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Monotone operators and inverse problems

[Microscopy, ISBI Challenge 2013, F. Soulez]

Original image Degraded image
x € RN z = Po(Hx) € RM

H € RM*N: matrix associated with the degradation operator.
Po: RM — RM: noise degradation with parameter o
(e.g. Poisson noise).

— Find a good estimate of X from the observations z, using some a priori
knowledge on H and on the noise statistics.
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Monotone operators and inverse problems

Inverse problem:

Find an estimate X close to X from the observations z = P,(HX) .

> Inverse filtering (if M = N and H is invertible)
X=H"!z
= H Y(HX+b) <« if b€ RM is an additive noise
=X+ H'b

— Closed form expression, but amplification of the noise if H is
ill-conditioned (ill-posed problem).
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Monotone operators and inverse problems

Inverse problem:

Find an estimate X close to X from the observations z = P,(HX) .

» Inverse filtering (if M > N and the rank of H is N)

(HTH)Y'H'z

= (H"H)"'H"(Hx 4+ b) <« if b€ RM is an additive noise
X+ (H' H)"'Hb

— Closed form expression, but amplification of the noise if H is
ill-conditioned (ill-posed problem).
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Monotone operators and inverse problems

Inverse problem:
Find an estimate X close to X from the observations z = P, (HX).

» Variational approach

X € Argmin f(x) + f(x)
XGRN v e
Data fidelity term Regularization term
e.g.|Hx — z|3 > 1
2 e.g. Mx|3 with { P =
A € 10, +o0]

— Often no closed form expression (e.g. if p# 2 and H # 1d)
or solution expensive to compute (e.g. if p=2, H# Id and N > 1)
— lterative strategy.
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Monotone operators and inverse problems

Inverse problem:
Find an estimate X close to X from the observations z = P, (HX).

» Variational approach (more general context)

m
X € Argmin Z fi(x)
x€RN =il

where f; may denote a data fidelity term / a (hybrid) regularization
term / constraint.

— lterative strategy.
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Monotone operators and inverse problems

Iterative strategy = Optimization algorithm:

m

Construct a sequence (x,)nen that converges to X € Argminz fi(x).
xeRN i=1

» Sequence such that (Vn € N) x,4+1 = Tx, where T denotes an
operator from RV to RV.

— How can we build T from the functionals (f;)1<i<m involved in the
minimization problem ?

— Which properties are required by T in order to ensure the
convergence of (x,)pen to X 7
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Naive answer

Fixed point theorem (E. Picard, 1856-1941)
If

» X is a fixed point of T, ie. Xx=Tx

» T is a strict contraction, i.e. there exists p € [0, 1] such that
(V(x,x") € RN x RN) | Tx — TX|| < p|lx — X||

then (x,)nen converges to X.

Proof: For all n € N,
[Xn+1 — X[| = || Txn — TX]|
< pllxa = X].

Consequently, ||x, — X|| < p"||xo — X]|. Hence, we have proved that
(xn)nen converges linearly to X.
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Why do we need to go further ?

Limitations:

> It is difficult (even sometimes impossible) to build a strictly
contractive operator T.

» One may prefer iterations built as (Vn € N) xp41 = Tpxs
where T, denotes an operator from RN to RN,

» It is often intricate to build T,, while it may be easier to write T, as a
composition of simpler operators ( splitting techniques ).

» T, can be multivalued, i.e. (Vn € N) xp41 € Tpx,.
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Tutorial philosophy

» Provide a modern vision of convex optimization in order to deal with
nonsmooth problems (sparsity)
— possibly non-finite functions, monotone operators,...

» Provide a powerful framework to capture many convex optimization
algorithms (forward-backward, Douglas-Rachford, ADMM,...) in a
unifying form.

» Introduce the technical literature on
this topic
— deal with infinite dimensional
Hilbert spaces ... even if most of the
signal /image processing applications
are in finite dimension.
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Tutorial philosophy

» lllustrate the performance of the algorithms on inverse problems
examples (without giving too many details).

» Do not explore all the applications of monotone operators.
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examples (without giving too many details).

» Do not explore all the applications of monotone operators.
(Denoising, restoration, reconstruction, machine learning, ressource
allocation, networking, communications,...)
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Tutorial philosophy

» lllustrate the performance of the algorithms on inverse problems
examples (without giving too many details).

» Do not explore all the applications of monotone operators.
(Denoising, restoration, reconstruction, machine learning, ressource
allocation, networking, communications,...)

» Focus on the convergence of the iterates (x,)nen rather than on the
convergence of criterion (Y7 fi(xn)) ,ox-
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Jean-Jacques Moreau
(1923-2014)
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Reference book

Convex Analysis
and Monotone

Operator Theory
in Hilbert Spaces

€] Springer

— H.H. Bauschke and P.L. Combettes —
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1. Background on monotone and maximally monotone operators

— Inversion, subdifferential, conjugate of a convex function

2. Nonexpansive operators

— Taxinomy, resolvent, and proximity operator

3. Search for a zero of a maximally monotone operator

— Fixed points, Fejér monotonicity, Douglas-Rachford, Forward-Backward

4. Duality
— Main theorems, ADMM, primal-dual methods
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Part 1. Background

1. Monotone operators

>

vV Yy VY VvYyy

Definition

Properties

Basic operations

Inversion

Maximality

Usefulness for convex optimization (subdifferential)

2. Maximally monotone operators

>

>
>
>

Properties

Basic operations

Inversion

Usefulness of inversion for convex optimization
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Hilbert spaces

A (real) Hilbert space H is a complete real vector space endowed with an
inner product (- | -) whose associated norm is

(WxeH) xll = Vi{x[x).

» Particular case: H = RN (Euclidean space with dimension N).
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Hilbert spaces

A (real) Hilbert space H is a complete real vector space endowed with an
inner product (- | -) whose associated norm is

(WxeH) xll = Vi{x[x).

» Particular case: H = RN (Euclidean space with dimension N).

27 is the power set of 7, i.e. the family of all subsets of .
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Hilbert spaces

Let H and G be two Hilbert spaces.
A linear operator L: H — G is bounded (or continuous) if

IL[l = sup ||Lx]lg < +o0
Ixllze<1
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Hilbert spaces

Let H and G be two Hilbert spaces.
A linear operator L: H — G is bounded (or continuous) if

IL][ = sup [[Lx]| < +o0
<1

» In finite dimension, every linear operator is bounded.
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Hilbert spaces

Let H and G be two Hilbert spaces.
A linear operator L: H — G is bounded (or continuous) if

ILll = sup [[Lx|| < +oo
lIxlI<1

» In finite dimension, every linear operator is bounded.

B(H,G): Banach space of bounded linear operators from H to G.
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Hilbert spaces

Let H and G be two Hilbert spaces.
Let L € B(H,G). Its adjoint L* is the operator in B(G,H) defined as

(Voy) e xG)  {y[Lx)g=(Ly[x)y-
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Hilbert spaces

Let H and G be two Hilbert spaces.
Let L € B(H,G). Its adjoint L* is the operator in B(G,H) defined as

(Vx,y) eHxG)  {y[Lx)=(L"y[x).
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Hilbert spaces

Let H and G be two Hilbert spaces.
Let L € B(H,G). Its adjoint L* is the operator in B(G,H) defined as

(VOoy) eHxG)  (x|y)=(x|L7).
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Hilbert spaces

Let H and G be two Hilbert spaces.
Let L € B(H,G). Its adjoint L* is the operator in B(G,H) defined as

(VOoy) eHxG)  (x|y)=(x|L7).

Example:

If LH—-H"y—(y,...,y)

then L*:’H"—>H:x:(x1,...,x,,)|—>Zx,-
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Hilbert spaces

Let H and G be two Hilbert spaces.
Let L € B(H,G). Its adjoint L* is the operator in B(G,H) defined as

(VOoy) eHxG)  (x|y)=(x|L7).

~ We have |[L*]| = |IL].

> If L is bijective (i.e. an isomorphism ) then L~% € B(G,H) and
(L—i)* ::(L*)_l.

» If H=RN and G = RM then L* = L.
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Hilbert spaces

Let H be a Hilbert space and L € B(H,H).
» Lis self-adjoint if L* = L.
» Lis positive if (Vx € H) (x| Lx) > 0.

» L is strictly positive if L is positive and if
(VxeH) (x| Lx) =0< x=0.
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Mappings versus multivalued operators

Let H be a real Hilbert space.
A is an H-valued mapping defined on D C H if

A:D— H
x = A(x)

In x

» Example:

A: 10, +o0o[ = R . / :

x = Inx
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Mappings versus multivalued operators

Let H be a real Hilbert space.
Ais a (multivalued) operator if

A:H — 2%
X|—>{A,-(x)|i€lXCR}

» Example: | AX)
A:R — 2%
. e
{x} ifx>0
x—<¢[0,1] ifx=0 ’
1%} if x<0
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Graph

Let H be a real Hilbert space.
Let A:H — 27t .
The graph of Ais

graA = {(x,u) € H? | u € Ax}.

» Graph examples:

N V UL/XU B

X



Introduction OMM1 OMM2 OMM3 OMM4
19/167

Graph

Let H be a real Hilbert space.
Let A:H — 27t .
The graph of Ais

graA = {(x,u) € H? | u € Ax}.

» Graph examples:

N s

‘ X

Single-valued Multivalued Multivalued Single-valued
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Monotone operator: definition

Let H be a real Hilbert space.
Let A:H — 27
A'is monotone if

(V(xl, u) € graA) (V(xz, ) € graA) (i —up | x1—x2) >0.

» Monotone operators ?

u

NVl
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Monotone operator: definition

Let H be a real Hilbert space.
Let A:H — 27
A'is monotone if

(V(xl, u) € graA) (V(xz, ) € graA) (i —up | x1—x2) >0.

» Monotone operators ?

:::, J//_/ Jﬁf

u u,
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Monotone operator: example

Let H be a real Hilbert space.
Let Ac B(H,H) .

» A is monotone < A is positive

» A monotone & A+ A* monotone & A* monotone.
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Monotone operator: example

Let H be a real Hilbert space.
Let Ac B(H,H) .

» A is monotone < A is positive

» A monotone & A+ A* monotone & A* monotone.

Proof:

(V(x1, %) € H?) (x1 — x| Ax1 — Ax2) >0
(VxeH) 2(x|Ax) >0

(Vx € H) (x| Ax) + (A*x | x) >0

(Vx € H) (x| (A+A")x) >0

A+ A* monotone

A monotone

(1R A
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Monotone operator: example

Let H be a real Hilbert space.
Let Ac B(H,H) .

» A is monotone < A is positive

» A monotone & A+ A* monotone & A* monotone.

» For A € B(H,H) to be monotone, A is not required to be self-adjoint.
Example : A € B(H,H) skewed (i.e. A* = —A) is monotone.
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Domain

Let H be a real Hilbert space.
Let A:H — 27
The domain of Ais

domA:{er‘Ax;«é@}.

» Which domain ?
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Domain

Let H be a real Hilbert space.
Let A:H — 27
The domain of Ais

domA:{xG'H‘Ax;ﬁ@}.

» Let C C H. If dom A = C and for every x € C, Ax is a singleton, we
view A as a mapping from C to H .
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Monotone operator: properties

Let H and G be two Hilbert spaces.
Let A: H — 2™ and B: G — 29 be two monotone operators.
The following operators are monotone:

> x =y +ypA(px + z) :{y—l—v,ou‘ueA(px—i—z)}
where (y,z) € H2, v € [0,4+00[ and p € R.
> AxB :HxG—2Mx9
(x,¥) = Ax x Ay = {(u,v) | u € Ax,v € Bx}.
» A+ B :xH{u—l—v‘uGAx,vGBx}ifg:’H,.
> L*BL :xw— {Ll*v|veB(Lx)}if Le B(H,G).
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Monotone operator: properties

Let H and G be two Hilbert spaces.
Let A: H — 2™ and B: G — 29 be two monotone operators.
The following operators are monotone:

> x>y +vpA(px +z) where (y,z) € H?, v € [0,+00] and p € R.
» AxB .

» A+B ifG="H.

L*BL if L € B(H,G).

Proof : Let (x1,u1) € gra(L*BL) and (x2, up) € gra(L*BL).

We have u3 = L*vq and up = L*v, where v; € B(Lx1) and

vy € B(Lxz).

Moreover, <U1 — Uup | X1 — X2> = <V1 — Vo | L(Xl — X2)>
=(vi—wa | Lxg — Lx2) > 0.

v
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Monotone operator: inversion

Let H be a Hilbert space.
Let A: H — 27
A1 is the operator from # to 2" the graph of which is

gra(A™1) = {(u,x) | (x,u) € graA}.

Graph of A Graph of A71 ?

u u ‘ ‘ u
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Monotone operator: inversion

Let H be a Hilbert space.
Let A: H — 27
A1 is the operator from # to 2" the graph of which is

gra(A™1) = {(u,x) | (x,u) € graA}.

Graph of A Graph of A71 ?

u u ‘ ‘ N u
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Monotone operator: inversion

Let H be a Hilbert space.
Let A: H — 27
A1 is the operator from # to 2" the graph of which is

gra(A™1) = {(u,x) | (x,u) € graA}.

Let H be a Hilbert space.
Let A: H — 2™ be a monotone operator.

A~1 is monotone .
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Introduction OMM1

Maximally monotone operator: definition

Let H be a Hilbert space.

Let A: H — 27
Ais maximally monotone if A is monotone and if there exists no monotone

operator B: H — 2" (different from A) such that graB properly contains
graA.

Maximally monotone operator ?

LA
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Introduction OMM1

Maximally monotone operator: definition

Let H be a Hilbert space.

Let A: H — 27
Ais maximally monotone if A is monotone and if there exists no monotone

operator B: H — 2" (different from A) such that graB properly contains
graA.

Maximally monotone operator ?

u
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Introduction OMM1

Maximally monotone operator: definition

Let H be a Hilbert space.

Let A: H — 27
Ais maximally monotone if A is monotone and if there exists no monotone

operator B: H — 2" (different from A) such that graB properly contains
graA.

Maximally monotone operator ?

u
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Maximally monotone operator: second definition

Let H be a Hilbert space.
A 1 H — 2™ is maximally monotone if one if the following equivalent
conditions is satisfied:

(/) Ais monotone and there exists no monotone operator B: H — 27t
such that graB properly contains graA.

(/1) For every (x1,u1) € H?,
(x1,u1) € graA < (V(xz, up) € graA) (x1 —x2 | ug — up) > 0.

Equivalence between (i) and (ii) :
(if) = (i): Condition (i) insures A to be monotone.
Moreover, if B monotone and graA C graB then (V(xi,u1) € graB)

(V(XQ, up) € graA) (x1—=x |1 —uw) >0
Condition (/i) leads to (x1,u1) € graA. Thus B = A.
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Maximally monotone operator: second definition

Let H be a Hilbert space.
A 1 H — 2™ is maximally monotone if one if the following equivalent
conditions is satisfied:

(/) Ais monotone and there exists no monotone operator B: H — 27t
such that graB properly contains graA.

(/1) For every (x1,u1) € H?,
(x1,u1) € graA < (V(xz, up) € graA) (x1 —x2 | ug — up) > 0.

Equivalence between (i) and (ii) :

(i) = (ii): Let (x1,u1) € H? such that the inequality is satisfied. Let
B such that graB = graA U {(x1, u1)}. If A is monotone, B is
monotone and graA C graB. From Condition (i), B=A =

(x1,u1) € graA.
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Continuous functions

Let H be a Hilbert space.
Let A: H — H be monotone and continuous. Then A is maximally mono-
tone.

Example :
If L € B(H,H) is positive, then L is maximally monotone.



Introduction OMM1 OMM2 OMM3 OMM4
28/167

Maximally
monotone

operator
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Maximally
monotone

operator
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Why,
Maximally Whiys Usefulness in
monotone convex
operator optimization
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Convex analysis: definitions

Let £ : H — ]—o00,+00] where H is a Hilbert space.
» The domain of fis domf = {x € H|f(x) < +o0}.
» The function f is proper if domf # &.

Domains of the functions ?

| f(x) !

\ |/

x
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Convex analysis: definitions

Let £ : H — ]—o00,+00] where H is a Hilbert space.
» The domain of fis domf = {x € H|f(x) < +o0}.
» The function f is proper if domf # &.

Domains of the functions ?

| f(x) !

L/

x

domf =R
(proper)
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Convex analysis: definitions

Let £ : H — ]—o00,+00] where H is a Hilbert space.
» The domain of fis domf = {x € H|f(x) < +o0}.
» The function f is proper if domf # &.

Domains of the functions ?

| f(X) !

L/

x

7

domf =R dom f =0, 4]
(proper) (proper)
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Convex analysis: definitions

C C His a convex set if

(V(x,y) € C*)(Va €]0,1]) ax+(l—a)ye C

Convex sets ?

DO L
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Convex analysis: definitions

f:H— ]—o0,+00] isa convex fonction if

(V(x,y) € ’Hz)(Va €]0,1])
flax+ (1 —a)y) < af(x) + (1 - a)f(y)
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Convex analysis: definitions

f:H— ]—o0,+00] isa convex fonction if

(V(x,y) € ’H2)(Va €]0,1])
flax + (1 — a)y) < af(x) + (1 — a)f(y)

Convex functions ?

A F(x) = |x] f(x) = t[-5,6(X)

(0 if x € [-46,4]
+00 otherwise)

% 3 x

Xy
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Convex analysis: definitions

f:H— ]—o0,+00] isa convex fonction if

(V(x,y) € ’H2)(Va €]0,1])
flax + (1 — a)y) < af(x) + (1 — a)f(y)

Convex functions ?

A F(x) = |x] f(x) = t[-5,6(X)

(0 if x € [-46,4]
+00 otherwise)

% 3 x

Xy
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Convex analysis: definitions

f:H — ]—00,+00] is convex < the epigraph of f, i.e.

epif = {(x,¢) edomf xR | f(x) < ¢}

is convex.
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Convex analysis: definitions

f:H — ]—00,+00] is convex < the epigraph of f, i.e.

Introduction OMM1 OMM2 OMM3

epif = {(x,¢) edomf xR | f(x) < ¢}

is convex.

F(x) = Ix|

epif
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Convex analysis: definitions

f:H — ]—00,+00] is convex < the epigraph of f, i.e.

Introduction OMM1 OMM2 OMM3

epif = {(x,¢) edomf xR | f(x) < ¢}

is convex.

)=l Tf(X) = VK () = 11-5.1(x)

epif

» f:H — [—o00,400[ is concave if —f is convex.
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Convex analysis: definitions

Let f: H — ]—o0, +0o0].
fis a lower semi-continuous (l.s.c.) function on H if epif is closed

» |.s.c. functions ?

) ()

NGV !

