Dejean words with frequency constraint

Michael Rao Elise Vaslet

June 30, 2013

Abstract We prove all cases of Ochem’s conjecture on Dejean words involving letter frequency.

In all cases, our construction for the Pansiot code is a morphic word. Moreover, for alphabets with at least 9 letters, this morphic word is of the form h(w_{T M} ), where w_{T M} is the Thue-Morse word, and h is a uniform morphism.

1 Introduction

A repetition in a word w is a pair of words (p, e) where p non empty, e is a prefix of pe, and pe is a factor of w. The exponent of the repetition is^{|pe|}_{|p|} . A word is said x-free (resp. x^+-free) if it does not contain a repetition of exponent y with y ≥ x (resp. y > x). For an integer k ≥ 2, the repetition threshold for k letters, denoted by RT(k), is the infimum over the set of x such that there exists an infinite x-free word over a k-letter alphabet, or equivalently the smallest x such that there exists an infinite x^+-free word over a k-letter alphabet. Dejean [9] conjectured the following:

RT(k) = � � � 7 4 if k = 3 7 5 if k = 4 k k−1 otherwise.

Dejean’s conjecture is now completely proved, after the work of several authors. The case k = 2 follows directly from the fact that the Thue-Morse word is overlapfree. Dejean proved the case k = 3, and Pansiot introduced a binary coding to prove the case k = 4 [14]. This code was used by the other authors to prove all remaining cases [11, 10, 4, 6, 7, 15, 8].

Ochem introduced a stronger version of the conjecture involving letter frequencies. The frequency of a letter x in an infinite word w is lim_{n→∞}^{|w[1;n]|x}_n , if the limit exists.

Conjecture 1 ([12]).

1. For every k ≥ 5, there exists an infinite

�_k k−1 +� -free word over a k-letter alphabet with letter frequency^1_{k+1} .

2. For every k ≥ 6, there exists an infinite

�_k k−1 +� -free word over a k-letter alphabet with letter frequency^1_{k−1} .

Based on computer checks, Rao gave a stronger version of Ochem’s conjecture for k ≥ 9, using the Thue-Morse word w_{T M} .

Conjecture 2 ([15]). For every k ≥ 9, there is a morphism h such that h(w_{T M} ) is the Pansiot code of a Dejean word on k letters with a letter of frequency^1_{k−1} (resp.^1_{k+1} ).

This conjecture is already proved for 9 ≤ k ≤ 38 in [15]. We present in Section 3 a construction which prove Rao’s conjecture for every k ≥ 24. The section 4 is devoted to the proof of result of Section 3 when k ≥ 32. This give an alternative proof of Dejean’s conjecture for large alphabets. The cases when k < 9 are treated by specific constructions in Section 5. This prove all cases of Ochem’s conjecture.

2 Preliminaries

We denote by Σ_k the set {0, 1, . . . , k − 1} for k ≥ 2, and by B = Σ_2 = {0, 1}. Let w be a word of Σ_k. If w is finite, |w| denote its size, otherwise |w| = ∞. For i ≥ 0, w[i] is the (i + 1)-th letter of w and w[a; b] = w[a] . . . w[b]. Note that unusually, indices start at 0 instead of 1. Two words u, v ∈ Σ^∗ are isomorphic if |u| = |v| and there is a permutation σ : Σ → Σ such that u[i] = σ(v[i]) for every i ∈ {0, |u| − 1}.

An occurrence of a factor u in w is an integer i ∈ N such that w[i; i+|u|−1] = u. The distance between two occurrences i and j is |i − j|. For example, the distance between the two occurrences of a in aba is 2.

The Thue-Morse w_{T M} is the fixed point with first letter 0 of the morphism ν : B^∗ → B^∗ such that ν(0) = 01 and ν(1) = 10.

A repetition in a word w is a pair of words (p, e) where p non empty, e is a prefix of pe, and pe is a factor of w. The period of the repetition is |p|, its excess is |e| and its exponent is^{|pe|}_{|p|} . By abuse of notation, we identify sometimes the repetition (p, e) with the factor pe of w.

From now on, we fix an size alphabet k ≥ 2. A repetition (p, e) in w over the alphabet Σ_k is a short repetition if |e| < k − 1, otherwise it is a kernel repetition. A repetition is forbidden if its exponent is greater than RT(k).

Let S_k be the group of permutations of Σ_k, and Id_k ∈ S_k be the identity permutation. The invariants of a permutation σ are the i ∈ {0, . . . , k} such that σ(i) = i. The set of invariants of σ is denoted I(σ). A Ψ-kernel repetition in w (where Ψ : Σ^∗ → S_k is a morphism) is a pair (p, q) such that (p, q) is a repetition in w and Ψ(p) = Id_k.

2.1 Pansiot code

Pansiot [14] noticed that if a word on the alphabet Σ_k is^{k−1}_{k−2} -free, then it can be encoded by a binary word. Let k ≥ 3 and let w be a (possibly infinite)^{k−1}_{k−2} -free word over the alphabet Σ_k, of length at least k −1. Then every factor of length k −1 consists of k − 1 different letters. The Pansiot code of w is the binary word P_k(w) such that for all i ∈ {1, . . . , |w| − k + 1} (for all i ≥ 1 if w is infinite):

P_k(w)[i] = � 0 if w[i + k − 1] = w[i] 1 if w[i + k − 1] ∉ {w[i], . . . , w[i + k − 2]}.

Note that w is uniquely defined by P_k (w) and w[1; k − 1]. One can define an inverse operation: for a (possibly infinite) binary word w, M_k(w) is the word on the alphabet Σ_k such that for all i ∈ {1, . . . , |w| + k − 1} (for all i ≥ 1 if w is infinite):

M_k(w)[i] = � � � i if i < k, M_k(w)[i − k + 1] if i ≥ k and w[i − k + 1] = 0, α otherwise

where {α} = Σ_k \ {M_k(w)[i − k + 1], . . . , M_k(w)[i − 1]}. Note that if w[i] = i for all i < k, then M_k(P_k(w)) = w.

Moulin-Ollagnier showed that Pansiot’s coding can also be viewed by the way of an action on the symmetric group S_k [11]. Let φ be the morphism between the free monoid B^∗ and S_k such that φ(0) = σ_0 and φ(1) = σ_1, where:

σ_0 =

�_{1 2 ··· k−2 k−1 k}

2 3 ··· k−1 1 k � and σ_1 =

�_{1 2 ··· k−2 k−1 k}

2 3 ··· k−1 k 1 � . One can easily show that for all i ≥ 0 and 1 ≤ j ≤ k − 1, M_k(w)[i + j] = φ(w[1; i])(j).

