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Abstract— Textures in images can often be well modeled using1

self-similar processes while they may simultaneously display2

anisotropy. The present contribution thus aims at studying3

jointly selfsimilarity and anisotropy by focusing on a specific4

classical class of Gaussian anisotropic selfsimilar processes. It5

will be first shown that accurate joint estimates of the anisotropy6

and selfsimilarity parameters are performed by replacing the7

standard 2D-discrete wavelet transform with the hyperbolic8

wavelet transform, which permits the use of different dilation9

factors along the horizontal and vertical axes. Defining anisotropy10

requires a reference direction that need not a priori match11

the horizontal and vertical axes according to which the images12

are digitized; this discrepancy defines a rotation angle. Second,13

we show that this rotation angle can be jointly estimated.14

Third, a nonparametric bootstrap based procedure is described,15

which provides confidence interval in addition to the estimates16

themselves and enables us to construct an isotropy test procedure,17

which can be applied to a single texture image. Fourth, the18

robustness and versatility of the proposed analysis are illustrated19

by being applied to a large variety of different isotropic and20

anisotropic self-similar fields. As an illustration, we show that a21

true anisotropy built-in self-similarity can be disentangled from22

an isotropic self-similarity to which an anisotropic trend has been23

superimposed.24

Index Terms— Self-similarity, anisotropy, gaussian fields,25

hyperbolic wavelet transform, scale invariance, rotation26

invariance, anisotropy test, bootstrap.27

I. INTRODUCTION28

Texture classification. In numerous modern applications29

(satellite imagery [1], geography [2], biomedical imagery30

[3]–[7], geophysics [8], art investigation [9], …), the data31

available for analysis consist of images of homogeneous32

textures, that need to be characterized. Texture classifica-33

tion thus consists of classical problem in image processing34

that received considerable efforts in recent years (cf. e.g.,35

[3], [10]–[16] and references therein).36

Scale invariance and Self-similarity. Amongst the many37

different ways texture characterizations have been investigated,38
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techniques based on scale invariance, or fractal, concepts are 39

considered as promising, notably for the application fields 40

listed above (cf. e.g., [17] for a review). Scale invariance can 41

be defined as the fact that there exists no specific space-scale 42

in data that play a preferred role in their space dynamic, 43

or equivalently that all space-scales are equally important. 44

Scale invariance in data implies that they are analyzed with 45

(statistical) models that do not rely on the identification of spe- 46

cific scales (such as Markov models) but instead with models 47

that aim at characterizing a relation amongst scales. Because 48

Self-Similarity is a theoretically well-grounded, and relatively 49

simple instance of scale invariance behaviors, it has often been 50

proposed that Gaussian self-similar fields are relevant models 51

enabling efficient characterization and classification of textures 52

(cf. e.g, [15], [16]). 53

Anisotropy. However, textures are also often character- 54

ized by anisotropy, which may either be deeply tied to 55

self-similarity itself [18], [19] or exist as an independent 56

property that is superimposed to an isotropic self-similarity. 57

In both cases, it is a crucial stake in analysis to disentangle 58

self-similarity from anisotropy, to discriminate whether self- 59

similarity and anisotropy are independent properties or if 60

they are stemming from the same constructive mechanism, 61

as well as to be able to estimate accurately the self-similarity 62

parameter H , despite anisotropy. It has already been pointed 63

out that fractal analysis and estimation is very sensitive to 64

anisotropy (cf. e.g., [8]). In the literature, anisotropy is often 65

analyzed from 1D slices extracted from images along different 66

directions [6] or by making use of local directional differential 67

estimators [20], [21]. 68

Goals and contributions. In this context, elaborating on 69

a preliminary attempt [22], the present contribution aims at 70

proposing an efficient and elegant solution to the joint analysis 71

and estimation of self-similarity and anisotropy in 2D fields. 72

Though the procedure proposed here is designed for actual 73

application to real-world textures, its performance are assessed 74

by means of Monte Carlo simulation performed on synthetic 75

isotropic and non isotropic Gaussian textures. While the (dis- 76

crete) wavelet transform (DWT) is nowadays a classical tool 77

for image processing, the key originality of the present work 78

is to show that the classical discrete wavelet transform fails 79

at providing a relevant analysis of self-similarity in presence 80

of anisotropy. Instead, it is proposed here to replace the 81

2D Discrete Wavelet Transform with the Hyperbolic Wavelet 82

Transform (HWT) (defined e.g., in [23]). Indeed, the use of 83

dilation factors that differ along the x and y axes potentially 84
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permits to see the anisotropy, as opposed to the classical 2D85