Xy



Introduction OMM1 OMM2 OMM3 OMM4
33/167

Convex analysis: definitions

Let f: H — ]—o0, +0o0].
fis a lower semi-continuous (l.s.c.) function on H if epif is closed

» |.s.c. functions ?

) ()




Introduction OMM1 OMM2 OMM3 OMM4
33/167

Convex analysis: definitions

Let f: H — ]—o0, +0o0].
fis a lower semi-continuous (l.s.c.) function on H if epif is closed

» |.s.c. functions ?

Xy
Xy
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Convex analysis: definitions

Let f: H — ]—o0, +0o0].
fis a lower semi-continuous (l.s.c.) function on H if epif is closed

» |.s.c. functions ?

Xy
Xy
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Convex analysis: definitions/properties

Fo(H) : class of convex, l.s.c., and proper functions from H to

v

|—00, +o0].

v

Every continuous function on H is |.s.c.

v

Every finite sum of |.s.c. (convex) functions is |.s.c. (convex).

v

Let (fi)ies be a family of l.s.c. (convex) functions. sup;¢, f; is |.s.c.
(convex).
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Subdifferential of a convex function: definition

The (Moreau) subdifferential of f , denoted by Of,
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Subdifferential of a convex function: definition

Let f : H — ]—00, +0o0] be a proper function.
The (Moreau) subdifferential of f , denoted by Of,

+f(y)
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Subdifferential of a convex function: definition

Let f : H — ]—00, +0o0] be a proper function.
The (Moreau) subdifferential of f , denoted by Of, is such that

of - H — 27
x—= {veH|(Vy e H) (y — x|u) + f(x) < f(y)}

+f(y) AU
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Subdifferential of a convex function: definition

Let f : H — ]—00, +0o0] be a proper function.
The (Moreau) subdifferential of f , denoted by Of, is such that

of - H — 27
x—= {veH|(Vy e H) (y — x|u) + f(x) < f(y)}
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Subdifferential of a convex function: properties

Let f : H — ]—00, +0o0] be a proper function.
The (Moreau) subdifferential of f, denoted by Of, is such that

of - H — 27
x—=>{ueH|(Vy eH) (y —x|u) + f(x) <f(y)}

f(y) A U
)+ y - x|u)

y
~  Fermat rule: 0€df(x) & (Vy e H) (y —x]|0)+ f(x) < f(y)
< x € Argminf
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Subdifferential of a convex function: properties

Let f : H — ]—00, +0o0] be a proper function.
The (Moreau) subdifferential of f, denoted Of, is such that

of - H — 2%
x—=>{ueH|(Vy eH) (y —x|u) +f(x) < f(y)}

» u € Jf(x) is a subgradient of f at x.
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Subdifferential of a convex function: properties

Let f : H — ]—00, +0o0] be a proper function.
The (Moreau) subdifferential of f, denoted Of, is such that

of - H — 2%
x—=>{ueH|(Vy eH) (y —x|u) +f(x) < f(y)}

» u € Jf(x) is a subgradient of f at x.
> If x ¢ dom f, then 0f(x) = @.
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Subdifferential of a convex function: properties

Let f : H — ]—00, +0o0] be a proper function.
The (Moreau) subdifferential of f, denoted Of, is such that

of - H — 2%
x—=>{ueH|(Vy eH) (y —x|u) +f(x) < f(y)}

» u € Jf(x) is a subgradient of f at x.
> If x ¢ dom f, then 0f(x) = @.

» For every x € dom f, Of(x) is a closed and convex set.
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Subdifferential of a convex function: properties

Let f : H — ]—00, +0o0] be a proper function.
The (Moreau) subdifferential of f, denoted Of, is such that

of - H — 2%
x—=>{ueH|(Vy eH) (y —x|u) +f(x) < f(y)}

» Of is a monotone operator : Ny

T
| P2
|

- —
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Subdifferential of a convex function: properties

Let f : H — ]—00, +0o0] be a proper function.
The (Moreau) subdifferential of f, denoted Of, is such that

of - H — 2%
x—=>{ueH|(Vy eH) (y —x|u) +f(x) < f(y)}

~ Of is a monotone operator :
Let vy € Of(x1) and uy € Of (x2).

AU

T
| P2
|
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Subdifferential of a convex function: properties

Let f : H — ]—00, +0o0] be a proper function.
The (Moreau) subdifferential of f, denoted Of, is such that

of - H — 2%
x—=>{ueH|(Vy eH) (y —x|u) +f(x) < f(y)}

~ Of is a monotone operator :
Let vy € Of(x1) and uy € Of (x2).
By using the subdifferential definition: us ¢
(2 = xafu) +f(x) < ) o
(x1 = xe|w2) + Fx2) < F(xa1) -

AU
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Subdifferential of a convex function: properties

Let f : H — ]—00, +0o0] be a proper function.
The (Moreau) subdifferential of f, denoted Of, is such that

of - H — 2%
x—=>{ueH|(Vy eH) (y —x|u) +f(x) < f(y)}

~ Of is a monotone operator :
Let uy € Of(x1) and up € O (x2).

AU

By using the subdifferential definition: us ¢
X
(2 = x1lu) + f(x1) < f(x) 11 o o
(x1 —xe|u2) + f(x2) < f(x1) ¢

and thus (x3 —xa |ug — up) >0 .
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Subdifferential of a convex function: properties

» The subdifferential of a convex and proper function is:

» Monotone
» If f is Gateaux differentiable at x, then Of(x) = {Vf(x)}
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Subdifferential of a convex function: properties

» The subdifferential of a convex and proper function is:

» Monotone
» If f is Gateaux differentiable at x, then 0f(x) = {Vf(x)}

(€M) (VA |y) = lim LENZT0),

(0%
a0

Proof:
For all « € [0,1] and y € H,

f(x+aly —x)) < (1—a)f(x)+af(y)
f(x+a(y —x)) —f(x)

= lim
a—0 )

= (Vi) |y —x) < fy) = f(x)

i
a0

Thus Vf(x) € 9f(x).
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Subdifferential of a convex function: properties

» The subdifferential of a convex and proper function is:

» Monotone
» If f is Gateaux differentiable at x, then 0f(x) = {Vf(x)}

(yeH)  (VH0) |y) = fim LEENIZT0),

«
a0

Proof:
Reciprocally, u € 9f(x), then, for all « € [0,4o00[ and y € H,
fix+ay) 2 f(x)+(u|x+ay —x)
f(x+ay) — f(x)
@

S (V) 1) = lim

a0
Selecting y = u — Vf(x), we deduce than ||u — Vf(x)||> < 0. Thus
u = Vif(x).

> (uly)
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Subdifferential of a convex function: properties

» The subdifferential of a convex and proper function is:

» Monotone
» If f is Gateaux differentiable at x, then 0f(x) = {Vf(x)}

» Non necessarily maximally monotone

Introduction OMM1 OMM2 OMM3

Counterexample: For every x € H,

),
X if x>0 x
f — 9 =
(x) {+oo otherwise gx) = x —
1} if -’
= af(x)={{} X0 g = {1,
o) otherwise u

Consequently, gradf = ]0,+oo[ x {1} C R x {1}
C gradg
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Subdifferential of a convex function: properties

» The subdifferential of a convex, proper and l.s.c. function is

» Maximally monotone




oMM3 OMM4
40/167

Subdifferential of a convex function: properties

» The subdifferential of a convex, proper and l.s.c. function is

Introduction OMM1 OMM2

» Maximally monotone

Example: For every x € H, f((x))
X if x>0
h(x) = - , X) =x "
9 {+oo otherwise &) x
(1) if x > 0 o
= O0Oh(x)=q]—00,1] ifx=0 , 0g(x)={1}. | .
10/ otherwise R

Consequently, gradh ¢ gradg.
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Subdifferential of a convex function: properties

» The subdifferential of a convex, proper and l.s.c. function is

» Maximally monotone
» If H =R, equivalence between both properties.
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Subdifferential of a convex function: example

Soit C C H.
The indicator function of C is

0 if xe C
+o0o otherwise.

(Vx € H) te(x) = {

Example : C = [01, d2]
F(x) = 111,01 (x)
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Subdifferential of a convex function: example

For every x € H, Juc(x) is the normal cone to C at x defined by

Ne(x) = {UGH| VyeC) (uly—x) <0} if xe C
‘ - otherwise.

Nc(x)

Nc(x)
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Maximally

monotone Properties

operator
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Maximally monotone operator: properties

Let H be a Hilbert space.
Let A: H — 2™ be a maximally monotone operator.
For every x € H, Ax is a closed convex.

Proof:

Ax = ﬂ {uet | (x=x"|u—1u) >0}

(x’,u")egraA

Consequently, Ax is an intersection of closed convex sets.
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Maximally monotone operator: properties

Let H and G be two Hilbert spaces.
Let A: H — 2% and B: G — 29 be two maximally monotone operators.
The following operators are maximally monotone:

>y +vpA(p - +2z) where (y,z) € H?, v € [0,+00] and p € R;

» Ax B,

» AL,
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Inverse of a maximally
monotone operator
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Inverse of a maximally

Usefulness ?
monotone operator
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—00, +00] such that

(VYu e H) *(u) = sup
xeH

((x[u)=fF(x)) -
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The conjugate of f is the function f*: H — [—00, +00] such that

(VYu e H) *(u) = sup
xeH

((x[u)=fF(x)) -

f(x)
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—00, +00] such that

(VYu e H) *(u) = sup
xeH

((x[u)=fF(x)) -
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—00, +00] such that

(VueH) f*(u) = sup ((x | u) — f(x)) .

xXEH

Example :

> (Vx € RN) f(x) = %HXHZ with g €]1, 00|

= (VueRY) f*(u) = Z|ufé with 2 + L =1
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—00, +00] such that

(VYu e H) *(u) = sup
xeH

((x[u)=fF(x)) -

» f*isl.s.c. and convex.
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—00, +00] such that

(VYu e H) f*(u) = sup ((x | u) — f(x)) .

XEH

Moreau-Fenchel theorem
Let H be a Hilbert space and f: H — ]—o00,+00| be a proper function.

f is l.s.c. and convex & f** = f.

» Consequence: If f € To(H) then f* € [o(H).
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OMM1
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Conjugate versus Fourier transform

OMM4
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[ conjugate I Fourier transform
| Property | h(x) | h* (u) || h(x) | h(v)
invariant function %”XHZ %Hu”2 exp(—|x]|%) exp(—||v]]%)
translation f(x —c) (u)+ (u|c) f(x —c) exp(—72m (v | ¢))f(v)
cEH
dual translation f(x)+ (x| c) *(u—c) exp(g27 (x | ¢))f(x — ¢) f(v —c)
cEH
scalar
multiplication af(x) af* (%) af(x) af(v)
a € 10, +oof
scaling o € R* f (é) f*(au) f (é) |o<|?(a1/)
isomorphism
LeB(G,H) f(Lx) (LT u) f(Lx) Taamr F(L™HTv)
reflection f(—x) *(—u) f(—x) f(—v)
N N N N
separability S en(x™) S en™) [T entx™) [T
n=1 n=1 n=1 n=1
x=(Mcnen | u=Mcaen || x= Mo v =) chen
isotropy RA(ESD) ™ (lul) L1 B(llvl)
identity element L0y (%) 0 &(x) 1
of convolution
identity element 0 oy (u) 1 &(v)
of addition/product
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Conjugate: example

Let H be a Hilbert space and C C H.
oc is the support function of C if

(Yu e H) oc(u) = sup (x| u)
xeC

= 1¢(u).

Atac(u)

\J
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Let H be a Hilbert space and C C H.
oc is the support function of C if

(Yu e H) oc(u) = sup (x| u)
xeC

= 1¢(u).

Atac(u)
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Conjugate: example

Let H be a Hilbert space and C C H.
oc is the support function of C if

(Yu e H) oc(u) = sup (x| u)
xeC

= 1¢(u).

A L[51,52] (X) A Uc(u)

|
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Conjugate: example

Let H be a Hilbert space.
f:H — ]—00,400] is positively homogeneous if

(Vx € H)(Va € 10, +o0]) f(ax) = af(x).

f is positively homogeneous and belongs to ()

)

f = oc where C is a nonempty closed convex subset of H.
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Conjugate: example

Let H be a Hilbert space.
f:H — ]—00,+00] is positively homogeneous if

(Vx € H)(Va € 10, +o0]) f(ax) = af(x).

f is positively homogeneous and belongs to ()

)

f = oc where C is a nonempty closed convex subset of H.

Oix ifx<0
» Example 1: Let f: R — ]—o00,+00] : x = < 0 if x=0
dox ifx>0

with —oco < §1 < §> < 400. Then, f = o¢ where C is the closed real
interval such that inf C = §; and sup C = 65.
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Conjugate: example

Let H be a Hilbert space.
f:H — ]—00,+00] is positively homogeneous if

(Vx € H)(Va € 10, +o0]) f(ax) = af(x).

f is positively homogeneous and belongs to ()

)

f = oc where C is a nonempty closed convex subset of H.

» Example 2: Let f be a £9 norm of RN with g € [1, 4+o0].
We have f = o where

C={yeR"|lyly <1} with f+ g =1

Particular case : ¢* norm of RN = C =[-1,1]".
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Conjugate : subdifferential

Fenchel-Young inequality : if f proper then

(V(x, u) € H?) f(x)+ f(u) > (x| u).
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Conjugate : subdifferential

Fenchel-Young inequality : if f proper then

(V(x, u) € H?) f(x)+ f(u) > (x| u).

Proof :
Because f proper, f*(u) = sup,cq (u | y) — f(y) # —oo and
*(u) > (x| u) — f(x).
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Conjugate : subdifferential

Fenchel-Young inequality : if f proper then

(V(x, u) € H?) f(x)+ f(u) > (x| u).

If f proper then

(V(x,u) € H?)  we€df(x) & f(x)+F(u)=(x|u).
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Conjugate : subdifferential

Fenchel-Young inequality : if £ proper then

(V(x, u) € H?) f(x)+ f(u) > (x| u).

If f proper then

(V(x,u) € H?)  we€df(x) & f(x)+F(u)=(x|u).

Proof :

FO) + 7 (u) = (x| w) (Vy € H) (uly) = fly) < {xfu) —F(x)

=
& (WeH)f(y) > f(x)+(uly—x)
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Conjugate : subdifferential

Let f: H — |—o0,+00] proper and x € H.
If u € Of(x) then x € Of*(u).
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Conjugate : subdifferential

Let f: H — ]—o00, +00| proper and x € H.
If u € Of(x) then x € Of*(u).

Proof :

u € 0f(x) (Vy eH) f(y) > f(x)+{uly—x)
(Vy € H) f(x) = (u|x)+{uly)—f(y) <0
F(x) = (u|x)+f(u) <0

(VweH) (v|x)—f(x)=f(u)+{x|v—-u
(VWweH) *(v) > (u)+ (x| v—u)

x € Of*(u)

Fenchel-Young

A
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Conjugate : subdifferential

Let f: H — ]—o00, +00| proper and x € H.
If u € Of(x) then x € Of*(u).

Let f € T'o(H) and x € H.
u € 0f(x) & x € 0f*(u)
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Conjugate : subdifferential

Let f: H — ]—o00, +00| proper and x € H.
If u € Of(x) then x € Of*(u).

Introduction OMM1 OMM2 OMM3

Let f € T'o(H) and x € H.
u € 0f(x) & x € 0f*(u)

Proof :

We have u € 9f(x) = x € Of*(u).

Moreover, f € To(H) = * € To(H) and f** = f.
Thus x € f*(u) = u € If**(x) = Of (x).
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Conjugate : subdifferential

Let f: H — ]—o00, +00| proper and x € H.
If u € Of(x) then x € Of*(u).

Let f € T'o(H) and x € H.
u € 0f(x) & x € Of*(u)

Let f € ro(7{)
(0F)~1 = oF*
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Maximally

monotone Properties

operator
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Maximally monotone operator: sum

Let A and B be two maximally monotone operators.
A + B is monotone but may not be maximally monotone.
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Maximally monotone operator: sum

Let H be a Hilbert space.
Let A and B be two maximally monotone operators from # to 2" such

that one of the following assumptions is satisfied:
» domB =H
» dom AN int (dom B) # @
> 0 € int (dom A — dom B)

then A+ B is maximally monotone.
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Maximally monotone operator: sum

Let H be a Hilbert space.
Let A and B be two maximally monotone operators from # to 2" such
that one of the following assumptions is satisfied:

» domB =H
» dom AN int (dom B) # @
> 0 € int (dom A — dom B)

then A + B is maximally monotone.

Consequence: Let a € [0,4o00[. If A is maximally monotone, then A + ald
is maximally monotone.
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Maximally monotone operator: linear transform

Let H and G two Hilbert spaces.
Let B: G — 29 be a maximally monotone operator and L € B(H,G) such

that one of the following assumptions is satisfied:
» L surjective
» 0 €int(domB —ranl)

then L*BL is maximally monotone.
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Maximally monotone operator: linear transform

Let H and G two Hilbert spaces.
Let B: G — 29 be a maximally monotone operator and L € B(H,G) such
that one of the following assumptions is satisfied:

» L surjective
» 0 €int(dom B —ran L)

then L*BL is maximally monotone.

Consequence: Let u € ]0,+o0].
If A is maximally monotone and LL* = pld, then L*AL is maximally
monotone.

Proof: LL* = puld = ran L = H.
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Part 2: Nonexpansive operators

1. Background on nonexpansive operators
» Definition
» Properties
» Examples
» Resolvent

2. Proximal operator
» Definition
» Properties
» Examples
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H.
A'is nonexpansive if (V(x,y) € C?) [Ax—Ay[| < |x—yll.
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H and v € |0, +o0|

v~ !A is nonexpansive if (V(x,y) € C?) ||[Ax—Ay|| < v [x —y].
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H and v € |0, +o0]

v~ !A is nonexpansive if (V(x,y) € C?) ||[Ax—Ay|| < v [x —y].

v~ LA is nonexpansive < A is v-Lipschitzian .

Lipschitz

Nonexpansive
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Nonexpansive operator: definition

Let H be a Hilbert space.
Let A: H — 2%
A'is firmly nonexpansive if

(V(x, u) € graA)(V(y, v) € graA) [u—v[><(u—v|x—y).
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H .

A'is firmly nonexpansive if

(Vx € C)(YVy € C) [|Ax — Ay[? < (Ax— Ay [ x —y) .
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H .

A'is firmly nonexpansive if

(V(x,y) € C?)  [|Ax = Ay|2 +[|(Id — A)x — (Id — A)y[|* < [lx — y|* .
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H .

A'is firmly nonexpansive if

(V(x,y) € C?)  [|Ax = Ay|2 +[|(Id — A)x — (Id — A)y[|* < [lx — y|* .

