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Focus on the following issues

e Faster algorithm, better unfolded neural network ?
e Robustness of unfolded networks.

e Number of parameters versus performances.



Context: Image restoration

= Data: z € RM degraded version of an original image X € RV:

7z=AX+¢

e A ¢ RM*N: Jinear degradation (e.g. a blur)
e c: noise (e.g. Gaussian noise)

SPHERE-IRDIS g



Training a prediction function for a reconstruction task

( Deep learning — General framework
e Dataset : S = {(i@,Z() e RNV x RM ‘ { e HUJ} with z; = AXy + &4
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Training a prediction function for a reconstruction task

Deep learning — General framework
e Dataset : S = {(ig,Zg) € RN x RM ‘ (e HUJ} with z; = AXy + &4
e training set (X, z¢)per with size T

° with size J

e Prediction function: de(z¢) = n'*! (W[K] vz, bl 4 b[K])
= @ ={Wl . WK pll  plE}

~ 1
e Learn parameters: © € Argmin@i Zfeﬂﬁ(ié7d®(zé)>

° . A properly trained network must satisfy

(Veel) xo~dg(z)




Variational approach versus Deep learning architecture

~\

[ Variational approach
de(z) = Argmin{F(X) = f(Ax,z¢) + g(LX)}
XEH
® Data fidelity term:  f(A-,z;)
® Prior: g(L-)

= 0O = {L, K = #iter}

\ J

' D

Deep learning de(z¢) = nS (WK pltl(Wwltlz, 4+ pl)) 4 plKD)

©® Linear operators: WM,W[Q], cey WK
® Activation functions: ,,][1] , 77[2]7 ey ’r][K]
® Biais vectors: bm, bm7 R pli]

= ©={whi . wE pll pEl}




Synthesis formulation and proximal gradient descent

==) Synthesis formulation:

1 <
min §||Hx — 2|2 + A||x||; |where H = AL* € RV*NV

== Forward-backward iterations:

‘ X[k+1] = ProXzi||-|l1 (X[k] — TH* (HX[H - Z))

==) Reformulation:
‘ (k1 = prox, ., (Id — TH*H)x* + 7H* z))

== | ayer network: [Gregor, LeCun, 2010]

x[k+1= PLOX_ ).y ( Id — 7H*H x[kl + TH*z )

nl#] WK bl~]



Standard activation functions

== Preliminary remarks [Combettes, Pesquet, 2020]

e Most of activation functions are proximity operator :
ReLU, Unimodal sigmoid, Softmax ...


https://pcombet.math.ncsu.edu/svva5.pdf

Standard activation functions

Name Activation = € R — o(z) = prox,(z) ‘ Potential z € R — ¢(z)

{z ifz>0 ; / a: |

RelLU L[O;l»oo)

0 otherwise . o

ifz>0 ‘ 0 ifz>0
Param. RelLU vone ) °/ (1/X — 1)z _ N
Az otherwise — otherwise o
‘ —Zm (cos(%)) .
2 arctan(z)
Arctan. — ° % iflz[ <1 N

: +o0 otherwise

Soft thresh. sign(z) max{|z| — \,0} ° /‘/ Az “\/

Q
N




Standard activation functions

== Preliminary remarks [Combettes, Pesquet, 2020]

e Most of activation functions are proximity operator :
ReLU, Unimodal sigmoid, Softmax ...

e For WI¥l bounded linear operators and ¥l proximity
operators, dg model allows to derive tight Lipschitz bounds
for feedforward neural networks in order to evaluate
robustness.


https://pcombet.math.ncsu.edu/svva5.pdf

Study case: Focus on denoising



Iterative scheme

' D

Minimization problem : X = argmin §||x — z? + ||Lx||;
X

\ J

Dual reformulation: 1 € Argmin §|z — LT u|? + ¢ <1 (u)
ueg B

e Primal solution: X =z — LT1.
e Solution obtained with proximal gradient based procedure.
e Accelerated schemes (e.g., FISTA).