Moulin Ollagnier [11] showed that:

Proposition 1 ([11]). Let k ≥ 3 and w be a binary word. Then M_k(w) has a kernel repetition (p, q) if and only if w has a φ-kernel repetition (p^′, q^′) with |p^′| = |p| and p^′q^′ = P (pq). (Note that |q^′| = |q| − k + 1.)

Remark 1. If the Pansiot code of a Dejean word w has a 0 at every position i (mod k− 1) for an i ∈ {0, . . . k − 1}, then w has the same letter at position i (mod k − 1), thus w has a letter with frequency^1_{k−1} . Similarly if the Pansiot code of w has a 0 at every position i (mod k + 1) for an i ∈ {0, . . . k + 1}, then w has a letter with frequency^1_{k+1} .

We now introduce some notations in order to simplify forthcoming proofs.

2.2 Odd double crossed cycles

In this section, we fix a k ∈ N.

Definition 1 (Odd double crossed cycle). A pair (σ_a, σ_b) ∈ S_k is a double crossed cycle if there is a 3 ≤ K ≤^k_2 and two sequences (a_0, . . . a_{K−1}) and (b_0, . . . , b_{K−1}) of pairwise disjoint elements of Σ_k such that σ_a = (a_0, a_1, a_2, . . . , a_{K−1})(b_0, b_1, b_2, . . . , b_{K−1}) and σ_b = (b_0, a_1, a_2, . . . , a_{K−1})(a_0, b_1, b_2, . . . , b_{K−1}). Moreover, (σ_a, σ_b) is an odd double crossed cycle (ODCC) if K is odd. The length of the double crossed cycle is K.

Lemma 1. If (σ_a, σ_b) is an ODCC, then there is a σ ∈ S_k such that

σ_a = σσ_aσ_bσ^{−1} and σ_b = σσ_bσ_aσ^{−1}.

Proof. Clearly, if (σ_1, σ_2) ∈ S^2_k and (σ_3, σ_4) ∈ S^2_k are two ODCC with the same size, then it exists a σ ∈ S_k such that σ_1 = σσ_3σ^{−1} and σ_2 = σσ_4σ^{−1}. So it suffice to show that (σ_aσ_b, σ_bσ_a) is an ODCC of size K. Let σ_a = (a_0, a_1, . . . , a_{K−1})(b_0, b_1, . . . b_{K−1}) and σ_b = (b_0, a_1, . . . , a_{K−1})(a_0, b_1, . . . b_{K−1}). Then

σ_bσ_a = (a_0, a_2, a_4 . . . a_{K−1}, b_1, b_3 . . . b_{K−2})(b_0, b_2, . . . b_{K−1}, a_1, a_3, . . . a_{K−2}), and σ_aσ_b = (b_0, a_2, a_4 . . . a_{K−1}, b_1, b_3 . . . b_{K−2})(a_0, b_2, . . . b_{K−1}, a_1, a_3, . . . a_{K−2}).

Thus (σ_aσ_b, σ_bσ_a) is an ODCC of size K.

Let (σ_a, σ_b) be an ODCC. The invariants of the ODCC are the invariants of σ_a and σ_b, and are denoted I when (σ_a, σ_b) is clear in the context. For every i ∈ {0, . . . , K −1}, the couple i (or the couple number i) is (a_i, b_i).

Let φ^′ : B^∗ → S_k be the morphism such that φ^′(0) = σ_a, and φ^′(1) = σ_b. The couple i is good in a binary word w if σ[a_i] ∈ {a_0, . . . , a_{K−1}}, where σ = φ^′(w). Every couple is good in the empty word, and in 0^l for every l. Every couple is good, except 0 and K − 1 in 1. Note that σ = Id_k if and only if |w| is a multiple of K, and every couple is good in w.

On can easily compute good couples in w. Every 0 in w don’t change the set of good couples, when every 1 change the state of exactly two couples. Formally, we have:

Proposition 2. The couple i is good in w, where w is a binary word of size multiple of K, if and only if the set {x ∈ {0 . . . |w| − 1} : x ≡ i or i − 1 mod K and w[i] = 1} has even cardinality.

Let w^′ be the derivative word of w, that is w^′ is the binary word of size |w| − 1 such that for every i ∈ {0, . . . , |w^′| − 1}, w^′[i] = w[i] + w[i+1] (in GF(2)).

Proposition 3. The couple i, i ≠ 0, is good in w, where w is a binary word of size multiple of K, if the set {x ∈ {0 . . . |w| − 1} : x ≡ i − 1 mod K and w[i] = 1} has even cardinality.

3 Main theorem and plan of the proof

Let k ≥ 24 be an integer. Let m be such that k ≡ m mod 8. Let us define the uniform morphism h^+_k : {a, b}^∗ → {0, 1}^∗ and h^−_k : {a, b}^∗ → {0, 1}^∗ as follows

h^+_k : � 0 → ι_m(10)^c101κ_m(10)^c110 1 → ι_m(10)^c110κ_m(10)^c101 ,

h^−_k : � 0 → ι_{m−2}(10)^{c′} 101κ_{m−2}(10)^{c′} 110 1 → ι_{m−2}(10)^{c′} 110κ_{m−2}(10)^{c′} 101 , where ι_m and κ_m are finite words over alphabet {0, 1} defined in the Table 1, c =^1_2 (2k − 4 − |ι_m| − |κ_m|), and c^′ =^1_2 (2k − 8 − |ι_m| − |κ_m|).

m ι_m κ_m 0 101101010110101101 101011011010110101 1 101101010110101 101011011010110 2 1011010101101101 1010110110101101 3 1011010101101 1010110110101 4 1011010101 1010110110 5 10110101101 10101101101 6 10110101 10101101 7 10110 10101

Table 1: Construction for the infinite case.

Theorem 1. For any integer k ≥ 24, the morphisms h^+_k and h^−_k defined previously are such that the infinite words w^+_k = M_k(h^+_k (w_{T M} )) and w^−_k = M_k(h^−_k (w_{T M} )) over Σ_k are RT (k)^+-free and have a letter of frequency respectively^1_{k+1} and^1_{k+1} .

The previous theorem is proved by computer for every 24 ≤ k ≤ 31, using the method presented in [15]. We present in here a proof for every k ≥ 32.

