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Une brève histoire de la parcimonie : 
du traitement de signal à l’apprentissage profond



"Apprentissage frugal", un oxymore ?

Apprentissage = toujours plus ? 

Compétition économique 
Maximiser performance 
Course au gigantisme 
Consommation effrénée 

Frugalité = sobriété ?
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où placer le curseur ?
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De quelles ressources parle-t-on ?

Calcul : bits & flops ... 

Coûts physiques : matériel (terres rares, eau ...), énergie, pollution ... 

... mais aussi durée, rapidité, délais de traitement (avec impact sur le service rendu)
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rareté

ressources en données disponibles
abondance

défi = apprendre au 
mieux avec aussi peu de 
données que possible 
malgré leur complexité

opportunité = beaucoup d'information exploitable 
défi = gourmandise en calcul et en mémoire 

enjeu = réduire les ressources nécessaires
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To be or not to be frugal ?

4

ressources

erreur de
prédiction/régression

Etat de l'art
erreur "acceptable" ?
performance "suffisante" ?

cible 
usuelle

cible frugale

Peut-on s'appuyer sur la notion de parcimonie ?

"efficacité"

Choix / contexte 
sociétal, économique, 

géopolitique ...



1. La parcimonie, une clé pour la frugalité ?

5



Un concept central : la parcimonie

Parcimonie = la plupart des éléments sont nuls                                     
(dans un vecteur ou une matrice) 

On retrouve ce concept : 
dans l’expression des données   (variables explicatives) 
dans l’expression des paramètres d’une méthode (degrés de liberté) 

Incarnation numérique du rasoir d’Ockham / Occam (XIVème siècle)    
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 Pluralitas non est ponenda  
sine necessitate 



La parcimonie - un don de la nature nature

Audio : représentations temps-fréquence 

Images : transformée en ondelettes 
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R. Gribonval, cours “Traitements et Transformations”, module “Acquisition et Représentations de Données”
Parcours “Image et Données”, Master 2 Recherche en Informatique, Université de Rennes 1

Example
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Parcimonie & frugalité

Parcimonie comme un objectif naturel: 

bits (à la Shannon) 
ex: compression 
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MP3, AAC

R. Gribonval, cours “Traitements et Transformations”, module “Acquisition et Représentations de Données”
Parcours “Image et Données”, Master 2 Recherche en Informatique, Université de Rennes 1

Example
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JPEG

via vecteur creux (= parcimonieux)

z = Ψx
flops (à la Kolmogorov) 

ex: multiplication matricielle 
• coût générique en dim N :  

• transformées rapides     ou 
O(N 2)
O(N ) O(N log N )

F =  =

Discrete Fourier Transform Discrete Wavelet Transform

Figure 2: Usual Fast Transforms as sparse matrix products. The n⇥ n matrix of the Discrete
Fourier Transform (DFT) is a product of log2 n factors with the so-called butterfly structure,
each with two nonzero entries per row and per column, leading to the complexity O(n log2 n) of
the FFT. The matrix of the Discrete Wavelet Transform (DWT) is the product of sparse factors
corresponding to subsampled high-pass and low-pass filtering, leading to the O(n) complexity
of the DWT. In each case the number of flops is bounded by

P
` kW`k0 where W` is the `-th

factor.

such that supp(x?) ⇢ T then (assuming linear independence of the columns of M indexed by T ,
i.e., injectivity of the matrix MT = M[:, T ]) simple linear algebra guarantees that the entries

of x? on T can be computed via a pseudo-inverse: x?T = M†
T y, while all other entries of x? are

zero. Even in the noisy case, while sparse recovery is known to be NP-hard [27], finding the
optimal coe�cients for such a candidate support T

min
x

ky �Mxk22 s.t. supp(x) ✓ T (4)

is a simple least squares problem solved by xT = M†
T y and xT c = 0. This yields Lesson 3.

Algorithmically speaking, all state-of-the-art sparse recovery algorithms involve thresholding
steps: they iteratively refine an estimate of the support of x? on the basis of how large are
the coe�cients of some correlation vector. This is notably the case in iterative thresholding
algorithms addressing the `1-penalized least-square regression variant of problem (2) with p = 1,
as well as in greedy algorithms such as Orthonormal Matching Pursuit or Hard Thresholding
Pursuit [9]. This is Lesson 2.

