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Numerical simulations and proper orthogonal decomposition are used to identify the
fundamental mechanism of magnetic field reversals in the von Kdrmédn sodium experiment
with ferromagnetic impellers close to contrarotation. Two numerical solvers are used and
agree well on the resulting mechanism. The reversal dynamics rely on the interaction of
four dominant axisymmetric modes: the magnetic dipole mode D and quadrupole mode
0, as well as the zonal velocity mode V and the R,-symmetric mode U. This hierarchy
leads to a reduced-order DQV U Galerkin model derived from the magnetohydrodynamic
equations. The model improves upon previous three-variable versions by adding a velocity
variable U and related interactions, which are shown to be essential for reproducing the
main features of magnetic field dynamics.

DOI: 10.1103/9tx2-1m13

I. INTRODUCTION

Magnetic fields of celestial bodies, such as the Earth and the Sun, are generated by dynamo
action, which is the self-generation of magnetic fields by the motion of electrically conducting fluids
[1,2]. These natural dynamos often display polarity reversals, occurring periodically, as in the case
of the solar cycle, or follow a chaotic pattern, as seen in the history of Earth’s geomagnetic field.
Reversals, excursions, and the weakening of the Earth’s magnetic field can have a significant impact
on modern technologies [3], making the understanding of these phenomena a critical scientific
challenge. Up until this point, except for recent realizations in laser-produced plasmas [4—6], the
experimental observation of the dynamo instability has long been restricted to liquid metal, requiring
special care for flow optimization, and has so far been successfully realized only in the Riga [7],
Karlsruhe [8], and von Kdrman sodium (VKS) [9] experiments. In the latter experiment, the flow
is created by the rotation of impellers within a closed cylinder. When the impellers are exactly
counter-rotating, the time-averaged flow is axisymmetric and R, symmetric—a symmetry by a
rotation of angle 7 around any radial axis in the equatorial plane of the cylindrical container—
leading to stationary axisymmetric dynamos [9,10]. In the presence of a rotation imbalance between
the impellers, the forcing breaks the R, symmetry [11,12], and various dynamical regimes have
been reported, including spontaneous reversals [10,13,14]. Note that the link between symmetry
breaking and magnetic field reversal has also been addressed recently in spherical shell magnetohy-
drodynamics (MHD) simulations [15,16]. One of the striking features of the VKS dynamos is the
excitation of a time-averaged axisymmetric magnetic field, even though the Cowling theorem states
that an axisymmetric fluid flow cannot sustain an axisymmetric magnetic field alone. Therefore,
kinematic dynamo simulations using the time-averaged axisymmetric von Kdrméan flow [17-20]
predicted a nonaxisymmetric equatorial dipole, dominated by an azimuthal Fourier mode m = 1.
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FIG. 1. Generic reversal mechanism, decomposed into five steps. Time series show the vertical magnetic
field component (H,), averaged spatially around the top impeller (blue) and the bottom impeller (orange). The
impeller’s turns are counted based on the slowest (bottom) one.

However, these simulations did not take into account the effect of ferromagnetic impellers that were
shown to be essential for generating the observed axisymmetric dynamo mode [21-27]. Realistic
simulations also demonstrated that nonferromagnetic impellers trigger the equatorial m = 1 dynamo
mode, while increasing the impellers’ magnetic permeability decreases the threshold in magnetic
Reynolds number for dynamo action, and selects a dominant axisymmetric m = 0 magnetic mode
[22,23,26].

This paper describes the mechanism of magnetic field reversals in the von Kdrman sodium exper-
iment, using numerical simulations. We present quantitative data of the spectral composition of the
von Kdrman MHD flow, and provide new modeling elements while linking them to previous work.
Numerous simulations are performed using different boundary conditions, geometries, parameter
settings, and two different solvers: LATU [22] and SFEMaNS [23]. The results are remarkably
consistent between the two solvers, despite the different methods of solving the following nondi-
mensionalized MHD equations:

3 1
8—’; (- Vou= VP + - Viu+ VxHx(uH)+F.