To prove that w^+_k and w^−_k are RT (k)^+-free, we will use a method similar to Pansiot’s one, by considering different type of repetitions and dealing with each type separately. We give here the structure of the proof, which will be completed in next section.

• We show that w has no forbidden short repetition with |e| < 6, using characterizations of Carpi, Shur and Gorbunova.

• If w has a forbidden repetition of excess at least 5, then the period is a multiple of s·K (Section 4.1).

• w has no forbidden repetition of period s·K (Section 4.1).

• A forbidden repetition of period at least 2·s·K is a kernel repetition. Using properties of the derivative of the Thue-Morse word, we show that a forbidden kernel repetition has period at least 18·s·K (Section 4.2).

• If w has a forbidden kernel repetition of period |p| ≥ 18·s·K, then w has a forbidden repetition of period |p|/2 (Section 4.3). That part follows the proof in [15].

4 The Proof

We fix k ≥ 32 and Δ ∈ {−1, 1}. We prove Ochem’s conjecture for k letters and frequency^1_{k+Δ} .

Let ι_a = ι_m(10)^c101, ι_a = ι_m(10)^c110, κ_a = κ_m(10)^c101 and κ_a = κ_m(10)^c110, where c =^1_2 (2(k + Δ) − 6 − |ι_m| − |κ_m|) and k + 2(Δ − 1) ≡ m mod 8. Let λ_a = ι_aκ_b and λ_b = ι_bκ_a. Let h : B^∗ → Σ^∗_k be the morphism such that h(0) = λ_a and h(1) = λ_b. Let s = |h(0)| = |h(1)| = 2(k + Δ). The largest common prefix L of h(0) and h(1) has size ℓ =^s_2 − 2, and their last letter differ.

By Remark 1, we know that M_k(h(w_{T M} )) has a letter of frequency^1_{k+Δ} , since λ_a[1] = λ_b[1] = λ_a[1 +^s_2 ] = λ_b[1 +^s_2 ] = 0. We will prove now that it is a Dejean word.

Let σ_a = φ(h(0)), σ_b = φ(h(1)) and φ^′ : B^∗ → S_k be the morphism such that φ^′(0) = σ_a, and φ^′(1) = σ_b. The permutations σ_a and σ_b are given in Table 2 for every k modulo 8 and Δ. Each permutations can be easily computed by hand using the definition of φ, or by a computer program. We see directly:

Fact 1. (σ_a, σ_b) is an ODCC of size at least

�_k 4 � . Table 2 also present the size of the ODCC and its invariants.

Case k ≡ 0 mod 8, Δ = 1:

σ_a = (k−2 1 3 6 7 11 12 16 19 ..(4).. k−9 k−5) (k−1 2 4 8 9 13 14 17 21 ..(4).. k−7 k−3) σ_b = (k−1 1 3 6 7 11 12 16 19 ..(4).. k−9 k−5) (k−2 2 4 8 9 13 14 17 21 ..(4).. k−7 k−3) I = {0, 5, 10, 15, 18, ..(2).., k−6, k−4} K =^{k+12}_4

u_a = abc1de2fghi3j4klmn5o6pqr7stuv8. . .qrst-2uvwx-1yz0b1ac1ed2gfi3hj4lkn5mo6qpr7tsv8ux9. . .qt-2svux-1wybz0c1

u_b = abc1de2fghi3j4klmn5o6pqr7stuv8. . .qrst-2uvwx-1yz0b1ac1ed2gfi3hj4lkn5mo6qpr7tsv8ux9. . .qt-2svux-1wzy0bc1

Case k ≡ 1 mod 8, Δ = 1:

σ_a = (k−2 1 3 6 7 11 12 16 ..(4).. k−9 k−5) (k−1 2 4 8 9 13 14 18 ..(4).. k−7 k−3) σ_b = (k−1 1 3 6 7 11 12 16 ..(4).. k−9 k−5) (k−2 2 4 8 9 13 14 18 ..(4).. k−7 k−3) I = {0, 5, 10, 15, ..(2).., k−6, k−4} K =^{k+11}_4

u_a = abc1de2fghi3j4klmn5o6pqrs7. . .qrst-2uvwx-1yz0b1ac1ed2gfi3hj4lkn5mo6qps7ru8. . .qt-2svux-1wybz0c1

u_b = abc1de2fghi3j4klmn5o6pqrs7. . .qrst-2uvwx-1yz0b1ac1ed2gfi3hj4lkn5mo6qps7ru8. . .qt-2svux-1wzy0bc1

Case k ≡ 2 mod 8, Δ = 1:

σ_a = (k−2 1 3 6 7 11 14 17 ..(4).. k−9 k−5) (k−1 2 4 8 9 12 15 19 ..(4).. k−7 k−3) σ_b = (k−1 1 3 6 7 11 14 17 ..(4).. k−9 k−5) (k−2 2 4 8 9 12 15 19 ..(4).. k−7 k−3) I = {0, 5, 10, 13, 16, ..(2).., k−6, k−4} K =^{k+10}_4

u_a = abc1de2fghi3j4klm5nop6qrst7. . .qrst-2uvwx-1yz0b1ac1ed2gfi3hj4lkm5onp6rqt7sv8. . .qt-2svux-1wybz0c1

u_b = abc1de2fghi3j4klm5nop6qrst7. . .qrst-2uvwx-1yz0b1ac1ed2gfi3hj4lkm5onp6rqt7sv8. . .qt-2svux-1wzy0bc1

Case k ≡ 3 mod 8, Δ = 1:

σ_a = (k−2 1 3 6 7 11 14 ..(4).. k−9 k−5) (k−1 2 4 8 9 12 16 ..(4).. k−7 k−3) σ_b = (k−1 1 3 6 7 11 14 ..(4).. k−9 k−5) (k−2 2 4 8 9 12 16 ..(4).. k−7 k−3) I = {0, 5, 10, 13, ..(2).., k−6, k−4} K =^{k+9}_4

u_a = abc1de2fghi3j4klm5nopq6. . .qrst-2uvwx-1yz0b1ac1ed2gfi3hj4lkm5onq6ps7. . .qt-2svux-1wybz0c1

u_b = abc1de2fghi3j4klm5nopq6. . .qrst-2uvwx-1yz0b1ac1ed2gfi3hj4lkm5onq6ps7. . .qt-2svux-1wzy0bc1

Table 2: σ_a, σ_b, I, u_a and u_b. “x ..(y).. z” means every integer between x and z, with a step of y. In u_a and u_b, letters a, b, c, . . . are letters 0, 1, 2 . . ., z, y, x, . . . are letters k−1, k−2, k−3, . . . and letters in bold are letters in I. The over-brackets give the ODCC couples, with their number (modulo K).

