 237–275.

[BG] J. Barge, E. Ghys, Cocycles d’Euler et de Maslov, Math. Ann., 294 (1992), 235–265.
[Ba15] M. Batoréo, On hyperbolic points and periodic orbits of symplectomorphisms, J. Lond.

Math. Soc. (2), 91 (2015), 249–265.
[Ba17] M. Batoréo On non-contractible hyperbolic periodic orbits and periodic points of sym-

plectomorphisms, J. Symplectic Geom., 15 (2017), 687–717.
[Ba18] M. Batoréo, On periodic points of symplectomorphisms on surfaces, Pacific J. Math.,

294 (2018), 19–40.
[Bo] F. Bourgeois, A Morse–Bott approach to contact homology, In Symplectic and contact

topology: interactions and perspectives (Toronto, ON/Montreal, QC, 2001), Fields
Inst. Commum., AMS, 35, (2003), 55–77.

[BO09a] F. Bourgeois, A. Oancea, Symplectic homology, autonomous Hamiltonians, and Morse–
Bott moduli spaces, Duke Math. J., 146 (2009), 71–174.

[BO09b] F. Bourgeois, A. Oancea, An exact sequence for contact- and symplectic homology,
Invent. Math., 175 (2009), 611–680.

[Br15a] B. Bramham, Periodic approximations of irrational pseudo-rotations using pseudoholo-
morphic curves, Ann. of Math. (2), 181 (2015), 1033–1086.

[Br15b] B. Bramham, Pseudo-rotations with sufficiently Liouvillean rotation number are C0-
rigid, Invent. Math., 199 (2015), 561–580.

[CE22a] J. Chaidez, O. Edtmair, 3D convex contact forms and the Ruelle invariant, Invent.
Math., 229 (2022), 243–301.

[CE22b] J. Chaidez, O. Edtmair, The Ruelle invariant and convexity in higher dimensions,
Preprint arXiv:2205.00935.

[CFH] K. Cieliebak, A. Floer, H. Hofer, Symplectic homology II: A general construction,
Math. Zeit., 218 (1995), 103–122.

[CFO] K. Cieliebak, U. Frauenfelder, A. Oancea, Rabinowitz Floer homology and symplectic
homology, Ann. Sci. Éc. Norm. Supér. (4), 43 (2010), 957–1015.

[CO] K. Cieliebak, A. Oancea, Symplectic homology and the Eilenberg–Steenrod axioms,
Algebr. Geom. Topol., 18 (2018), 1953–2130.

[ÇGG20a] E. Çineli, V.L. Ginzburg, B.Z. Gürel, Pseudo-rotations and holomorphic curves, Selecta
Math. (NS), 26 (2020), no. 5, paper no. 78, 31pp.



INVARIANT SETS AND HYPERBOLIC CLOSED REEB ORBITS 43

[ÇGG20b] E. Çineli, V.L. Ginzburg, B.Z. Gürel, From pseudo-rotations to holomorphic
curves via quantum Steenrod squares, Int. Math. Res. Not. IMRN, (2020),
doi:10.1093/imrn/rnaa173.

[ÇGG21] E. Çineli, V.L. Ginzburg, B.Z. Gürel, Topological entropy of Hamiltonian dif-
feomorphisms: a persistence homology and Floer theory perspective, Preprint
arXiv:2111.03983.

[ÇGG22a] E. Çineli, V.L. Ginzburg, B.Z. Gürel, Another look at the Hofer–Zehnder conjecture,
J. Fixed Point Theory Appl., Claude Viterbo’s 60th birthday Festschrift., 24 (2022),
doi:10.1007/s11784-022-00937-w.

[ÇGG22b] E. Çineli, V.L. Ginzburg, B.Z. Gürel, On the growth of the Floer barcode, Preprint
arXiv:2207.03613.

[ÇGG23] E. Çineli, V.L. Ginzburg, B.Z. Gürel, On the generic behavior of the spectral norm;
work in progress.

[ÇS] E. Çineli, S. Seyfaddini, The strong closing lemma for Hamiltonian pseudo-rotations,
Preprint arXiv:2210.00771.

[CGH] D. Cristofaro-Gardiner, M. Hutchings, From one Reeb orbit to two, J. Diff. Geom.,
102 (2016), 25–36.