3 H 1 1
W) _ G ux ) — —vx (Lvxm).
ot Ry o

V.u=0, V-(uH)=0, (1

where u is the velocity field, H the magnetic field, P the pressure field, and F the driving force
of the impellers, realized by means of a penalty technique [28]. We denote o,(x) and w,(x,t)
the relative electrical conductivity and magnetic permeability of the different materials involved,
with x = (r, 0, z) in cylindrical coordinates. The latter can vary in space and time to account
for the use of soft iron rotating impellers, which are furthermore nonaxisymmetric (composed of
a disk fitted with eight curved blades, see Fig. 1). The ratio ® = (F; — F»)/(Fi + F>), with F}
and F; the rotation frequency of the first and second impellers driving the flow, accounts for the
R, symmetry breaking of the forcing. The dimensionless numbers controlling the dynamics are
the kinetic Reynolds number R, = 27 F RL.leimpv‘1 and the magnetic one R, = 27 F R¢y1Rimp 00,
with F = (F| + F3)/2, v the fluid kinematic viscosity, (1o the vacuum magnetic permeability, Ry
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FIG. 2. (a) A, POD spectra of velocity and magnetic fields. Normalized azimuthal Fourier content of (b)
magnetic POD modes and (c) velocity POD modes. POD modes are labeled by n and Fourier modes by m.

the vessel’s radius, and Riy, the impellers’ disk radius. It is the same setup as the experimental
study of [14]. In our simulations, we address asymmetric forcings, with F; > F,, and time is
nondimensionalized by the inverse of the slowest impeller frequency, such that t* = 27 /F, is one
turn of the slowest impeller, then space is nondimensionalized by Rcy; = 1.

In this paper, we focus on one illustrative simulation in the LATU geometric configuration, with a
conducting material layer surrounding the fluid cylinder, as described in [22]. We use the reference
parameters: R, = 1594, R,, = 531, ® = 0.058, u, = 16 in the impellers and u, = 1 elsewhere,
with o, = 1. In this high-R,,, low-® regime, a nonoscillatory axisymmetric magnetic mode first
grows before entering the reversal regime. The LATU and SFEMaNS codes also show that a strongly
asymmetric forcing (® ~ 1/4) triggers periodic reversals during the growth phase. We emphasize
that a conductive surrounding medium was found to be necessary for these inversions to occur, at
least within the range of parameters explored.

II. THE REVERSAL MECHANISM

First, we qualitatively describe the reversal mechanism observed in all simulations, showing the
vertical H, and azimuthal Hy magnetic field components in Fig. 1, together with the time evolution
of the mean vertical magnetic field component, (H,), averaged spatially around the impellers, for
|z| € [0.35, 1.2]. Reversals can be decomposed into five distinct stages (Fig. 1). In stage I, the system
exhibits a dominant magnetic dipole, with a significant H, component in the bulk and a strong Hy
contribution near the impellers. At stage II, the magnetic field near the fastest (top) impeller is
strongly weakened, and eventually changes polarity at stage III. This intermediate state corresponds
to a predominantly quadrupolar structure, marked by opposite signs of H, in the upper and lower
halves of the cylinder. Stage IV is another transitional state, during which the magnetic field is
reduced near the slowest (bottom) impeller. Finally, stage V restores a dipolar configuration, but with
a polarity opposite to that of stage I. During the reversal, the VKS magnetic field can therefore be
interpreted as the interaction of two localized dipoles, each situated near an impeller, consistent with
the conceptual model of [29]. The localized dipole associated with the fastest impeller flips first,
producing a temporary global quadrupole formed by the two opposing local dipoles. Afterward, the
second local dipole flips, reestablishing a global dipole. The time lag between the upper and lower
flips, visible in the central panel of Fig. 1, leads to a transient moving zone of weakened polarity.

III. SPECTRAL ANALYSIS OF THE FLOW

The proper orthogonal decomposition (POD) is applied to 2000 snapshots of the velocity and
magnetic fields. POD modes are ordered by their energy X, shown in Fig. 2(a). The normalized
azimuthal Fourier transform, for each POD mode n, is then displayed for the magnetic field in
Fig. 2(b) and for the velocity field in Fig. 2(c) (where each POD mode n is decomposed into
azimuthal modes m). For both fields, most of the energy is contained in the first pair of modes
(n =1, 2), which are axisymmetric, i.e., only composed of azimuthal Fourier mode m = 0 (Fig. 2).
These four axisymmetric modes are displayed in Fig. 3, with a magnetic dipolar mode ¥ (x)

063703-3



BOUSQUET, PONTY, BOTEZ, PLIHON, AND NORE

1IJD

0.0 O.ST 1.0 15 0.0 0.5 r 1.0 15 Min 0 Max

FIG. 3. Most energetic axisymmetric POD modes of the magnetic and velocity fields, with poloidal
streamlines and color coding for the azimuthal component. Straight lines delimit the flow domains and the
impellers.

