The bi-join decomposition

Fabien de Montgolfier^{a,1}, Michaël Rao^{b,2},

a LIAFA, Université Paris 7, France b LITA, Université de Metz, France

Abstract We introduce a new generalization of the modular decomposition called the bi-join decomposition. We characterize the completely decomposable graphs and we give a linear-time decomposition algorithm.

Keywords: decomposition, modular decomposition, graph classes.

1 Introduction

Graph decompositions are widely used in graph algorithms and graph theory. Well-known examples are the modular decomposition, and its generalization the split decomposition. Both correspond to a decomposition tree, whose leaves are the graph vertices and whose internal nodes correspond to decomposition operations. When the degree of the tree is bounded, some NP-hard problems can be solved in linear-time using recursivity on the tree [8]. Modular decomposition has been studied for a long time. Some properties of the modular decomposition extend to the split decomposition, including unicity [4] and linear-time computation of the decomposition tree [5].

For a decomposition D we say that a graph G is completely decomposable if every subgraph large enough (with at least four or five vertices, depending on the decomposition) admits a non-trivial decomposition, and on the other side G is prime if it admits no non-trivial decomposition (the meaning of “trivial” of course depends on the decomposition).

1 Email: fm@liafa.jussieu.fr 2 Email: rao@univ-metz.fr

A module M of a graph G = (V, E) is a set of vertices such that a vertex v /∈ M is adjacent either to all vertices of M or to none of them. The modular decomposition is the set of all modules of a graph [8]. We do not discuss this notion here but just recall the following famous theorem from [2].

Theorem 1.1 The following propositions are equivalent: (1) G is completely decomposable w.r.t. modular decomposition. (2) G is P_4-free.

(3) For every subgraph H of G, either H or H are not connected. (4) G can be obtained from a single vertex by a sequence of extensions by a true twin or a false twin.

These graphs are called cographs. Splits are a generalization of modules. A distance hereditary graph is a graph in which all chordless paths between any two vertices have the same length. There is also a nice characterization theorem from [1,6].

Theorem 1.2 The following propositions are equivalent: (1) G is completely decomposable w.r.t. split decomposition. (2) G is a distance hereditary graph. (3) G is (house,hole,domino,gem)-free.

(4) G can be obtained from a single vertex by a sequence of extensions by a true twin or by a false twin or a pendant vertex.

In this paper, we introduce a new generalization of the modular decomposition called the bi-join decomposition. We show that some properties of the modular and the split decomposition are preserved, we characterize the completely decomposable graphs and we give a linear-time decomposition algorithm.

2 Bi-joins and the bi-join decomposition

A bipartition of a set V is an (unordered) pair {V_1, V_2} such that V_1 ≠ ∅, V_2 ≠ ∅, V_1 ∩ V_2 = ∅ and V_1 ∪ V_2 = V . Two bipartitions of V {V_1, V_2} and {V_3, V_4} overlap if the four sets V_1 ∩ V_3, V_2 ∩ V_3, V_1 ∩ V_4 and V_2 ∩ V_4 are nonempty. In a graph, there is a complete join between A ⊆ V and B ⊆ V if every vertex of A is linked with every vertex of B.

A bi-join in a graph G = (V, E) is a bipartition {V_1, V_2} of V such that there exists W_1 ⊆ V_1 and W_2 ⊆ V_2 with a complete join between W_1 and W_2, a complete join between V_1 \ W_1 and V_2 \ W_2, and no other edges between V_1 and V_2. A bi-join {V_1, V_2} is trivial if |V_1| = 1 or |V_2| = 1, and it is strong if there is no other bi-join of G which overlaps {V_1, V_2}. Notice that ∀v ∈ V , {{v}, V \ {v}} is a strong trivial bi-join. A unique unrooted tree can be associated with the set of strong bi-joins. Its leaves are the vertices of the graph, and its edges are the strong bi-joins. For a node α of such a tree T , if α is adjacent with k edges, its components C_1, . . . , C_k ⊂ V are the leaf-sets of the connected components of T − α.

T can be recursively constructed, starting from the star with n leaves. Let non-trivial strong bi-joins be {V^1_1 , V^1_2 }, . . . , {V^k_1 , V^k_2 }. At step i there is a unique node α of the tree T_i such that neither V^i_1 nor V^i_2 is strictly included in a component of α. This node α is split: in T_{i+1} an edge separates the components of α included in V^i_1 from the connected components included in V^i_2 . This algorithm can be applied to any family of strong bipartitions. (For more details see [9].) This O(n)-sized tree T , called the bi-join decomposition tree, is a good representation of all the bi-joins of G.

Left: a non-trivial strong bi-join {{a, b, c, d}, {e, f, g, h}} of a graph. Right :

this bi-join is added to the tree; the obtained tree is the bi-join decomposition tree of the graph.

Theorem 2.1 [9] The nodes of T can be labeled complete or prime. For every bi-join {V_1, V_2} there is a node α in T such that V_1 is the union of components of α. Conversely if α has components C_1, . . . , C_k, if α is labeled complete then any union of components is a bi-join (for all I ⊂ {1, . . . , k}, {∪_{i∈I} C_i, ∪_{i /∈I} C_i} is a bi-join) and if α is labeled prime then for every a ∈ {1, . . . , k}, {C_a, ∪_{i≠a}C_i} is a bi-join, and there is no other bi-join.