[CGHP] D. Cristofaro-Gardiner, M. Hutchings, D. Pomerleano, Torsion contact forms in three
dimensions have two or infinitely many Reeb orbits, Geom. Topol., 23 (2019), 3601-
3645.

[CDR] V. Colin, P. Dehornoy, A. Rechtman, On the existence of supporting broken book
decompositions for contact forms in dimension 3, Invent. Math., 231 (2023), 1489–
1539.

[DL2W] H. Duan, H. Liu, Y. Long, W. Wang, Non-hyperbolic closed characteristics on non-
degenerate star-shaped hypersurfaces in R2n, Acta Math. Sin. (Engl. Ser.), 34 (2018),
1–18.

[Ea] R. Easton, Isolating blocks and epsilon chains for maps, Phys. D, 39 (1989), 95–110.
[FK] B. Fayad, A. Katok, Constructions in elliptic dynamics, Ergodic Theory Dynam. Sys-

tems, 24 (2004), 1477–1520.
[Fe] E. Fender, Local symplectic homology of Reeb orbits, Preprint arXiv:2010.01438.
[Fi] J.W. Fish, Target-local Gromov compactness, Geom. Topol., 15 (2011), 765–826.
[FH] J.W. Fish, H. Hofer, Feral curves and minimal sets, Ann. of Math. (2), 197 (2023),

533–738.
[Fl89a] A. Floer, Witten’s complex and infinite-dimensional Morse theory, J. Differential

Geom., 30 (1989), 207–221.
[Fl89b] A. Floer, Symplectic fixed points and holomorphic spheres, Comm. Math. Phys., 120

(1989), 575–611.
[FHS] A. Floer, H. Hofer, D. Salamon, Transversality in elliptic Morse theory for the sym-

plectic action, Duke Math. J., 80 (1995), 251–292.
[FS] U. Frauenfelder, F. Schlenk, Hamiltonian dynamics on convex symplectic manifolds,

Israel J. Math., 15 (2006), 1–56.
[Fr92] J. Franks, Geodesics on S2 and periodic points of annulus homeomorphisms, Invent.

Math., 108 (1992), 403–418.
[Fr96] J. Franks, Area preserving homeomorphisms of open surfaces of genus zero, New York

Jour. of Math., 2 (1996), 1–19.
[Fr99] J. Franks, The Conley index and non-existence of minimal homeomorphisms. Proceed-

ings of the Conference on Probability, Ergodic Theory, and Analysis (Evanston, IL,
1997). Illinois J. Math., 43 (1999), 457–464.

[FM] J. Franks, M. Misiurewicz, Topological methods in dynamics. Handbook of dynamical
systems, Vol. 1A, 547–598, North-Holland, Amsterdam, 2002.

[Fu] K. Fukaya, Floer homology of connected sum of homology 3-spheres, Topology, 25
(1996), 89–136.

[GG10] V.L. Ginzburg, B.Z. Gürel, Local Floer homology and the action gap, J. Symplectic
Geom., 8 (2010), 323–357.

[GG14] V.L. Ginzburg, B.Z. Gürel, Hyperbolic fixed points and periodic orbits of Hamiltonian
diffeomorphisms, Duke Math. J., 163 (2014), 565–590.

[GG16] V.L. Ginzburg, B.Z. Gürel, Non-contractible periodic orbits in Hamiltonian dynamics
on closed symplectic manifolds, Compos. Math., 152 (2016), 1777–1799.



44 ERMAN ÇİNELİ, VIKTOR GINZBURG, BAŞAK GÜREL, AND MARCO MAZZUCCHELLI

[GG18] V.L. Ginzburg, B.Z. Gürel, Hamiltonian pseudo-rotations of projective spaces, Invent.
Math., 214 (2018), 1081–1130.

[GG20] V.L. Ginzburg, B.Z. Gürel, Lusternik–Schnirelmann theory and closed Reeb orbits,
Math. Z., 295 (2020), 515–582.

[GGMa] V.L. Ginzburg, B.Z. Gürel, L. Macarini, Multiplicity of closed Reeb orbits on prequan-
tization bundles, Israel J. Math., 228 (2018), 407–453.

[GGMz] V.L. Ginzburg, B.Z. Gürel, M. Mazzucchelli, Barcode entropy of geodesic flows,
Preprint arXiv:2212.00943.

