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Solution of exercise 1. Recall that
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(1) Since I'}; =0, R=Ric=5=0.
(2) Let p € 8™ and (eq, ..., e,) an orthonormal basis of 7,,S™. Without lost of generality, one

can assume that (p,eq,...,e,) is the canonical basis in R"*!. Let
F:(z1,...,2,) — (x/l - ||m|\27x1,...,wn)
be local coordinates such that e; = %(0). By direct computation, we get that

99gij gij
gi5(x) = 6 + miz; + O (2] Y), 87332(0) =0 and m(o) = 0015 + 0310, -

Moreover, using
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we get that
arl, T
Rijri(0) = a;i (0) — WZ’“(O) = 0yt — 0ix0jy.

Consequently, we obtain that
Ry= > Riyu(0)dae' Ada! @ da*(da’ = = " da' Ada? @ da’ A da?
1<j,k<j i<j
Since Ric;i,(0) =), Rz:jk(()) = (n—1)d;x, we also have Ric, = (n—1)g and S(p) = n(n—1).
(3) Same as in R™, since the flat torus is locally isometric to R™.
(4) By direct computation and the fact that Vo € D, g;;(z) = 6; (1 + @ + O(||:rH4))i, we

get that Rijkl(o) = 5ik5jl — 5i15jk, Ric= —gp and S = —2.

Solution of exercise 2.
(1) Using spherical coordinates , we have

l 2m
Vol(B(N, p)) = / / sin 6 dfdy = 27(1 — cos p).
6=0J =0

Moreover we have
Vol(B(N, p)) = Vol(Brz(0, p)) = —27 (cos p — (1 — p*/2) <0
for p > 0 small enought. Hence Vol(Bgz (N, p)) < Vol (Brz(0, p)).

(2) Let v : [0,27r] — R? with () = (sinpcosf,sin psiné, cos p) be a parametrization of
C(N,p). We have L(C(N, p)) = 27 sin p.

(3) Set v;(t) = expy (tv;) = costp+sinty; and a = d(v1(t),¥2(t)). Since « is also the angle be-
tween O (t) and Ovz2(t) (draw the corresponding figure!) We have cos(a) = (y1(¢),72(t))
and thus a = arccos(1 — (sint)?(1 — (v, v2)). One can also show that dg2(v1(t),y2(t)) <
dr2 (Y1(1), ¥2(t))-
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Solution of exercise 3.

(1)

For convenience reasons, we write ¢ = g» and § = ¢g;. We then have ¢ = A2§. Thanks
to the previous formulae on Riemann tensor and Christoffel symbols (1), we deduce that

It =Tk, R, = Rl and Rijr = NRijri. Let p € M and (X,Y) a basis of T,M. We
can write

X,Y,Y, X LR(X,Y,Y, X ~
Kp: R( s Ly Ly ) A2 ( ) :>\2Kp-

g(X7X)g(Y,Y)—g(X,Y)2 %[Q(X,X)Q(Y,Y)—.@(X7Y)2]
Remark: One can also recall that the associated Levi-Civita connexions are identics,
thus have the same Christoffel symbols and Riemann tensors, thanks to the exercise in
previous TD.

Hint: For any (X,Y) orthonormal basis for the metric g, we can show that |Vf|?> =
(Vxf)?+ (Vy[)? and

~Vixf = Viyf=—trace(V2f)

which gives the Laplcian of f. The result can be obtained in an analogue way as in the
previous question.