2 Surprises and pitfalls of shallow and deep sparsity

Arguably, the most classical model of deep neural network is the multilayer perceptron (MLP)
with L � 2 a�ne layers parameterized by L weight matricesW1, . . . ,WL (as well as bias vectors
that we will omit for simplicity of exposition). For example, with the rectified linear unit (ReLU)
activation function ⇢(t) = ReLU(t) := max(t, 0) and its entrywise extension ⇢(x) = (⇢(xi))ni=1
for vectors, f✓ = W1 � ⇢ � . . . � ⇢ �WL. An even simpler related model appears when ⇢ is the
identity, leading to a simple multilayer linear model: f✓(x) = A✓x where A✓ = W1 . . .WL.

Can sparsity also be leveraged in the context of deep learning, where the need to control the
complexity/performance tradeo↵s of large neural models is becoming everyday more evident?
Intuitively, a natural objective to reduce the memory required to store the parameters ✓ of a
network and/or the computational cost of computing the network output f✓(x) is to constrain
the weight matrices W` of each layer to be sparse, as measured by their matrix `

0 (pseudo)norm
kWk0 which counts their number of nonzero entries (see Figure 3). As illustrated in this section
the road to mathematically harness deep sparsity bears a few surprises, as essentially each of
the lessons from linear inverse problems breaks down in a multilayer context, whether
linear or not.

New lesson 1 Deep `
1 vs `

2 regularization do not promote the expected solutions.
As seen in the lessons from linear inverse problems, the minimization of the `1 norm promotes

sparse solutions whereas minimizing the `2 norm induces “flat” ones. This knowledge, however,
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pour matrices (ondelettes, Fourier ...) qui sont 
des produits de quelques matrices creuses



Parcimonie en traitement du signal :  
histoire et évolution

A l’origine :  

Débruitage par seuillage 

Problèmes inverses 
But = reconstruire à partir d’observations partielles 

Restauration de données (paquets manquants …) 
Imagerie (tomographie, inpainting…) 

Exemple : défloutage en microscopie 

Approche classique 
Modèle "parcimonieux" : hypothèse nécessaire 

+ variantes "modèle simple / de faible complexité / faible rang / faible dimension" 
Algorithmes de complexité bornée munis de solides garanties 

typiquement : algorithmes gloutons, optimisation convexe
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➡Parcimonie comme connaissance a priori  pour identifier des variables latentes



Parcimonie : histoire et évolution

Un peu plus récemment : accent sur l’apprentissage ... 
du modèle "parcimonieux"  

Explicitement ou implicitement 
Dictionnaire, variété de faible dimension, réseau de neurones génératif ... 

de l'algorithme de reconstruction 
Débruiteur appris, algorithme déroulé, ``plug and play''  

... et la réduction de dimension 

Conception de l'opérateur  
Compressive sensing via projections aléatoires 
Extension à l'apprentissage: compressive learning 

 via sketching et random features

M
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Espace signal 

de grande dimension 

Espace d’observation

Rm

Algorithme 
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2. Parcimonie et apprentissage profond ?
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Parcimonie et apprentissage profond ?

Réseau de l'état de l'art 

beaucoup de paramètres 
dont de grandes matrices 

format numérique haute précision  
beaucoup de bits par paramètre 

 Réseau compressé  

connections parcimonieuses 

quantification grossière
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Exploiter le savoir-faire 
parcimonieux usuel  ?



Apprentissage et optimisation

Exemple : réseau ReLU 
Paramètres = poids et biais  
Entrainement sur données  =  problème d'optimisation 

θ
(xi, yi)

13

min
θ ∑
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(yi − fθ(xi))2
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Exemple : réseau ReLU 
Paramètres = poids et biais  
Entrainement sur données  =  problème d'optimisation 

θ
(xi, yi)

Apprentissage avec parcimonie "dure" ? 
Imposer que les matrices de poids soient creuses 

notion de support : indices des coefficients autorisés à être non nuls 

Approche naturelle en 2 étapes / alternée 
trouver / mettre à jour le support 
optimiser poids sous contrainte de support
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min
θ ∑

i
(yi − fθ(xi))2 s.t. θIc = 0inf

θ

Oui mais ...
• NP-difficile
• et surtout : Instable (il n'existe 

pas toujours d'optimum)

Très différent du
 cas "classique"

moindres carrés = facile

min
xI

∥z − AI xI∥2
2



Savoir faire parcimonieux ?