(F)ISTA in the dual

4 )

Minimization problem : X = argmin 3|x — z[|* + ||Lx|;
X

\. J

4 )

Dual reformulation: 1 € Argmin 1|z — LTu||? + U fleo<1 (1)
ueg N

\. J

r(F)ISTA to solve dual reformulation:
Set ul% € RIFI, and vI0 € RIFI,

[k+]] g TOX
b pro U lloo <t

<(Id — 7 LLT vl 4 TkLZ>

vlk+H] = (1+ ak)u[l”” — agulf]

\. J

rPreliminary remarks:
e FISTA when aj, = %=1,

Ort1

e ISTA when oy = 0.
o (FISTA:x=z—-L'1 10

\. J




(F)ISTA in the dual

~

r(F)ISTA to solve dual reformulation:

Set ul% € RIFI, and vI0 € RIFI,
ulk+1 o — prox, . ((Id — 7 LLT)vlF 4 TkLZ)

v = (1 + ap)ulFt — qpul¥

Proposition : The proximity operator of the conjugate of the ¢;-norm
scaled by parameter A > 0 fits the HardTanh activation function,:

(VX = (Xi)lgigN) PHHOCS)\(X) = HardTanh,\(X) = (pi)lgigN

where —\ if pi < 7)\’
Pi=9qA if pi> A,

pi  otherwise.
11
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~

r(F)ISTA to solve dual reformulation:
Set ul% € RIFI, and vI0 € RIFI,

ulf+1 = HardTanh; | (Id — 7, LLT)vl¥ + TkLZ)

v = (1 4 ap)ulF ) — qpul¥

Proposition : The proximity operator of the conjugate of the ¢;-norm
scaled by parameter A > 0 fits the HardTanh activation function,:

(VX = (Xi)lgigN) PHHOCS)\(X) = HardTanh,\(X) = (pi)lgigN
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pi  otherwise.
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(F)ISTA in the dual

~

r(F)ISTA to solve dual reformulation:
Set ul € RIFI and v € RIFI.

ulF+1 = HardTanh, <(Id — 7 LLT)vlF ¢ TkLz>

L (1 agulH oyl

= Unfolded (F)ISTA:

ulkl ] | Id g 0 Id g ulk=1]
ulF+17| 7] \HardTanh, —ap_1(dp — LFILED (4 ap 1) dpe - LFLED )] ul¥

¥ Wik bl¥

11



Original Proposed

PSNR/SSIM 14.1/0.25 26.0/0.84 26.6/0.85

PSNR/SSIM 14.1/0.13 26.0/0.76 27.7/0.79 28.5/0.79 28.8/0.81




Original Proposed

23.6/0.76 24.0/0.76 24.4/0.76

PSNR/SSIM  8.14/0.043 24.5/0.64 25.1/0.65 25.4/0.65 25.9/0.70




D(i)FB algorithm

OBJECTIVE: X = argmin{F(X) = Llx — 2|2 + g(Lx) + Lc(x)}
x€H
® (' C H is a closed, convex, non-empty.

e L:H{ —GandgclyG)

14
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ALGORITHM: Let vl € G,
For k=0,1,...
ulkttl = ProX,, (,g)* (V[k] + 7, LPc(z — LTVM)>
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D(i)FB algorithm

OBJECTIVE: X = argmin{F(X) = Llx — 2|2 + g(Lx) + Lc(x)}
x€H
® (' C H is a closed, convex, non-empty.

e L:H{ —GandgclyG)

\ J

4 )

ALGORITHM: Let vl € G,
For k=0,1,...
ulkttl = ProX,, (,g)* (V[k] + 7, LPc(z — LTVM)>

vl = (1 4 ag)ulFt1 — agul¥]

Assume that one of the following conditions is satisfied.
° Vk €, 7 € (0,2/||L||%), and ax = 0.
. Vk €, i € (0,1/||L||3), ax = 32: with 6 = £ and a > 2.
Then we have X = limy_,o, Po(z — LTul¥l).

