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Let H be a real Hilbert space. Let f € 'g(#H) have a Lipschitz gradient
with Lipschitz constant g > 0.
Find

X € Argmin f(x).
x€H

» Gradient descent algorithm

Set v € ]0,400[ and xp € H.
For n=0,1...
[ Xnt1 = Xn — YV (xn).

The sequence (x,)nen generated by this explicit scheme converges to a
minimizer of f provided that such a minimizer exists and v €]0,2/4].
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Let H be a real Hilbert space. Let f € 'g(#H) have a Lipschitz gradient
with Lipschitz constant g > 0.
Find

X € Argmin f(x).
x€H

» Alternative algorithm
Set v € ]0,4o00[ and xg € H.
For n=0,1...
[ Xn+1 = Xnp — ’YVf(Xn—i-l)-

Questions:
» How to determine x,y;1 at each iteration n of this implicit scheme ?
» Which values of v guarantee the convergence of (x,)nen ?
» What to do if f is nonsmooth ?
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Proximity operator: definition

Let H be a Hilbert space. Let f € [o(H).

» The Moreau envelope of f of parameter v € |0, +oc] is

1
TF:H =R x> inf f —ly — x|
M= Rexs inf £(y) + 5o lly = x|
» The proximity operator of f is

1
prox;: H — H: x +— argmin f(y) + =|ly — x|*.
yYEH 2

f(x) prox(x)

Xy
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Proximity operator: definition

3 2 u
’
4 ’
’ ’
1.5 il
LY ‘] ’
S RN ‘ ’
\ ’ 1L ’ i
\ 4 4
2+ AY 4 - ’
\ ’ 0.5 4 -
\ ’ 4
\ ’ 1,
1.5+ — of —
AN ’ ,
AN 4 ’
AY 4
_o.s| ’ B
\ ’ ’
1 -
\ ’ ’
A% 4 . L ’ B
\ ’ * ya
osl \ ’ B ’
\ ’ _asl ’ i
A% ’ ,
A W4 ’
o - -2 £
-3 -2 -1 o 1 2 3 -3 -2 —1 o 1 2 3
Moreau envelope Proximity operator

TF(x) = infyer F(y) + 25 lly — x|1? proxy(x) = argmin f(y) + 3ly =«
y



4/16

Proximity operator: definition

4 ’
’ ’
1.5 il
A ’
2.5 ’ ,
’ 1k ’ il
’ 4
2+ AY 4 - ’
\ ’ 0.5 4 -
\ ’ 4
\ ’ ,’
1.5 — o+ -
AN ’ ,
AN 4 ’
AY 4
_o.s| ’ B
AN 4 V3
.l i
AY 4 V3
A% 4 . L ’ B
\ ’ * ya
osl \ ’ B ’
\ ’ _asl ’ i
A% ’ ,
A W4 k4
o = —2 a
-3 -2 -1 o 1 2 3 -3 -2 —1 o 1 2 3
Moreau envelope Proximity operator

TF(x) = infyer F(y) + 25 lly — x|1? proxy(x) = argmin f(y) + 3ly =«
y



4/16

Proximity operator: definition

Moreau envelope
Tf(x) = infyen F(y) + 2y — x1?

Proximity operator
prox,(x) = argmin £(y) + 1lly — x|
yYEH
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Proximity operator: definition

Let H be a Hilbert space and f € [o(H).

(VxeH) p=proxs(x) < x—pedf(p).
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Proximity operator: definition

Let # be a Hilbert space and f € [o(H).

(VxeH) p=proxs(x) < x—pedf(p).

Proof: By using Fermat's rule, for every x € H, if and only if
: 1 >
p=argmin f(y)+ 5lly — x|
YEH

o 0caf+5l-—P) )

0€df(p)+p—x
x € (Id + of )(p).

T 0
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Proximity operator: examples

Projection :
Let H be a Hilbert space. Let C be a nonempty closed convex subset of H.

.1
(VxeH)  prox, (x) = arygen;lnEHy — x||? = Pc(x).
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Proximity operator: examples

Projection :
Let H be a Hilbert space. Let C be a nonempty closed convex subset of H.

.1
(VxeH)  prox, (x) = arygerr(]:mEHy — x||? = Pc(x).

Remark :
» p=Pc(x) & x—pedic(p) = Nc(p)
& (Wwel)ly—-plx—p) <0.
Particular case: if C is a vector space: p = Pc(x) & x —p € Ct.