Discrete Wavelet Transform relying on a single and isotropic86

dilation factor. The Hyperbolic Wavelet Transform is defined87

in Section II-B. Note that the HWT has appeared earlier88

in the literature under different names, such as separable89

wavelet [24], Tensor-product wavelet [25], anisotropic wavelet90

transform [26] or rectangular wavelet transform [27], without91

specific exploration though of its benefits to study anisotropy92

in textures. Also, redundant (or overcomplete) wavelet repre-93

sentations (such as M-band, dual tree and Hilbert pair complex94

wavelets, cf. e.g., [28], [29] for enlightening reviews) may95

be used to analyze images and textures. However, while96

they suffer from a larger computational cost, they have been97

observed (in preliminary attempts performed by the authors)98

to yield little, if not no, practical benefit for the study of scale99

invariance and the estimation of the corresponding parameters.100

Overcomplete wavelet representations are thus excluded from101

the present study.102

As representative of 2D model mixing self-similarity and103

anisotropy, self-similar Gaussian 2D random fields with built-104

in anisotropy, such as those proposed in e.g., [18], [19],105

are used here. These fields are defined and illustrated in106

Section II-A and their hyperbolic wavelet analysis is detailed107

in Section II-C.108

Estimation procedures for the parameters characterizing109

self-similarity and anisotropy are defined and their perfor-110

mance assessed in Section III-A. The definition of anisotropy111

involves a rigid definition of reference (orthogonal) axes,112

that have no a priori reason to match those of the sensor113

used to acquire the image and thus to coincide with the114

horizontal x and vertical y axis along which the image is115

presented for analysis. Therefore, the model introduced in116

Section II-A includes a rotation parameter that accounts for117

this unknown. An estimation procedure for this rotation is118

devised and analyzed in Section III-B. Therefore, the para-119

meters characterizing rotation, anisotropy and self-similarity120

are estimated jointly.121

For application purposes, it is crucial to be able to decide122

whether textures should be modeled by isotropic or anisotropic123

models. Therefore, a procedure for testing the null hypothesis124

that the texture is isotropic is constructed and studied in125

Section IV. It is based on a non parametric bootstrap procedure126

performed on the hyperbolic wavelet coefficients (in the spirit127

of the construction devised in [30]) and can thus be applied128

to each single analyzed texture independently. Incidentally,129

the bootstrap procedures also provide practitioners with confi-130

dence intervals for the estimates, a very important feature for131

practical purposes.132

Finally, the analysis procedures proposed here are applied133

in Section V to a variety of isotropic and anisotropic fields that134

differ from the precise model used as a reference model (cf.135

Section II-A), hence illustrating the robustness and generality136

of the tools proposed here. Notably, it is shown that the137

proposed analysis enables to potentially distinguish between138

a truly anisotropic self-similar field and an isotropic self-139

similar field (with same self-similar parameter) to which140

directional, hence anisotropic, oscillations, with no relation to141

selfsimilarity, have been additively superimposed.142

II. HYPERBOLIC WAVELET ANALYSIS OF ANISOTROPIC 143

SELF-SIMILAR RANDOM FIELDS 144

A. Anisotropic Self-Similar Random Fields 145

1) Definition: Because of its generic and representative 146

nature, it has been chosen to work with the class of anisotropic 147

Gaussian self-similar fields, introduced in [18], [19], referred 148

to as Operator Scaling Gaussian Random Field (OSGRF) 149

which can be defined using the following harmonizable rep- 150

resentation: 151

X f,E0,H0(x) =
∫

R2
(ei〈x , ξ〉 − 1) f (ξ)−(H0+1)dŴ (ξ) , (1) 152

where x = (x1, x2), ξ = (ξ1, ξ2), E0 is a matrix satisfying 153

Tr(E0) = 2, f a E0–homogeneous continuous positive func- 154

tion (hence satisfying the homogeneity relationship f (aE0ξ) = 155

a f (ξ) on R2) such that
∫
(1 ∧ |ξ |2) f (ξ )−2(H0+1)dξ < +∞, 156

and where dŴ (ξ ) stands for a 2D Wiener measure. 157

When f is not a radial function, the Gaussian field is not 158

isotropic. In this study, it is chosen to use the following 2- 159

parameter (related to anisotropy and rotation) explicit form: 160

fθ0,α0(ξ ) = (|ζ1|1/α0 + |ζ2|1/(2−α0)), 161

with ζ = (ζ1, ζ2) = Rθ0ξ and rotation matrix Rθ0 defined as: 162

Rθ0 =
(

cos(θ0) − sin(θ0)
sin(θ0) cos(θ0)

