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Towards deep learning: Plug-and-play

Deep learning – General framework

• Database : S =
{
(xi, zi) ∈ RN × RM

∣∣ i ∈ I ∪ J such that zi = xi + ε
}

• Prediction function : dΘ(zi) = η[K]
(
W [K] . . . η[1](W [1]zi + b[1]) . . .+ b[K]

)
Variational formulation versus Plug and play

• Forward-Backward: x[k+1] = proxτθf◦D ( x[k] − τA>(Ax[k] − z) )

• FB-PnP: x[k+1] = dΘ ( x[k] − τA>(Ax[k] − z) )

Remark

• Principle that can be applied to other algorithmic schemes

PnP-ADMM, PnP-DR, HQS,. . .
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Towards deep learning: Plug-and-play

• FB-PnP: x[k+1] = dΘ ( x[k] − τA>(Ax[k] − z) )

Build a denoiser: MAP denoiser

• Defining the estimate dΘ(z) of x from z as the maximum of π(x|z):

dΘ(z) ∈ Argmin
x

− log π(z|x)− log π(x).

For white Gaussian noise, − log π(z|x) = 1
2σ2 ‖z− x‖22.

Assume that − log π(x) = g(x). Then,

dΘ(z) = proxσ2g(z).

Remark
• g often unknown. This can explain the desire of replacing

proximity operator by more powerful denoisers.
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Towards deep learning: Plug-and-play

FB-PnP: x[k+1] = dΘ ( x[k] − τA>(Ax[k] − z) )

Build a denoiser: MMSE denoiser dΘ(z) = E(x|z)

• π̃(z) ∝ exp(−g̃σ2(z)) : probability distribution for the noisy signal.

• Tweedie’s formula: z−dΘ(z)
σ2 = ∇g̃σ2(z),

• ∇g̃σ2 : score of this distribution.

• π̃(z) 6= π(x): the former is the convolution of the latter with a

Gaussian smoothing kernel of bandwidth σ.

(Gradient)-FB-PnP

x[k+1] = prox τ
2
‖A·−z‖2 ( x[k] − τσ−2(x[k] − dΘ(x

[k])) )
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Towards deep learning: Plug-and-play

• FB-PnP: x[k+1] = dΘ ( x[k] − τA>(Ax[k] − z) )

Build a denoiser

• If dθ = proxτθf with f convex and τ < 2/‖A‖2, then convergence to x̂ ∈
Argmin

x

1
2
‖Ax− z‖22 + θf(x).

• If dθ = proxτθf with f nonconvex and τ < 1/‖A‖2, then convergence to x̂ ∈
Argmin

x

1
2
‖Ax− z‖22 + θf(x).[Bolte, Sabach, Teboulle, 2014]

• If dΘ is built to be firmly non-expansive by regularizing the training loss. For instance

dΘ = Id+Q
2

with Q a non-expansive operator, then convergence to an inclusion problem

[Pesquet, Repetti, Terris, Wiaux, 2021].

• If dΘ is built to be the proximal operator of a nonconvex (weakly convex) functional,

then convergence to a minimization problem. [Hurault, Leclaire, Papadakis, 2022]

• If dΘ is built from an unfolded strategy to compute prox‖L·‖1+ιC
.
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Stability

* Given an input z and a perturbation ε, the error on the output

can be upper bounded :

‖dΘ(z + ε)− dΘ(z)‖ ≤ χ‖ε‖.

where χ certificated of the robustness.

* [Combettes, Pesquet, 2020]: χ can be upper bounded by:

χ ≤
K∏
k=1

‖Wk‖S .

* [Pesquet, Repetti, Terris, Wiaux, 2020]: tighter bound by Lipschitz

continuity:

χ ≈ max
(zs)s∈I

‖ J dΘ(zs)‖S .

where J denotes the Jacobian operator.
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Stability

DDFB-LFO DDiFB-LFO DCP-LFO DScCP-LFO

J J J J

Upper bound
∏K
k=1 ‖Wk‖S for different unfolded neural network

configurations.
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Stability

Distribution of (‖ J fΘ(zs)‖S)s∈J for 100 images extracted from

BSDS500 validation dataset J, for the proposed PNNs and

DRUnet.
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PnP based on unfolded denoiser

Ground truth Noisy (σ = 0.015) – 20.11 dB BM3D – 27.10 dB

DRUnet – 25.09 dB DDFB-LNO – 27.23 dB DScCP-LNO – 26.48 dB

Restoration performance.