The proof is based on the fact that two non-strong bipartitions overlap at one node. Then we use the property that if {V_1, V_2} overlaps {V_3, V_4} then {V_1, V \ V_1},{V_2, V \ V_2},{V_3, V \ V_3},{V_4, V \ V_4}, and {V_1 ∪ V_3, V_2 ∪ V_4} are bi-joins of G. Finally it can be proved that any union of components is a bi-join. A quotient G_α can be computed for each node α of the tree: it is G[{v_1, . . . , v_k}] where v_i is any vertex of component C_i.

Theorem 2.2 [9] If a node is labeled prime its quotient is prime w.r.t. bijoin decomposition. If it is labeled complete its quotient is either the complete bipartite graph K_{a,b} or the union of two complete graphs K_a ⊕ K_b.

The neighborhood-nonneighborhood complement of a graph G at vertex v, denoted ~G_v is a graph with vertex-set V \ {v} and an edge between x and y if either xy ∈ E(G) and x, y ∈ N(v), or xy ∈ E(G) and x, y /∈ N(v), or xy /∈ E(G) and x ∈ N(v) ∌ y, or xy /∈ E(G) and x /∈ N(v) ∋ y. Lemma 2.3 (Fundamental Lemma) Let {V_1, V_2} be a bipartition of V and v ∈ V_1. Then {V_1, V_2} is a bi-join of G iff V_2 is a module of ~G_v.

Proof. For w ∈ V_1 such that w ≠ v, w ∈ N(v) in G iff V_2 ⊂ N(w) in ~G_v and w /∈ N(v) in G iff V_2 ∩ N(w) = ∅ in ~G_v. □

3 Characterization theorem

In the introduction a characterization of graphs completely decomposable w.r.t. modular decomposition (cographs) and w.r.t. split decomposition (distance hereditary graphs) was given. Now we present a similar characterization for the completely decomposable graphs w.r.t. bi-join decomposition.

Let u be a vertex of G. u is a false twin of v if N(u) = N(v), a true twin of u if N(u)∪{u} = N(v)∪{v}, a false anti-twin of u if N(u) = V \(N(v)∪{u, v}) and a true anti-twin of u if N(u) = V \ N(v). An (twin,anti-twin)-extension of the graph is to select a vertex u and add another vertex that can be a true or false twin or anti-twin of u.

Theorem 3.1 Let G be a graph. The following conditions are equivalent: (1) G is completely decomposable w.r.t. bi-join decomposition. (2) G is (C_5,bull,gem,co-gem)-free.

(3) G can be obtained from a single vertex by a sequence of (twin,anti-twin)- extensions.

Proof. A subgraph H of G has a non-trivial bi-join iff for any v ∈ V (H), ~H_v has a module (Fundamental Lemma). ~H_v is therefore a cograph, and contains a vertex x with a twin y (Theorem 1.1). If H has at least four vertices then w.l.o.g. x ≠ v ≠ y and the neighborhood-nonneighborhood complement at v transforms true (resp. false) twins into true (resp. false) twins if {x, y} does not overlap N(v), and into true (resp. false) anti-twins otherwise. This proves equivalence between (1) and (3).

For equivalence between (1) and (2) one has to check that G is a C_5, a bull, a gem or a co-gem iff for every v ∈ G, ~G_v = P_4. □

4 Linear-time decomposition algorithm

Theorem 4.1 The bi-join decomposition of a graph can be computed in linear time.

Proof. It is a consequence of the Fundamental Lemma and of the existence of linear-time modular decomposition algorithms [3,7]. The strong modules of ~G_v, computed in linear time, give the strong bi-joins of G in an obvious way. A minimum degree vertex v must be chosen, so that the number of edges of ~G_v is proportional to the number of edges of G. □

References

[1] H.-J. Bandelt, H. M. Mulder, Distance-hereditary graphs, J. Combin. Theory (B) 41 (1986) 182-208

[2] D. G. Corneil, H. Lerchs, L. Stewart Burlingham, Complement reductible graphs, Discrete Applied Math. 3 (1981) 163-174

[3] A. Cournier, M. Habib, A new linear algorithm for modular decomposition, Trees in Algebra and Programming - CAAP ’94, LNCS 787 (1994) 68-84

[4] W. H. Cunningham, Decomposition of directed graphs, SIAM Journal on Algebraic and Discrete Methods 3 (1982) 214-228

[5] E. Dahlhaus, Parallel algorithms for hierarchical clustering and applications to split decomposition and parity graph recognition, Journal of Algorithms 36 (2000) 205-240

[6] P. Hammer, F. Maffray, Completely separable graphs, Discrete Applied Math.

27 (1990) 85-99

[7] R.M. McConnell, J. Spinrad, Modular decomposition and transitive orientation, Discrete Math. 201 (1999) 189-241

[8] R. H. Möhring, F. J. Radermacher, Substitution decomposition for discrete structures and connections with combinatorial optimization, Annals of Discrete Mathematics 19 (1984) 257-356

[9] F. de Montgolfier, Décomposition modulaire des graphes: théorie, extensions et algorithmes, Ph.D. thesis, Université de Montpellier II, LIRMM, 2003