14



(Sc)CP algorithm

OBJECTIVE: X = argmin{F(X) = Llx — 2|2 + g(Lx) + Lc(x)}
x€H
® (' C H is a closed, convex, non-empty.

e L:H{ —GandgclyG)

ii5)



(Sc)CP algorithm

OBJECTIVE: X = argmin{F(X) = Llx — 2|2 + g(Lx) + Lc(x)}
x€H
® (' C H is a closed, convex, non-empty.

e L:H{ —GandgclyG)

\ J

AvrcoritaM: Let x% € # and ul% € G.
For k=0,1,...
H = P (s (o = LTu) + o)

ulk+1l = DIOX,, (19 <u[k] + TkL((l + oy )xlF 1) — akx[k]))

ii5)



(Sc)CP algorithm

OBJECTIVE: X = argmin{F(X) = Llx — 2|2 + g(Lx) + Lc(x)}
x€H
® (' C H is a closed, convex, non-empty.
e L:H{ —GandgclyG)
ALGorITHM: Let x[% € H and ul® € G.
For k=0,1,...

1) = P (e = LTul) + )
ulF 1 = prox, (. <u[k] + TkL((l + agp )xlFF1 — akx[k]))

Assume that one of the following conditions is satisfied.

° Tk,ukHLHQS <1, and ap = 1.
1 1.
° ar = VIT 205 L) Bt = ity Tet1 = Trog, - with poTo||L)|% < 1.

Then we have X = limy_, o, x/*/. T



S(c)CP to D(i)FB

s A

OBJECTIVE: X = argmin{F(x) = 1l|x — z[|3 + g(Lx) + Lc(X)}
x€EH

\. J

4 )

ALGORITHM: For k=0,1,...

xlF = pg (%ﬁ,ﬂ(z —LTul) + 1+1MXM)

u[k+1] _ PrOXTk,(ug)* (u[k‘] + TkL<(1 + ak)x[k—O—l] — Ozk-Xk)>

@ S(c)CP: Starting point.

16



S(c)CP to D(i)FB

~

r

OBJECTIVE: X = argmin{F(x) = 1l|x — z[|3 + g(Lx) + Lc(X)}
x€EH

\.

r

ALGORITHM: For k=0,1,...

xlF = pg (%ﬁ,ﬂ(z —LTul) + 1+1MXM)

u[k+1] _ PrOXTk,(ug)* (u[k‘] + TkL<(1 + ak)x[k—O—l] — Ozk-Xk)>

@ S(c)CP: Starting point.
& Arrow-Hurwicz iterations: «; = 0.
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S(c)CP to D(i)FB

s A

OBJECTIVE: X = argmin{F(x) = 1l|x — z[|3 + g(Lx) + Lc(X)}
x€EH

\. J

4 )

ALGORITHM: For k=0,1,...

] = P, (ﬁ(ziLTu[k]) n ﬁﬂk])
k1 — PrOX,, (1g)+ (u[k] + TkLX[Hl])

@ S(c)CP: Starting point.
@ Arrow-Hurwicz iterations: a; = 0.
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S(c)CP to D(i)FB
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r

OBJECTIVE: X = argmin{F(x) = 1l|x — z[|3 + g(Lx) + Lc(X)}
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\.

4 )
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k1 — PrOX,, (1g)+ (u[k] + TkLX[Hl])

@ S(c)CP: Starting point.
@ Arrow-Hurwicz iterations: a; = 0.
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S(c)CP to D(i)FB

~

r

OBJECTIVE: X = argmin{F(x) = 1l|x — z[|3 + g(Lx) + Lc(X)}
x€EH

\.

4 )

ALGORITHM: For k=0,1,...
xFH1] = P (Z — LTHW)
ulk+1 = PIOX,, (9)+ (u[k] + Tka[k“])

@ S(c)CP: Starting point.
@ Arrow-Hurwicz iterations: o = 0.
e DFB: up — +oo.
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S(c)CP to D(i)FB

~

r

OBJECTIVE: X = argmin{F(x) = 1l|x — z[|3 + g(Lx) + Lc(X)}
x€EH

\.

4 )

ALGORITHM: For k=0,1,...
xFH1] = P (Z — LTHW)
ulk+1 = PIOX,, (9)+ (u[k] + Tka[k“])

@ S(c)CP: Starting point.