Restoration example for σ = 0.015, with parameters γ = 1.99 and β chosen optimally

for each scheme.
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PnP based on unfolded denoiser

DRUnet – 25.09 dB DDFB-LNO – 27.23
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PnP based on unfolded denoiser

Restoration performance.

Best PSNR values obtained with DDFB-LNO, DScCP-LNO,

DRUnet and BM3D, on 12 images from BSDS500 validation set

degraded, with σ = 0.03.
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Conclusions for part 1

* Unified framework for several proximal unfolded NN schemes.

* Faster provides better unfolded strategy in this denoising

framework.

* Proximal unfolded NN schemes: good compromise between

number of parameters and performance.

* Proximal unfolded schemes may help to design stable neural

networks.
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2- Avoid new training with an

equivariant strategy



Equivariant network

Equivariant network

• dθ is invariant to a transformation D if the output remains unchanged:

dΘ(Dz) = dΘ(z)

• dθ is equivariant to a transformation D if the output changes in a

corresponding way:
dΘ(Dz) = D′dΘ(z)

Particular case: If G acts on the same way in the output and input spaces, dΘ(Dz) = DdΘ(z)

Make dΘ G-equivariant

• Averaging over a group G of unitary matrix {Dg}g∈G :

dθ,G(z) =
1

|G|
∑
g∈G

D−1
g dΘ(Dgz) → can be computationally demanding
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Equivariant Plug-and-play

• FB-PnP:

x[k+1] = dΘ ( x[k] − γA>(Ax[k] − z) )

• Equivariant FB-PnP [Terris, Moreau, Pustelnik, Tachella, 2024]

Sample gk ∈ G

x[k+1] = D−1
gk

dΘ (Dgk x[k] − γA>(Ax[k] − z) )
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Equivariant Plug-and-play

Proposition

dΘz = Wz be a linear denoiser with singular value decomposition W =∑n
i=1 λiuiv

>
i and λ1 ≥ λ2 ≥ . . . ≥ λn ≥ 0. If the principal component

u1v
>
1 is not G-equivariant, the averaged denoiser dΘ,G has a strictly smaller

Lipschitz constant than dΘ.

<latexit sha1_base64="CUVW/+0OFHaF1X9p9hvd+kUqQPk="></latexit>

d⇥
<latexit sha1_base64="SfYH2PGVk+YAPzFs/0F+EDejOwE="></latexit>

d⇥,G

Lipschitz constant (i.e., the spectral norm of the Jacobian) of various denoisers

averaged over 10 different patches of 64× 64 pixels. Equivariant denoisers are

obtained by averaging over the group of 90 degree rotations and reflections. 15



Numerical experiments Gaussian debluring
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Numerical experiments debluring
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Conclusions and perspectives

• Different types of convergence guarantees: convergence of the

iterates, convergence rate for f or the sequence.

• Numerous proximal algorithms depending of the applicative

context.

• Strong convexity: key tool to accelerate algorithms and prove

convergence rates on iterates.

• Some algorithms stay difficult to analyze : FISTA, primal-dual

schemes.

• Large scales stay difficult to handle : block, multilevel,...
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Conclusions and perspectives
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Conclusions and perspectives

• Unfolded = truncated iterations.

• Unfolded is certainly the best compromise between end-to-end

NN and variational approaches but theoretical guarantees still

lack.
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@ Extracted from Romain Vo PhD
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Conclusions and perspectives

• Unfolded = truncated iterations.

• Unfolded is certainly the best compromise between end-to-end

NN and variational approaches but theoretical guarantees still

lack.

• Bilevel framework to derive learning schemes.

• Applied to other problems such as edges detection.
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Conclusions and perspectives
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Conclusions and perspectives

• PnP: good solution to avoid training on new dataset.

• Stronger convergence guarantees than unfolded schems but

still very sensitive. Equivariant-PnP, Multilevel-PnP are

solution to improve it.
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