» A is firmly nonexpansive < Id — A is firmly nonexpansive.

» A is firmly nonexpansive < 2A — Id is nonexpansive.
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H .

A'is firmly nonexpansive if

(V(x,y) € C?)  [|Ax = Ay|2 +[|(Id — A)x — (Id — A)y[|* < [lx — y|* .

» A is firmly nonexpansive < Id — A is firmly nonexpansive.

» A is firmly nonexpansive < 2A—1d is nonexpansive.
——

Reflection of A
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H .
A'is firmly nonexpansive if

(V(x,y) € C?)  [|Ax = Ay|2 +[|(Id — A)x — (Id — A)y[|* < [lx — y|* .

A is firmly nonexpansive = A is nonexpansive.

Lipschitz

Nonexpansive

Firmly
nonexpansive
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H and 3 € 10, +o0].
Ais [-cocoercive if [BA is firmly nonexpansive, i.e.,

(Vx € O)(Vy € C) B|lAx — Ay||> < (x —y | Ax — Ay) .
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H and 3 € 10, +o0].
Ais [-cocoercive if [BA is firmly nonexpansive, i.e.,

(Vx € C)(Vy € C) BlAx — Ay|? < (x —y | Ax = Ay) .

» Let H and G be two Hilbert spaces, L € B(G,H) nonzero, and
A:H — H. Alis B-cocoercive = L*AL is ||L||~23-cocoercive.
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H and 3 € 10, +o0].
Ais [-cocoercive if [BA is firmly nonexpansive, i.e.,

(Vx € C)(Vy € C) BlAx — Ay|? < (x —y | Ax = Ay) .

» Let H and G be two Hilbert spaces, L € B(G,H) nonzero, and
A:H — H. Alis B-cocoercive = L*AL is ||L||~23-cocoercive.

Proof: For all (x,y) € H?,
(L*ALx — L*ALy | x — y) = (ALx — ALy | Lx — Ly) > B||ALx—ALy||?

Moreover, ||L*ALx — L*ALy||? < ||IL||?||ALx — ALy/|)?.
Thus (L*ALx — L*ALy | x — y) > B||L*ALx — L*ALy|?/||L||>.
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H and 3 € 10, +o0].
Ais [-cocoercive if [BA is firmly nonexpansive, i.e.,

(Vx € C)(Vy € C) BlAx — Ay|? < (x —y | Ax = Ay) .

» Let H and G be two Hilbert spaces, L € B(G,H) nonzero, and
A:H — H. Alis B-cocoercive = L*AL is ||L||~23-cocoercive.

» Ais B-cocoercive = A is 37 1-Lipschitzian.
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H and 3 € 10, +o0].
Ais [-cocoercive if [BA is firmly nonexpansive, i.e.,

(Vx € C)(Vy € C) BlAx — Ay|? < (x —y | Ax = Ay) .

» Let H and G be two Hilbert spaces, L € B(G,H) nonzero, and
A:H — H. Alis B-cocoercive = L*AL is ||L||~23-cocoercive.

» Ais B-cocoercive = A is 37 1-Lipschitzian.

» A:H — H is S-cocoercive = A is maximally monotone.
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H and 3 € 10, +o0].
Ais [-cocoercive if [BA is firmly nonexpansive, i.e.,

(Vx € C)(Vy € C) BlAx — Ay|? < (x —y | Ax = Ay) .

Lipschitz |

Nonexpansive

Firmly
nonexpansive

Cocoercive
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.

Let A: C — H and let « €]0,1].
Ais «-averaged if there exists a nonexpansive operator R: C — H such

that

Introduction OMM1

A=(1-a)ld+aR .
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H and let « €]0,1].

Ais «a-averaged if

1—

a

«
(V(x,y) € C?)  Ax—Ay|*+ 1(1d — A)x — (1d— A)y|* < x—y]*.
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H and let « €]0,1].

Ais «a-averaged if

1—

a

«
(V(x,y) € C?)  Ax—Ay|*+ 1(1d — A)x — (1d— A)y|* < x—y]*.

» Ais a-averaged = A is nonexpansive.
» Als %—averaged < Ais firmly nonexpansive.
» Ais a-averaged = A is o/-averaged for every o’ € [o, 1].

> Let A €]0,1/af. Ais a-averaged = (1 — A\)Id + M\A is Aa-averaged.
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H and let « €]0,1].

Ais «a-averaged if

l—«

(V(x,y) € C?)  Ax—Ay|*+ 1(1d — A)x — (1d— A)y|* < x—y]*.

a

> Let (wi)1<i<n €]0,1]" be such that Y 7 ; w; =1 and let
(ai)1<i<n €]0,1[". If, for every i € {1,...,n}, Ai: C = H is

«j-averaged, then 27:1 w;A; is a-averaged with o = maxi<i<, o;.

> Let (ai)i<i<n €]0,1[" . If, for every i€ {1,...,n}, Ai: C = C'is

«j-averaged, then Aj--- A, is a-averaged with
n

n—1+ L

max;<i<n &
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H and let « €]0,1].
Ais «a-averaged if

1—

«
" 1(1d — A)x — (1d— A)y|* < x—y]*.

(V(x,y) € C?)  Ax—Ay|*+

A:H — H is a-averaged with « €]0,1/2] = A is maximally monotone.
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H and let « €]0,1].
Ais «a-averaged if

1—

«
" 1(1d — A)x — (1d— A)y|* < x—y]*.

(V(x,y) € C?)  Ax—Ay|*+

A:H — H is a-averaged with « €]0,1/2] = A is maximally monotone.

Proof : A continuous. Moreover, for all (x,y) € H?,

0. < [lAx— Ay|2 + (1 - 20)llx — y|? <21 —a) (x —y | Ax — Ay)
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Nonexpansive operator: recap
Lipschitz
Nonexpansive

a—averaged |

Firmly
nonexpansiv

Cocoercive
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Nonexpansive operator: recap

(if the domain C is equal to H)

Lipschitz
Nonexpansiv
a—averaged |

| -~ - - -------" X )
| : Maximally
I -
| Firmly ! monotone

. 1
! nonexpansiv !

1

I O vl o
1

Cocoercive
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Nonexpansive operator: properties

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H.

Let 5 € ]0,+oco[ and ~ €]0, 24].

If Ais S-cocoercive, then Id — vA is v /(2/3)-averaged.

Proof :
A [-cocoercive < BA firmly nonexpansive.
There exists a nonexpansive operator R: C — H such that
BA=(Id+ R)/2.
Thus
Id — A = (1 - —B)Id+ L(=R).

(—R) being nonexpansive, Id — A is v/(23)-averaged.
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Nonexpansive operator
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{Nonexpansive operatorH What is their use}
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Nonexpansive operator: example

Baillon-Haddad theorem
Let H be a Hilbert space, f € Io(H) and v € ]0, +o0].
f differentiable and Vf v-Lipschitzian < Vf v~ 1-cocoercive.
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Nonexpansive operator: example

Baillon-Haddad theorem
Let H be a Hilbert space, f € Io(H) and v € ]0, +o0].
f differentiable and Vf v-Lipschitzian < Vf v~ 1-cocoercive.

Descent lemma
Let H be a Hilbert space, f: H — R and v € ]0, +o0].
If £ is differentiable and Vf v-Lipschitzian, then

(VO y) €H2) F(y) < F(x) + {y = x | V() + Sy = x|

Let H be a Hilbert space, f: H — R and v € 0, +o0].
If f is differentiable and Vf v-Lipschitzian then, for all (x,y) € H?,

FA(VE(y)) = FA(VF(X) + {x | VE(y) = VF(x)) + %Ilw(y) — V()%
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Nonexpansive operator: example

Descent lemma
Let H be a Hilbert space, f: H — R and v € 0, +oq].
If f is differentiable and Vf v-Lipschitzian, then

(V(x,y) € H2)  Fly) < F(x) + {y = x | VFR)) + Slly — I
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Nonexpansive operator: example

Descent lemma
Let H be a Hilbert space, f: H — R and v € 0, +oq].
If f is differentiable and Vf v-Lipschitzian, then

(V(x,y) € H2)  Fly) < F(x) + {y = x | VFR)) + Slly — I

Proof :

For all (x,y) € H? and t € R, let p(t) = f(x + t(y — x)).

¢ is differentiable and ¢'(t) = (y — x | Vf(x + t(y — x))). We have
then

o(1) — (0) = /0 S (t)dt
& f(y) ~ F(x) — {y — x| V(X))

- A ly — x| VF(x + ty — x)) — VF(x)) dt.
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Nonexpansive operator: example

Descent lemma
Let H be a Hilbert space, f: H — R and v € 0, +oq].
If f is differentiable and Vf v-Lipschitzian, then

(V(x,y) € H2)  Fly) < F(x) + {y = x | VFR)) + Slly — I

Proof :
Fy) = f(x) =y =x [ VF(x))
- /01 y — x| VF(x + t(y — x)) — VF(x)) .
From Cauchy-Schwarz inequality,

{(y =x | Vi(x +t(y —x)) = VF(x))
<Ny =xIVF(x + tly = x)) = VA < tvlly — x|
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Nonexpansive operator: example

Let H be a Hilbert space, f: H — R and v € 0, +o0].
If f is differentiable and Vf v-Lipschitzian then, for all (x,y) € H?,

FA(VE(y)) = FA(VF(X) + (x| VE(y) = VF(x)) + %Ilw(y) — V()%
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Nonexpansive operator: example

Let H be a Hilbert space, f: H — R and v € 0, +o0].
If f is differentiable and Vf v-Lipschitzian then, for all (x,y) € H?,

FA(VE(y)) = FA(VF(X) + (x| VE(y) = VF(x)) + %Ilw(y) — V()%

Proof :
From descent lemma, for all (x,y, z) € H3,

F(VI(y)) 2 (z | Vi(y)) — f(2)
>(z | V(y) = VE(x)) + (x | VF(x)) = f(x) - gHZ - x]*.
From Cauchy-Schwarz inequality,
(x [ VF(x)) = f(x) = £ (VF(x))-
Thus
Fr(VI(y)) 2 (z | VE(y) = VI(x)) + F*(VF(x)) = %IIZ - x?
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Nonexpansive operator: example

Let H be a Hilbert space, f: H — R and v € 0, +o0].
If f is differentiable and Vf v-Lipschitzian then, for all (x,y) € H?,

FA(VE(y)) = FA(VF(X) + (x| VE(y) = VF(x)) + %Ilw(y) — V()%

Proof :
Consequently,

F(VE(Y)) = (2| VF(y) = V() + F(VF(x) = 5]z = x|
=F*(VF(x) + (x| VF(y) = VF(x))
+ (2= x| VF(y) = V() = 5llz—xIP.
ThispildF(p) >F*(VF(x)) + (x | VF(y) = VF())
+ (VI I2/2)" (VF(y) = VF(x))
> (TF()) + (x| TF(y) = VA + o [VF(y) — VA
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Nonexpansive operator: example

Baillon-Haddad theorem
Let H be a Hilbert space, f € Io(H) and v € ]0, +o0].
f differentiable and Vf v-Lipschitzian < Vf v~ 1-cocoercive.
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Nonexpansive operator: example

Baillon-Haddad theorem
Let H be a Hilbert space, f € Io(H) and v € ]0, +o0].
f differentiable and Vf v-Lipschitzian < Vf v~ 1-cocoercive.

Preuve :
Pour tout (x,y) € H?,

FH(VE(y)) 2 £7(VF(x)) + (x| VE(y) = V(X)) + %Ilw(y) — V)|
et symétriquement

FH(VE(x)) = F(VI(y)) + (v | VI(x) = VF(y)) + %HV"(X) - VIy)|*.
En sommant,

by x| Viy) = VF60) + LI VF(x) ~ VF)IP < 0.
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Nonexpansive operator: example

Baillon-Haddad theorem

Let H be a Hilbert space, f € Io(H) and v € ]0, +o0].
f differentiable and Vf v-Lipschitzian < Vf v~ 1-cocoercive.

Let H be a Hilbert space, f € I'o(H), v € ]0,+oo[ and v €]0,2v71].
f differentiable and Vf v-Lipschitzian = Id — V£ is yv/2-

————

gradient descent
operator

averaged.
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Nonexpansive operator: example

Baillon-Haddad theorem

Let H be a Hilbert space, f € Io(H) and v € ]0, +o0].
f differentiable and Vf v-Lipschitzian < Vf v~ 1-cocoercive.

Let H be a Hilbert space, f € I'o(H), v € ]0,+oo[ and v €]0,2v71].
f differentiable and Vf v-Lipschitzian = Id — yVf is yr/2-averaged.
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Nonexpansive operator: example

Baillon-Haddad theorem
Let H be a Hilbert space, f € Io(H) and v € ]0, +o0].
f differentiable and Vf v-Lipschitzian < Vf v~ 1-cocoercive.

Let H be a Hilbert space, f € I'o(H), v € ]0,+oo[ and v €]0,2v71].
f differentiable and Vf v-Lipschitzian = Id — yVf is yr/2-averaged.

Let H be a Hilbert space, f € Tg(H), and v € |0, +o0[
f differentiable and Vf v-Lipschitzian < f* is v~ l-strongly convex .

Remark : f* is v~ 1-strongly convex if f* — v=1| - ||2/2 is convex.
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L Nonexpansive operators generalities

Definition

Properties

-

Examples Resolven
-4
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Resolvent: definition

Let H be a Hilbert space.
Let A:H — 27
The revolvent of A'is

Ja=(1d+ AL
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Resolvent: definition

Let H be a Hilbert space.
Let A:H — 27
The revolvent of A'is

Ja=(1d+ AL

» Example :

u

A A41d? Ja?
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Resolvent: definition

Let H be a Hilbert space.
Let A:H — 27
The revolvent of A'is

Ja=(1d+ AL

» Example :

u

Aand Id A+1d7? Ja?
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Resolvent: definition

Let H be a Hilbert space.
Let A:H — 27
The revolvent of A'is

» Example :

Aand Id A+1d Ja?
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Resolvent: definition

Let H be a Hilbert space.
Let A:H — 27
The revolvent of A'is

Ja=(1d+ AL

» Example :

u u
.
.
.
.
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.

Aand Id A+1d Ja?




Introduction OMM1 OMM2 OMM3 OMM4
70/167

Resolvent: definition

Let H be a Hilbert space.
Let A:H — 27
The revolvent of A'is

Ja=(1d+ AL

» Example :

u u u
.
.
.
.
[ AN—
.
.
.
7|
.
.

A and Id A+1d Ja
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Resolvent: definition

The range of an operator B: H — 2™ is

ran B = {u € H | 3x € H,u € Bx}.

Minty theorem
Let H be a Hilbert space.
Let A: H — 2™ be a monotone operator.

ran(Id+ A)=H < A is maximally monotone.
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Resolvent: properties

Let 7 be a Hilbert space. Let A: #H — 2%
A is monotone < Jy is firmly nonexpansive.
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Resolvent: properties

Let # be a Hilbert space. Let A: H — 2%
A is monotone < Jy is firmly nonexpansive.

Proof : A is monotone

& (V(x, u) € graA) (V(y,v) € graA) (x—y|u—v)>0
& (V(x,u) € graA) (V(y,v) € grad) (x—y|[x—y+u—v)>|x—y|?
& (V(x, u') € gra(Id + A)) (Y(y, V') € gra(Id + A))
=y [0 =) 2 [x—y?
& (V(U, x) € grada) (V(V,y) € grada) (v —V' | x—y)>|x —y|?
< Ja firmly nonexpansive
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Resolvent: properties

Let 7 be a Hilbert space. Let A: #H — 2%
A is monotone < Jy is firmly nonexpansive.

Remark : Ja: ran (Id + A) — H.
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Resolvent: properties

Let # be a Hilbert space. Let A: H — 2%
A is monotone < Jy is firmly nonexpansive.

Let H be a Hilbert space. Let A : H — 27t
A is maximally monotone < Ja: H — H is firmly nonexpansive.
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Resolvent: properties

Let # be a Hilbert space. Let A: H — 2%
A is monotone < Jy is firmly nonexpansive.

Introduction OMM1 OMM2 OMM3

Let H be a Hilbert space. Let A : H — 27t
A is maximally monotone < Ja: H — H is firmly nonexpansive.

Proof: A monotone < Ja: ran (Id + A) — H firmly nonexpansive
+ Minty theorem.
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Resolvent: properties

Let # be a Hilbert space. Let A: H — 2%
A is monotone < Jy is firmly nonexpansive.

Let H be a Hilbert space. Let A : H — 27t
A is maximally monotone < Ja: H — H is firmly nonexpansive.

Let H be a Hilbert space. Let A : H — 2" maximally monotone and
v € 10,400[. For every x € H, there exists a unique p € H such that
x —p € YAp and thus p = J,ax.
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Resolvent: properties

Let # be a Hilbert space. Let A: H — 2%
A is monotone < Jy is firmly nonexpansive.

Let H be a Hilbert space. Let A : H — 27t
A is maximally monotone < Ja: H — H is firmly nonexpansive.

Let H be a Hilbert space. Let A : H — 2" maximally monotone and
v € 10,400[. For every x € H, there exists a unique p € H such that
x —p € YAp and thus p = J,ax.

Proof: x € (Id +7A)(p) & p € (Id + yA) " Ix & p = Jyax
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Resolvent: properties

Let H be a Hilbert space.
Let A:H — 2™ be a maximally monotone and 7 € ]0, 4ol

> Jya and Id — J, 4 are firmly nonexpansive.

» The reflected resolvent R,z = 2J,4 — Id is nonexpansive.

» 7Ais vy-cocoercive.

Let H be a Hilbert space.
Let A: H — 2™ and v € ]0, +oc.
The Yosida approximation of A of index 7 is

1
TA= —(Id — J,4).
’)’( ’YA)
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Resolvent: properties

Let H be a Hilbert space.
Let A: H — 2™ be a maximally monotone operator.

» Let ze H and B=A(- — z). Then Jg =z + Ja(- — 2).
» Letz€ H and B=2z+ A. Then Jg = Ja(- — 2).

» Letae[0,4+00[ and B = A+ald. Then Jp = J 4 (H—a)

Proof:
For all x € H,

p=Jatarax < x—pe(A+ald)(p)
s (1+a)x—pe(l+a)tap
= p= J(l—i—a)_lA((l + a)_lx).



Introduction OMM1 OMM2 OMM3 OMM4
75/167

Resolvent: properties

For every i € {1,...,n}, let H; be a Hilbert space and A;: H; — 2Hi be a
maximally monotone operator.

JayxxA, =da, X oo xda, t Hi X X Hp = Hi X --- X H,

()(1,. .. ,)qq) — (~L41)(1,. .. ,~L4n)(n).
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Resolvent: properties

Let H be a Hilbert space.
Let A:H — 2™ be a maximally monotone operator and 7y € |0, +o0].