@ Arrow-Hurwicz iterations: o = 0.
e DFB: up — +oo.

@ DiFB: Inertia step on the dual variable.
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S(c)CP to D(i)FB

s A

OBJECTIVE: X = argmin{F(x) = 1l|x — z[|3 + g(Lx) + Lc(X)}
x€EH

\. J

ALGORITHM: For k=0,1,...
xlk+1 = P (z — LTV[k])
ulk ] = PrOX,, (1) (ul*) 4 7, Lx(k+11)
V[k+1] = (1 —+ pk)u[k""l] — pku[k]

@ S(c)CP: Starting point.

@& Arrow-Hurwicz iterations: o = 0.

@& DFB: up — +o0.

@ DiFB: Inertia step on the dual variable.

16



Arrow-Hurwicz building block

~

ITERATION: Arrow-Hurwicz iteration can be written as:

dz,u,G)k,: H x g —H
xt ulF—d, e, 5 p(x de, p o (xM, ultl))

with

dy,e, p,p(X, 1) = prox,, (g (TkLx + 1),

1 Pk T i >
d x,u) =P X— L u+ Z

DEEP LEARNING NOTATION:

de = 1 (WK gl (W ity 1 piK))

17




Deep Arrow-Hurwicz building block

~

LAYER: Arrow-Hurwicz layer can be written as:

dz,u,®k3 HxG —H
(X[kLu[k])+—>dz7@k’pjp(x[k]7d(_)k%D(X[kz]?u[k]))’

with

d%@k,Dﬂj (x,u) = PIOX7, (vg)* (Tl px + 1),

1 BE T ok )
dg, x,u) =P X— Lypu+ Z
Or,p (X, 1) ¢ (1 + e 14 P I+ pg

18



Deep Arrow-Hurwicz building block + skip connections

1 1
° 1
2 5 1
2 1 Lt g 1
H 1 1 1
- ' ey I '
5 1 -
f | o] I 1
.J: Xk — kDkD PrO%r (vg) (el Po T +1
a : * :
e - T Uk
| e e e e e e e e e e e e —— - )
Lz,
r —————— 1
: : )

Figure 1: Architecture of the proposed DAH-Unified block for the k-th
layer. Inertial step for ScCP (top) and DiFB (bottom). 19



Variations on the proposed architecture

‘ Oy ‘ Comments
DDFB—LFO L},,;A’p, Lk:A,D absorb Tk in Lk,D

DDFB-LNO | Ly» =L} p | define 7, = 1.99||Ly|| 2

20




Variations on the proposed architecture

‘ Ok ‘ Comments
DDFB-LFO Lk}p, Lk,D absorb Tk in Lk,p
DDFB-LNO | Ly» =L} p define 71, = 1.99||L || 2
DCP-LFO Le», Lo, 1 learn p=po =+ = pxk,

and absorb 7 in Ly p

DCP-LNO | Lip =Lip, p | leam p=po =" = px,
and fix 7, = 0.99p 7 || Ly 2

20




Variations on the proposed architecture

‘ Oy ‘ Comments
DDFB-LFO kap, ij) absorb Tk in Lk;ﬂp

DDiFB-LFO Li,p, Le,p, ok fix a, and absorb 73 in Ly p

DDFB-LNO | Ly =Ly p define 7, = 1.99||Ly|| 2

DDIFB—LNO Lk,'p = LgD fix g = ttilll’ tk+1 — k+271'
a> 2, and 7, = 0.99|| L[>

DCP-LFO Lk,p, Lk,Dy y% learn M=o =" = UK,

and absorb 7 in Ly p

DCP-LNO Lip =Lip, pu | lean p=po == px,
and fix 7, = 0.99u 7 || Ly || 72

20




Variations on the proposed architecture

‘ O ‘ Comments
DDFB-LFO Lg,p, Li,p absorb 73 in Lx,p
Li,», Le,p, ak fix a, and absorb 7 in Ly p
DDFB-LNO | Ly» =L} p define 73, = 1.99||Lg|| 2
DDiFB-LNO | Lyp =L/ p fix ap = $E=5, tryr = B,
a>2,and 7, = 0.99||Lg| 2
DCP-LFO Lep, Lep, p learn = po = -+ = pk,

