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Exercise 1 — Liouville’s theorem, again.
Let h : Rd → R bounded and harmonic, and x, y ∈ Rd. Show that for any hyperplane H
with hitting time T , h(x) = Ex[h(BT )]. Deduce Liouville’s theorem.

Exercise 2 — Conformal invariance in dimension 2.
We recall that a map U ⊂ Rn → Rn is conformal if it is differentiable and its differential
is the multiple of an isometry at every point. For n = 2, a map is conformal if and only if
it is holomorphic.

(1) Let U, V open in C and φ : U → V a conformal homeomorphism. Show that a map

h : U → R is harmonic if and only if h̃ = h ◦ φ is.

(2) Let D, D̃ be two open sets. Assume that D̃ verifies the Poincaré cone condition and

D̃,D have an almost surely finite exit time. Let φ : D → D̃ an homeomorphism

which restricts to a conformal homeomorphism between D and D̃. For x ∈ D,
show that φ∗µ∂D(x, ·) = µ∂D̃(φ(x), ·). (Hint: verify this for bounded continuous
functions).

(3) Let φ : H→ D, φ(z) = − z−i
z+i

. When x = i, compute explicitly µ∂H(x, ·).

Exercise 3 — Inversions in all dimensions.
Show that u : Rd \ B(0, 1)→ R is harmonic if and only if u∗ : B(0, 1) \ {0} → R, u∗(x) =
u(x/|x|2)|x|2−d is.
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