(n = 1), a magnetic quadrupolar mode VIQ(x) (n = 2), an R, antisymmetric velocity mode ¢ (x)
(n = 2) that accounts for regimes where ® # 0, and an R, symmetric velocity ¢, (x) (n = 1). In
the reversal regime, the magnetic field clearly reveals the aforementioned double-dipole structure
located near the impellers. The combinations ¥, + ¥, localize the magnetic field amplitude around
one of the impellers, consistently with steps II and IV of Fig. 1. This feature was also observed in
spherical shell numerical results [30] and in the VKS experiment [31]. In the Fourier-POD spectrum
of H [Fig. 2(b)], the four POD modes associated with m = 8 contain the signature of the impellers’
blades, each fitted with eight blades, and two pairs of modes are needed to localize each impeller az-
imuthally at ® # 0. Multiples of m = 8 modes refine the resolution of the impellers’ representation
subsequently, appearing again through two pairs of POD modes per Fourier mode. The magnetic
POD mode n = 5 is composed of a m = 0 mode that modulates the transitional reversal states II and
IV. Interestingly, there is also a pair of magnetic modes (n = 6, n = 9) composed only of m = 1,
which is active all along the reversals, and is localized mainly around the impellers. Within the first
few hydrodynamic POD modes, ¢, correlates the most with reversals in the temporal domain, while
modes n = 3, 4 correspond to Kelvin—Helmholtz vortices (with m = 2), reduced in number and
intensity compared with the hydrodynamic flow [32]. This reduction is due to the destabilization of
the equatorial shear by asymmetric forcing, and because part of the Kelvin—Helmholtz mode energy
is transferred to the magnetic field. Our modal analysis highlights the key contributions of both
magnetic and velocity structures, motivating a reduced-order description of the dynamics.

IV. DYNAMICS ANALYSIS AND MODELING

Modeling magnetic reversals is a long-standing topic, reviewed, e.g., in [33]. Based on the POD
analysis, two pairs of modes dominate for H and u:

H(x,t) =~ D)¥p(x) + Q)P (x)
ux,1) = V(t)py(x) + U)dy (x). (@)

The dipole D(¢) and quadrupole Q(¢) magnetic modes evolve on similar timescales, as shown in
Fig. 4. The zonal velocity mode V () fluctuates around a small positive mean, and undergoes large
deviations on a slow timescale corresponding to a reversing magnetic field. The symmetric velocity
mode U (¢) remains close to its large mean value, with small fluctuations, and correlates strongly
with V() when the latter flips sign during a magnetic inversion. Magnetic modes n = 3 andn = 7,
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FIG. 4. Top: timeseries of the four main modes involved in the reversal dynamics; D(t), Q(¢), V (¢), U (¢).
Bottom: timeseries of magnetic modes n = 3 and n = 7, that are localized around the upper and lower impeller,
respectively.

composed exclusively of Fourier mode m = 8 (see Fig. 2), represent the interblades magnetic field,
as studied in [34-36]. They are localized around the upper and lower impeller, and time series
(Fig. 4) show that they cancel to zero when the axisymmetric magnetic field is in a state D — Q and
D + Q, respectively. This is again consistent with the described mechanism: during reversals, the
magnetic field localizes on one half of the cylinder.

Dynamical equations of the time coefficients are obtained after injecting the system (2) into the
MHD equations (1), first projecting the induction equation onto ¥, and ¥, then projecting the
Navier-Stokes equation onto ¢y, and ¢;;. Integrating over space yields a Galerkin model, in which
most integrals cancel due to symmetry. There is indeed a double constraint on the allowed couplings
with the Fourier triadic interaction rule and the need for an even number of R, antisymmetric terms
within a given triad. This Galerkin model can be expressed as follows:

<D> _ ([ QuualU +aat5t QugV +wa | (D)
0 QuaV + o, QU +a+51) \Q)
: L
V=y-()+ -V = AUV + T4y DO,