)
. 163

In this model, 164

E0 =
(

α0 0
0 2 − α0

)
, 0 < α0 < 2. 165

The rotation parameter θ0 has been incorporated by our- 166

selves into the original definition of [18], [19] to account for 167

the fact that the rigid axes according to which anisotropy is 168

defined need not match a priori the sensor axes according 169

to which the image is digitalized (for real-world data) or 170

numerically produced (for synthetic textures). In the sequel, 171

OSGRF Xθ0,α0,H0 thus refers to the following model, rely- 172

ing on 3 parameters, θ0, α0, H0, characterizing respectively, 173

rotation, anisotropy and self-similarity 174

Xθ0,α0,H0(x) =
∫
R2(ei〈x, ξ〉 − 1) fθ0,α0(ξ)−(H0+1)dŴ (ξ ) (2) 175

2) Properties: With this construction, OSGRF Xθ0,α0,H0 176

has stationary increments. It possesses a built-in anisotropy 177

characterized by the parameter α0 ∈ (0, 2). When α0 = 1, the 178

field is isotropic and the case 1 < α0 < 2 correspond to the 179

case 0 < α0 < 1 with the axes (x1, x2) permuted. 180

OSGRF Xθ0,α0,H0 satisfies (where L= denotes equality for 181

all finite dimensional distributions): 182

{Xθ0,α0,H0(a
E x)} L= {a H0 Xθ0,α0,H0(x)}. (3) 183

with E0 = Rθ0 E R−θ0 . It is thus exactly self-similar with 184

parameter 0 < H0 < min (α0, 2 − α0) < 1. 185

Fig. 1 displays realizations of Xθ0,α0,H0(x), obtained from 186

MATLAB routines written by ourselves and available upon 187

request. On top row, (H0, θ0) = (0.2, 0) are kept fixed while 188

α0 takes the values 1, 0.7 and 0.3 (from left to right). The 189

practical goal is to estimate correctly H0 despite these different 190
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Fig. 1. Sample fields of Xθ0,α0,H0 . Top line : (θ0, α0, H0) = (0, α0, 0.2)
with, from left to right α0 = 1 (isotropic); α0 = 0.7 and α0 = 0.3. Bottom
line : (θ0, α0, H0) = (θ0, 0.7, 0.2) and, from left to right θ0 = π/6, θ0 = π/4
and θ0 = π/3.

unknown anisotropy strengths α0. On bottom row, a strongly191

anisotropic field is shown (α0 = 0.3, H0 = 0.2) with three192

different rotation angles θ0 (from left to right θ0 = π/6, π/4193

and π/3). Here, the goal is to estimate correctly (α0, H0)194

despite such unknown rotation.195

This three-parameter OSGRF stochastic process provides a196

rich and versatile model for selfsimilar (an)isotropic textures.197

3) Numerical Simulation: Realizations (or sample fields) of198

the synthetic fields defined in Eq. (2) are produced numerically199

following the classical procedure, recalled in e.g., [19], relying200

on drawing at random realizations of white-noise dŴ (ξ),201

followed by standard numerical integration procedures.202

B. Hyperbolic Wavelet Transform203

The 2D Hyperbolic Wavelet Transform (HWT) differs from204

the 2D Discrete Wavelet Transform (DWT) insofar as its def-205

inition relies on the use of two different dilation factors along206

the horizontal and vertical axes, as opposed to the 2D-DWT207

that makes use of a single and same dilation factor along both208

axes. This difference turns out to be crucial for the analysis209

of anisotropy.210

The collection of functions constituting the orthogonal211

basis underlying the HWT is defined as tensor products of212

univariate wavelets (cf. e.g., [31]). Let ϕ and ψ denote the213

scaling function and the wavelet of a given one-dimensional214

multiresolution analysis. The HWT basis of L2(R2) is defined215

as (cf. [23]):216

ψ j1, j2,k1,k2 (x1, x2) = ψ(2 j1 x1 − k1)ψ(2 j2 x2 − k2),217

ψ−1, j2,k1,k2 (x1, x2) = ϕ(x1 − k1)ψ(2 j2 x2 − k2),218

ψ j1,−1,k1,k2 (x1, x2) = ψ(2 j1 x1 − k1)ϕ(x2 − k2),219

ψ−1,−1,k1,k2 (x1, x2) = ϕ(x1 − k1)ϕ(x2 − k2),220

for all j = ( j1, j2) ∈ N2 and k = (k1, k2) ∈ Z2.221

The HWT shares a deep relation with Triebel bases, used222

in mathematic literature, to characterize anisotropic functional223

spaces (cf. [32]).224

Fig. 2. Hyperbolic Wavelet Transform. Top line : one step of HWT consists
of one step of 2D-DWT (left) (with 1D-DWT performed on each line of
HL and each column of LH subbands (right)). Bottom line : second step of
HWT (left) and locations of the HWT vs DWT (black dots) coefficients in the
frequency domain (right). Black dots correspond to 2D-DWT while for HWT,
white dots indicate subband HH, black triangles indicate LH and HL, squares
correspond to the approximation coefficients). The circle symbols correspond
to the coefficients ψ j1, j2 j1, j2 '= 0 and square symbols to the coefficients
ψ0, j2 , ψ j1,0, ψ0,0.