Case k ≡ 4 mod 8, Δ = 1:

σ_a = (k−2 1 3 6 7 11 ..(4).. k−9 k−5) (k−1 2 4 8 9 13 ..(4).. k−7 k−3) σ_b = (k−1 1 3 6 7 11 ..(4).. k−9 k−5) (k−2 2 4 8 9 13 ..(4).. k−7 k−3) I = {0, 5, 10, ..(2).., k−6, k−4} K =^{k+8}_4

u_a = abc1de2fghi3j4klmn5. . .qrst-2uvwx-1yz0b1ac1ed2gfi3hj4lkn5mp6. . .qt-2svux-1wybz0c1

u_b = abc1de2fghi3j4klmn5. . .qrst-2uvwx-1yz0b1ac1ed2gfi3hj4lkn5mp6. . .qt-2svux-1wzy0bc1

Case k ≡ 5 mod 8, Δ = 1:

σ_a = (k−2 1 3 6 9 12 ..(4).. k−9 k−5) (k−1 2 4 7 10 14 ..(4).. k−7 k−3) σ_b = (k−1 1 3 6 9 12 ..(4).. k−9 k−5) (k−2 2 4 7 10 14 ..(4).. k−7 k−3) I = {0, 5, 8, 11, ..(2).., k−6, k−4} K =^{k+7}_4

u_a = abc1de2fgh3ijk4lmno5. . .qrst-2uvwx-1yz0b1ac1ed2gfh3jik4mlo5nq6. . .qt-2svux-1wybz0c1

u_b = abc1de2fgh3ijk4lmno5. . .qrst-2uvwx-1yz0b1ac1ed2gfh3jik4mlo5nq6. . .qt-2svux-1wzy0bc1

Case k ≡ 6 mod 8, Δ = 1:

σ_a = (k−2 1 3 6 9 ..(4).. k−9 k−5) (k−1 2 4 7 11 ..(4).. k−7 k−3) σ_b = (k−1 1 3 6 9 ..(4).. k−9 k−5) (k−2 2 4 7 11 ..(4).. k−7 k−3) I = {0, 5, 8, ..(2).., k−6, k−4} K =^{k+6}_4

u_a = abc1de2fgh3ijkl4. . .qrst-2uvwx-1yz0b1ac1ed2gfh3jil4kn5. . .qt-2svux-1wybz0c1

u_b = abc1de2fgh3ijkl4. . .qrst-2uvwx-1yz0b1ac1ed2gfh3jil4kn5. . .qt-2svux-1wzy0bc1

Case k ≡ 7 mod 8, Δ = 1:

σ_a = (k−2 1 3 6 ..(4).. k−9 k−5) (k−1 2 4 8 ..(4).. k−7 k−3) σ_b = (k−1 1 3 6 ..(4).. k−9 k−5) (k−2 2 4 8 ..(4).. k−7 k−3) I = {0, 5, ..(2).., k−6, k−4} K =^{k+5}_4

u_a = abc1de2fghi3. . .qrst-2uvwx-1yz0b1ac1ed2gfi3hk4. . .qt-2svux-1wybz0c1

u_b = abc1de2fghi3. . .qrst-2uvwx-1yz0b1ac1ed2gfi3hk4. . .qt-2svux-1wzy0bc1

Case k ≡ 0 mod 8, Δ = −1:

σ_a = (k−3 k−4 ..(−4).. 24 20 16 13 10 8 5 4 0) (k−2 k−6 ..(−4).. 22 18 15 12 9 7 3 2 k−1) σ_b = (k−2 k−4 ..(−4).. 24 20 16 13 10 8 5 4 0) (k−3 k−6 ..(−4).. 22 18 15 12 9 7 3 2 k−1) I = {1, 6, 11, 14, 17, 19, ..(2).., k−5} K =^{k+12}_4

u_a = a-1bcde-2f-3ghi-4jk-5lmn-6opq-7rstu-8vw-9x. . .s2tuvw1xy0zba-1ce-2dgf-3ih-4jlk-5mon-6prq-7tsvu-8x. . .qts2vuw1y0

u_b = a-1bcde-2f-3ghi-4jk-5lmn-6opq-7rstu-8vw-9x. . .s2tuvw1xy0zba-1ce-2dgf-3ih-4jlk-5mon-6prq-7tsvu-8x. . .qts2vux0w1

Case k ≡ 1 mod 8, Δ = −1:

σ_a = (k−3 k−4 ..(−4).. 21 17 13 10 8 5 4 0) (k−2 k−6 ..(−4).. 19 15 12 9 7 3 2 k−1) σ_b = (k−2 k−4 ..(−4).. 21 17 13 10 8 5 4 0) (k−3 k−6 ..(−4).. 19 15 12 9 7 3 2 k−1) I = {1, 6, 11, 14, 16, ..(2).., k−5} K =^{k+11}_4

u_a = a-1bcde-2f-3ghi-4jk-5lmn-6opqr-7st-8u. . .s2tuvw1xy0zba-1ce-2dgf-3ih-4jlk-5mon-6qpsr-7u. . .qts2vuw1y0

u_b = a-1bcde-2f-3ghi-4jk-5lmn-6opqr-7st-8u. . .s2tuvw1xy0zba-1ce-2dgf-3ih-4jlk-5mon-6qpsr-7u. . .qts2vux0w1

Case k ≡ 2 mod 8, Δ = −1:

σ_a = (k−3 k−4 ..(−4).. 18 14 10 8 5 4 0) (k−2 k−6 ..(−4).. 16 12 9 7 3 2 k−1) σ_b = (k−2 k−4 ..(−4).. 18 14 10 8 5 4 0) (k−3 k−6 ..(−4).. 16 12 9 7 3 2 k−1) I = {1, 6, 11, 13, ..(2).., k−5} K =^{k+10}_4

u_a = a-1bcde-2f-3ghi-4jk-5lmno-6pq-7r. . .s2tuvw1xy0zba-1ce-2dgf-3ih-4jlk-5nmpo-6r. . .qts2vuw1y0

u_b = a-1bcde-2f-3ghi-4jk-5lmno-6pq-7r. . .s2tuvw1xy0zba-1ce-2dgf-3ih-4jlk-5nmpo-6r. . .qts2vux0w1