J"yA_l =1Id — ")/J,),—lA(")/_l‘)

Proof: For all x € H,

x € (Id +~vA7)(p)

Y x—p)eAlp
peArx—p)

v ey T A(y H(x — p))

v Ix e (d+47tA) (v Hx - p))
1 x = p) = Ja(r7x)
p=x—7d1a(vx).

P = J,\/Aflx

SR
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Resolvent: properties

Let H be a Hilbert space.
Let A:H — 2™ be a maximally monotone operator and 7y € |0, +o0].

J"YA_l =1Id — ")/J,),—lA(")/_l‘)

Remark: Ja + J4-1 = 1d.
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Resolvent: properties

Let H and G be two Hilbert spaces.
Let A:H — 2™ be a maximally monotone operator and L € B(G,#) such
that LL* = pld where p € ]0,+o00[. Then

Jisar=Id—L* o *Ao L.
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Resolvent: properties

Let H and G be two Hilbert spaces.
Let A:H — 2™ be a maximally monotone operator and L € B(G,#) such
that LL* = pld where 1 € ]0,400[. Then

Jisar=Id—L* o *Ao L.

Let H be a Hilbert space.
Let A: H — 2" be a maximally monotone operator and L € B(H,H) be a
unitary operator. Then

Ji=aL = L*JaL.
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Resolvent: properties

Let H be a Hilbert space.
Let A:H — 2" be a maximally monotone operator and B = pA(p-) where
p € R*. Then

Jg = p_lJpzA(p~).

Proof: Set L = pld and apply formula

J[_*AL:Id—L*O'uAOL.
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Resolvent: properties

Let H be a Hilbert space.
Let A:H — 2" be a maximally monotone operator and B = pA(p-) where
p € R*. Then

Jg = p_lJpzA(p~).

Let H be a Hilbert space.
Let A: H — 2 be a maximally monotone operator and B = —A(—).
Then

Jg = —Ja(—").
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Resolvent
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Proximity
Resolvent
operator
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Convex analysis

Let H be a Hilbert space. Let f: H — |—o0, +a].
f is coercive if lim, 400 f(x) = +00.
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Convex analysis

Let H be a Hilbert space. Let f: H — |—o0, +o].
f is coercive if lim, 400 f(x) = +00.

Coercive functions ?
2 F(X) L F(X) Af(X)

+
[ 8
Xy
><VV<Z\\\\\\
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Convex analysis

Let H be a Hilbert space. Let f: H — |—o0, +o].
f is coercive if lim, 400 f(x) = +00.

Coercive functions ?
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Convex analysis

Let H be a Hilbert space. Let f: H — |—o0, +o].
f is strictly convex if

(Vx € dom f)(Vy € dom f)(Va €]0, 1)
x#y = flax+(1—-a)y)<af(x)+(1—-a)f(y).
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Convex analysis

Let H be a Hilbert space. Let f: H — |—o0, +o].
f is strictly convex if

(Vx € dom f)(Vy € dom f)(Va €]0, 1)
x#y = flax+(1—-a)y)<af(x)+(1—-a)f(y).

Strictly convex functions ?

fd// \ \

x
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Convex analysis

Let H be a Hilbert space. Let f: H — |—o0, +o].
f is strictly convex if

(Vx € dom f)(Vy € dom f)(Va €]0, 1)
x#y = flax+(1—-a)y)<af(x)+(1—-a)f(y).

Strictly convex functions ?
f(x) f(x) 4 f(x)

~ e

N

’
4
v
4
N 4
~ 7
v
7 N
4 N
v N
~
v
>
N
X

V4

\4
N

.
x
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Convex analysis

Let H be a Hilbert space and C be a closed convex of H.
Let f € [o(#) such that dom f N C # .
If f is coercive or C is bounded, then there exists p € C such that

f(p) = inf £(x).

Moreover, if f is strictly convex, this minimizer p is unique.
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Proximity operator: definition

Let H be a Hilbert space. Let f € T'o(H) and v € ]0, +o0|.
For every x € H, there exists a unique p € H such that

1 , 1 )
“lp—x|? = inf f —ly — x]|2 .
f(p) + 2,yllp x|l o, (v) + 2,ylly x|
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Proximity operator: definition

Let H be a Hilbert space. Let f € T'o(H) and v € ]0, +o0|.
For every x € H, there exists a unique p € H such that

1 1
f “lp—x|? = inf f Ay — x||? .
(p) + 27||p x|l o, (v) + 27||y x|

Proof: f € To(H) & f* € To(H). There exists u € H such that
f*(u) € R. From Fenchel-Young inequality, we have

(YyeH) fly)=(uly) —f(u).

Then f(y) +(29)ly — x> = +o00 when |y — +cc.
Moreover (27)7Y| - —x||? being strictly convex, f + (27)
a strictly convex coercive function.

x| is
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Proximity operator: definition

Let H be a Hilbert space. Let f € [o(H).

» The Moreau envelope of f of parameter v € |0, +oc] is

1
TF:H =R x> inf f —ly — x|
M= Rexs inf £(y) + 5o lly = x|
» The proximity operator of f is

1
prox;: H — H: x +— argmin f(y) + =|ly — x|*.
yYEH 2

f(x) prox(x)

Xy



Introduction OMM1 OMM2 OMM3 OMM4
83/167

Proximity operator: definition

Let H be a Hilbert space. Let f € [o(H).

» The Moreau envelope of f of parameter v € |0, +oc] is

1
TF:H =R x> inf f —ly — x|
M= Rexs inf £(y) + 5o lly = x|
» The proximity operator of f is

1
prox;: H — H: x +— argmin f(y) + =|ly — x|*.
yYEH 2




Introduction OMM1 OMM2 OMM3 OMM4
84/167

Proximity operator: definition
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Proximity operator: definition
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Proximity operator: definition
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Proximity operator: definition

1.5 4 4

-3 —2 —1 o 1 2 3
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Proximity operator: definition
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-3 —2 —1 o 1 2 3



Introduction OMM1 OMM2 OMM3 OMM4
84/167

Proximity operator: definition

1.5 4 4

-3 —2 —1 o 1 2 3



Introduction OMM1 OMM2 OMM3 OMM4
84/167

Proximity operator: definition
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Proximity operator: definition
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Proximity operator: definition
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Proximity operator: definition

1.5 4 4

-3 —2 —1 o 1 2 3
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Proximity operator: definition

1.5 4 4

-3 —2 —1 o 1 2 3



Introduction OMM1 OMM2 OMM3 OMM4
84/167

Proximity operator: definition

15| 4 4
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Proximity operator: definition
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Proximity operator: definition
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Proximity operator: definition
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Proximity operator: definition
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Proximity operator: definition
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Proximity operator: definition

15| 4 4
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Proximity operator: definition

Let 7 be a Hilbert space. Let f € [o(H) and g € To(H).
If dom f Nint (dom g) # @ then O(f + g) = Of + Og.

Let H be a Hilbert space and f € 'o(H).

proxs = Jor .
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Proximity operator: definition

Let 7 be a Hilbert space. Let f € [o(H) and g € To(H).
If dom f Nint (dom g) # @ then O(f + g) = Of + Og.

Let H be a Hilbert space and f € 'o(H).

proxs = Jor .

Proof: By using Fermat's rule, for every x € H,
: _ 1
p=argmin f+(29)7 |- —x|? & 0ed(f+5]-—xI?)(p)

& 0e€df(p)+p—x
< x e (Id+ of)(p)
& p=(Id+0f) Hx).
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Proximity operator: definition

Let 7 be a Hilbert space. Let f € [o(H) and g € To(H).
If dom f Nint (dom g) # @ then O(f + g) = Of + Og.

Let H be a Hilbert space and f € 'o(H).

proxs = Jor .

Remark: As dom (proxs) = H, this provides a proof that Of is
maximally monotone !
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Proximity operator: properties

Let H be a Hilbert space, f € I'o(H) and (x, p) € H2.

p=prox;x << (YeH) (y—plx—p) +f(p)<f(y)
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Proximity operator: properties

Let H be a Hilbert space, f € I'o(H) and (x, p) € H2.

p=prox,;x & (VyeM) (y—plx—p)+f(p)<f(y)

Proof: (=) Let p, = ay + (1 — a)p where y € H and « €]0,1]. We
have

1 1
f(p) + 5P = xII* < f(pa) + 5 llPa — x|
1
<af(y)+ (1 —a)f(p) +5lp —x+aly - p)II.

Consequently .

f(p) <af(y) + (1 —a)f(p)+aly —p|p—x) +%lly —pl?
e (y—plx—p)+f(p) <fly)+5lly —pl?

The results comes from o — 0.
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Proximity operator: properties

Let H be a Hilbert space, f € I'o(H) and (x, p) € H2.

p=prox;x << (YeH) (y—plx—p) +f(p)<f(y)

Preuve: (<)
On a, pour tout y € H,

1 1
f(p) +5lp=xI> < f(y) +(y =P p—x) + Sllp = x|
1 1
=fW)+5lly —p+p—xI?=3ly - pl?

1
< F(y) + 5lly = X1
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Proximity operator: properties

Let H be a Hilbert space, f € I'o(H) and (x, p) € H2.

p=prox,;x & (VyeM) (y—p|x—p)+f(p)<fly)

Let H be a Hilbert space, f € [o(H) and v € ]0, +oo].
7f is differentiable and V7f is 4~ 1-Lipschitzian

(VxeH) Vf =~"1d—prox )= J0f

Moreau Yosida
envelope approximation

Proof: Previous property + ... calculations.
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Proximity operator: properties

Let H be a Hilbert space, f € I'o(H) and (x, p) € H2.

p=prox,;x & (VyeM) (y—p|x—p)+f(p)<fly)

Let H be a Hilbert space, f € [o(H) and v € ]0, +oo].
7f is differentiable and V7f is 4~ 1-Lipschitzian

(VxeH) Vf =~"1d—prox )= J0f

Moreau Yosida
envelope approximation

Interpretation: 7f is a smooth approximation of f.
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OMM1

OMM2

Proximity operator: properties

Let H be a Hilbert space, x € H and f € o(H).

OMM3

Properties

&(x)

Proxgx

Translation

f(x—2z),zeH

z + proxs(x — z)

Quadratic perturbation

Fo)+allx P /24 (z | x) +

z€EH,a>0,v€R

x—z
prox_r (657

Scale change

f(px),p € R*

1
5 Prox 5 (px)

Reflection

f(=x)

—proxs(—x)

Moreau envelope

VF(x) = inf f ! 2
(X)fyleﬂH (y)+zllx—yll

¥y>0

2 (v + prox(iq)r(x)

OMM4
87/167
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Proximity operator: properties

For every i € {1,...,n}, let H; be a Hilbert space and f; € I'o(H,;).
For all (x1,...,xn) € H1 X -+ X Hp,

if
f(x, .. x,,)—Zf Xi).

Introduction OMM1 OMM2 OMM3

then

ProxXs(xi, ..., xp) = (proxf’.(x,-)) 1<i<n -
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Proximity operator: properties

Let H be a separable Hilbert space.
Let (b;)ics be an orthonormal basis of H.
For every i € I, let ¢; € I'o(R) such that ¢; > 0. For every x € H,

if
F(x) =Y wil(x| b))

i€l

then
prox¢(x) = > _;c; prox,, ((x | b;))b;.

Remark: The assumption (Vi € /) ¢; > 0 can be relaxed if H is finite
dimensional.
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Proximity operator: properties

Let H be a separable Hilbert space.
Let (b;)ics be an orthonormal basis of H.
For every i € I, let ¢; € I'o(R) such that ¢; > 0. For every x € H,

if
f(x) =Y wil(x| b))

i€l

then
prox¢(x) = > _;c; prox,, ((x | b;))b;.

Example: H = RN, (b;)1<i<n canonical basis of RN, f = A|| - ||; with
A € [0, 400l

(W= (Mcien) € RY) - prosy (x) = (proxy (x7)) ey
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Proximity operator: properties

Moreau decomposition formula
Let H be a Hilbert space, f € [o(H) and v € ]0, +oo].

(Vx € H) Prox. s X = X — Yprox,—1¢(y1x) .
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Proximity operator: properties

Moreau decomposition formula
Let H be a Hilbert space, f € [o(H) and v € ]0, +oo].

(Vx € H) Prox. s X = X — Yprox,—1¢(y1x) .

Example: If H =RN, f = —|| g with g €]1, +oc], then f* = || ||q
with 1/g+1/¢* =1, and

(Vx € RN) prox 2 ”q =X — ’YPTOX%”.”g(’Y_lX)-
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91/167
Proximity operator: properties
2 ‘
—p=1
1.5¢ p=4/3 7
| |[—p=3/2
A
0.5r| —P=3 8
—p=4
0 —74 ]
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Proximity operator: properties

Let H and G be two Hilbert spaces. Let f € I'g(H) and L € B(G, H) such
that ran L = H. Then

d(fol)=L*Of L.
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Proximity operator: properties

Let 7 and G be two Hilbert spaces. Let f € [o(H) and L € B(G,H) such
that ran L = H. Then

d(fol)=L*Of L.

Let 4 and G be two Hilbert spaces. Let f € [o(H) and L € B(G,H) such
that LL* = pld where p € |0, +oo[. Then

proxse; =1Id — p~1L* o (Id — prox,) o L.




Introduction OMM1 OMM2 OMM3 OMM4
92/167

Proximity operator: properties

Let 7 and G be two Hilbert spaces. Let f € [o(H) and L € B(G,H) such
that ran L = H. Then

d(fol)=L*Of L.

Let 4 and G be two Hilbert spaces. Let f € [o(H) and L € B(G,H) such
that LL* = pld where p € |0, +oo[. Then

proxse; =1Id — p~1L* o (Id — prox,) o L.

Remark :

Useful property for data fidelity terms involving a neg-log-likelihood f
and a synthesis tight frame operator L.
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Proximity operator: properties

Particular case : L € B(H,H) unitary, proxs,; = L*prox,L.

[llustration: denoising using an £1 penalty on the coefficients resulting
from an orthogonal wavelet transform L.

PTOXN|I- |11
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Proximity operator: examples

OoMM2 OMM3 OMM4
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Projection

(Vx € H)

Let H be a Hilbert space. Let C be a nonempty closed convex subset of H.

o1
proxLC(x) = argmlnEHy — XH2 = Pc(x).
yeC




Introduction OMM1 OMM2 OMM3 OMM4
94/167

Proximity operator: examples

Projection :
Let H be a Hilbert space. Let C be a nonempty closed convex subset of H.

.1
(VxeH)  prox, (x) = arygerr(]:mEHy — x||? = Pc(x).

Remark :
» p=Pc(x) & x—pedic(p) = Nc(p)
& (Wel)ly-plx—p)<0.
Particular case: if C is a vector space: p = Pc(x) & x —p € Ct.

> Ve = (2)71d2 where dc distance to the convex set C is defined
by dc: x — infycc |ly — x| = ||x — Pcx||. We have then
Vd2 = V(2uc) = 2(Id — P¢).
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Proximity operator: examples

Quadratic function :
Let H and G be two Hilbert spaces.
Let L € B(G,H), v € ]0,+o0[ and z € G.

f=v|L-—z|?/2 = prox; = Id+~L*L)7I(- +~yL*z2).
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Proximity operator: examples

Support function :
Let H be a Hilbert space and C C H be nonempty closed convex.

(Vx € H) prox,. = Id — Pc.

Soft-thresholding : H =R, 6; = inf C and é, = sup C. For every x € R,

ox ifx<O0 x—0p ifx<d;
oc(x)=40 if x=0 = prox, (x) = softc(x) = {0 ifxe C
dox if x>0 x—0p if x> 6.

Pc(x) prox, . (x)

262 x /61 562 X

01
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Part 3: Search for a zero

1. Zeros of a (maximally) monotone operator
2. Fixed points

3. Convergence
» Definition
» Fejér monotonicity
» Demiclosedness principle

4. Algorithms

» Krasnosel'skii Mann
Douglas-Rachford
PPXA
Forward-Backward
Forward-Backward-Forward

vV vy vYyy



Introduction OMM1 OMM2 OMM3 OMM4
98/167

Monotone operator: zeros

Let H be a Hilbert space.
Let A:H — 2™ be a monotone operator.
The set of zeros of A, denoted zer A, is

zer A= {x € H|0 € Ax} .

Let H be a Hilbert space.
Let A:H — 2™ be a maximally monotone operator.
zer A is closed and convex.
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Monotone operator: zeros

Let H be a Hilbert space.
Let A:H — 2™ be a monotone operator.
The set of zeros of A, denoted zer A, is

zer A= {x € H|0 € Ax} .

Let H be a Hilbert space.
Let A:H — 2™ be a maximally monotone operator.
If one of the following assumptions is satisfied

» A is surjective
» dom A is bounded,

then zer A # @.
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Monotone operator: zeros

Let H be a Hilbert space.
A: H — 2" is strictly monotone if

(‘v’(xl, u) € graA) (V(xz, ) € graA) x1 # xp = (U1 — up | X1 — x2) > 0.
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Monotone operator: zeros

Let H be a Hilbert space.
A: H — 2" is strictly monotone if

(‘v’(xl, u) € graA) (V(xz, ) € graA) x1 # xp = (U1 — up | X1 — x2) > 0.

Let H be a Hilbert space.
Let A: H — 2™ be a strictly monotone operator.
zer A is at most a singleton .

Proof:
If (x1,%2) € (zer A)? and x; # xp then 0 = (x; —x2 |0 —0) <0 !
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Monotone operator: zeros

Let H be a Hilbert space and 3 € ]0, +o0].
A: H — 2" is [B-strongly monotone if

(V(xl, u) € graA) (V(xz, up) € graA) (i —wp | x1 — x2) > Blx1 — x2||2.
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Monotone operator: zeros

Let H be a Hilbert space and 3 € ]0, +o0].
A: H — 2" is [B-strongly monotone if

(V(xl, u) € graA) (V(xz, up) € graA) (i —wp | x1 — x2) > Blx1 — x2||2.

Let H be a Hilbert space and § € ]0, +o0.
A: H — 2" is B-strongly monotone < A~1: H — H is B-cocoercive.

Let H be a Hilbert space and 3 € ]0, +oo].
A: H — 2" is B-strongly monotone = A is strictly monotone.
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Monotone operator: zeros

Let H be a Hilbert space and 3 € ]0, +o0].
Let A:H — 2™ be a maximally monotone operator.
A B-strongly monotone = zer A is a singleton.
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Monotone operator: zeros

Let H be a Hilbert space and 3 € ]0, +o0].
Let A:H — 2™ be a maximally monotone operator.
A B-strongly monotone = zer A is a singleton.