. L,
U=y, @)+ R_EU - Auva2 + Tualdl)2 + Tuquzs 3)

where the constant parameters are resulting from the spatial integration of the inertial terms (A; ),
the Lorentz force terms (7;ji), the Ohm’s law terms (£2;;), and the Joule (£;) and viscous (L;)
diffusion terms. Furthermore, we added the time-dependent parameters o;(¢) and w;(¢) to represent
the effect of all the other modes on D and Q, whilst the terms y. (¢) represent the hydrodynamic
forcing from the impellers. To further simplify, we make use of the separation between the slow
timescale of the magnetic field and the fast timescale of the velocity field to assume that «; and
w; can be regarded as constants with respect to D and Q. We define effective coefficients (the time
average is denoted (-)),

Li .
@ = (i) +o-. i € {d. g}, “4)
m

@; = {wi(t)) =0, )
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and finally decide to completely neglect w;, to account for coupling between D and Q only through
V. One can justify the latter approximation considering that V holds most of the R, antisymmetric
energy of the fluid, expressed by the condition: V = (V(t)) > @;. We also consider constant forcing,
7+ = (y+()). These approximations lead to the simplified dynamics,

D = a;D + QuuaUD + QavyV O,

0= an + QqquQ + qudVDa

. L

V=742V = AuVU + T.4,DQ,

y = LM 2 2 2

U= Y+ + EU _Auqu + TuddD + Tuqu . (6)

Moreover, if we eliminate U by applying the same averaging procedure as for ¢; and define

Bi = a; + Qui(U@)), @)
iy = 2 A (U 8
Oy = R_€ - vuu( ( ))v ( )

we obtain exactly the DQV model studied in [37,38]:
D = BdD + deqVQv
Q = BqQ + qudVDy

V=7 +a&V + T,4,DO. ©)

V. MODEL’S IDENTIFICATION

Having derived the governing equations for candidate dynamical models, we now assess their
relative performance in characterizing the observed simulation. The objective is to evaluate to
what extent these reduced-order models can provide sufficient complexity to capture the underlying
system dynamics. To facilitate this comparison and to avoid delving into the complexity of o;(?),
which incorporates contributions from various modes of the spectrum, the model parameters are
estimated from time series data using a constrained Galerkin regression framework, as proposed in
[39]. In particular, we enforce the Navier-Stokes quadratic constraint in the DQV U model:

Auvv +Avvu =0. (10)

We do not constrain the system to conserve exactly the energy, because it would be conserving an
underestimated value since we truncated the full system to three or four modes. Instead, we choose
to statistically conserve the third moment, in order to favor asymmetric distributions on V (¢) and
U (1), as visible on Fig. 4. Denoting the reduced system by X = f(X, p), with f defined by Eqgs. (6)
or (9), p the list of model’s parameters, and X = (D, Q, V)T or X = (D, Q,V, U)”, we impose

(X f(X,p)) =0. (11)

This constraint has proved useful in identifying models with asymmetric distributions, thereby
compensating in practice for the lack of data. Finally, we solve the following problem using the
PySINDy framework [40]:

p*=argmpin{ 11X — O pII3 +«lIC(PI |, (12)

where the vector C encodes the linear constraints on the parameters p, defined by Eqgs. (10) and
(11), with ¥ < 1. The ability to obtain pertinent model parameters from data using this method
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FIG. 5. (D, Q) plane. Left: DNS; center: DQV model; right: DQV U model.

depends strongly on the proper evaluation of the time derivatives. To mitigate the issue that the
high frequencies are not fully resolved in our time series, we use a Savitzky—Golay filter on X,
whose relevance to our context has been documented in [41]. These constraints are sufficient to
ensure that the models remain stable during time integration and reproduce the main characteristics
of the observed data. Then, we explore systematically the set of models around the ones found
by solving the optimization problem, and select the best ones. It should be noted that, of all the
models that fit the data well and have a low error, only a few are stable during time integration, and
even fewer have distributions that match the data. Adding constraints helps identify stable models,
while understanding the model’s parameters is needed to shape the system manifold and obtain the
correct distributions. The (D, Q) phase portraits comparing the data with trajectories computed from
the identified DQV and DQV U models are shown in Fig. 5. In this representation, the simulation
data agree well with the experimental data presented in [42]. The coefficients used to compute the
trajectories of Fig. 5 are reported in the Appendix (Tables I and II).

