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Solutions of Exercise 1.

(1)

(4)

Let y € E,. There exists s € I'(E) s.t. s(z) = y. We define f(y) = (F(s))(z) € EL.
It remains to show that f is well-defined. (And thus fig, : B, — E, satisfies (1)). Let
(e1,...,ex) be alocal frame for E, defined on a neighborhood U of x. Let x : M — [0, 1]
smooth s.t. supp(x) C U and x(z) = 1. By C°°(M)-linearity, we have F(xs) = xF(s).
We can also write s = > p;e; on U with ¢, (x) = y; and y = Y y;e;(z). Therefore, we get
that

F(s)(@) = F(xs)(@) = F (3 pixe:) (@)
= pa(2)F(xe:)(x) =Y il (xei) (@) = > yiF(e;) (),

which depends only on y = s(x) and is linear in y. Thus f is well-defined and fig, €
End(E,, E).
x +— fig, is a section of End(E,,E,) ~ E* ® E'.

Let (e1,...,er) be alocal frame of E over U and (ef,...,¢€]) be a local frame of E’ over
U’ then ((e/)* @ e}) form a local frame for E* ® E’ and we have

f e} Gj = F(ej) = ZFwei
Hence f =Y Fj;e @e); where (F;;)1<i<k are the components of F(e;) thus smooth, which
gives f e T(E*® E').
Let feT(E*® E') ~T(End(E,E")). We set
F:T(E) - T(E)
s fos.
One can check that F' is C°°(M)-linear and satisfies (1).

Thanks to the previous questions, we have defined a canonical isomorphism of C*°(M)-
modules between Hom(I'(E),T'(E’)) and T'(E* ® E).

Solutions of Exercise 2.

(1)

Let f € C*(M) and s € I'(E). By Leibniz’s rule, we have
Vi(fs) =d.f @s(x) + f(x)Vys.

In a local frame (eq, ..., ex) over U 3 x, we can write Vs = Zle a; ®e; with a; € QYU).
We have that
Va(V(fs)) = Va(df @ s+ fVs)

= dy(df) ® 5(z) = def AVas+ Y du(fou) @ €i(x) — fai A Ve
= —d,f ANVys+ de(fai) ®ei(x) — fa; ANVye;
Since d(fa;) = de f AN + fda;, we get by computation that
Va(V(fs) = f> da; ® e; — a; AVqe; = f(2)Va(Vs).
Thus V o V(fs) = fV o Vs.
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(2) V2:D(E) ~ Q°%M,E) — Q*(M,E) ~T(A\°T*M ® E) is C°°(M)-linear. By Exercise 1,
there exists a unique R € ['(End(E, \>T*M ® E) s.t
(V2(s))(x) = R(s(x)), Vs € T(E).

Since we have
2 2 2

End(E, \T*M @ End(E)) ~ \T*M @ E® E* ~ \ T*M ® End(E).
We obtain R € T(A\°T*M © End(E)) ~ O2(M) @ T(End(E)) =: Q*(M, End(E)).

(3) Thanks to the fact that
Ver = Z Zfé-kdxj ® ey,
il

we can write

R(-,)er :=V(Vey) = ZV ékdzj ®e)

7Zd Lyda’) @ e =Y Thida! AVen,

jm

_Z jkda: ANdr? @ e — ijkdaﬂ/\ZF dz' @ e

7,0 Jm il

%

it

) dzt Ada? @ ey.
Hence we get

ort
R(ai;ai%k:?(a” S+ St - 3wt )

Solutions of Exercise 3. Hint: This is a relatively classical exercise. Using the symmetric and
skew-symmetric properties, one can first show that the family of tensor coeflicients (R; ) is of
rank 12n2(n2 —1).