Proof: For all (x1, u1) € graA et (xo, up) € graA,

[x1 = xelllurl] = (x1 — x2 | v1)
:<X1—X2 | u1—U2>+<X1—X2 | u2)

> Dl — ol + a0 | )

Setting x2 and wy, if ||x1|| — 400, we can deduce that ||u1| — +oo.
This proves that lim|,|_ 4o inf [[Ax|| = +00 and thus zer A # @.
Moreover, A being strictly monotone, there is only one element in
zer A.



Introduction OMM1 OMM2 OMM3 OMM4
101/167

Monotone operator: zeros and minimizer

Let H be a Hilbert space.
Let f: H — ]—o0,+0o0] be a proper function.
f is strictly convex = Of is strictly monotone.




Introduction OMM1 OMM2 OMM3 OMM4
101/167

Monotone operator: zeros and minimizer

Let H be a Hilbert space.
Let f: H — ]—o00,+00] be a proper function.
f is strictly convex = Of is strictly monotone.

Proof: Let (x1,u1) € gradf and (xo, up) € gradf such that x; # xo.
We have, for all a €]0,1],

f(x1)+ (u1 | a(xe —x1)) < f(x1 4+ alxe — x1))
< (1= a)f(x1) + af(x)
= <U1 | X — X1> < f(Xg) — f(Xl).

Symmetrically, (u2 | x1 — x2) < f(x1) — f(x2) and, par summation,

(i — | x—x1) <0
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Monotone operator: zeros and minimizer

Let H be a Hilbert space.
Let f: H — ]—o00,+00] be a proper function.
f is strictly convex = Of is strictly monotone.

Let H be a Hilbert space.
Let f: H — ]—o00, +00| be a proper function.
f is strictly convex = f has at most one minimizer.
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Monotone operator: zeros and minimizer

Let H be a Hilbert space and 3 € ]0, +o0].
Let f: H — |—o0,+00] be a proper function.
f is B-strongly convex = Of is [3-strongly monotone.
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Monotone operator: zeros and minimizer

Let H be a Hilbert space and 3 € ]0, +o0].
Let f: H — ]—o00, +00| be a proper function.
f is B-strongly convex = Of is [3-strongly monotone.

Proof: f B-strongly convex if f = h+ || - ||?/2 where h is convex. Let
(x1,u1) € gradf and (xp, up) € gradf. We have

u € 0f(x1) & up — Bx1 € Oh(xq).
Moreover,

Flxe) = hoa) + 5 bl 2 haa) + (un — B | x2 =) + 2 ol
= f(Xl) + <U1 | Xp — X1> + §||x1 — X2||2.

Symmetrically, f(x1) > f(x2) + (2 | x1 — x2) + 5|2 — x|,
Consequently, by summation,
0> (up — wp | xo — x1) + Blx1 — x|



Introduction OMM1 OMM2 OMM3 OMM4
102/167

Monotone operator: zeros and minimizer

Let H be a Hilbert space and 3 € ]0, +o0].
Let f: H — ]—o00, +00| be a proper function.
f is B-strongly convex = Of is [3-strongly monotone.

Let H be a Hilbert space and 3 € ]0, +o0].
Let f € ro(7{)
f is B-strongly convex = f has a unique minimizer.
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Fixed point algorithms: zeros and fixed points

Let # be a Hilbert space. Let B : H — 2.
The set of fixed points of B is denoted by
FixB = {x € H|x € Bx}
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Fixed point algorithms: zeros and fixed points

Let # be a Hilbert space. Let B : H — 2.
The set of fixed points of B is denoted by
FixB = {x € H|x € Bx}

Let H be a Hilbert space.
Let A:H — 2™ be a monotone operator and let y € ]0, +oo].

Then FixJ,a = zer A
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Fixed point algorithms: zeros and fixed points

Let # be a Hilbert space. Let B : H — 2.
The set of fixed points of B is denoted by
FixB = {x € H|x € Bx}

Let H be a Hilbert space.
Let A:H — 2™ be a monotone operator and let y € ]0, +oo].

Then FixJ,a = zer A

Proof :  (Vx € H) 0 € Ax

to 0

x = Jyax
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Fixed point algorithms: zeros and fixed points

Let # be a Hilbert space. Let B : H — 2.
The set of fixed points of B is denoted by
FixB = {x € H|x € Bx}

Let H be a Hilbert space.
Let A:H — 2™ be a monotone operator and let y € ]0, +oo].

Then FixJ,a = zer A

0 € yAx
x € (Id + ~A)x
x € (Id +~yA) " x

x = Jyax

Proof :  (Vx € H) 0 € Ax

te o
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Fixed point algorithm: convergence

Let H be a Hilbert space.
Let (x,)nen be a sequence in H and X € H.

» (xn)nen converges strongly to X if

lim |x, —X|| =0.
n——+400

It is denoted by x, — X.
> (xn)nen converges weakly to X if
(Vy e H) n—Il>Too (y | xn—X)=0.

It is denoted by x, — X.

Remark: In a finite dimensional Hilbert space, strong and weak
convergences are equivalent.
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Fixed point algorithm: convergence

Let H be a Hilbert space.
Let (x,)nen be a sequence of H.
(xn)nen converges weakly if and only if

> (Xn)nen is bounded
and

> (Xn)neN posseses at most one sequential cluster point in the weak
topology.

» X is a sequential cluster point of (x,)qen in the weak topology if there
exists a sub-sequence (xp, )ken Of (Xn)nen that converges weakly to X.
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Fixed point algorithm: convergence

Let H be a Hilbert space.
Let (x,)nen be a sequence of H.
(xn)nen converges weakly if and only if

> (Xn)nen is bounded
and

> (Xn)neN posseses at most one sequential cluster point in the weak
topology.

Illustration:

X0 | X1 | X2 | X3 | X4 | X5
1 |-1|1]-1]1]-1
— (Xn)nen is bounded but it has 2 sequential cluster points: —1 and
1.

— (Xn)nen does not converge.
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Introduction OMM1

Fixed point algorithm: Fejér-monotone sequence

Let H be a Hilbert space and D be a nonempty subset of .
Let (x,)nen be a sequence in H.
(xn)nen is Fejér-monotone with respect to D if

(Wx e D)(VneN)  [xnp1 = x[| < [Ixn = x]]-

Let H be a Hilbert space and D be a nonempty subset of .
Let (xn)nen be Fejér-monotone with respect to D then

~ (Xn)nen is bounded .

» for every x € D, (||xn — x||)nen converges.
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Fixed point algorithm: Fejér-monotone sequence

Fejér-monotone convergence

Let H be a Hilbert space and let D be a nonempty subset of H.
Let (xn)nen be a sequence in H.
(xn)nen converges weakly to a point in D if

» (Xn)nen is Fejér-monotone with respect to D
and

» every sequential cluster point of (x,)nen in the weak topology lies in
D.
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Fixed point algorithm: Fejér-monotone sequence

Proof:

If (|[xn — x||)nen converges then (||x, — x||)nen and thus (x,)nen are
bounded.

We assume that (xp, )ken and (xp,)een are such that x, — X and
— X where (X,X’) € D?. For all n € N,

Xn,

2(xn | X' = %) = [lxn = X1 = lIx0 = X|I> = [I¥I|* + [X']|*.
Because (||xn — X]|)nen and (||x, — X'||)nen converge, there exists
« € R such that (x, | X' — X) = « and thus
(Xn, | X' = X) = (X | X' = X) = a. Similarly, (X' | X' — %) = a.
Consequently | —X|? =0=x =X
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Fixed point algorithm: Fejér-monotone sequence

Demiclosedness principle

then

Let H be a Hilbert space and C be a nonempty closed convex subset of H.
Let T: C — H be a nonexpansive operator .
If (xn)nen is a sequence in C that converges weakly to X and if Tx,—x, — 0

x € FixT.
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Fixed point algorithm: Fejér-monotone sequence

Demiclosedness principle

Let H be a Hilbert space and C be a nonempty closed convex subset of H.
Let T: C — H be a nonexpansive operator .
If (xn)nen is a sequence in C that converges weakly to X and if Tx,—x, — 0

then
x € FixT.

Proof:
We have X — Pcx € Nc(PC;(\).
Because (Vn € N) x, € C, we have

<)qq — fj(:52>| X — fj(:52> < 0.
Using x, — X, we deduce that ||X — PcX||2 =0, so X = P¢(X) € C.
Therefore, if (x,)nen is a sequence in C that converges weakly to
xeC.



Introduction OMM1

OoMM2 OMM3 OMM4
109/167

Fixed point algorithm: Fejér-monotone sequence

Demiclosedness principle

then

Let H be a Hilbert space and C be a nonempty closed convex subset of H.
Let T: C — H be a nonexpansive operator .
If (xn)nen is a sequence in C that converges weakly to X and if Tx,—x, — 0

x € FixT.

Proof:

Xp — X = x € C and TXx is defined. For all n € N,
X0 = TX|? =Ix0 = X2+ [|X = TX|? +2(xs = X | X = TX)

X0 = TXII? =|x0 — Txall®> + | Txp — TX||? +2(Xo — Ty | Txp — TX)

= [IX = TXI? = [0 — Txall® + | Txo = TXI* = [|x0 — XI|?
F2n—Txn | Txn — TX) = 2(xp — X | X = TX)
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Fixed point algorithm: Fejér-monotone sequence

Demiclosedness principle

then

Let H be a Hilbert space and C be a nonempty closed convex subset of H.
Let T: C — H be a nonexpansive operator .
If (xn)nen is a sequence in C that converges weakly to X and if Tx,—x, — 0

x € FixT.

Proof:

X = TXI? =l1x0 = Txal® + | Txo = TXI|* — [|x0 — x|
+20 = Txn | TXn — TX) —2(xp — X | X = TX).
T being non expansive and, using Cauchy-Schwarz inequality,
X = TX|? < [|xn — Txal|? + 2|[x0 — Txal|[| T — TX|| = 2 (xp — X | X = TX)

< Ixn = Txall? 4 2[[x0 — Txall[|X0 = X|| =2 (X0 =X | X = TX).

X, — X = (Xp)nen bounded. Taking the limit, the result is proved .
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Fixed point algorithm: Fejér-monotone sequences

Let H be a Hilbert space and C be a nonempty subset of H.
Let T: C — C be a nonexpansive operator

(VneN)  xp41 = Tx,.
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Fixed point algorithm: Fejér-monotone sequences

Let H be a Hilbert space and C be a nonempty subset of H.
Let T: C — C be a nonexpansive operator

(VneN)  xp41 = Tx,.

If x,— Tx, — 0,
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Fixed point algorithm: Fejér-monotone sequences

Let H be a Hilbert space and C be a nonempty subset of H.
Let T: C — C be a nonexpansive operator such that FixT # &.
Let xg € C,
(VneN)  xp41 = Tx,.

If xp — Tx, — 0, then (x,)nen converges weakly to a point in FixT.

Proof : (x,)nen Fejér-monotone with respect to Fix T +
demiclosedness principle.
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Fixed point algorithm: proximal point algorithm

Let H be a Hilbert space.
Let A:7H — 2 be a maximally monotone operator

(VneN) xp11= J a Xn,
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Fixed point algorithm: proximal point algorithm

Let H be a Hilbert space.
Let A:7H — 2 be a maximally monotone operator
Let v € ]0,+o0[

(Vn € N) Xn+1 = JyA Xn,
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Fixed point algorithm: proximal point algorithm

Let H be a Hilbert space.

Let A:H — 2’ be a maximally monotone operator such that zer A # &.
Let v € ]0,+o00[ et xp € H.

If

(VneN) Xpp1 = Jya Xn,

then (x»)nen converges weakly to a point in zer A.

Proof: J,ao: H — H is nonexpansive and x, — Jyax, — 0.
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Fixed point algorithm: proximal point algorithm

Let H be a Hilbert space.

Let A:H — 2™ be a maximally monotone operator such that zer A # @.
+oo

Let (vn)neny a sequence in ]0, +oo[ such that ny,z, =400 and xg € H.
n=0

If
(‘v’n € N) Xp+1 = J’y,,AXm

then (x,)nen converges weakly to a point in zer A.

Proof: ... more challenging.
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Optimization method: proximal point algorithm

Let H be a Hilbert space.
Let f € o(#) such that Argminf # @.

(Yn € N)  xp11 = prox, ¢ xp
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Optimization method: proximal point algorithm

Let H be a Hilbert space.
Let f € o(#) such that Argminf # @.

+o00
Let (7n)nen be a sequence in |0, 4+o00[ such that Z'y,z, =400 and xg € H.

n=0
If

(Yn € N)  xp11 = prox, ¢ xp

then (x,)nen converges weakly to a (global) minimizer of f.
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Fixed point algorithm: Fejér-monotone sequence

Krasnosel'skii-Mann algorithm
Let H be a Hilbert space and C be a nonempty closed convex subset of H.
Let T: C — C be a nonexpansive operator

(Vn € N)  Xpp1 = xn + An(Txn — Xxn).
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Fixed point algorithm: Fejér-monotone sequence

Krasnosel'skii-Mann algorithm
Let H be a Hilbert space and C be a nonempty closed convex subset of H.
Let T: C — C be a nonexpansive operator

Let (An)nen be a sequence in [0,1] such that 7 i Ap(1 = Aj) = 400 .

(Vn € N)  Xpp1 = xn + An(Txn — Xxn).
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Fixed point algorithm: Fejér-monotone sequence

Krasnosel'skii-Mann algorithm
Let H be a Hilbert space and C be a nonempty closed convex subset of H.
Let T: C — C be a nonexpansive operator such that FixT # &.

Let (An)nen be a sequence in [0,1] such that 7 i Ap(1 = Aj) = 400 .
Let xp € C and

(Vn € N)  xpp1 = xn + An(Txp — Xxp).

Then, (x5)nen converges weakly to a point in Fix T

Proof:
> (Xn)nen is Fejér-monotone with respect to FixT.

» (Txn — Xn)nen converges strongly to 0.
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Fixed point algorithm: Douglas-Rachford

Let H be a finite dimensional Hilbert space.

Let A: H — 2™ and B: H — 2™ be two maximally monotone operators .
y

Yn = JyBXn
(Vn e N) Zp = JyA(2yn — Xn)
Xpt1 = Xn + )\n(zn - _Vn)-
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Fixed point algorithm: Douglas-Rachford

Let H be a finite dimensional Hilbert space.

Let A: H — 2" and B: H — 2% be two maximally monotone operators .
Let v € ]0,+o00[ and let (An)nen be a sequence in [0,2] such that
Y nen An(2 = Ap) = +o0.

Yn = J'yBXn
(Vn e N) Zp = JyA(2Yn — Xn)
Xn+1 = Xn + )\n(zn - _Vn)-
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Fixed point algorithm: Douglas-Rachford

Let H be a finite dimensional Hilbert space.
Let A: H — 2" and B: H — 2% be two maximally monotone operators .
Let v € ]0,+o00[ and let (An)nen be a sequence in [0,2] such that

Y nen An(2 = Ap) = +o0.
We assume that zer (A+ B) # @. Let xg € H and

Yn = J'yBXn
(Vn e N) Zp = JyA(2yn — Xn)
Xp+1 = Xn + )\n(zn - _Vn)-

The following properties are satisfied:
Xy — X
> (¥n)nen and (z,)nen converge to J,gX € zer (A+ B).
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Fixed point algorithm: Douglas-Rachford

Proof: We set T = R,aR;5.
1. T is nonexpansive.

2. zer (A+ B) = J,g(FixT).
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Fixed point algorithm: Douglas-Rachford

Proof: We set T = R,aRy5
1. T is nonexpansive.

2. zer (A+ B) = J,g(FixT).

Proof: Let x € H.
0Oey(Ax+Bx) e (dy e H) x—y € yAxety —x € vBx

)
S @y eH) 2x—y e (Id+~vA)x et x = Jygy
< (Fy € H) x=Jya(Rygy) et x = Jygy
<3y eH) Rua(Rsy)=2x—Rypy=y

et x = Jygy
= (E'y S FiXR,yAR,yB) X = J,yBy.
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Fixed point algorithm: Douglas-Rachford

Proof: We set T = R,aR;5.
1. T is nonexpansive.

2. zer (A+ B) = J,g(FixT).
3. @ #zer(A+ B) = J,g(FixT) = FixT # @.

4. We have
(Vn € N) Xnt1 = Xn + A (J7A(2nyBXn — Xn) — J'yBXn)
=X, + %(TX,, —X,,).

= Krasnosel'skii-Mann algorithm with relaxation steps (An/2)nen.

5. Invoke continuity of J,g.
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Fixed point algorithm: Douglas-Rachford

Let H be a Hilbert space.
Let A: H — 2" and B: H — 27 be two maximally monotone operators .
Let v € ]0,+oo[ and let (Ap)nen be a sequence in [0,2] such that

ZneN )\n(2 - )\n) = +o0.
We assume that zer (A + B) # &. Let xg € H and

Yn = J'yBXn
(Vn € N) = Sl By = 25)
Xpt+1 = Xn + )\n(zn - }/n)'

The following properties are satisfied:
Xy — X

> (¥n)nen and (z,)nen converge weakly to J,gX € zer (A + B).
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Optimization algorithm: Douglas-Rachford

Let H be a Hilbert space.
Let feTlo(H) and g € To(H) .