"Le support est la clé" 
Difficile = trouver où sont les coefficients  non nuls 
Facile  = trouver les valeurs des coefficients non nuls (moindres carrrés) 

Il suffit de seuiller  
Algorithmes gloutons ou proximaux : détection des "grands coefficients"  

La minimisation  promeut la parcimonie 
Basis Pursuit  / Lasso  

La minimisation  n'induit pas de parcimonie 
Tikhonov / Ridge regression

L1

L2
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Remis en cause en contexte  profond / multilinéaire

... mais fort potentiel de parcimonie structurée



3. Parcimonie et papillons
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De la parcimonie profonde aux papillons

Parcimonie classique 
peu de connections irrégulières  

parmi les défis : 
➡  NP-difficile + optimisation "instable" 

(divergence possible de la descente de  
gradient / optimum "à l'infini") 

➡  format creux inefficace sur GPU 

Parcimonie "papillon"  
schéma structuré de parcimonie  

ex: DFT, ou  transformée de Hadamard 

scénario: remplacer couches dense par produits 
creux structurés( 

avancées récentes 
✓ format butterfly flexible 
✓ implementation GPU efficace 
✓ algorithme d'approximation quasi-optimal 
✓ quantification spécifique : -30% de bits à 

précision égale comparé à l'arrondi usuel
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Figure 2: Usual Fast Transforms as sparse matrix products. The n⇥ n matrix of the Discrete
Fourier Transform (DFT) is a product of log2 n factors with the so-called butterfly structure,
each with two nonzero entries per row and per column, leading to the complexity O(n log2 n) of
the FFT. The matrix of the Discrete Wavelet Transform (DWT) is the product of sparse factors
corresponding to subsampled high-pass and low-pass filtering, leading to the O(n) complexity
of the DWT. In each case the number of flops is bounded by

P
` kW`k0 where W` is the `-th

factor.

such that supp(x?) ⇢ T then (assuming linear independence of the columns of M indexed by T ,
i.e., injectivity of the matrix MT = M[:, T ]) simple linear algebra guarantees that the entries

of x? on T can be computed via a pseudo-inverse: x?T = M†
T y, while all other entries of x? are

zero. Even in the noisy case, while sparse recovery is known to be NP-hard [27], finding the
optimal coe�cients for such a candidate support T

min
x

ky �Mxk22 s.t. supp(x) ✓ T (4)

is a simple least squares problem solved by xT = M†
T y and xT c = 0. This yields Lesson 3.

Algorithmically speaking, all state-of-the-art sparse recovery algorithms involve thresholding
steps: they iteratively refine an estimate of the support of x? on the basis of how large are
the coe�cients of some correlation vector. This is notably the case in iterative thresholding
algorithms addressing the `1-penalized least-square regression variant of problem (2) with p = 1,
as well as in greedy algorithms such as Orthonormal Matching Pursuit or Hard Thresholding
Pursuit [9]. This is Lesson 2.

2 Surprises and pitfalls of shallow and deep sparsity

Arguably, the most classical model of deep neural network is the multilayer perceptron (MLP)
with L � 2 a�ne layers parameterized by L weight matricesW1, . . . ,WL (as well as bias vectors
that we will omit for simplicity of exposition). For example, with the rectified linear unit (ReLU)
activation function ⇢(t) = ReLU(t) := max(t, 0) and its entrywise extension ⇢(x) = (⇢(xi))ni=1
for vectors, f✓ = W1 � ⇢ � . . . � ⇢ �WL. An even simpler related model appears when ⇢ is the
identity, leading to a simple multilayer linear model: f✓(x) = A✓x where A✓ = W1 . . .WL.