As observed during the exploration of the different models, the DQV model offers limited
flexibility in localizing its fixed points along the D axis, so that the dominant states are where
D* # 0 is large and Q* = 0. In fact, the DQV models that best represent the system dynamics tend
to position these dominant states along the diagonal, where D* = £=Q*. In contrast, the DQVU
model allows greater freedom in localizing these fixed points, due to the additional variable U,
which also interacts on a fast timescale with V and strongly affects its dynamics. This distinction
is clearly reflected in the statistical distributions: the distribution of V' in the DQV model is highly
peaked, whereas the empirical data show a nonsymmetric bimodal distribution. The DQV U model
successfully reproduces this bimodality, see Fig. 6, demonstrating that the temporal dependence of
the source term for V, modeled here as a weakened UV coupling during inversions, is essential
for accurately capturing the dynamics of V and, by extension, the magnetic field’s dynamics. The
couplings with U also seem necessary to obtain the reversal mechanism correctly, with transition
states D = £Q, whereas in the DQV model, reversals typically occur along the D = 0 axis.
The distribution of D is also more accurately reproduced by the DQV U model, despite a slight
degradation in the fit for the Q distribution, where only the main peak width is well captured. In
summary, these models are capable of capturing the main characteristics of the full-order simulation,
but with only three or four dynamical variables, providing simplified yet valuable insights into the
parameters that influence the global structure of the manifold on which the system evolves.

Beyond understanding the need for a velocity mode that breaks the system’s symmetry in order to
couple the symmetric and antisymmetric magnetic modes, the more general picture is to understand
how this symmetry breaking occurs in various MHD systems. In this context, the von Karman
flow is a useful case to consider, since, on the one hand, it is possible to control the extent of the
symmetry breaking by varying the forcing parameter ®, and, on the other hand, the dynamics of
the generated V mode may be nontrivial, as it is coupled to the rapid dynamics of the velocity field.
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FIG. 6. Distributions of the modeled time coefficients.

A natural extension of the presented model should be to couple explicitly the axisymmetric modes
considered here with nonaxisymmetric modes, in particular with the Kelvin—Helmholtz instability
modes, which are known to be linked to V through the angular momentum budget [32].

VI. CONCLUSION

Numerical simulations are presented in the VKS geometry using two different solvers. It was
observed that a surrounding conducting material is necessary to achieve magnetic field reversals
within the range of parameters explored. The reversal mechanism has been analyzed in detail with
a modal analysis using proper orthogonal decomposition, which revealed that the dynamics are
dominated by two magnetic modes (dipolar and quadrupolar) and two velocity modes (zonal and
R, symmetric). This justifies the use of a reduced-order Galerkin model derived from the full MHD
equations, capturing the principal features of the reversal dynamics. The general development of the
MHD equations is simplified in the framework of a system with four degrees of freedom, leading
to a new model (DQVU) that reduces to a three-variable model (DQV'), previously derived from
symmetry considerations. This DQV U model represents a significant step forward, as it introduces
greater complexity into the velocity field, which is necessary to reproduce certain fundamental
characteristics of the magnetic field dynamics.
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TABLE I. Values of the parameters and initial condition used for the DQVU system.

D coefficients Q coefficients

g = 3.9988 x 1072 @, = —2.5179 x 107!
Qaua = —1.2961 x 107! Quug = 1.2639 x 107!
Qg = —5.5429 x 107! Quua = 7.0752 x 107!
V coefficients U coefficients

7 = —7.2694 x 107* 7, = 1.7228 x 107!
L = —2.8870 x 107" L = —4.5456 x 107"
A = 7.3282 x 107! Ay = —7.3282 x 107!
Tyag = —7.1738 x 107! Taa = —1.8434 x 1072

Togg = —1.4143 x 10

Initial conditions

Dy = —1.19801 x 107! Qo = 5.7068 x 1072
Vo =9.3942 x 1072 Uy = 3.6550 x 107!
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APPENDIX: FITTED MODEL PARAMETERS

The following Tables I and II list the fitted parameter values obtained from the data, which are
used to integrate in time the models of Eqs. 6 and 9, respectively.

TABLE II. Values of the parameters and initial condition used for the DQV system.

D coefficients Q coefficients

Bs = —5.2356 x 1073 B, = 1.2721 x 1072
Qg = —5.0420 x 107! Quua = 1.4953 x 107!
V coefficients Initial conditions
7. =2.3070 x 10~* Dy = —1.1980 x 107!
@, = —2.7315 x 1072 Qp = 5.7068 x 1072
T4y = —6.3774 x 107! Vo = 9.3942 x 1072
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