and absorb 7, in Ly p
DScCP-LFO Lk, ., Lk, D, 1o learn po, absorb 7 in L p,
and fix ar = (1+ 2;%)71/2,
and fig+1 = agfik
DCP-LNO Lip = LIZD, wo| learn p=po =--- = pk,

and fix 74 = 0.99u ! ||Ly || ~2

DScCP-LNO | Ly» =Lj p, i | learn puk, and fix ax = (1 + 21 ) "2,
and 75, = 0.99p; ' ||Lx| 72 20




Limit case for deep unfolded NNs

~\

r[Le, Repetti, Pustelnik, 2023]
We consider the unfolded NNs DD(i)FB and D(Sc)CP. Assume that, for every
ke{l,...,K}, Lip =Land Lyp =L", for L: RY — Rl In addition, for
each architecture, we further assume that, for every k& € {1,..., K},
e DDFB: 71, € (0,2/||L|%).

e DDIFB: 7, € (0,1/||L||%) and px = ’;;: with t, = ££2=1 and a > 2.

o DCP: (73, ) € (0,400)? such that 7yp || L[| < 1.
e DScCP: ay, = (1 + 2,uk)71/2, k41 = ik, and Tp41 = kaoz,zl with
Topo|| L% < 1.

Then, we have xx — X when K — +00, where xx is the output of either of
the unfolded NNs DD(i)FB or D(Sc)CP, and X is a solution to

1
min o x = zll3 + g(Lx) + o(x).

21



Denoising performance

36
34}
32
30 —PSNR noisef |
—DDFB-LFO
28+ — DDFB-LNO
DDiFB-LFO
26 DDiFB-LNO =
—DCP-LFO
24 - DCP-LNO 1
DScCP-LFO
22 - DScCP-LNO
0 5 10 15 20 0 5 10 15 20

Denoising performance.
PSNR (with (K, J) = (20, 64)), for 20 images of BSDS500
validation set, degraded with noise level § = 0.05.

22



Denoising performance

Noisy DRUnet DDFB-LNO DScCP-LNO
26.03dB 35.81dB 32.81dB 34.74dB

Denoising performance on Gaussian noise. Example of denoised images (and
PSNR values) for Gaussian noise § = 0.05 obtained with DRUnet and the
proposed DDFB-LNO and DScCP-LNO, with (K, J) = (20, 64).

23



Complexity of the models

‘ Time (msec) ‘ |O] ‘ FLOPs (x10% G)
BM3D 13x103 + 317 —~ -
DRUnet 96 + 21 32,640, 960 137.24
LNO DDFB 3+15 34, 560 2.26
DDiFB 3+0.5 34, 560
DDCP 6+1 34, 561
DDScCP 7T+1 34, 580
LFO DDFB 4+17 69,120 2.26
DDiFB 5+15 69,121
DDCP 7T+14 69,121
DDScCP 9+ 15 69, 160

24



@ Given an input z and a perturbation ¢, the error on the output
can be upper bounded :

[fe(z +€) — fo(z)[| < xlle]|.
where y certificated of the robustness.

@ [Combettes, Pesquet, 2020]: x can be upper bounded by:
K
x < IT (IWiplls x IWiolls).
k=1

@ [Pesquet, Repetti, Terris, Wiaux, 2020]: tighter bound by Lipschitz
continuity:
x ~ max || J fo(zs)]s-

Zs)sel

where J denotes the Jacobian operator.

25


 https://pcombet.math.ncsu.edu/simods1.pdf
 https://arxiv.org/abs/2012.13247

25 .