[GH2M] V.L. Ginzburg, D. Hein, U.L. Hryniewicz, L. Macarini, Closed Reeb orbits on the
sphere and symplectically degenerate maxima, Acta Math. Vietnam., 38 (2013), 55–
78.

[GM] V.L. Ginzburg, L. Macarini, Dynamical convexity and closed orbits on symmetric
spheres, Duke Math. J., 170 (2021), 1201–1250.

[GS] V.L. Ginzburg, J. Shon, On the filtered symplectic homology of prequantization bun-
dles, Internat. J. Math., 29 (2018), no. 11, 1850071, 35 pp.

[Gü13] B.Z. Gürel, On non-contractible periodic orbits of Hamiltonian diffeomorphisms, Bull.
Lond. Math. Soc., 45 (2013), 1227–1234.

[Gü15] B.Z. Gürel, Perfect Reeb flows and action-index relations, Geom. Dedicata, 174 (2015),
105–120.

[GK] J. Gutt, J. Kang, On the minimal number of periodic orbits on some hypersurfaces in
R2n, Ann. Inst. Fourier (Grenoble), 66 (2016), 2485–2505.

[HP] A. Harris, G.P. Paternain, Dynamically convex Finsler metrics and J-holomorphic
embedding of asymptotic cylinders, Ann. Global Anal. Geom., 34 (2008), 115–134.

[Ha] S. Hayashi, Connecting invariant manifolds and the solution of the C1-stability and
Ω-stability conjectures for flows, Ann. of Math., 145 (1997), 81–137.

[HZ] H. Hofer, E. Zehnder, Symplectic Invariants and Hamiltonian Dynamics, Birkäuser,
1994.

[HWZ] H. Hofer, K. Wysocki, E. Zehnder, The dynamics on a strictly convex energy surface
in R4, Ann. of Math. (2), 148 (1998), 197–280.

[HN] M. Hutchings, J. Nelson, Axiomatic S1 Morse–Bott theory, Algebr. Geom. Topol., 20
(2020), 1641–1690.

[JS] D. Joksimović, S. Seyfaddini, A Hölder-type inequality for the C0 distance and Anosov–
Katok pseudo-rotations, Preprint arXiv:2207.11813.

[Ka] A.B. Katok, Ergodic perturbations of degenerate integrable Hamiltonian systems.
(Russian), Izv. Akad. Nauk SSSR Ser. Mat., 37 (1973), 539–576.

[KH] A. Katok, B. Hasselblatt, Introduction to the Modern Theory of Dynamical Systems.
With a supplementary chapter by A. Katok and Mendoza. Encyclopedia of Mathemat-
ics and its Applications, 54. Cambridge University Press, Cambridge, 1995.

[LeC] P. Le Calvez, Periodic orbits of Hamiltonian homeomorphisms of surfaces, Duke Math.
J., 133 (2006), 125–184.

[LCS22] P. Le Calvez, M. Sambarino, Homoclinic orbits for area preserving diffeomorphisms of
surfaces, Ergodic Theory Dynam. Systems, 42 (2022), 1122–1165.

[LCS23] P. Le Calvez, M. Sambarino, Non contractible periodic orbits for generic hamiltonian
diffeomorphisms of surfaces, Preprint arXiv:2306.03499.

[LCY] P. Le Calvez, J.-C. Yoccoz, Un thórème d’indice pour les homéomorphismes du plan
au voisinage d’un point fixe, Ann. of Math. (2), 146 (1997), 241–293.

[LRS] F. Le Roux, S. Seyfaddini, The Anosov-Katok method and pseudo-rotations in sym-
plectic dynamics, J. Fixed Point Theory Appl., 24 (2022), Paper No. 36, 39 pp.

[Lo] Y. Long, Index Theory for Symplectic Paths with Applications, Birkhäuser Verlag,
Basel, 2002.

[LZ] Y. Long, C. Zhu, Closed characteristics on compact convex hypersurfaces in R2n, Ann.
of Math. (2), 155 (2002), 317–368.

[McL] M. McLean, Local Floer homology and infinitely many simple Reeb orbits, Alg. Geom.
Top., 12 (2012), 1901–1923.