Can sparsity also be leveraged in the context of deep learning, where the need to control the
complexity/performance tradeo↵s of large neural models is becoming everyday more evident?
Intuitively, a natural objective to reduce the memory required to store the parameters ✓ of a
network and/or the computational cost of computing the network output f✓(x) is to constrain
the weight matrices W` of each layer to be sparse, as measured by their matrix `

0 (pseudo)norm
kWk0 which counts their number of nonzero entries (see Figure 3). As illustrated in this section
the road to mathematically harness deep sparsity bears a few surprises, as essentially each of
the lessons from linear inverse problems breaks down in a multilayer context, whether
linear or not.

New lesson 1 Deep `
1 vs `

2 regularization do not promote the expected solutions.
As seen in the lessons from linear inverse problems, the minimization of the `1 norm promotes

sparse solutions whereas minimizing the `2 norm induces “flat” ones. This knowledge, however,
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see e.g. [T. Dao & al, Monarch: Expressive Structured Matrices for Efficient and Accurate Training, ICML, 2022]

see e.g. [Lim & al, 2019], [Petersen & al 2021] [Bereich & al 2023] 



Efficacité pratique & garanties théoriques

 Algorithme papillon 
But =  solution approchée de 

                                              

sous contraintes de parcimonie structurée "papillon" 

Approche :  SVD tronquée de blocs extraits 

hiérarchiquement de  

Empirical behavior : 

Garanties théoriques  

Quasi-optimalité de                       

 

Corollaire: existence d'un optimum de (1) 

Implémentation en Python 

approximation de n'importe quelle matrice  par une 

implémentation spécialisée (CPU/GPU) en  

➡ butterfly( )
✓ efficacité : comparable à la FFT pytorch 
✓flexibilité : applicable à toute matrice  

 pip install lazylinop

E(A) := inf
X1,…,XL

∥A − X1…XL∥F (1)

A

(X̂1, …X̂L) = 𝚋𝚞𝚝𝚝𝚎𝚛𝚏𝚕𝚢(A)

∥A − X̂1…X̂L∥ ≤ L − 1 E(A)

n × n
O(n log n)

A

A
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Butterfly algorithm
Gradient-based method
Alternating least square

Figure 5: Relative approximation errors kA � cW1 . . .
cWLkF /kAkF vs. running time of the

di↵erent algorithms. The butterfly algorithm in the figure is from [23], and it is compared to a
gradient-based method [6] and an alternating least square method [25] (see [23] for more details
about this experimental comparison). The target matrix A is the Hadamard matrix of size

1024⇥ 1024, and cW1 . . .
cWL is the computed approximation for Problem (BF) associated with

the square dyadic butterfly architecture.

⇥ =

⇡1 := (2, 2, 2, 2)

factor
⇡2 := (4, 2, 2, 1)

factor
⇡ := (2, 4, 4, 1)

factor

Mathematically, this can be shown by combining two following arguments:

1. If supp(X) ✓ supp(S⇡1), supp(Y) ✓ supp(S⇡2), then supp(XY) ✓ supp(S⇡1S⇡2).

2. We have: S⇡1S⇡2 = S⇡. Indeed,

S⇡1S⇡2 = [(I2 ⌦ 12⇥2)⌦ I2] [I4 ⌦ 12⇥2)]
(11)
= [(I2 ⌦ 12⇥2)I4]⌦ [I212⇥2]

= I2 ⌦ 12⇥2 ⌦ 12⇥2 = I2 ⌦ 14⇥4 = S⇡.

This example shows that for certain (⇡1,⇡2), the products of the corresponding factors remain
Kronecker-sparse, with a finer ⇡ than dense matrices. More generally, chainability [23]
ensures the stability of Kronecker-sparse factors under matrix multiplication.

Definition 2 (Chainable pairs and architectures [23]). A pair (⇡1,⇡2) of Kronecker-sparse
patterns, with ⇡` = (a`, b`, c`, d`), ` = 1, 2, is chainable if a1c1

a2
= b2d2

d1
2 N, a1 | a2 and

d2 | d1 (a | b means a divides b). This implies the existence of r 2 N and a Kronecker-sparse
pattern ⇡ such that S⇡1S⇡2 = rS⇡. An architecture � = (⇡`)L`=1 is chainable if (⇡`,⇡`+1) is
chainable for every `.

