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Exercise 1 (Hyperbolic spaces). Let B = −dx0 ⊗ dx0 + dx1 ⊗ dx1 + · · ·+ dxn ⊗ dxn denote the
standard Lorentz form on Rn+1. Let Hn denote the set {x ∈ Rn+1 |B(x, x) = −1, x0 > 0}. We
also denote by Hn the half-space {x ∈ Rn | xn > 0} and by Dn the unit open ball in Rn. Prove
that the following Riemannian manifolds are isometric to one another:

• Hn endowed with the restriction of B,
• Hn with the metric 1

|xn|2
∑n

i=1 dx
i ⊗ dxi,

• Dn with the metric 4
(1−‖x‖2)2

∑n
i=1 dx

i ⊗ dxi

Exercise 2 (Hyperbolic half-plane and Poincaré disc). In this exercise, we simply denote by H
the hyperbolic half-plane H2 and by D the hyperbolic disc D2 (also called Poincaré disc).

(1) Check that conformal diffeomorphisms of D (resp. H) preserving the orientation are bi-
holomorphisms.

(2) Describe the conformal diffeomorphisms of D (resp. H). Which one are isometries?

Exercise 3 (Connections on R). Let g be a Riemannian metric on R defined by gx := e−x
2

(g0)x
for any x ∈ R. Let ∇0 (resp. ∇) denote the Levi-Civita connection of TR associated with g0
(resp. g). Compute ∇0

∂
∂x and ∇ ∂

∂x .
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