[Or17] R. Orita, Non-contractible periodic orbits in Hamiltonian dynamics on tori, Bull. Lond.
Math. Soc., 49 (2017), 571–580.



INVARIANT SETS AND HYPERBOLIC CLOSED REEB ORBITS 45

[Or20] R. Orita, On the existence of infinitely many non-contractible periodic trajectories in
Hamiltonian dynamics on closed symplectic manifolds, J. Sympl. Geom., 17 (2020),
1893–1927.

[Pr] R. Prasad, Low-action holomorphic cylinders, invariant sets, and pseudorotations; work
in progress, 2023.

[Sa90] D.A. Salamon, Morse theory, the Conley index and Floer homology, Bull. L.M.S., 22
(1990), 113–140.

[Sa99] D.A. Salamon, Lectures on Floer homology. In Symplectic Geometry and Topology,
IAS/Park City Math. Ser., vol. 7, Amer. Math. Soc., Providence, RI, 1999, 143–229.

[SZ] D. Salamon, E. Zehnder, Morse theory for periodic solutions of Hamiltonian systems
and the Maslov index, Comm. Pure Appl. Math., 45 (1992), 1303–1360.

[Sal] J.M. Salazar, Instability property of homeomorphisms on surfaces Ergodic Theory Dy-
nam. Systems, 26 (2006), 539–549.

[Sh20] E. Shelukhin, Pseudo-rotations and Steenrod squares, J. Mod. Dyn., 16 (2020),289–
304.

[Sh21] E. Shelukhin, Pseudo-rotations and Steenrod squares revisited, Math. Res. Lett., 28
(2021), 1255–1261.

[Sh22] E. Shelukhin, On the Hofer–Zehnder conjecture, Ann. of Math., 195 (2022), 775–839.
[Si] J.-C. Sikorav, Some properties of holomorphic curves in almost complex manifolds,

in Holomorphic curves in symplectic geometry, pp. 165–189; Progr. Math., 117
Birkhäuser Verlag, Basel, 1994.

[Su16] Y. Sugimoto, Hofer’s metric on the space of Lagrangian submanifolds and wrapped
Floer homology, J. Fixed Point Theory Appl., 18 (2016), 547–567.

[Su21] Y. Sugimoto, On the Hofer-Zehnder conjecture for non-contractible periodic orbits in
Hamiltonian dynamics, Preprint arXiv:2102.05273.

[Vi] C. Viterbo, Functors and computations in Floer cohomology, I, Geom. Funct. Anal.,
9 (1999), 985–1033.

[Xi] Z. Xia, Homoclinic points in symplectic and volume-preserving diffeomorphisms,
Comm. Math. Phys., 177 (1996), 435–449.

EÇ: Institut de Mathématiques de Jussieu - Paris Rive Gauche (IMJ-PRG), 4 place
Jussieu, Boite Courrier 247, 75252 Paris Cedex 5, France

Email address: erman.cineli@imj-prg.fr

VG: Department of Mathematics, UC Santa Cruz, Santa Cruz, CA 95064, USA
Email address: ginzburg@ucsc.edu

BG: Department of Mathematics, University of Central Florida, Orlando, FL
32816, USA

Email address: basak.gurel@ucf.edu

MM: CNRS, UMPA, École Normale Supérieure de Lyon, 69364 Lyon, France
Email address: marco.mazzucchelli@ens-lyon.fr


	1. Introduction and main results
	1.1. Introduction
	1.2. Main results
	1.3. About the proofs
	Acknowledgments

	2. Conventions and notation
	2.1. Hamiltonians and the action functional
	2.2. Conley–Zehnder index and dynamical convexity

	3. Preliminaries
	3.1. Floer equation
	3.2. Filtered Floer and symplectic homology
	3.3. Floer complexes and graphs

	4. Background results
	4.1. Crossing energy theorem
	4.2. Vanishing of symplectic homology
	4.3. Index recurrence

	5. Proofs of the main theorems
	5.1. Proof of Theorem A: Hyperbolic periodic orbits and multiplicity
	5.2. Proof of Theorem B: Non-existence of locally maximal orbits

	6. Proof of the crossing energy theorem
	6.1. Location constraints
	6.2. Proof of Theorem 6.3: The r-range
	6.3. Energy bounds

	7. Appendix: The local Le Calvez–Yoccoz theorem in dimension two
	References