Yn = Prox,gXn
(Vn e N) Zy = proxX,¢(2yn — xn)
Xpt1 = Xn + )\n(zn - _Vn)-
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Optimization algorithm: Douglas-Rachford

Let H be a Hilbert space.
Let f e lo(H)and g € lo(H) .
Let v € ]0,4o00[ and let (An)nen be a sequence in [0,2] such that

Y nen An(2 — Ap) = 400,
We assume that zer (Of + 0g) # @. Let xp € H and

Yn = Prox,gXn
(Vn e N) Zy = proxX,¢(2y, — xn)
Xpt1 = Xn + )\n(zn - _Vn)-

The following properties are satisfied:
> Xy, — X

> Zy—Yn =0, ¥n = ¥, 2y — ¥ where y = prox, . X € Argmin(f + g).
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Optimization algorithm: Douglas-Rachford

Image restoration :

» xRN : original image (unknown),

» A e RVXN . blur operator,

» ne RN : additive noise (white zero-mean Gaussian),
» ze RN . observation = blur + noise

= Find an image X close to X
using z

Degraded image z
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Optimization algorithm: Douglas-Rachford

Image restoration : Variational approach

X € Argmin||Ax — z||3 + 5||Wx|ly with 75 € ]0,400[ and W e RMV*N
x€RN

» Douglas-Rachford algorithm with g = |A- —z||3 and f = n||W - |1

Yn = PTOX, o Xy
(Vn e N) Zy = proxX.¢(2yn — Xn)

Xn+1 = Xn + )\n(zn - _Vn)-
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Optimization algorithm: Douglas-Rachford

Image restoration : Variational approach

X € Argmin||Ax — z||3 + 5||Wx|ly with 75 € ]0,400[ and W e RMV*N
x€RN

» Douglas-Rachford algorithm with g = |A- —z||3 and f = n||W - |1

Yn = PIOX,gXp — Closed form
(VneN) Zp = proxvf(2y,, — Xp)
Xn+1 = Xn + )\n(zn - _Vn)-
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Optimization algorithm: Douglas-Rachford

Image restoration : Variational approach

X € Argmin||Ax — z||3 + 5||Wx|ly with 75 € ]0,400[ and W e RMV*N
xERN

» Douglas-Rachford algorithm with g = |A- —z||3 and f = n||W - |1

Yn = PTOX, g Xy
(Vn e N) Zy = prox.¢(2y, — xa) —  Closed form

Xn+1 = Xn + )\n(zn - _Vn)-

prox

il = SOty ]




Introduction OMM1 OMM2 OMM3 OMM4
120/167

Optimization algorithm: Douglas-Rachford

Image restoration : Variational approach

X e ArgmlnHAx —z|3 +n|Wx|1 with 5 € ]0,+o0] and W € RV*N
xERN

» Douglas-Rachford algorithm with g = |A- —z||3 and f = n||W - |1

Yn = PIOX. 2 Xp
(Vn e N) Zy = prox,¢(2yn — x,) —  Closed form if W~ L= we

Xnt1 = Xn + An(2n — Yn)- (e.g. wavelet transform)

[br0x o = Wprox, (W]
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Optimization algorithm: Douglas-Rachford

Image restoration : Variational approach

X € Argmin||Ax — z||3 + 5||Wx|ly with 75 € ]0,400[ and W e RMV*N
xERN

» Douglas-Rachford algorithm

Degraded image z Restored image X [DR — DWT]
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Optimization algorithm: Douglas-Rachford

Image restoration : Variational approach

X € Argmin||Ax — z||3 + 5||Wx|ly with 75 € ]0,400[ and W e RMV*N
x€RN

» Douglas-Rachford algorithm

Yn = PTOX, g Xp
Zp = Prox.¢(2yn — xp)
Xptl = Xp + )\n(zn - Yn)'

100 200 300 400 500
Iterations

v = {50, ,5.10%,10%,5.103}
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Optimization algorithm: Douglas-Rachford

Image restoration : Variational approach

X € Argmin||Ax — z||3 + 5||Wx|ly with 75 € ]0,400[ and W e RMV*N
x€RN

» Douglas-Rachford algorithm

Yn = PIOX, g X
Zn = proch(Zy,, — Xp)
Xn+1 = Xp + )\n(zn - Yn)-

20 40 60 80 100
Iterations

An={1, 21}
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Introduction OMM1 OMM2

Optimization algorithm: Douglas-Rachford

Image restoration : Variational approach

X € Argmin||Ax — z||3 + 5||Wx|ly with 75 € ]0,400[ and W e RMV*N
x€RN

» Douglas-Rachford algorithm

10‘¥
& — DR (red)
— Proximal point algo. (blue)

DR:|ly, -y, Il and PP:|lx -x_||

200 400 600 800 1000
Time (sec)
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Optimization algorithm: Douglas-Rachford

Let # and G be two Hilbert spaces. Let g € lo(#H) and L € B(G,H)

such that ran L is closed and L*L is an isomorphism .

Yn = prOX,Yan

q,::(L*L)_lL*yh

Xp+1 = Xp + >\n(l-(2cn - Vn) - Yn)
Vatl = Va + An(cn — Vp).

(Vn eN)
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Optimization algorithm: Douglas-Rachford

Let # and G be two Hilbert spaces. Let g € lo(#H) and L € B(G,H)

such that ran L is closed and L*L is an isomorphism .
Let v € ]0,4o00[ and let (A;)nen be a sequence in [0,2] such that

ZneN )\n(2 - )\n) = +00.
We assume that zer (L* o dg o L) # . Let xo € H, vo = (L*L)"1L*xo and

Yn = prOX,Yan

q,::(L*L)_lL*yh

Xp+1 = Xp + )\n(L(zcn - Vn) - Yn)
Vatl = Vn + An(cn — Vp).

(Vn eN)

We have then:
Vs — V where vV € Argmin(g o L).
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Optimization algorithm: Douglas-Rachford

Sketch of proof:

L (V) < minimi n
minimize g(Lv) minimize te(x) + g(x)

where E =ran L.
We apply Douglas-Rachford algorithm with f = (g and we set

(Vn e N) Pey, = Lcy, et Pexp, = Lv,

where ¢, = argmin ||y, — Lc||?> = (L*L)"1L*y,.
ceH
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Optimization algorithm: Douglas-Rachford

Particular case of Douglas-Rachford algorithm: PPXA+
H="Hix--Hp where H1,...,H,, Hilbert spaces

Yn,i = PrOX, g Xni, 1 €{1,...,m}

o= (g LiLi) ™ 3o LEyni

Xnt1,i = Xnmi + An(Ll(2¢h — Vo) — ¥ni), €{1,...,m}
Viatl = Vi + An(Cn — Va).

(Vn e N)
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Optimization algorithm: Douglas-Rachford

Particular case of Douglas-Rachford algorithm: PPXA+
H="H1 X Hpm where H1,...,H, Hilbert spaces

(Vx = (x1,...,xm) € H) g(x) =37, gi(xi)

where (Vi € {1,...,m} g € To(H;)

L:v (Lyv,...,Lyv) where (Vi€ {1,...,m}) L; € B(G, H,;).

Let (xo,i)1<i<m € H, vo = (74 LFLi) "1 2074 Lixo,i and

Yn,i = PrOXy g Xni, 1 €{1,...,m}

cn = (2 LiL) T 2 Ly

Xnt1,i = Xn,i + An( Li (2¢n — Vo) — yni), i€{l,...,m}
Vitl = Vi + An(Cn — Va).

(Vn e N)

We have then v, — vV € Argmin ) ;" gi o L;.
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Optimization algorithm: Douglas-Rachford

Particular case of Douglas-Rachford algorithm: PPXA
H=Hy X - Hmn where Hi,...,Hn Hilbert spaces

(Vx = (x1,...,xm) € H) g(x) =37, gi(xi)

where (Vi € {1,...,m} g € To(H;)

L:v (Lyv,...,Lyv) where (Vi€ {1,...,m}) L; € B(G, H,;).
fHi=...=Hnpand L1 =...= L, =1d = Consensus trick

Let (x0,)1<i<m € H, 0 = 5 Y i1 X0,i €t

Yni = ProX.gXni, i €{l,...,m}

G = % 271:1 Yn,i

Xnt1,i = Xni + An(260 — Vo — ¥ni), i€{l,...,m}
Vat1l = Vi + An(cn — vp).

(Vn eN)

We have then v, — vV € Argmin " g;.
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Optimization algorithm: PPXA+

Image restoration : Variational approach

1 € 0, +o00]
X € Argmin||Ax — z||3 + nl|[H* V*]*x||2.1 + tc(x) with { H, V € RNXN
X N
e C = [0, 255V

> PPXA+ with g1 = |A- —z||3 and L; = Id
g =1l -|li2 and Ly = [H* V*]*
g =1tc and L3 =1d

Yni = ProX g xni,i € {1,2,3}

cn = (S LiL) ™ 50 Ly

Xnt1,i = Xn,i + An(Li(2¢h — V) = yni), i € {1,2,3}
Vntl = Vp + )\n(cn - Vn)-

(VneN)
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Optimization algorithm: PPXA+

Image restoration : Variational approach

1 € 0, +o00]
X € Argmin||Ax — z||3 + nl|[H* V*]*x||2.1 + tc(x) with { H, V € RNXN
X N
e C = [0, 255V

> PPXA+ with g1 = |A- —z||3 and L; = Id
g =1l -|li2 and Ly = [H* V*]*
g =1tc and L3 =1d

Yni = ProX, g xni,i € {1,2,3} —  Closed form
= (Ci L)) Ly,; — Closed form
Xnt1,i = Xn,i + An(Li(2¢n — V) — yni), i € {1,2,3}
Vat1l = Va + An(cn — Vp).

(VneN)
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Optimization algorithm: PPXA+

Image restoration : Variational approach
n € ]0,+o00]
X € Argmin||Ax — z||3 + nl|[H* V*]*x||2.1 + tc(x) with { H, V € RNXN
N
xeR C = [0,255]N
» PPXA+

Degraded image z Restored image x [PPXA - TV]
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Optimization algorithm: PPXA+

Image restoration : Variational approach
n € ]0,+o00]
X € Argmin||Ax — z||3 + nl|[H* V*]*x||2.1 + tc(x) with { H, V € RNXN
N
xR C = [0,255]V
» PPXA+

Degraded image z Restored image X [DR — DWT]
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Optimization algorithm: PPXA+

Image restoration : Variational approach
n € ]0,+o00]
X € Argmin||Ax — z||3 + nl|[H* V*]*x||2.1 + tc(x) with { H, V € RNXN
N
xeR C = [0, 255V
» PPXA+ .
10
10*
Yn,i = prOX’yg,-Xn,fa ?103
3 — 2 >°
e = (i L) i Ly =
Xn+1,i = Xn,i + )\n(l—i(zcn - Vn) - Yn,i)’ "
Vnt1 = Vo + )\"(C" - V,,). 055 0 10 %0 20 300

Iterations

v = {5.10%, |1 ,5.10%,10%,5.10*}
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Optimization algorithm: PPXA+

Image restoration : Variational approach
n € 10, +oo[
X € Argmin||Ax — z||3 + nl|[H* V*]*x[21 + tc(x) with { H, vV e RVXN
xeR? C = [0,255]"
» PPXA+
L
Yn,i = PrOX, g Xn.i, K
= L) Y Ly z )
Xn+1,i = Xn,i + An(Li(2¢h — Va) = Yn.i), !
Vntl = Vo + An(Cn — Va). B wo a0 o

An={1, 21}
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Fixed point algorithm: a-averaged operator

Let H be a Hilbert space.
Let T: H — H be a a-averaged operator with a €]0,1]

(Vn € N)  xpp1 = xn + An(Txn — Xxn).
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Fixed point algorithm: a-averaged operator

Let H be a Hilbert space.
Let T: H — H be a a-averaged operator with a €]0,1]

Let (An)nen a sequence in [0,1/a] such that > An(1 —a),) = +oo0.

(Vn € N)  Xpp1 = xn + An(Txn — Xxn).
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Fixed point algorithm: a-averaged operator

Let H be a Hilbert space.
Let T: H — H be a a-averaged operator with « €]0, 1] such that
FixT # 2.
Let (An)nen a sequence in [0,1/a] such that > An(1 — aX,) = +00.
Let xp € H and

(Vn € N)  xpp1 = xn + An(Txn — Xxn).

Then, (xp)nen converges weakly to a point in Fix T.

Proof : T «-average, there exists a contraction R such that
T =(1-a)ld+ aR. FixR =FixT. Let (Vn € N) p, = aX, € [0,1]. The
iterations becomes X1 = Xn + An( Txn — Xn)

=X+ Hn(RXn - Xn)-

+ Use properties of Krasnosel'skii-Mann algorithm.
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Fixed point algorithm: Forward-Backward

Let H be a Hilbert space.
Let A: H — 2™ be a maximally monotone operator .

Let B: H — H be a S-cocoercive operator with § € |0, +o0] .

R —
(Vn c N) Yn = Xn — YBXn
Xp+1 = Xn + )\n(J'yA_Vn - Xn)-
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Fixed point algorithm: Forward-Backward

Let H be a Hilbert space.
Let A: H — 2™ be a maximally monotone operator .

Let B: H — H be a S-cocoercive operator with § € |0, +o0] .
Let v €]0,28[ and 6 = min{1,8/v} + 1/2.
Let (An)nen be a sequence in [0, 0] such that Y An(d — Ap) = +o00.

R —
(Vn c N) Yn = Xn — 7YBXn
Xp+1 = Xn + )\n(J'yAyn - Xn)-
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Fixed point algorithm: Forward-Backward

Let H be a Hilbert space.
Let A: H — 2™ be a maximally monotone operator .

Let B: H — H be a S-cocoercive operator with § € |0, +o0] .

Let v €]0,28[ and 6 = min{1,8/v} + 1/2.

Let (An)nen be a sequence in [0, 0] such that Y An(d — Ap) = +o00.
We assume that zer (A + B) # @. Let xg € H and

R —
(Vn c N) Yn = Xn — 7YBXn
Xp+1 = Xn + )\n(J'yAyn - Xn)-

(xn)nen converges weakly to a point in zer (A + B).
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Fixed point algorithm: Forward-Backward

Let v €]0,28[ and 6 = min{1,8/v} + 1/2.
Let (An)nen a sequence in [0,0] such that Y An(6 — Ap) = +00.

2

[
3]

min {1,p/y} + 1/2

5=
=

0.5

y/B010.2[
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Fixed point algorithm: Forward-Backward

Proof: Let T = J,a(Id —vB).
1. FixT =zer (A+ B) # @:

(Vx e H) x €FixT & x—vBx € (Id + yA)x & 0 € Ax + Bx.

2. The iterations can be written as

(Vn e N)  xpp1 = %0+ An(Txn — xp)

3. T is a-averaged : B [3-cocoercive and v €]0,25[ = Id — B is
7v/(23)-averaged and J, 4 is 1/2-averaged.
Then, T is a-averaged with

2

1 -+
+ max{%,%}
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Fixed point algorithm: Forward-Backward

Let H be a Hilbert space.

Let A: H — 2™ be a maximally monotone operator .

Let B: H — H be [-cocoercive where 5 € 10, +o0] .

Let (7n)nen be a sequence in [y,7] where 0 <y <7 < 24.
Let (An)nen be a sequence in [A, 1] where A €]0,1].

We assume that zer (A + B) # &. Let xg € H and

(‘v’n c N) Yn = Xn — nBxy
Xn+1 = Xp + )\n(J nAYn — Xn)-

(xn)nen converges weakly to a point in zer (A + B).

Remark: When B =0 and A\, = 1, the algorithm reduces to the proximal
point algorithm.
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Optimization algorithm: Forward-Backward

Let H be a Hilbert space.

Let f € To(H) and g € To(H) such that Vg is %—Lipschitz where 5 €
10, +o0f.

Let (7n)nen in [7,7] where 0 <y <7 < 28.

Let (An)nen be a sequence in [A, 1] where A €]0,1].

We assume that Argmin(f + g) # @. Let xo € H and

Introduction OMM1 OMM2

Yn = Xn — ¥nV&(Xn)
Xnt1 = Xn + An(ProX., ¢¥n — Xp).

(Vn e N) {

(xn)nen converges weakly to a minimizer of f + g.
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Optimization algorithm: Forward-Backward

MM (Majoration-Minimization) interpretation
For all n€ N, let p, = prox%f(x,, — ¥ Vg(xn)). We have:
f(xnt1) = F((1 = An)Xn + Anpn) < (1= Xp)F(xn) + Anf(pn).

We use the descent lemma,
1
g(xn11) < g(xn) + (Vg (xn) | Xntr1 — xn) + %Hxﬂ-l - XnH2a

the proximity operator definition
Xn = YnV&(xn) — Pn € Of (pn)
and, the subdifferential definition
Ynf(Pn) + (X0 — VaVE(xn) — Pn | X0 — Pn) < Ynf(Xn)
& Anf(pn) +(VE(xn) [ Xnt1 = Xa) + 70 A7 a1 = xall? < Anf (x)

since Xp4+1 — Xn = An(Pn — Xn).
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Optimization algorithm: Forward-Backward

MM (Majoration-Minimization) interpretation

1 1
= f0ns1) + 80mi) + (-5 = 55) e =l < () + g).
Thus, if 77 1A, = 2871 >0 = 50, <28, (f(xn) + g(x,,))neN is a

decreasing sequence.

Because (Vn € N) p, = prox, ¢y, € dom f, if xp € dom f,
then (Vn € N) x,11 = (1 — A\p)xp + A\ppn € dom f.

Thus, (f(xn) +&(xn)) ,cy is a real decreasing sequence.
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Optimization algorithm: Forward-Backward

Beck-Teboule proximal gradient algorithm (Nesterov acceleration)
Let xo =29 € H, tg =1, and

.
Yn = Zn — /ng(zn)
Xn+1 = PTOXgfYn

2

(Vn € N) by = VG
_ th—1
Ay =1+ =l

 Zn+1 = Zn + )\n(Xn—i—l - Xn)-

Convergence of (f(x,))nen at optimal O(1/n?) rate, but convergence of
(xn)nen not secured theoretically.
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Optimization algorithm: Forward-Backward

Image restoration : Variational approach

U € Argmin||AF*u — z||3 + n||ul|; with 7 € ]0, +o00[ and F € RV*M
ueRN

- FBwith g = [AF*- 2|3, f =] |1 and ¥ = F*3

Yn = Xn — 'Yan(Xn)
Xn+1 = Xp + An(PTOX, £Yn — Xp)
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Optimization algorithm: Forward-Backward

Image restoration : Variational approach

U € Argmin||AF*u — z||3 + n||ul|; with 7 € ]0, +o00[ and F € RV*M
ueRN

- FBwith g = [AF*- 2|3, f =] |1 and ¥ = F*3

Yn =Xn—VEg(xs) — Closed form: 2FA*(AF* - —z)
Xnt1 = Xn + An(Prox, ¢yn — xp) —  Closed form
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Optimization algorithm: Forward-Backward

Image restoration : Variational approach

U € Argmin||AF*u — z||3 + n||ul|; with 7 € ]0, +o00[ and F € RV*M
u€RN

» FB

Degraded image z Restored image [FB - DTT]
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Optimization algorithm: Forward-Backward

Image restoration : Variational approach

U € Argmin||AF*u — z||3 + n||ul|; with 7 € ]0, +o00[ and F € RV*M
u€RN

Degraded image z Restored image [PPXA - TV]
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Optimization algorithm: Forward-Backward

Image restoration : Variational approach

U € Argmin||AF*u — z||3 + n||ul|; with 7 € ]0, +o00[ and F € RV*M
u€RN

Degraded image z Restored image [DR — DWT]
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Optimization algorithm: Forward-Backward

Image restoration : Variational approach

Introduction OMM1 OMM2 OMM3

U € Argmin||AF*u — z||3 + n||ul|; with 7 € ]0, +o00[ and F € RV*M
ueRN

» FB

10

lhx, =%l

Yn = Xn — '711‘755()94)
Xn+1 = Xp + An(PTOX, £Yn — Xp)

20 80 100

40 60
Iterations

2 AF*|Py, = {01, ,1.9,2}
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Optimization algorithm: Forward-Backward

Image restoration : Variational approach

U € Argmin||AF*u — z||3 + n||ul|; with 7 € ]0, +o00[ and F € RV*M
ueRN

» FB

{Yn = Xn — ’Yan(Xn) ‘; 3\

Xpt1 = Xn + )\n(pTOX«/ann - Xn)

200 400 600 800
Iterations

An={05, ,1.1}



Introduction OMM1 OMM2 OMM3

Optimization algorithm: projected gradient

OMM4
133/167

Let H be a Hilbert space.