Case k ≡ 3 mod 8, Δ = −1:

σ_a = (k−3 k−4 ..(−4).. 19 15 11 8 5 4 0) (k−2 k−6 ..(−4).. 17 13 10 7 3 2 k−1) σ_b = (k−2 k−4 ..(−4).. 19 15 11 8 5 4 0) (k−3 k−6 ..(−4).. 17 13 10 7 3 2 k−1) I = {1, 6, 9, 12, 14, ..(2).., k−5} K =^{k+9}_4

u_a = a-1bcde-2f-3ghi-4jkl-5mnop-6qr-7s. . .s2tuvw1xy0zba-1ce-2dgf-3hji-4kml-5onqp-6s. . .qts2vuw1y0

u_b = a-1bcde-2f-3ghi-4jkl-5mnop-6qr-7s. . .s2tuvw1xy0zba-1ce-2dgf-3hji-4kml-5onqp-6s. . .qts2vux0w1

Case k ≡ 4 mod 8, Δ = −1:

σ_a = (k−3 k−4 ..(−4).. 16 12 8 5 4 0)

(k−2 k−6 ..(−4).. 14 10 7 3 2 k−1) σ_b = (k−2 k−4 ..(−4).. 16 12 8 5 4 0)

(k−3 k−6 ..(−4).. 14 10 7 3 2 k−1) I = {1, 6, 9, 11, ..(2).., k−5} K =^{k+8}_4

u_a = a-1bcde-2f-3ghi-4jklm-5no-6p. . .s2tuvw1xy0zba-1ce-2dgf-3hji-4lknm-5p. . .qts2vuw1y0

u_b = a-1bcde-2f-3ghi-4jklm-5no-6p. . .s2tuvw1xy0zba-1ce-2dgf-3hji-4lknm-5p. . .qts2vux0w1

Case k ≡ 5 mod 8, Δ = −1:

σ_a = (k−3 k−4 ..(−4).. 9 5 4 0) (k−2 k−6 ..(−4).. 7 3 2 k−1) σ_b = (k−2 k−4 ..(−4).. 9 5 4 0) (k−3 k−6 ..(−4).. 7 3 2 k−1) I = {1, 6, ..(2).., k−5} K =^{k+7}_4

u_a = a-1bcde-2f-3ghij-4k. . .s2tuvw1xy0zba-1ce-2dgf-3ih-4k. . .qts2vuw1y0

u_b = a-1bcde-2f-3ghij-4k. . .s2tuvw1xy0zba-1ce-2dgf-3ih-4k. . .qts2vux0w1

Case k ≡ 6 mod 8, Δ = −1:

σ_a = (k−3 k−4 ..(−4).. 26 22 18 15 13 10 8 5 4 0) (k−2 k−6 ..(−4).. 24 20 17 14 12 9 7 3 2 k−1) σ_b = (k−2 k−4 ..(−4).. 26 22 18 15 13 10 8 5 4 0) (k−3 k−6 ..(−4).. 24 20 17 14 12 9 7 3 2 k−1) I = {1, 6, 11, 16, 19, 21, ..(2).., k−5} K =^{k+14}_4

u_a = a-1bcde-2f-3ghi-4jk-5lmn-6op-7qrs-8tuvw-9xy-10z. . .s2tuvw1xy0zba-1ce-2dgf-3ih-4jlk-5nm-6oqp-7rts-8vuxw-9z. . .qts2vuw1y0

u_b = a-1bcde-2f-3ghi-4jk-5lmn-6op-7qrs-8tuvw-9xy-10z. . .s2tuvw1xy0zba-1ce-2dgf-3ih-4jlk-5nm-6oqp-7rts-8vuxw-9z. . .qts2vux0w1

Case k ≡ 7 mod 8, Δ = −1:

σ_a = (k−2 1 3 6 ..(4).. k−9 k−5) (k−1 2 4 8 ..(4).. k−7 k−3) σ_b = (k−1 1 3 6 ..(4).. k−9 k−5) (k−2 2 4 8 ..(4).. k−7 k−3) I = {1, 6, 11, 16, 18, ..(2).., k−5} K =^{k+13}_4

u_a = a-1bcde-2f-3ghi-4jk-5lmn-6op-7qrst-8uv-9w. . .s2tuvw1xy0zba-1ce-2dgf-3ih-4jlk-5nm-6oqp-7srut-8w. . .qts2vuw1y0

u_b = a-1bcde-2f-3ghi-4jk-5lmn-6op-7qrst-8uv-9w. . .s2tuvw1xy0zba-1ce-2dgf-3ih-4jlk-5nm-6oqp-7srut-8w. . .qts2vux0w1

4.1 Avoiding short repetitions

In this section, we suppose that w^′ = h(u) for an infinite binary word u, and that w = M_k(w^′).

Lemma 2. w has no forbidden repetition of excess at most 5.

Proof. We use characterization of stabilizing words of Carpi, Shur and Gorbunova [4, 16]. Since w^′ is (00, 111)-free, w has no forbidden repetition of excess 1 and 2. w^′ does not contains a factor of the form uB^{k−4}u, for a u ∈ B^4. Thus by Carpi’s characterization of 3-stabilizing words, w has no forbidden repetition of excess 3 [4]. Finally, Shur and Gorbunova showed that a word on alphabet k ≥ 8 which has no forbidden repetitions of excess 1, 2 and 3 has no forbidden repetition of excess 4 and 5 [16].

Let u_a = (M_k(h(0)))[0; s−1] and u_b = (M_k(h(1)))[0; s−1]. Let E = {i ∈ {0, . . . , s− 1} : u_a[i] = u_b[i]}. One can show on Table 2 that {0, . . . , k − 5} ⊂ E. The word w is a concatenation of words isomorphic to u_a and u_b. For every n, w[n·s; n·s + k − 1] is uniquely determined by φ(h(u[0; n − 1])) = φ^′(u[0; n − 1]). More precisely:

Proposition 4. For every n ≥ 0 and i ∈ {0, . . . , k − 2}, w[n·s + i] = φ^′(u[0; n − 1])[i].

For every i ∈ I and n ≥ 0, we have w[i + n·s] = i (note that k − 1 ≠ I). Since s = 2k + 2 or s = 2k − 2, there is an other occurrence of i exactly in mid-position, and we have w[i + n·s +^s_2 ] = i. Thus every letter at position I = I +^s_2 ·N is independent of u.