20 1
15 + 4
10 + F |
N
5 é— +
0 f Q\ + Il Il $ \$ Il + |
I T . S S S
Na Y Q' P Q' R K’ g K’
V& & & TS
SRR SN MR
Distribution of (|| J fo(zs)||s)sey for 100 images extracted from

BSDS500 validation dataset J, for the proposed PNNs and
DRUnet. 26



High contrast image reconstruction




Context: Image restoration

= Data: z € RM degraded version of an original image X € RV:

z=AX+w

e A ¢ RM*N: Jinear degradation (e.g. a blur)
e w : noise (e.g. Gaussian noise)

SPHERE-IRDIS

27



Context: Image restoration (astronomy context)

e Studying circumstellar environments: crucial for understanding
exoplanets and stellar systems.

e High contrast imagery: high contrast between environment and
host star.

e Instrument: Spectro-Polarimetric High-contrast Exoplanet
REsearch (SPHERE) and its instrument InfraRed Dual Imaging and
Spectrograph (IRDIS) installed on the Very Large Telescope (VLT).

e Direct model:

1
zj0=Tj A <2 + cos ( — 20y — wj)> + €50,

or
3

zie =Y VjomT50ASm + 850+ ),

m=1

28



DeepPDNet for high-contrast recovery

1
@ Analysis formulation: | min §HAX — 7|13 + || Lx||:
X

@ Condat-Vii iterations:
xlbtll = %, — 7A*(Ax[F — z) — rL*ul¥l
ul 1 = prox s (Ul 4 AL (2xFH1 — x[H))

@ Reformulation:
x*H1] = (Id — 7A*A)x* — 7L*u + TA*
ulk+1l — PrOX.|. |z (fyL(Id QTA*A) + (Id — 2ryLL*)ul* 4+ QT’YLA*Z).

@ Layer network: [Jiu, Pustelnik, 2021] ]
x[F+1] | Id Id — 7A*A —7L* x[Fl . TA*z
] prox, s K [[YL(Id = 27AA)  1d = 274LL7 || [ul] [2rLATs
e Wkl plk]

29



DeepPDNet for high-contrast recovery

fo(z) = BN WKty 4 g0y 4 plKT)

@ Network with fixed layer: ® = {L, 7,~}

xleHI] 1d [ 1d—rAtA —Lr ] [« TA'z
ul | prox s || [pL3d - 27A%A)  1d = 27yLL7 || o 277LA*z
nl#] W pl¥]

@ Network with variable layers: © = {Lj, 7%, vk, }1<k<i

xHUT L 1d [ Id—7A"A —nLy [} [x™
ul “prox ul

¥ A
TRALZ
kil ’ykLk(Id — 2TkA*A) Id — ZTWkLkLZ k] 2Tk’ykLkA*Z

/

Vel T

Fel _ Wkl plk]
+ specificities for the first and last layers.
30



e DDIT: Debris Dlsks Tools library produces synthetic images of
(disk, , 0)-

® ..r has been obtained from real observational high-contrast
coronagraphic data from the SPHERE.

e Different semi-major axis of the disk, inclination, eccentricity,
and ratio between the star and disk intensity.

-.

31



e DDIT: Debris Dlsks Tools library produces synthetic images of

(diskv ) 9)

® iy has been obtained from real observational high-contrast
coronagraphic data from the SPHERE.

e Different semi-major axis of the disk, inclination, eccentricity,
and ratio between the star and disk intensity.

e Synthetic dataset — Prescribe blur and Gaussian noise with a
standard deviation of 0.1.

e More realistic dataset — z obtained from RHAPSODIE forward

model.

31



DeepPDNet for high-contrast recovery

Original Degraded CV Unfolded CV Unfolded CV Unfolded CV Unfolded CV

Dp=D Dy, Dy, = Wi,V non-| hnear
p

(es- ) i)
O > o Jo

N N N
A < A

“
o

\ /
\



DeepPDNet for high-contrast recovery

Degraded (1% Unfolded CV

Original (PSF: -) Dy=D

Unfolded CV
Unfolded CV Unfolded CV non-linear
Dy, Dy, = Wi Vi Dy() = Wink (Vi)




DeepPDNet for high-contrast recovery

Original Degraded CV Unfolded CV Unfolded CV Unfolded CV Unfolded CV
D,=D D, Dy = Wi Vi non-linear

(PSF:-) Di() = Wi (Vi)

«

# Ay b by Ay '

34



DeepPDNet for high-contrast recovery
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