Let C be a nonempty closed convex subset of H.

Let g € Tp(#H) such that Vg is %-Lipschitz where 3 € 0, +o0l.
Let (7n)nen @ sequence in [v,7] where 0 < v <7 < 26.

Let (An)nen be a sequence in [, 1] where A €]0, 1].

We assume that Argmin . g(x) # @. Let xo € X and

(Vn € N) Vi = 5% — 4%,
Xnt1 = Xn + )\n(PC_yn - Xn)-

(xn)nen converges weakly to a minimizer of g on C.
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Optimization algorithm: projected gradient

Image restoration : Variational approach — regularized

ueRN

U € Argmin||AF*u — z||3 + n||ull;  with {

Image restoration : Variational approach — constrained

{e € 10, +o0]

0€ Argmin [|AF*u—z[3 with F e RNxM

ueRN ||u||1<e
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Fixed point algorithm: Forward-Backward-Forward

Let H be a Hilbert space.
Let A: H — 2™ be a maximally monotone operator .

Let B: H — H be a monotone operator, %—Lipschitz where 8 € 10, +o0] .

Let € €]0,5/(1 + B)[ and (Vn)nen in [g, (1 — €)4].
We assume that zer (A + B) # &. Let xg € H and

Yn = Xn — YnBxn

Pn = Jy,AYn

dn = Pn — YnBpn
Xn+1 = Xn = ¥Yn + qn.

(Vn e N)

(xn)nen and (pn)nen converge weakly to X € zer (A + B).
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Fixed point algorithm: Forward-Backward-Forward

Let H be a Hilbert space.
Let feTlo(H).
Let g € Ip(#H) such that Vg is %-Lipschitz where 3 € 0, +o0l.

Let € €]0,8/(1 + B)[ and (Vn)nen in [g, (1 — €)B].
We assume that Argmin(f + g) # @. Let xo € H and

Yn = Xn — YnV&(Xn)
Pn = PTOX, £¥n

dn = Pn — ')’an(Pn)
Xn+1 = Xn — ¥Yn + qn.

(Vn e N)

(Xn)nen and (pn)nen converge weakly to X € Argmin(f + g).
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Part 4: Duality

1. General duality concepts

» Primal and dual problems
» Duality theorems
» Inf-convolution

2. Augmented Lagrangian algorithms

» ADMM
» SDMM

3. Primal-dual algorithms

» FB-based PD algorithm
» M+LFBF algorithm
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Let H be a Hilbert space.
Let A: H — 2™ and B: H — 2.
The parallel sum of A and B is

AOB=(A"1+B 1)L

» If A and B are monotone, then AO B is monotone.
> AONgo, = A where Nygy = duqoy and graNyg, = {0} x H.

» AOB = BOA.
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Primal problem

Let A and G be two Hilbert spaces. Let A: H — 2%, C: H — 2%,
B: G — 29 and D: G — 29 be monotone operators. Let L € B(H,G).
Find X € H such that

0€ AR+ CX + L*(BOD)LX .

Dual problem

Let A and G be two Hilbert spaces. Let A: H — 2%, C: H — 2%,
B: G — 29 and D: G — 29 be monotone operators. Let L € B(H,G).
Find v € G such that

0c—LAtOCH(-LV)+BWW+D1v.
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Duality theorem

Let xe H and v € G. (x,V) is a Kuhn-Tucker point if

Ve (A+ O)R
1% e (B~1+ D Y)v.

If X € H is a solution to the primal problem, then there exists a solution v
to the dual problem such that (X, V) is a Kuhn-Tucker point.
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Duality theorem

Let xe H and v € G. (x,V) is a Kuhn-Tucker point if

Ve (A+ O)R
1% e (B~1+ D Y)v.

If vV € G is a solution to the dual problem, then there exists a solution X to
the primal problem such that (X, V) is a Kuhn-Tucker point.
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Duality theorem

Let xe Hand v e G. (x,V) is a Kuhn-Tucker point if

Ve (A+ Q)R
IR e (B~ + D).

If (x,V) is a Kuhn-Tucker point, then X is a solution to the primal problem
and V is a solution to the dual problem.
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Inf-convolution

Let H be a Hilbert space.
Let f: H — ]—o00,400] and g: H — ]—o0, +00].
The inf-convolution of f and g is

fOg: H — [—o0,+00]: x — infyey f(y) +g(x —y)
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Inf-convolution

Let H be a Hilbert space.
Let f: H — ]—o00,400] and g: H — ]—o0, +00].
The inf-convolution of f and g is

fOg: H — [—o00,+00]: x = inf(, yeq2 Fu) +&(v)

u+v=x
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Inf-convolution

Let H be a Hilbert space.
Let f: H — ]—o00,400] and g: H — ]—o0, +00].
The inf-convolution of f and g is

fOg: H — [—o00,+00]: x = inf(, yeq2 Fu) +&(v)

u+v=x

v

fDL{O} = f

v

fOg=g0Of

v

dom (fOg) =domf + domg

v

Tf=fOg] |7 v € 10, +ool
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Inf-convolution

Let H be a Hilbert space.
Let f: H — ]—o00,400] and g: H — ]—o0, +00].
The inf-convolution of f and g is

fOg: H — [—o0,+00]: x = infyep F(y) + g(x — y)

If f: H— ]—o0,+00] and g: H — ]—00, +00] are convex,
then fOg is convex.
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Inf-convolution
conjugate Fourier transform
(H finite dimensional)
| Property h(x) | h*(u) h(x) | h(v)
inf-convolution (FOg)(x) *(u) + g*(u) (Fxg)(x) (V)
/convolution =infycqa f(y) +&(x — ) = f’H f(y)g(x — y)dy
sum/product f(x)+&(x) (fUg")(u) f(x)g(x) (Fx8)v)
ferly(H)
g € No(H)
dom f Ndomg # &
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Inf-convolution

Let H be a Hilbert space.
Let f € To(H) and g € To(H).
If dom f* Nint (dom g*) # &, then

af 0 g)=0f O_0g.

inf-convolution parallel sum
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Inf-convolution

Let H be a Hilbert space.
Let f € To(H) and g € To(H).
If dom f* Nint (dom g*) # &, then

af 0 g)=0f O_0g.

inf-convolution parallel sum

Proof:
ofUg)=0(f" +g")"
= (0(f* —%g”‘))_1
= (0f" + 0g") "
= ((0F) "+ (9g) )
=0f00dg.
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Fenchel-Rockafellar duality

Primal problem

Let H and G be two Hilbert spaces.
Let f: H — ]—o00,4+00], g: G = |—00,+x]. Let L € B(H,G).
We want to

inimize f Lx).
e (x) + g(Lx)

Dual problem

Let H and G be two Hilbert spaces.
Let f: H — ]—o00,+00], g: G = |—00,+x]. Let L € B(H,G).
We want to

minienglize f*(—L*v) + g*(v).
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Fenchel-Rockafellar duality

Weak duality
Let H and G be two Hilbert spaces.
Let f be a proper fonction from H to |—o0,+00], g be a proper function

from G to ]|—o0,+o0] and L € B(H,G). Let
= Jgfgf (—=L*v) +g*(v).

= inf f L d *
p=inf F(x)+g(Lx) and 4

We have pp > —p*. If p € R, p+ p* is called the duality gap .
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Fenchel-Rockafellar duality

Let 7 and G be two Hilbert spaces, f € I'o(H), g € [0(G) and L € B(H, G).
If int (dom g) N L(dom ) # & and dom g Nint (L(dom f)) # &, then

Of + L*0gl = O(f + g o L)
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Fenchel-Rockafellar duality

Duality theorem (1)
Let H and G be two Hilbert spaces, f € I'o(H), g € To(G) and L € B(H, G).

zer (Of + LOgl*) # @ &  zer ((—L)Of*(—L*)+ 0g*) # @
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Fenchel-Rockafellar duality

Duality theorem (2)
Let H and G be two Hilbert spaces, f € I'o(H), g € To(G) and L € B(H, G).
> If there exists X € H such that 0 € 0f(X) + L*0g(LX) then X is a
solution to the primal problem. Moreover, —L*v € 9f(x) and

Lx € 0g*(v) where v is a solution to the dual problem.

> If there exists (X, V) € H x G such that —L*v € 0f(X) and
Lx € 0g*(V) then X (resp. V) is a solution to the primal (resp. dual)
problem.

Particular case: If f = ¢ + || - —z||> where ¢ € To(H) and z € H,
then
—L*v e 0f(X) & —L"V € 0p(X) + X — z.

We have then X = prox,(—L*V + z).
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Fenchel-Rockafellar duality

Duality theorem (3): strong duality

Let # and G be two Hilbert spaces, f € I'o(H), g € To(G) and L € B(H, G).
If int (dom g) N L(dom ) # @ or dom g Nint (L(dom f)) # &, then

= infyep F(x) + g(Lx) = —minyeg FH(—L*v) + g*(v) = —p* .
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Fenchel-Rockafellar duality

Extension of the duality theorem

Let H and G be two Hilbert space, f € To(H), h € To(H), g € To(9),
¢ € To(G) such that domh = H and dom ¢* =G, L € B(H,G).

If there exists X € H such that 0 € 9f(x) + L*(0g 0 0¢)(LX) + 0h(X) then

» X is a solution to the primal problem
minirﬁize f(x)+ (g00)(Lx) + h(x)
NS
> —L*v € Of(X) + 0h(X) and Lx € 0g*(V) + 0¢*(V) where V is a
solution to the dual problem

miniIgize (FrOhn)(—L"v) +g*(v) + £*(v).
ve
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Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)

= Douglas-Rachford for the dual problem

Let £ and G be two Hilbert spaces. Let f € [o(H) and g € [4(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € 0, +oc].
The Douglas-Rachford iterations to minimize f* o (—L*) 4 g* are

Vj = ProX. .« Up

g
(Vn € N) Wy = ProX,feo(—p+)(2Va — Up)

Upt1l = Up + Wp — Vp
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Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)

= Douglas-Rachford for the dual problem

Let £ and G be two Hilbert spaces. Let f € [o(H) and g € [4(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € 0, +oc].
The Douglas-Rachford iterations to minimize f* o (—L*) 4 g* are

Vp = Up — 'yprox,y_lg('y_lun)
(Vn e N) 2V, — Uy — Wy E’yc‘)(f*o(—L*))Wn

Upt1l = Up + Wp — Vp
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Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)

= Douglas-Rachford for the dual problem

Let £ and G be two Hilbert spaces. Let f € [o(H) and g € [4(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € 0, +oc].
The Douglas-Rachford iterations to minimize f* o (—L*) 4 g* are

Vo = Up — 7prox7_1g(7_1un)

(Vn e N) 2vy — Up — Wy € —yL o OF* o (—L*)w,

Upt1l = Up + Wp — Vp
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Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)

= Douglas-Rachford for the dual problem

Let £ and G be two Hilbert spaces. Let f € [o(H) and g € [4(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € 0, +oc].
The Douglas-Rachford iterations to minimize f* o (—L*) 4 g* are
Va = tp — YProx,—1,(y un)
(¥n € N) 2Vy — Up — Wy € —yL o OF* o (—L%)w,
Xn€

Upyl = Up + Wy — Vp
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Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)

= Douglas-Rachford for the dual problem

Let £ and G be two Hilbert spaces. Let f € [o(H) and g € [4(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € 0, +oc].
The Douglas-Rachford iterations to minimize f* o (—L*) 4 g* are

_1un)

Vn = Up — YProxX,—1,(y
2v, — up — w, = —yLx,
Xp € OF*(—L*wy)

Upy1 = Up + Wy — vy

(Vn e N)
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Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)

= Douglas-Rachford for the dual problem

Let £ and G be two Hilbert spaces. Let f € [o(H) and g € [4(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € 0, +oc].
The Douglas-Rachford iterations to minimize f* o (—L*) 4 g* are

_1un)

Vn = Up — YProxX,—1,(y
2v, — up — w, = —yLx,
—L*w, € Of(x,)

Upy1 = Up + Wy — vy

(Vn e N)
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Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)

= Douglas-Rachford for the dual problem

Let £ and G be two Hilbert spaces. Let f € [o(H) and g € [4(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € 0, +oc].
The Douglas-Rachford iterations to minimize f* o (—L*) 4 g* are

Va = Up — YProx, -1 (¥ un)
(Vn e N) L*(up — 2vp, — yLxp) € Of (xp)
Upt1 = Up + Wp — Vp

using y, = v Y(up — vp) and z, = 71,
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Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)

= Douglas-Rachford for the dual problem

Let £ and G be two Hilbert spaces. Let f € [o(H) and g € [4(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € 0, +oc].
The Douglas-Rachford iterations to minimize f* o (—L*) 4 g* are

Vn = proxrlg(fy_lu,,)

(Vn € N) L*(yn — 20 — Lxp) € 20f(xa)

Unt1 = VZn + 7Lxy
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Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)

= Douglas-Rachford for the dual problem

Let H and G be two Hilbert spaces. Let f € ['o(H) and g € [x(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € ]0, +o0|.
The Douglas-Rachford iterations to minimize f* o (—L*) 4 g* are

Y = prox,15(7un)
(vneN) 4% =argmin 3 [lLx—yn+2z[* + 3£ (<)

Unt1 = YZn + YLXp




Introduction OMM1 OMM2 OMM3 OMM4
151/167

Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)

= Douglas-Rachford for the dual problem

Let £ and G be two Hilbert spaces. Let f € [o(H) and g € [4(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € 0, +oc].
The Douglas-Rachford iterations to minimize f* o (—L*) 4 g* are

X, = argmin 3 [|Lx — y, + zo|* + %f(x)
xXEH

(VneN) sn = Lxp
Y1 = Proxg (zn + sn)

Zn41 = Zn + Sn — Yn+1-
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Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)

= Lagrangian interpretation

imize f ! o imize f
minimize (x) + g(Lx) Iilé?_%r}{lelzge (x) +&(y)
x=y

Lagrange function:

(V(x,y,v) €EH x G?) L(x,y,2) =F(x)+g(y)+(v|Lx—y)

where v € G denotes the Lagrange multiplier.
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Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)

= Lagrangian interpretation

imize f ! o imize f
minimize (x) + g(Lx) Iilé?_%r}{lelzge (x) +&(y)
x=y

Augmented Lagrange function: let v € ]0, 4+o00[, we define

(V(x,y,2) € HxG?) L(x,y,2) = f(x)+g(y)+7 (z | Lx — y)+ F|ILx — y|P?

OL(x,y,z) = 0f(x) + yL*z + yL*(Lx — y)
= {OL(xy,2) = 0g(y) =z +(y - Lx)
0,.L(x,y,z) =Lx—y.
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Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)

= Lagrangian interpretation

imize f ! o imize f
minimize (x) + g(Lx) Iilé?_%r}{lelzge (x) +&(y)
x=y

Augmented Lagrange function:
Thus (0,0,0) € 0«L(X,y,z) x 0,L(X,y,Z) x 0.L(X,y,Z
—yL*z € 0f (%)
& vz € 0g(Lx) < Lx € dg*(v2)
y = Lx.
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Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)

= Lagrangian interpretation

imize f ! o imize f
minimize (x) + g(Lx) Iilé?_f;lelzge (x) +&(y)
x=y

Augmented Lagrange function: To sum up, if

(V(x,y,2) € HxG?) L(x,y.z) = f(x)+g(y)+7 (z | Lx — y>+%||b<—y||2

then (X, y, z) critical point of L= y = LX, X solution to the primal
problem and ~Z solution to the dual problem.

Moreover, (X,Y,Z) is a critical point of L& (x,y,Zz) saddle point of L,
ie. L(X,y,z) < L(X,y,Z) < L(x,y,Z).
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Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)

= Lagrangian interpretation

imize f ! o imize f
minimize (x) + g(Lx) Iilé?_%r}{lelzge (x) +&(y)
x=y

Augmented Lagrange function: Algorithm to find (X, Y, 2):

Xp, = argmin E(x,y,,, zp)
XEH "
(Vn e N) Yn+1 = argmin L(Xp, y, zp)
yeg
zpy1 such that L(xn, Ynt1, Zn+1) = L(Xn, Ynt1, Zn)-
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Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)

= Lagrangian interpretation

imize f ! o imize f
minimize (x) + g(Lx) Iilé?_%r}{lelzge (x) +&(y)
x=y

Augmented Lagrange function: Algorithm to find (X, Y, 2):

Xp = argr%in F(x)+7(zn | Lx — yn) + 3| Lx — yall?
xXe
(Vn € N) yn+1 = arginin g8(y)+7(zn | Lxa = y) + 3lllxa — y?
ye

1 ~
Zntl = Zn + ;vz‘c(xna}/n—i-la Zn)-
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Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)

= Lagrangian interpretation

imize f ! o imize f
minimize (x) + g(Lx) Iilé?_%r}{lelzge (x) +&(y)
x=y

Augmented Lagrange function: Algorithm to find (X, Y, 2):

X, = argmin % |Lx — yn + za||* + %f(x)
x€EH
(Vn € N) Ynt+1 = proxe (z, + Lx,)
ol

Zn4l1 = Zn + Lx, — Yn+1-
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Augmented Lagrange method

ADMM algorithm (Alternating-direction method of multipliers)
Let H and G be two Hilbert spaces. Let f € [o(#) et g € ['0(G) .
Let L € B(H,G) such that L*L is an isomorphism and let v € ]0, 4o0].

Xp = argmin % ”LX — Y+ Zn”2 + %f(x)
xXEH

(VneN) sn = Lxn
Y1 = Proxg (zn + sn)

Zp+1 = Zn + Sp — Yn+1-
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Augmented Lagrange method

ADMM algorithm (Alternating-direction method of multipliers)
Let H and G be two Hilbert spaces. Let f € [o(#) et g € ['0(G) .

Let L € B(H,G) such that L*L is an isomorphism and let v € ]0, 4o0].

We assume that int (dom g)NL(dom ) # & or dom gNint (L(dom f)) # &
and that Argmin(f + go L) # @. Let

Xp = argmin % ”LX — Y+ ZnH2 + %f(x)
xXEH

(VneN) sn = Lxn
Y1 = Proxg (zn + sn)
We have: Znt1 = Zn + Sp — Yn+1-

~ Xp — X where X € Argmin(f +go L)

> vz, — V where v € Argmin(f* o (—L*) 4+ g*).
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Augmented Lagrangian method

SDMM algorithm (Simultaneous-direction method of multipliers)
Let H and Gy, ...,Gm be Hilbert spaces.
Let (Vie{1,...,m}) g €To(Gi) and L; € B(H,G;) . Let v € ]0,+o0.