1in fact, the product can be interpreted as a dense m⇥ n matrix and thus a (1,m, n, 1)-Kronecker-sparse

factor.
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4. La parcimonie, une valeur d'avenir ?
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Dense Parcimonie 

Idée naturelle : moins de paramètres = moins de bits / flops / watts / temps / matériau ...

Parcimonie pour la frugalité ...
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Dense Parcimonie 

Idée naturelle : moins de paramètres = moins de bits / flops / watts / temps / matériau ...

Parcimonie pour la frugalité ...

Nouvelles questions scientifiques :-)

Le diable est dans les détails 

peu adapté aux GPU 

instable, NP-difficile ... 

savoir-faire usuel remis en cause
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Dense Parcimonie Parcimonie structurée 

ex :  architectures papillon 

✓ Optimisé pour GPU & quantification 

✓ Algorithme papillon 

meilleur que descente de gradient  

garanties théoriques

Idée naturelle : moins de paramètres = moins de bits / flops / watts / temps / matériau ...

F =  =

Discrete Fourier Transform Discrete Wavelet Transform

Figure 2: Usual Fast Transforms as sparse matrix products. The n⇥ n matrix of the Discrete
Fourier Transform (DFT) is a product of log2 n factors with the so-called butterfly structure,
each with two nonzero entries per row and per column, leading to the complexity O(n log2 n) of
the FFT. The matrix of the Discrete Wavelet Transform (DWT) is the product of sparse factors
corresponding to subsampled high-pass and low-pass filtering, leading to the O(n) complexity
of the DWT. In each case the number of flops is bounded by

P
` kW`k0 where W` is the `-th

factor.

such that supp(x?) ⇢ T then (assuming linear independence of the columns of M indexed by T ,
i.e., injectivity of the matrix MT = M[:, T ]) simple linear algebra guarantees that the entries

of x? on T can be computed via a pseudo-inverse: x?T = M†
T y, while all other entries of x? are

zero. Even in the noisy case, while sparse recovery is known to be NP-hard [27], finding the
optimal coe�cients for such a candidate support T

min
x

ky �Mxk22 s.t. supp(x) ✓ T (4)

is a simple least squares problem solved by xT = M†
T y and xT c = 0. This yields Lesson 3.

Algorithmically speaking, all state-of-the-art sparse recovery algorithms involve thresholding
steps: they iteratively refine an estimate of the support of x? on the basis of how large are
the coe�cients of some correlation vector. This is notably the case in iterative thresholding
algorithms addressing the `1-penalized least-square regression variant of problem (2) with p = 1,
as well as in greedy algorithms such as Orthonormal Matching Pursuit or Hard Thresholding
Pursuit [9]. This is Lesson 2.

2 Surprises and pitfalls of shallow and deep sparsity

Arguably, the most classical model of deep neural network is the multilayer perceptron (MLP)
with L � 2 a�ne layers parameterized by L weight matricesW1, . . . ,WL (as well as bias vectors
that we will omit for simplicity of exposition). For example, with the rectified linear unit (ReLU)
activation function ⇢(t) = ReLU(t) := max(t, 0) and its entrywise extension ⇢(x) = (⇢(xi))ni=1
for vectors, f✓ = W1 � ⇢ � . . . � ⇢ �WL. An even simpler related model appears when ⇢ is the
identity, leading to a simple multilayer linear model: f✓(x) = A✓x where A✓ = W1 . . .WL.

Can sparsity also be leveraged in the context of deep learning, where the need to control the
complexity/performance tradeo↵s of large neural models is becoming everyday more evident?
Intuitively, a natural objective to reduce the memory required to store the parameters ✓ of a
network and/or the computational cost of computing the network output f✓(x) is to constrain
the weight matrices W` of each layer to be sparse, as measured by their matrix `

0 (pseudo)norm
kWk0 which counts their number of nonzero entries (see Figure 3). As illustrated in this section
the road to mathematically harness deep sparsity bears a few surprises, as essentially each of
the lessons from linear inverse problems breaks down in a multilayer context, whether
linear or not.

New lesson 1 Deep `
1 vs `

2 regularization do not promote the expected solutions.
As seen in the lessons from linear inverse problems, the minimization of the `1 norm promotes

sparse solutions whereas minimizing the `2 norm induces “flat” ones. This knowledge, however,
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