Let J = (E \ I) + s·N, and let γ : J → {0, . . . K − 1} such that w[j] ∈ {a_{γ(j)}, b_{γ(j)}}. Note that γ is well defined, and is independent of u, by the properties of ODCC.

Proposition 5. γ(x + s) = 1 + γ(x) (modulo K).

Looking at the permutations in Table 2, we see:

Fact 2. For every x ∈ N, {x, . . . , x + 5} ∩ I ≠ ∅.

Suppose that w has a forbidden repetition. Let l be the least integer such that w has a forbidden repetition of period l. Let (p, e) be an forbidden repetition of period l, and let t be an integer such that w[t; ∞] has pe as prefix. Suppose w.l.o.g than t ≥ s·K (since h(w_{T M} ) is recurrent, if w has a forbidden repetition of period l, it has infinitely many forbidden repetitions of period l).

Lemma 3. Let i ∈ I and j ∉ I.

• The distance in w of two consecutive occurrences of i is^s_2 ∈ {k − 1, k + 1}. • The distance in w of two consecutive occurrences of j is k − 1, k or k + 1.

• The distance in w between two occurrences of ij is at least^{(k+1)(k−1)}_2 .

• The distance in w between two occurrences of ji is at least^{(k+1)(k−1)}_2 .

Proof. The distance between two consecutive occurrences of the same letter is k − 1, k or k + 1, by definition of M_k. Moreover, the distance between two consecutive occurrences of i is^s_2 by the previous remark on I. Now suppose Δ = 1 (the case Δ = −1 is similar). Suppose that ij appears in w at position x, and let y > x be the next occurrence of ij in w. The next occurrence of j cannot be at position x + k + 2 otherwise w would have an forbidden repetition of excess 2. So the next occurrence of j is at position x + k. The gap between the q-th next occurrence of i after x and the q-th occurrence of j after x cannot decrease, since the is are spaced by k + 1. Suppose that there are n occurrences of i between x and y. Then y − x = (k + 1)(n − 1) and y − x ≥ (k − 1)·n. So n ≥^{k+1}_2 , and y − x ≥^{(k+1)(k−1)}_2 . The distance in w between two occurrences of ij is also at least^{(k+1)(k−1)}_2 , by symmetry.

Lemma 4. l is a multiple of^s_2 .

Proof. By Fact 2, e contains a i ∈ I, which are spaced by^s_2 .

Lemma 5. |e| ≥^{k+1}_2 .

Proof. Since |e| ≥ 5, e contains a factor ij or ji for a i ∈ I and j ∉ I. By Lemma 3, |p| ≥^{(k−1)(k+1)}_2 . Thus |e| >^{k+1}_2 .

Fact 3. For every x, y ∈ J ∩ ∈ {0,^s_2 − 1} such that x ≠ y and γ(x) = γ(y), we have γ(x +^s_2 ) ≠ γ(y +^s_2 ).

Lemma 6. l is a multiple of s.

Proof. We know that l is a multiple of^s_2 . Suppose that it is not a multiple of s. Since |e| >^{k+1}_2 ≥ 16, there are x, y ∈ {t, . . . t + |e| − 1} such that x, y ∈ J , y − x ∈ {1, 2}, γ(x) = γ(y) and

�_x s � = �_y s � . Thus, we have a contradiction with Fact 3.

Lemma 7. l is a multiple of s·K.

Proof. Suppose that l = n·s. Again, e contains an occurrence x ∈ J of a j ∉ I. We have γ(x) ≡ γ(x + s·n) mod K. Thus by Proposition 5, n ≡ 0 mod K.

Lemma 8. If u is (000, 111)-free, then |p| > s·K.

Proof. Suppose that |p| = s·K. Since |e| ≥^k_2 , e contains two occurrences x and y such that x, y ∈ J ,

�_x s � = �_y s � , and γ(y) ≡ γ(x)+1 mod K. Let v = u

�_x s � − K;

�_x s � − 1 � . Couples i and i+1 are good on the same time on v, which is impossible by Proposition 3 since u is (000, 111)-free.

4.2 Avoiding short kernel repetition

From now on, w^′ = h(w_{T M} ) and w = M_k(w^′). If w has a forbidden repetition, then by results in the previous Section, its period is a multiple of s·K and is at least 2·s·K. In this case, its excess is at least 4·K ≥ k, since^s_2 ≥ k − 1 and K ≥^k_4 . Thus this repetitions is a kernel repetition, and w^′ has a forbidden φ-kernel repetition. Let l be the least integer such that w^′ has a φ-kernel repetition (p^′, e^′) of period l and with

|e^′ |+k−1

l >^1_{k−1} . Let t be the least integer such that w^′[t; ∞] has p^′e^′ as prefix. We suppose w.l.o.g. that the excess is maximal, that is (p^′, w^′[t; t+|e^′|]) is not a repetition.

Note that t is a multiple of^s_2 , since the last letters of h(0) and h(1) differs, and by minimality of t.

We now denote by w^′_{T M} the infinite binary word defined as the fixed point of the following morphism : μ : � 0 → 1010 1 → 1011.

This word is the derivative word of w_{T M} , and it can also be constructed as a Toeplitz word for the pattern 101•, that is w^′_{T M} = lim_{n→∞} T_k with T_0 = •^ω, and T_{i+1} = F (T_i), where F (w) is the word obtained from (101•)^ω by replacing the sequence of all occurrences of • by w [1].

For n ≥ 1 and δ ≥ 1, let χ_{(n,δ)} be the infinite word such that for every x ∈ N (the sum is over GF(2)) :

χ_{(n,δ)}[x] = n−1� i=0 w^′_{T M} [x + i·δ]

Let f_0(n) be the least r such that for every odd δ, χ_{(n,δ)} is 0^r-free, and let f_1(n) be the least r such that for every odd δ, χ_{(n,δ)} is 1^r-free. The following comes form easy observations.

Proposition 6. Let δ be odd and x > 0. Then

• f_0(1) = 2 and f_1(1) = 4, • f_0(2) ≤ 3, • f_0(3) ≤ 8 and f_1(3) ≤ 4, • f_0(4x) ≤ 4f_0(x) and f_1(4x) ≤ 4f_1(x), • f_0(4x + 1) ≤ 4f_0(x), • f_0(4x + 2) ≤ 4f_1(x + 1) and f_0(4x + 2) ≤ 4f_1(x), • f_0(4x + 3) ≤ 4f_0(x).