We assume that Y., L¥L; is an isomorphism

=1
Xn:<z’ 1LTL> zI 1 I(.ynl_zn,i)
(Vn € N) Sni = Lixa, 1€ {l,...,m}
Yn+1,i = prox% (zni+sni), i€{l,...,m}

Znt1,i = Zn,i + Sn,i — Ynt1,is i € {1,,[77}
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Augmented Lagrangian method

SDMM algorithm (Simultaneous-direction method of multipliers)

Let H and Gy, ...,Gm be Hilbert spaces.

Let (Vie{1,...,m}) g €To(Gi) and L; € B(H,G;) . Let v € ]0,+o0.

We assume that )", L¥L; is an isomorphism and there exists X € H such that
(Vie{l,...,m}) Lix € int (dom g;). Let

Xn = (Z: 1L7L>_1Z, 1 L7 (yni = 2n,i)

(Vn € N) Sni = Lixa, 1€ {l,...,m}
Yot1i = DProXe (zni+sn), i€{1,...,m}
Zn41,i = Zn,i + Sn,i — Yn+1,is i € {1, so0g m}

We have:
© Xp — X where X € Argmin(}>1", gi o L;)

> Y2z = Y(2n,i)1<i<m — V where V = (Vi)1<i<m € Argmin (37, g7(v)).
v=(v; )1<l<m

>y Livi=0
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Primal-dual method

FB-based PD algorithm ( Condat-Vi-...)
Let H and G be two Hilbert spaces. Let L € B(H,G).
Let A: H — 2" and B: G — 29 be two maximally monotone operators.

Let C:H — H be a p-cocoercive operator with p € 0, 400

Let D: G — 29 be a v-strongly monotone operator with v € ]0, +ocl.

pn = Jra(n — 7(Cxn + L* Vi)
(Vn S N) an = JoB-1 (Vn + J(L(2pn - Xn) - D_lvn))
(Xn+17 Vn+1) = (Xn, Vn) + An((pn, qn) - (Xn, Vn))-
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Primal-dual method

FB-based PD algorithm ( Condat-Vi-...)
Let H and G be two Hilbert spaces. Let L € B(H,G).
Let A: H — 2" and B: G — 29 be two maximally monotone operators.

Let C:H — H be a p-cocoercive operator with p € 0, 400

Let D: G — 29 be a v-strongly monotone operator with v € ]0, +ocl.
Let 8 = min{p, v}, 7 € 10, +oc[, o € ]0,+00], p = min{r~1, 07 }(1 — /7o /L|)
and 6 = min{1, pS} + 1/2. We assume that 2p3 > 1.
Let (An)nen be a sequence in ]0,d[ such that D\ An(0 — Ap) = 400 .
We assume that zer (A4 C 4+ L*(BOD)L) # @. Let xo € H, v € G and
Pn = Jra(xa — T(Cxn + L*vp))
(Vn S N) an = JoB-1 (Vn + J(L(2pn - Xn) - D_lvn))
(Xn+15 V1) = (Xn, Vo) + An((Pn Gn) — (Xn, va))-
We have: x, — X € zer (A + C+ L*(BO D)L)
and v, — ¥ € zer ((—L)(A1 0 C1)(~L*) + B~ + D).
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Primal-dual method

Proof:
(X, V) Kuhn-Tucker point iff (X, V) € zer (P + Q) where
» P maximally monotone such that P = M + S with

M: (x,v) — (Ax, B71v)
s [ 4[]

> Q: (x,v) + (Cx,D71v) B-cocoercive with 3 = min{u, v}
= Forward-Backward algorithm.
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Primal-dual optimization algorithm

FB-based PD algorithm
Let H and G be two Hilbert spaces. Let L € B(H,G).
Let f €To(H) and g € To(G).

Let h € To(#) having a 1/p-Lipschitzian gradient, £ € [o(G) v-strongly convex

Pn = Prox,¢(xo — 7(VA(xp) + L*vy))
(Vn € N) Gn = ProX,g- (Vo + o (L(2pn — Xn) — VE*(va)))
(Xn41, V1) = (Xn, V) + )‘n((Pm dn) — (Xn, Vn))~
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Primal-dual optimization algorithm

FB-based PD algorithm

Let H and G be two Hilbert spaces. Let L € B(H,G).

Let f €To(H) and g € To(G).

Let h € To(#) having a 1/p-Lipschitzian gradient, £ € [o(G) v-strongly convex

and 8 = min{y, v}.

Let 7 € 0,400, ¢ € 0,40, p = min{r Lo }(1 — /7o|L]]) et

0 = min{1, pB} + 1/2. We assume that 2p8 > 1.

Let (An)nen a sequence in ]0, 6] such that 35 An(d — Ay) = +o0 .

We assume that zer (0f + Vh+ L*(9g 0 0()L) # @. Let xp € H, v € G and
Pn = Prox,¢(xo — 7(VA(xp) + L*v))

(Vn e N) Gn = ProX,g- (Vo + o (L(2pn — Xn) — VE*(va)))

(Xn+17 Vn+1) = (Xm Vn) + )\n ((pm qn) - (Xm Vn))~

We have:
> Xp — X € Argmin(f + h+ (gO¢)o L)
> v, = VE Argmin((F*Oh*) o (—L*) +g* + %)
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Primal-dual optimization algorithm

FB-based PD algorithm

Pn = Prox,¢(xn — 7(Vh(xp) + L*vy))
(Vn e N) Gn = ProX, g« (Vo + 0 (L(2pn — xn) — VL*(vy)))
(Xn—i—la Vn+1) = (Xm Vn) + An ((Pn, qn) - (Xm Vn))-

» Remark:
* No operator inversion.

* Allow the use of proximable or/and differentiable functions.
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Primal-dual optimization algorithm

FB-based PD algorithm = CP algorithm

Pn = Prox,¢(xn — 7(Vh(xp) + L*vy))
(Vn e N) Gn = ProX, g« (Vo + 0 (L(2pn — xn) — VL*(v2)))
(Xn—i—la Vn+1) = (Xna Vn) + An ((Pn, qn) - (Xna Vn))-

» Remark:

* When h=0, £ =10}, A\n = 1 and o7]|L||? < 1, this yields the
Chambolle-Pock algorithm.
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Primal-dual optimization algorithm

FB-based PD algorithm = CP algorithm

Xp4+1 = PrOX ¢ (x,, —7l* v,,)
(Vn e N) Yn = 2Xpt1 — Xn

Vnt1l = PIOXgg= (v,, + aLyn).

» Remark:

* When h=0, £ =10}, A\n = 1 and o7]|L||? < 1, this yields the
Chambolle-Pock algorithm.
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Primal-dual optimization algorithm

FB-based PD algorithm =- FB algorithm

Pn = Prox,¢ (xn — 7(Vh(xp) + L*vy))
(Vn e N) Gn = ProX, g« (Vo + 0 (L(2pn — xn) — VL*(v)))
(Xn+1, Vn+1) = (Xm Vn) + An ((Pn, qn) - (Xm Vn))-

» Remark:
* When h=0, £ =10}, A\n = 1 and o7]|L||? < 1, this yields the
Chambolle-Pock algorithm.
*When g =0, £ = Lo} and L = 0, this yields the forward-backward
algorithm.
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Primal-dual optimization algorithm

FB-based PD algorithm =- FB algorithm

Pn = Prox ¢ (x,, — TVh(x,,))
Xptl = Xn+ Ap (pn - Xn)) .

(Vn e N) {

» Remark:
* When h=0, £ =10}, A\p =1 and o7]|L||> < 1, this yields the
Chambolle-Pock algorithm.
* When g =0, £ = 149 and L = 0, this yields the forward-backward
algorithm.
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Primal-dual optimization algorithm

FB-based PD algorithm = DR algorithm

Pn = Prox,¢(xn — 7(Vh(xp) + L*vy))
(Vn eN) Gn = ProX, g« (Vo + 0 (L(2pn — xn) — VL*(v2)))
(Xn+1; Vn+1) = (Xn’ Vn) + An ((Pn, qn) - (Xn’ Vn))-

» Remark:
* When h=0, £ =10y, A\p =1 and o7||L||? < 1, this yields the
Chambolle-Pock algorithm.
* When g =0, £ = 140 and L = 0, this yields the forward-backward
algorithm.
* |n the limit case when h =0, ¢ = toyp =1 L=Idand 0 = 1/,
this yields the Douglas-Rachford algorithm.
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Primal-dual optimization algorithm

FB-based PD algorithm = DR algorithm

Xn+1 = ProX,r(xn — TVp)
(Vn e N) Sn = ProX,, (2X,,+1 — (xn — Tv,,))

Xn+1l — TVpt1 = (Xn - 7_Vn) + Sp — Xpt1

» Remark:
* When h=0, £ =10y, A\p =1 and o7||L||? < 1, this yields the
Chambolle-Pock algorithm.
*When g =0, £ = Lo} and L = 0, this yields the forward-backward
algorithm.
* |n the limit case when h =0, ¢ = toyp m=1, L=Idand 0 = 1/,
this yields the Douglas-Rachford algorithm.



Introduction OMM1 OMM2 OMM3 OMM4
159/167

FB-based PD algorithm

Image restoration : Variational approach

% € Argmin|[Ax — 2|3+ nll[Wi H . .. Wi Hi*X]l21 + 1c(x)

xERN
n>0
with Hi,...,H; € RNXN (e g operators associated with filters)
Wi,..., W, € RVXN (e.g. weights)
C = [0,255]

» PPXA+ @ (2Id + WiHfHiWy + ...+ Wi H}H, W)=t complicated

» FB-based PD algorithm : implementation without inversion
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FB-based PD algorithm

Image restoration : Variational approach

X € Argn}linHAx — z|I3 +l[[Wy H; .. WiHS X210 + te(x)
xeR

Degraded image z Restored image
[PD — NLTV]
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FB-based PD algorithm

Image restoration : Variational approach

X € Argn}linHAx — z|I3 +l[[Wy H; .. WiHS X210 + te(x)
xeR

Degraded image z Restored image
[FB = DTT]
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FB-based PD algorithm

Image restoration : Variational approach

X € Argn}linHAx — z|I3 +l[[Wy H; .. WiHS X210 + te(x)
xeR

Degraded image z Restored image
[PPXA — TV]
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FB-based PD algorithm

Image restoration : Variational approach

X € Argn}linHAx — z|I3 +l[[Wy H; .. WiHS X210 + te(x)
xeR

Degraded image z Restored image
[DR — DWT]
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Primal-dual method

Parallel FB-based PD algorithm
Let H# and Gy, ..., Gy be Hilbert spaces. For every i € {1,...,m}, let L; € B(H,G;).
Let A: H — 2% and, for every € {1,....,m}, Bi: G; — 29 maximally monotone operators.

Let C: H — H be a p-cocoercive operator where p € 10, +00],

(Vi€ {1,...,m}) D;: G; — 29 be v;-strongly monotone where v; € |0, +ool.

Pn=Jra(xa — 7(Cxn + 374 Li Vi)

Gn,i = Ja-Blfl(Vn,i + 0 (Li(2pn — xn) — D7 tviyi)), i € {1,...,m}
Xpt1 = X+ An(Pn — Xn)

Vnt1,i = Vp,i + /\,,(q,,7; = V,,},‘)7 i € {1, aoog m}.

(Vn € N)
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Primal-dual method

Parallel FB-based PD algorithm
Let H and G, ...,Gn be Hilbert spaces. For every i € {1,...,m}, let L; € B(H,G).
Let A: H — 2% and, for every € {1,....,m}, Bi: G; — 29 maximally monotone operators.

Let C:H — H be a p-cocoercive operator where p € 10, +o0],
(Vi€ {1,...,m}) D;: G; — 29 be v;-strongly monotone where v; € |0, +ool.

Let 8 = min{p,v1,...,U;m}, 7>0,0>0, p=min{r=L o7} (1 — /7o 7, ||ILi[]2)
and § = min{1, pB} + 1/2. We assume that 2pS > 1.

Let (An)nen be a sequence in ]0,d[ such that 37 An(6 — Ap) = +o0 .

We assume that zer (A+ C + Y7, L¥(B;OD;)L;) # @.

Let xo € H, (vo,1,-.-,%,m) € G1 X - -+ X Gy and

Pn=Jra(xa — T(Cxn + 371 L Vi)

Qni = JaBi—l(Vn,i + o (Li(2pn — xn) — Di_lv,,,,-)), i€e{l,...,m}
Xp+1 = Xp + )\n(Pn - Xﬂ)

Vnt1,i = Vp,i + /\,,(q,,7; = V,,},‘)7 i € {1, aoog m}.

(Vn € N)

We have: x, = X €zer (A+ C+ Y7, L¥(B;OD)L;)

i=1=i

and vy, — Vi €zer (—L)(ATOCY)(-L) + B+ DY), ief{l,...,m}
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Primal-dual method

M+LFBF algorithm (Monotone+Lipschitz Forward Backward Forward)
Let H and G be two Hilbert spaces. Let L € B(H,G).

Let A: H — 2" and B: G — 29 be two maximally monotone operators.

Let C:#H — H be a monotone operator u~1-Lipschitzian with 1 € ]0, +oo],

D: G — 29 be v-strongly monotone where v € ]0,+oo[ and 87 = max{u~!, v} +
IIL].

Yi,n = Xn — Yn(Cxn + L*vp)
Y2, = Vo + Yn(Lxa — D71v,)
(VneN) P1,n = Jy,AY1,n, P2,n = Jvy,B-1Y2.n
G1,n = P1,n — Yn(CP1n + L*p2,n)
@20 = P2, +Yn(Lprn — D71 p2n)
(X415 Vat1) = (Xo — Y1,n + QL0 Vo — Yo,n + G2,n)-
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Primal-dual method

M+LFBF algorithm (Monotone+Lipschitz Forward Backward Forward)
Let H and G be two Hilbert spaces. Let L € B(H,G).

Let A: H — 2" and B: G — 29 be two maximally monotone operators.

Let C:#H — H be a monotone operator u~1-Lipschitzian with 1 € ]0, +oo],
D: G — 29 be v-strongly monotone where v € ]0,+oo[ and 87 = max{u~!, v} +
IILII-

Let € €]0, 8/(1 + B)[ and (7a)new a sequence in [g, (1 — €)B].
We assume zer (A+ C + L*(BOD)L) # @. Let xp € H, v € G and

Yi,n = Xn — Yn(Cxn + L*vp)
Y2, = Vo + Yn(Lxa — D71v,)
(Vn c N) Pi,n = J'ynA}’1,n,P2,n = Jy,B-1Y2,n
G1,n = P1.n — Yn(CP1n + L*p2,n)
92,0 = P2, + Vn(Lp1,n — D7 p2,p)
(X115 Vat1) = (Xa — Y1,n + QL0 Vo — Yo,n + G2,n)-

We have: x, — X and p;, — X where X € zer (A +C+L*(BO D)L)
and v, — Vand pp, — V where V € zer (—L)(A1OC)(—L*)+ B+ D7 1).
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Primal-dual optimization method

M-+LFBF algorithm (Monotone+Lipschitz Forward Backward Forward)
Let 7 and G be two Hilbert spaces. Let L € B(H,G).
Let f eTlo(H) and g € To(G) .

Let h € Io(#) having a i~ *-Lipschitz gradient with u € ]0, +oo],
£ € To(G) v-strongly convex

Yi,n = Xn — ’)’,,(Vh(Xn) [ Vn)
Yo, = Vn+ Yo (Lxa — VE* (Vi)
(vn c N) P1,n = PTOX, ¢¥1,n; P2,n = PTOX, o=¥2,n
G1,n = P1,n — Yn(Vh(p1,n) + L*p2,n)
Q2.0 = P2.n + Yo (LP1.n — VL*(P2.n))
(Xn41, Vnt1) = (Xn — Y1,n + G1,n, Vo — Y2.0 + G2,n)-
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Primal-dual optimization method

M-+LFBF algorithm (Monotone+Lipschitz Forward Backward Forward)
Let 7 and G be two Hilbert spaces. Let L € B(H,G).
Let f eTlo(H) and g € To(G) .

Let h € Io(#) having a i~ *-Lipschitz gradient with u € ]0, +oo],

£ € To(G) v-strongly convex where v € ]0,+oo[ and 871 = max{p~1, v 1} +||L].
Let € €]0, 3/(1 + B)[ and (yn)nen a sequence in [g, (1 — €)S].
We assume that Argmin(f + g + (hO¢)o L) # @. Lett xo € H, vo € G and
Yin = Xn— ’y,,(Vh(x,,) + L* v,,)
Yo, = Vn+ Yo (Lxa — VE* (Vi)
(vn c N) P1,n = PYOXy ¢¥Y1,n, P2,n = prO)i’y,,g*y2,n
qi,n = P1,n — 'Yn(vh(pl,n) + L pZ,n)
G2,n = P2,n + Yo (Lp1,n — VL (p2,n))
(Xn+1a Vn+1) = (Xn —Y1.n+ Q1,0 Vo — Y2,n + q2,n)~

We have: x, — X and p1,, — X where X € Argmin(f +h+(g0Oh)o L)

and v, = Vet pp, — V where V € Argmin((f* Oh*) o (—L*) + g* + £*).
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Primal-dual optimization method

Image restoration : Variational approach

% € Argumin|Ax — 2|3+ 7[5 Hf ... Wi HI X2 + 1c(x)
xER

= — FB-based PD (red)
< —» M+LFBF (blue)

0 1000 2000 3000 4000 5000
Iteration number
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Conclusions

» Flexible framework unifying several problems:

» regularized approaches

imize f I_
minimize (x) + Eg (x)

where f: H = R, (Vi€ {1,...,m}) gi: H — R are convex.

» feasibility approaches

m
Find x € H such that x €[]G
i=1

where (Vi € {1,...,m}) C; is a nonempty closed convex subset of .
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Conclusions

» Flexible framework unifying several problems:

» sparse problems
minimize f(x)+ oc(x)
XEH

where f € ['o(#H) and C is a nonempty closed convex subset of H.

» constrained problems

minimize g(x)

where g € [o(H).



Introduction OMM1 OMM2 OMM3 OMM4
166/167

Conclusions

> Results in infinite dimension (continuous problems).

» Splitting is the key.
Parallel methods adapted to multi-core architectures.
Can be extended to distributed /stochastic methods.

» Robustness to computational errors.
ProxsXxp — ProxsX, + €p

where (e,)nen is a sequence in H such that ) |len| < +o0.

» Applications to other fields: game theory, PDEs,...
Find maximally monotone operators in your favorite area !

» Extension to the nonconvex case.
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