> Ve = (2)"1d2 where dc distance to the convex set C is defined
by de x> infec lly — x|l = lx — Pex).
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Proximity operator: examples

Power g function with g > 1 :
Let x >0, g € [1,4+00[ and ¢: R — ]—00,+00] : n — x|&|9. Then, for
every £ € R,

’ sign(e) max{|¢| - x, 0} if g=1

£+ 7% (e — O3 — (e +6)*)
where € = /€2 + 256x3/729 if g =3%
prox,€ = § € + 2@ (1 /14 P4 if g=3
ﬁ if g=2
sign(6) VRN if g =3
L(559)Y° = (55)'° where e= @+ 1/27x) ifq=4
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Proximity operator: examples

Power g function with g > 1 and x = 2.
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Proximity operator: examples

Quadratic function :
Let H and G be two Hilbert spaces.
Let L € B(G,H), v € ]0,+o0[ and z € G.

f=v|L-—z|?/2 = prox; = Id+~L*L)7I(- +~yL*z2).

» Exercice : Prove this property.



10/16

Proximity operator: properties

Let H be a Hilbert space, x € H and f € o(H).

[ Properties [ g(x) [ Prox,x |
Translation f(x—2z),zeH z + proxs(x — z)
Quadratic perturbation )+l x| /24 (z|x)+~ prox ¢ (’;jri

a+l

z€EH,a>0,v€R

Scaling f(px), p € R* %proxpzf(px)

Reflexion f(—x) —proxs(—x)

Moreau enveloppe Yf(x) = inf f(y)+ i lIx — y||2 L (’yx + prox( 4 )f(x)>
L% > T 5

¥y>0
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Exercice

Establish all the properties in the previous table.
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Proximity operator: properties

Let H be a separable Hilbert space.
Let (b;)ics be an orthonormal basis of H.
For every i € I, let ¢; € I'o(R) such that ¢; > 0. For every x € H,

if
f(x) =Y wil(x| b))

i€l

then
prox¢(x) = > _;c; prox,, ((x | b;))b;.

Remark: The assumption (Vi € /) ¢; > 0 can be relaxed if H is finite
dimensional.
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Proximity operator: properties

Let H be a separable Hilbert space.
Let (b;)ics be an orthonormal basis of H.
For every i € I, let ¢; € I'o(R) such that ¢; > 0. For every x € H,

if
f(x) =Y wil(x| b))

i€l

then
prox¢(x) = > _;c; prox,, ((x | b;))b;.

Example: H = RN, (b;)1<i<n canonical basis of RN, f = A|| - ||; with
A € [0, 400l

(W= (Mcien) € RY) - prosy (x) = (proxy (x7)) ey
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Proximity operator: properties

Moreau decomposition formula
Let H be a Hilbert space, f € I'y(#) and v € ]0, +o0].

(Vx € H) Prox. p« X = X — yprox,—17(y"1x) .

Proof:
P = ProX ;X < X —p € ~Of*(p)
&S pe 8f(ﬂ>
ol

e%af(X;p)

X X—p

v v

X j—
& Tp = proxvqf('y*lx)

& p=x—yprox,-1¢(y"'x)
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Proximity operator: properties

Moreau decomposition formula
Let H be a Hilbert space, f € I'o(#) and v € ]0, +o0[.

(Vx € H) ProX s« X = X — ’yprox,y_lf(’y_lx) o

Example: If H =RN, f = %H - |13 with g €]1, 400, then f* = %H . ||g:
with 1/g+1/g* =1, and

(vx € RN) PTOX g X = X — fyproxL”,”g(’Y_lX)-
g Il llg* 9
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Proximity operator: examples

Support function :
Let H be a Hilbert space and C C H be nonempty closed convex.

(Vx € H) prox,. = Id — Pc.

Soft-thresholding : H =R, 6; = inf C and é, = sup C. For every x € R,

ox ifx<O0 x—0p ifx<d;
oc(x)=40 if x=0 = prox, (x) = softc(x) = {0 ifxe C
dox if x>0 x—0p if x> 6.

Pc(x) prox, . (x)

262 x /61 562 X

01



15/16

Proximity operator: properties

Let H and G be two Hilbert spaces. Let f € I'g(H) and L € B(G, H) such
that ran L = H. Then

d(fol)=L*Of L.
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Proximity operator: properties

Let 7 and G be two Hilbert spaces. Let f € [o(H) and L € B(G,H) such
that ran L = H. Then

d(fol)=L*Of L.

Let 4 and G be two Hilbert spaces. Let f € [o(H) and L € B(G,H) such
that LL* = pld where p € |0, +oo[. Then

proxse; =1Id — p~1L* o (Id — prox,) o L.
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Proximity operator: properties

Particular case : L € B(H,H) unitary, proxs,; = L*prox,L.

[llustration: denoising using an £1 penalty on the coefficients resulting
from an orthogonal wavelet transform L.

PTOX .1y