Proof. Since w^′_{T M} is (00, 1111)-free and contains 0 and 111, and χ_{(2,δ)} ∈ (11BB)^ω, we have f_0(1) = 2, f_1(1) = 4 and f_0(2) ≤ 3.

Suppose now that δ ≡ 1 mod 4. The case δ ≡ 3 mod 4 is proved similarly. We use the Toeplitz definition of w^′_{T M} . Let w_{(n,d)}[i] = χ_{(n,δ)}[4i + d] for every d ∈ {0, 1, 2, 3}, i ≥ 0 and n > 0. We have w_{(3,3)} = w_{(4,3)} = w^′_{T M} , and 0^8 cannot appear in χ_{(3,δ)} (resp. 1^{16} cannot appear in χ_{(4,δ)}) because w^′_{T M} is 0^2-free (resp 1^4-free). Moreover w_{(3,0)} = 0^ω, so χ_{(3,δ)} is 1^4-free. Similarly, other results follow from facts that:

• w_{(4n,1)} = w_{(4n+1,1)} = χ_{(n,δ)}[δ + 1; ∞]. • w_{(4n+2,0)} = χ_{(n,δ)}. • w_{(4n,2)} = χ_{(n,δ)}[^{δ+1}_2 ; ∞]. • w_{(4n+2,0)} = χ_{(n,δ)}.

By previous observations, we have:

Proposition 7. For every x ∈ {1, . . . 17}, f_0(x) ≤ 32.

One can note than more generally, we have max(f_0(x), f_1(x)) ≤ 4x for every x ≥ 1. By Proposition 7, we have:

Proposition 8. For every n ≤ 17 and every odd δ ≥ 33, χ_{(n,δ)} has no factor 0^{δ−1}.

The least integer r such that χ_{(n,δ)} is 0^r-free, for a fixed n and δ, can be computed by computer : μ^i(1) contains every factor of w^′_{T M} of size at most 4^{(i−1)} + 1, so every factor of size n of w^′_{T M} appear in its prefix of size 4n. Thus the prefix of χ_{(n,δ)} of size 4(l + (n − 1)δ) contains every prefix of χ_{(n,δ)} of size at most l. Computer checks show that:

Proposition 9.

(i) For every n ≤ 17 and every odd 11 ≤ δ ≤ 31, if χ_{(n,δ)} has a factor 0^{δ−1}, then (n, δ) ∈ {15, 17} × {11, 15, 17}.

(ii) w_{T M} has no factor w of the size 11·n such that φ^′(w) = Id_k, for n ∈ {15, 17}. (iii) The maximal excess of a φ^′-kernel repetition of period n·K in w_{T M} , for n ≤ 17 and 11 ≤ K, is one.

Lemma 9. If K ≥ 11, then l ≥ 18·s·K.

Proof. Suppose that K ≥ 11 and l = n·s·K with n ≤ 17.

Case 1: s divides t. Since s·K divides l, w_{T M} has a φ^′-kernel repetition (p^{′′}, e^{′′}) with p^′ = h(p^{′′}) and |e^{′′}| ≥

�_{|e′ |} s � . By Proposition 3 χ_{(n,K)} contains the factor 0^{K−1}.

By Proposition 9 (i), K ∈ {11, 15, 17}, and by (ii), K ∈ {15, 17}. On the other hand, we have |e^′| ≥ 3, and we get the contradiction with (iii).

Case 2: s does not divide t. Then t ≡^s_2 mod s. Note that in this case n ∈ {2, 3}, otherwise the excess of (p^′, e^′) would be more than^s_2 , and t would not be minimal. We have p^′ = κ_ah(w)ι_b or p^′ = κ_bh(w)ι_a, where w has size K − 1. We suppose p^′ = κ_ah(w)ι_b (the other case is similar). Then w is followed by b in w_{T M} . Let p_1 = h(w)ι_bκ_a and p_2 = h(w)ι_bκ_b = h(wb). Then φ(p_1) = Id_k and φ^′(wb) = φ(p_2) = φ(p_1)φ(10)^{−1}φ(01) = (k−3 k−1 k−2). Thus for every i ∈ {0, . . . k−4}, φ^′(wb)[i] = i. χ_{(n,K)} has a factor 0^{K−1}, which is impossible by Proposition 9 (i).

4.3 Avoiding long kernel repetitions

We know by the previous lemmas that l ≥ 18·s·K, and thus |e^′| ≥ 8(k + 1) ≥ 4s.

Since l and t are multiples of s, and by maximality of e^′, w_{T M} has a φ^′-kernel repetition (p_1, e_1) such that p^′ = h(p_1) and e^′ = h(e_1)L. Thus:

|e_1|·s + ℓ + k − 1 |p_1|·s = |e^′| + k − 1 l > 1 k − 1

Note that |e_1| ≥ 4. The definition of markable words are those of [15, Section 3]. By [15, Corollary 9], and since every factor of w_{T M} of size at least 4 is (ν, w_{T M} )- markable, h(w_{T M} ) has a φ^′-kernel repetition (p_2, e_2) with p_1 = ν(p_2) and e_1 = ν(e_2).

Thus w has a repetition of exponent E, with : E = |e_2|·s + ℓ + k − 1 |p_2|·s > |e_1|·s + ℓ + k − 1 |p_1|·s > 1 k − 1

which is a forbidden repetition of period^l_2 . We have a contradiction.

5 Alphabets with less than 9 letters

Ochem’s conjecture is already proved for several cases. Chalopin and Ochem proved the first case of the conjecture for 5 letters, and the second case for 6 letters [5]. Rao proved it for 9 ≤ k ≤ 38 [15]. Theorem 1 prove it for k ≥ 24. We give here constructions for the last cases.

All the words follow the same construction. Their Pansiot code is the morphic word h(g^∞(a)), where h and g are given in the following table (Δ = 1 for first case of the conjecture, and Δ = −1 for the second case).

k Δ g h x_h x_g 5 1 a → abaababaabababaabaab a → 101101 13 40 aabababaababaabaabab b → abaabaabaababaababaa b → 101010

baabaabababaababaaba 6 −1 a → aaab a → 1010110110 39 5 b → bbba b → 1011010101 6 1 a → abaabb a → 101010110101010110101 46 12 b → abbaba b → 101010110101101010110 7 −1 a → ababa a → 101010101101101010101010 24 7 b → bbabb b → 101010101101101101101101 7 1 a → aaab a → 1011010110110110 63 5 b → bbba b → 1011011010110101 8 −1 a → abbba a → 101010101101010110101 30 5 b → baaab b → 101010110101101010110 8 1 a → aab a → 101101101101010110101010101 27 7 b → baa b → 101101101101101010101011010

Table 3: Construction for cases k ≤ 8.

