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Bounded Lattices = |IALL

Formulas and Sequents

Au=X|ANA|T|AVA|L AFB

Rules [Whitman 41]

XFX
CFA CFB Ak C BFC
CFAAB AANBFC AANBF C CHT
CFA CFB AFC BFC
CFAVB CFAVB AVBFC 1LEC

Admissible Rules

AFB B C
AFA T AFC



https://doi.org/10.2307/1969001

Inductive iall
formula = formula —> Prop :=..


https://github.com/olaure01/rocq-sequents/blob/main/R1iallP.v

Inductive iall
formula = formula —> Prop :=..

Inductive iall_s
nat > formula —> formula —> Prop :=..


https://github.com/olaure01/rocq-sequents/blob/main/R1iallP.v

Rocq it again ... in

Inductive iall
formula = formula —> Type :=..


https://github.com/olaure01/rocq-sequents/blob/main/R2iall.v

Rocq it again ... in

Inductive iall
formula = formula —> Type :=..

Fixpoint pweight A B (pi : F A, B) := S

match pi with

| ax | £t = 0

| wpil pi2 = max (pweight pil) (pweight pi2)
| ex pil | vl pil | v2 pil = pweight pil

end.


https://github.com/olaure01/rocq-sequents/blob/main/R2iall.v

Involutive Lattices = ALL

Definition
-—A=A A<B — -B<-A

Formulas and Sequents
A:=X|X|ANA|T|AVA|L -A,B
X=X X=X -(AANB)=-AV -B =7 =1

Rules
_ FA,B
X - B,A
FAC FBC FA,C - B,C
FANB,C ~T.C FAVB.C FAVBC
Admissible Rules

=y P PR




Inductive formula :=

| var (_ : bool) (_ : Atom)

| bin (_ : bool) (_ _ : formula)
| nul (_ : bool).

Fixpoint neg A :=
match A with

| var b X = var (negb b) X

| bin b B C = bin (negb b) (neg B) (neg C)
| nul b = nul (negb b)

end.


https://github.com/olaure01/rocq-sequents/blob/main/R3all.v

OrthoLattices = OL

Definition
AV-A=T

Formulas and Sequents
A:=X|X|AANA|T|AVA|L -A,B
X=X X=X “(AAB)=-AV ~ =T=41

Rules
_ +A,B HAA
X, X FB,A -A,C
FA,C FB,C A, C +B,C
FANB,C =T,C FAVB,C FAVB,C
Admissible Rules

T A4 TLnE L oren




... later ...


https://github.com/olaure01/rocq-sequents/blob/main/R4ol.v

Residuated Lattices = Lambek Calculus

Formulas and Sequents
A:=X|AANA|T|AVA|L|AQA|1|A—A|Ac—A

'-A

Rules (1/2)

XEX

'cA I'tB NAJAFEC IB,AFC
I'FAAB INAAB,AFC IAANB,AEC

A B A, A-C TI,B,AFC
T'FAVB T'FAVB [LAVB,AFC

TET T,L,AFC




Residuated Lattices = Lambek Calculus

Rules (2/2)

I'-A AFB I'A,B,AFC _ I'AFC
IAFA®B T,AQB,AFC 1l T I1,AFC
ATHB AFA T,BYFC
I'-A—oB I'N'AJA—oBXFC
T A B AFA T,B,YFC
I'FBo—A I'Bo—AAYXEC

Admissible Rules
ArA__TAZFEB
AFA IASFB




Two approaches to cut admissibility:
@ double induction using also size of cut formula;
@ constraint on the size of the output proof.

Required because of the multiplicative connectives: stacks of cuts.

m ) 3
AFA S+HB I'A,B,=+C
AYHFA®B I''A®B,=FC
LAY =ZHC
d
™ T3
s Y+B I'"A,B,=+C
Ak A T,AYZF C

T,AS,=2F C


https://github.com/olaure01/rocq-sequents/blob/main/R5lbk.v

Commutative Residuated Lattices = IMALL

Formulas and Sequents

A:=X|AANA|T|AVA|L|A®RA|1|A—A

'FA

Rules (1/2)

TkC
XX ToF C

'+A TFB A, AFC I'BAFC
IT'FAAB [LAANB,AFC [LAAB,AFC

TFA Tl B AL A-C T,B,AFC
THAVB THFAVB T,LAVB,AFC

THT T,LLAFC




Commutative Residuated Lattices = IMALL

Rules (2/2)

TFA AFB T,A,B, Al C ___  T,AFC
I AFA®B T AQB,AFC Pl T I AFC

A T+B AFA IB,YXFC
I'tA—B I'NAJA—oBXFC

Admissible Rules

AFA  TAXEB
AFA I'ASFB




Dancing with permutations ... in Type

Inductive PermutationT : crelation (list A):=...

Instance imall PermutationT
Proper (GPermutationT _ == eq == iffT) imall.


https://github.com/olaure01/rocq-sequents/blob/main/R6imall.v

Heyting Algebras = LJ

Formulas and Sequents
A:=X|ANA|T|AVA|L|A—A
r-A
Rules (1/2)
r-c I'AJAJAEC AEC
XEX Lok C T,A,AFC TAAFC
r'-A TFB A AFC I,B,AFC
I'FAAB IAAB,AFC IAAB,AFC
A LB A, AFC  T,B,ARC
'AVB 'AVB IAVB,AFC
TFT [,LAFC




Heyting Algebras = LJ

Rules (2/2)
ATHB AFA T,BXFC
TFA—B [,AA—>BXFC
Admissible Rules
IA,...,AFC AFA T,AXHB

T,AFC AFA I,A,SFB




Multi-cut up to permutation:


https://github.com/olaure01/rocq-sequents/blob/main/R7lj.v

Definably-Complete Meet-Semi-Lattices = 1&LL,

Formulas and Sequents
Az=X|ANA|T|VXA AFB
Rules
XEX
CHA C+HB AFC B-C
CFAAB AANBFC AANBF C CET
CHA AB/x]FC
Cl—VX.AXgéC VXAFC
Admissible Rules
AFB B C
AFA T AFC




Anti-locally-nameless representation:

Ct = AT /x] AB/x]FC
CHVXA VXAFC

B closed


https://github.com/olaure01/rocq-sequents/blob/main/R8iwll2.v

Anti-locally-nameless representation:

Ct = AT /x] AB/x]FC
CHVXA VXAFC

B closed

Cut reduction:

™1 ™
Ct AT /x] AB/x] - D B closed
CFVXA VXAFD ©C0ose
CFD
l
m1 /4] ™

CHAP/x]  Af/x]FD
CHD



https://github.com/olaure01/rocq-sequents/blob/main/R8iwll2.v
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