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ABSTRACT. We prove that the systole of the smooth boundary of a strictly
convex ball in R? is monotone with respect to the inclusion.

Throughout this note, the notion of convexity must be understood in the dif-
ferentiable sense: A compact three-ball B C R? with smooth boundary is strictly
convex when there exists a smooth function F : R? — [0, 00) with positive definite
Hessian at every point and such that 9B = F~1(1). Equivalently, the boundary
sphere M = 0B, which will always be equipped with the Riemannian metric g that
is the restriction of the ambient Euclidean metric, has strictly positive Gaussian
curvature. The systole sys(M) > 0 is the length of the shortest closed geodesic of
(M, g). Our main result answers in dimension 3 a question that was posed to us
by Yaron Ostrover:

Theorem 0.1. Let B; C By be two compact strictly convex three-balls in R? with
smooth boundary. Then sys(0B1) < sys(0Bs).

The main ingredient of the proof is the observation that the systole of positively
curved Riemannian two-spheres coincides with the classical Birkhoff min-max, as
we will now prove. Let (M, g) be a Riemannian two-sphere. We denote the energy
functional on the W12 free loop space by

B AM = WIS = Do) BQ) = [ 0l

Here and in the following, we denote by S' = R/Z the 1-periodic circle. We
consider the unit sphere S? C R3. For each z € [~1, 1], we denote by ~, : ST — 2
the parallel at latitude z, parametrized as

Y. (t) = (\/ 1 — 22 cos(27t), v/ 1 — 22 sin(2wt), z) .

For each continuous map u : [—1,1] — AM such that E(u(0)) = E(u(1)) = 0 there
exists a unique continuous map @ : S? — M such that u(z) = @ o ~y, for each
z € [-1,1]. We denote by U the space of such maps u whose associated @ has
degree 1. The Birkhoff min-max value

bir(M, g) = inf E 1/2
ir(M, g) Inf mnax, (u(2))

is the length of some closed geodesic of (M, g).
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Lemma 0.2. On every positively curved closed Riemannian two-sphere (M, g), we
have bir(M, g) = sys(M, g).

Proof. Let v : St — M be a shortest closed geodesic of (M, g) parametrized with
constant speed, so that E(y) = L(v)? = sys(M,g)?. A theorem of Calabi-Cao
[CC92] implies that v is simple, that is, an embedding v : S — M. We fix an
orientation on M, and consider the corresponding complex structure of (M, g).
Namely, for every non-zero v € T, M, the tangent vector Jv € T, M is obtained by
rotating v in the positive direction of an angle m/2. We consider the vector field
v(t) = J4(t) orthogonal to 4(t). Notice that v is a parallel vector field, since the
complex structure J is parallel. If K, denotes the Gaussian curvature of (M, g),
we have

EEOel = [ IVl = K5I e = = [ Kl <o, 1)

We now consider Morse’s finite dimensional approximation of the free loop
space (see, e.g., [Mil63]). We fix a positive integer k that is large enough so that
d(¢(to),¢(t1)) < injrad(M, g) for all ¢ € AM with E(¢) < E(y) = sys(M, g)? and
for all ¢g,t1 € R with |ty — to| < 1/k. Here, d denotes the Riemannian distance on
(M, g). We consider the open finite dimensional manifold
MM = {x = (0,...., wx—1) € M x ... x M | d(z;,2;11) < injrad(M, g) Vi € Zy}.
Such a manifold admits an embedding

LSAkM‘—)AM, L(m):")/m,

where each restriction 'ym\[i /k,(i+1)/k] 18 the shortest geodesic parametrized with
constant speed joining x; and x;41. We denote the restricted energy functional by

E,=Fouiv: AM — [O,OO)7 Ek(IB) =k Z d(l‘i,l‘i+1)2.
1€Zy
Let & := 17!(y). We consider the tangent vector v := (vg, ..., vg—1) € T (ArM)

such that v; = v(i/k) for all ¢ € Zj. Inequality (0.1) readily implies that de(z)v
lies in the negative cone of the Hessian d?E(v), since

A2 B (x)[v,v] = L[ _ E(u(exp,(2v))

dz2

N

< dd722|Z:0E(eXp7(_)(z,/(.))) (0.2)
d*E(y)[v,v]
< 0.

Here, the exponential map in Ax M is the one associated with the natural Riemann-
ian metric g® ... ® g.

The complement M \ v has two connected components By and B_, each one
diffeomorphic to a two-ball. The vector field v points into one of them, say B..
We define the continuous map

w:[-1/3,1/3] = ApM, w(z) = exp,(zev).