The proof follows ideas of [15] and [3]. Let w^′ = g^∞(a) and w = h(w^′) for one case in Table 3. By Remark 1, M_k(w) has at least one letter of frequency^1_{k+Δ} . We show that M_k(w) is a Dejean word. Let s = |h(a)| = |h(b)| and s^′ = |g(a)| = |g(b)|. Let ℓ (resp. ℓ^′) be the size of the largest common prefix of h(a) and h(b) (resp. g(a) and g(b)). Let σ_a = φ(h(a)) and σ_b = φ(h(b)). Let φ^′ : {a, b}^∗ → S_k be the morphism such that φ^′(a) = σ_a and φ^′(b) = σ(b). One can easily check by computer that: Fact 4. There is a σ ∈ S_k such that for every x ∈ {a, b}, φ^′(g(x)) = σ · φ^′(x) · σ^{−1}.

Let x_h and x_h defined in Table 3. One can check by computer that: Fact 5.

• Every factor w of w such that |w| ≥ x_h is (h, w^′)-markable. • Every factor w of w^′ such that |w^′| ≥ x_g is (g, w^′)-markable.

A Ψ-kernel repetition (p, e) is weak if^{|e|+ 65}_{|p|} ≥^1_{k−1} . The following corollary follow from [15, Lemma 5], Fact 4 and Fact 5. Corollary 1.

• If w has a φ-kernel-repetition (p, e) with |e| ≥ x_h, then w^′ has a φ^′-kernelrepetition (p^′, e^′) with s · |e^′| + ℓ ≥ |e| and s · |p^′| = |p|.

• If w^′ has a φ^′-kernel-repetition (p, e) with |e| ≥ x_g , then w^′ has a φ^′-kernelrepetition (p^′, e^′) with s^′ · |e^′| + ℓ^′ ≥ |e| and s^′ · |p^′| = |p|.

Therefore if M_k(w) has a forbidden kernel repetition of excess at least k − 1 + x_h, then w^′ has a φ^′-kernel repetition (p^′, e^′) such that

s · |e^′| + k − 1 + ℓ s · |p^′| > 1 k − 1 . Note that (p^′, e^′) is a weak repetition since^{k−1+ℓ}_s ≤^6_5 . Similarly, if w^′ has a weak φ^′-kernel repetition (p^′, e^′) of excess at least x_g , then w^′ has a φ^′-kernel repetition (p^{′′}, e^{′′}) such that s^′ · |e^{′′}| + ℓ^′ +^6_5 s^′ · |p^{′′}| > 1 k − 1 . Then (p^{′′}, e^{′′}) is also a weak repetition since^{ℓ′+ 65}_{s′} ≤^6_5 . The fact that M_k(w) is a Dejean word follow from the computer checked facts that:

• M_k(w) has no forbidden repetition of excess at most k − 1 + x_h. • w^′ has no weak repetition of excess at most x_g .

References

[1] J.-P. Allouche, A. Arnold, J. Berstel, S. Brlek, W. Jockusch, S.

Plouffe, B.E. Sagan, A relative of the Thue-Morse sequence, Discrete Mathematics, 139(1-3) (1995), 455–461.

[2] J. Berstel, Axel Thue’s Papers on Repetitions in Words: A Translation, in:

Publications du Laboratoire de Combinatoire et d’Informatique Mathématique, Vol. 20, Université du Québec à Montréal, 1995.

[3] Golnaz Badkobeh, Maxime Crochemore, Michaël Rao, Finite-repetition threshold for large alphabets Mons Days of Theoretical Computer Science. Louvain-La-Neuve, September 11-14, 2012.

[4] A. Carpi, On Dejean’s conjecture over large alphabets, Theoretical Computer Science, 385(1-3) (2007), 137–151.

[5] J. Chalopin, P. Ochem, Dejean’s conjecture and letter frequency, RAIRO - Theoretical Informatics and Applications, 42(3) (2008), 477–480.

[6] J. Currie, N. Rampersad, Dejean’s conjecture holds for n ≥ 30, Theoretical Computer Science, 410(30-32) (2009), 2885–2888.

[7] J. Currie, N. Rampersad, Dejean’s conjecture holds for n ≥ 27, RAIRO - Theoretical Informatics and Applications, 43(4) (2009), 775–778.

[8] J. Currie, N. Rampersad, A proof of Dejean’s conjecture, to appear in Mathematics of Computation.

[9] F. Dejean, Sur un théorème de Thue. Journal of Combinatorial Theory, Series A, 13(1) (1972), 90–99.

[10] M. Mohammad-Noori, J. D. Currie, Dejean’s conjecture and Sturmian words, European Journal of Combinatorics, 28(3) (2007) 876–890.

[11] J. Moulin Ollagnier, Proof of Dejean’s conjecture for alphabets with 5, 6, 7, 8, 9, 10 and 11 letters, Theoretical Computer Science, 95(2) (1992), 187– 205.

[12] P. Ochem, Letter frequency in infinite repetition-free words, Theoretical Computer Science, 380(3) (2007), 388–392.

[13] P. Ochem, Personnal communication, 2009.

[14] J. J. Pansiot, À propos d’une conjecture de F. Dejean sur les répétitions dans les mots, Discrete Applied Mathematics, 7(3) (1984), 297–311.

[15] M. Rao, Last cases of Dejean’s conjecture, Theoretical Computer Science, 412(27) (2011), 3010–3018.

[16] A.M. Shur, I.A. Gorbunova, On the growth rates of complexity of threshold languages, RAIRO - Theoretical Informatics and Applications, 44 (2010), 175–192.

[17] A. Thue, Über unendliche Zeichenreihen. Norske Vid. Selsk. Skr. I. Mat. Nat.

Kl. Christiania, 7 (1906), 1–22.

[18] A. Thue, Über die gegenseitige Lage gleicher Teile gewisser Zeichenreihen. Norske Vid. Selsk. Skr. I. Mat. Nat. Kl. Christiania, 10 (1912), 1–67.