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Solutions of exercise 1.
(1) Since dV = det(gi;)*/?dz' A--- Adz™ and

1
det(gij)(z) =1 — Str (ZRM(O)x%l> + O(||z|I?)
kl ij
1
—1_= o k..l 3
3;”&1@”(0):6 2"+ O(||lz[]*)

1
=1- ;Ricm(O)xkxl +O(||z])-

1.
=1- gRle(X,X) +O(||z||?),

where X = ina%i. Thus we have dV = (1 — §Ric,(X, X) + O(||z]|*)) dz' A - -+ A da™.
Remark: Ric,(X,X) controls “dV — dVe,.” to the first order in the direction X (in
normal coordinates).

(2) Using the exponential chart at p, we can write

Vol(Bp(p,r)) = / av
B (p;r)

= / Vdetgidzt A A da™
Bgrn (0,r)
1
:/ <1— 6Ricp(z,x)+0(:c||3)> dzt Ao A da™
Bgrn (0,r)

1
= Vol(Bgr~(0,7)) — 6/ Ricy(z, z) dz + / O(||z||?) dz.
Bgrn (0,1) Bgrn (0,r)

We have

/ ||| dz = / p" T2 dpVol(S" 1) = O (" *3) = Vol(Br~ (0,7))O(r*) and
Bgrn (0,7) 0

/ Ricy(z,z) dx = Z Ricy(0) / oFal da.

Bgrn (0,7) K, Bgrn (0,1)

If k£ # [, by symmetry of the domain, we get fBRn (0.7) zFzt dz = 0.

If K = [, we have fBRn(O " akak de = fBRn(O 7_)(x’“)2 dx which is independent of k by
symmetry. Moreover, we have

1 T
— / (z%)? do = / l|z||? de = Vol(S”_l)/ p"Thdp
 JBgrn(0,r) Bgrn (0,r) 0

’1"2

= Vol(Br-~ (0, T))m

1
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Hence we get

1
Vol(Ba(0,7)) = Vol(Br(0,1)) | 1 - & ;Rickl(o)ékl n12+0(r3)
— Vol(Bre (0,7)) (1= 28,—— + 0%
= O RrRn , T 6 pn+2 T

where S}, is the scalar curvature of M at p.

Solutions of exercise 2.

(1) Set f' = g{ and f" = %. By using the formula seen in the course:
R(X,Y,Z, W) = Ky (g(Y,2)9(X, W) — g(X, Z)g(Y,W))
with X =Z =e¢, and Y =W = ey , we have
~K,=R(X,Y,X,Y)
=g9(VxVyX,Y) —g(VyVxX,Y) — g(Vix )X, Y),

= g(VX(f7Y),Y) —0—g (V_fT/YX,Y)

"o (N2 / !
- ffo(f) + ?g(VxY, Y)+ f79(VYX’ Y)
AV Vi i
P P
which gives K, = *%

(2) Since C(p,r) is the image of the circle of radius r on the tangent space T,M by the
exponential map at p, in polar coordinates, thanks to the expansion of G around p, we
have

9ij(x) = 055 — % > R (0)Fa! + o(||z]|*), Vo € Cr2(0,7).
1<k,1<2
In particular, taking ¢ = 7 = 2, we obtain that

f2 ’I“2
= 1- §Kp + o(r?).
Therefore, by computation, we get that
2
LC(p,r))= [ f(r,0)dd =2mr — ngr?’ +o(r®).

0

Solutions of exercise 3.

(1) Let X, Y € T(TZ) defined on a neighbourhood of € Z. We can extend X and Y locally
into vector fields on a neighbourhood of . We have df(Y) = 0 since TZ = Ker(df). We
can then write

0 =d(df(Y))(X) = (Vxdf)(Y) + df (VxY)
= V2 H(X,Y) +df (VxY)T)
=V f(X,Y) +df o II(X,Y),

which gives the result.
(2) For any z € Z and X,Y € T, Z, we have

I (X,Y) € (T, 2)*.
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Since (T, Z)* = Span(grad, f), we get II,(X,Y) = agrad, f for some o € R. Moreover,
we have

al|VaflI* = allgrad, f||* = g. (grad, f,1L,(X,Y))
= d, fIL(X,Y)) = —V2f(X,Y).
Therefore, we obtain
Vifir.z

I, = — 212
IV fI2

V.f.