Notice that w(0) = . We fix € > 0 small enough so that, for all z € (0,1/3], the
loop ¢(w(=+2)) is entirely contained in the open ball B, and by Equation (0.2) we
have

Ex(w(2)) < Ep(w(0)) =sys(M,9)?,  Vze[-1/3,1/3]\ {0}.
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We now consider the open subspaces U, ,U_ C Ay M given by
Ui =AMnN(By X...x By).
We have w(+1/3) € Ux. The flow ¢ of the anti-gradient —V E}, is complete in
positive time s in the sublevel set E, '([0,sys(M, g)?]). We claim that
¢s(w(£1/3)) € Uy, Vs > 0.

Indeed, assume by contradiction that there exists so > 0 such that ¢, (w(£1/3)) €
OUy, and take sg to be the minimal such time. If y := ¢, (w(£1/3)), the compo-
nents of the anti-gradient vector z := —VEy(y) are given by

5 =24 () — (L),  VieZ
Since y € OU., at least one of its components y; must belong to dBy. Assume
that all the y;’s belong to 0B+, and therefore they are of the form y; = ~(¢;) for
some t; € S'. In this case, we have z; = \;¥(¢;) for some )\; € R; but this is
impossible, since it would imply that all the components of ¢s(w(£1/3)) belong
to 0B+ for all s € R, and thus that ¢s(w(£1/3)) belong to UL for all s € R.
Therefore at least one component y; € dB+ is adjacent to a component in the
interior y;—1 € Bx. However, this implies that the vector z; points inside B,
and therefore ¢, _5(w(£1/3)) € Uy for all § > 0 small enough, contradicting the
minimality of sg.

We set § := min{injrad(M, g), sys(M)/(4k)}. Since Ey(¢s(w(£1/3))) < sys(M, g)?
for all s > 0, and since sys(M, g)? is the smallest positive critical value of Ej, we
can fix a large enough s > 0 such that Ej(¢s(w(£1/3))) < 62. We extend w to a
map w : [—2/3,2/3] = Ay M by setting

w(iz) = ¢(3z71)s(w(i1/3))’ Vz e [1/37 2/3]'

Notice that w(42) € Uy for all z € (0,2/3], and Ej(w(42/3)) < §2. We set

yjE = (ygt,..wy,ffl) = w(+2/3).

For each r € [0,1], we define y*(r) = (yZ(r), ...,yfcil(r)) by
yi (1) = expys (1= 1) exp 2 (477)).
Notice that y*(0) = y*, y*(r) € Uy, and

Er(y*(r) =k Z d(y?t(r),y?jrl(r))2 < 4k*6% < sys(M, g)?, vr e [0,1],
1€Zy

Bi(y™(1)) = 0.
We extend w to a continuous map w : [—1,1] = A M by setting
w(+z) = y* (32 — 2), Vz € [2/3,1].
Finally, we define u := cow : [—1,1] = AM. Notice that the associated continuous
map @ : S? — M has degree 1; indeed, the preimage u~'(v(¢)) is a singleton for
every t € S1, and the restriction of u to a neighborhood of u~1(v) is a homeomor-
phism onto its image. Therefore u € U, and

bir(M, g) < max E(u(2))? = E(u(0))Y? = sys(M, g).
ze|—1,

On the other hand, bir(M, g)? is a positive critical value of E, and therefore
bir(M, g) > sys(M, g). O
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Proof of Theorem 0.1. We set M; := 0B;, i = 1,2. Since the regions By C By are
strictly convex, for each x € My there exists a unique 7(x) € My such that

r —m(x)|| = min ||z — y|.
| ()] Jnin 2 —yll
The map m : My — M is a 1-Lipschitz homeomorphism with respect to the Rie-
mannian metrics g; on M; that are restriction of the ambient Euclidean metric. In

particular, for every W2 curve 7, : S' — Moy, if we denote by v; := 7 o o its
image in M7, we have

. 2 . 2
/S O /S Tl

We denote by Uy and Us the family of maps involved in the definition of the Birkhoff
min-max values of M7 and M respectively. Notice that mou € U; for all u € Us.
Therefore, if we denote the energy of W2 loops v : S' — R? by

B0) = [ Bl

we have
bir(M,) = inf E 12 > inf E /2 > bir(My).
(M) = Iof, e, BT > Iof| max, B(wou(z))™ > bir(Mh)
This, together with Lemma 0.2, implies that sys(Ms) > sys(My). O
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