The hyperbolic wavelet coefficients of the field X are 225

defined, ∀ j = ( j1, j2) ∈ N2, by : 226

dX ( j, k) = 2 j1+ j2
∫

R2
ψ j ,k(x1, x2)X (x1, x2)dx1dx2. (4) 227

Note that a L1-normalization is used (instead of the clas- 228

sical L2-norm), as it better suits self-similarity analysis 229

(cf. e.g., [33]). With these notations, fine resolution scales 230

correspond to the limit 2 j1, 2 j2 → +∞, and index j in 231

the decomposition corresponds to the actual resolution 2J− j , 232

where J = log2(N), for an image of size (N × N). 233

Such coefficients dX ( j, k) can be computed efficiently, 234

using a recursive pyramidal filter bank based algorithm com- 235

parable to that underlying the 2D-DWT. In Fig. 2, the first two 236

iterations are illustrated, in the Fourier domain. One iteration 237

of HWT practically consists of the combination of one itera- 238

tion of the 2D-DWT algorithm, with 1D-DWT performed on 239

each line of the vertical details (HL) and 1D DWT performed 240

on each column of the horizontal details (LH). Because the 241

central frequencies of the dilated scaling function of ϕ(2 j x) 242

and mother-wavelet ψ(2 j x) can be approximated as f j = 1
4 2 j

243

and f j = 3
4 2 j , respectively, the HWT coefficients dX ( j, k) can 244

be located in a (log-) frequency-frequency plane as shown in 245

Fig. 2 bottom right, and thus compared to the location of the 246

2D-DWT coefficients. 247

In what follows, a 1D-Daubechies-3 multiresolution is 248

used [34]. 249
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C. Analysis of Anisotropic Self-Similar Random Fields250

From Eq. (4), the HWT coefficients can be rewritten, ∀ j =251

( j1, j2) ∈ N∗2 and ∀k = (k1, k2) ∈ Z2, as stochastic integrals:252

dX ( j, k) =
∫

R2

(∏2
(=1 ei2− j( k(ξ( ψ̂(2− j(ξ()

)

(
|ξ1|1/α0 + |ξ2|1/(2−α0)

)H0+1 dŴ (ξ1, ξ2) .

(5)253

Following the methodology in [35], [36], it can be proven254

that the HWT coefficients are weakly correlated, i.e.,255

∀( j1, j2, k1, k2, k ′
1, k ′

2)256

∣∣E(dX (( j1, j2), (k1, k2))dX (( j1, j2), (k ′
1, k ′

2)))
∣∣257

≤ E(|dX (( j1, j2, 0, 0)|2)
1 + |k1 − k ′

1| + |k2 − k ′
2|

. (6)258

Using the substitution ζ1 = 2− j1ξ1, ζ2 = 2− j2ξ2 in the259

rewriting of definition of the wavelet coefficients (cf. Eq. (5)),260

we have been able to show that the HWT coefficients typically261

behave as [35], [36]:262

dX ( j, k) . 2
j1+ j2

2

∫

R2

(∏2
(=1 eik(ζ( ψ̂(ζ()

)
dŴ (ζ1, ζ2)

(
2

j1
α0 |ζ1|

1
α0 + 2

j2
2−α0 |ζ2|

1
2−α0

)H0+1 ,263

When j1/α0 > j2/(2 − α0), we derive that, for all ζ1, ζ2:264

2
j1
α0 |ζ1|

1
α0 ≤ 2

j1
α0 |ζ1|

1
α0 + 2

j2
2−α0 |ζ2|

1
2−α0265

≤ 2
j1
α0

(
|ζ1|

1
α0 + |ζ2|

1
2−α0

)
266

and further267

2
− j1 H0

α0
1

(|ζ1|
1
α0 + |ζ2|

1
2−α0 )H0+1

268

≤ 1

2
j1
α0 |ζ1|

1
α0 + 2

j2
2−α0 |ζ2|

1
2−α0

≤ 2
− j1 H0

α0
1(

|ζ1|
H0+1
α0

)269

which enabled us to obtain the following inequality:270

C12
j1+ j2

2 2− j1(H0+1)
α0 ≤ E(|dX ( j, k)|2)1/2

271

≤ C22
j1+ j2

2 2− j1(H0+1)
α0 ,272

with C1 =
(∫

R2

∏2
(=1 |ψ̂(ζ()|2dξ

(|ζ1|
1
α0 + |ζ2|

1
2−α0 )H0+1

)1/2

,273

and C2 =




∫

R2

∏2
(=1 |ψ̂(ζ()|2dξ

(|ζ1|
H0+1
α0 )




1/2

.274

Combined to similar arguments for the case j1/α0 ≤ j2/275

(2−α0), these computations enable us to show that the order of276

magnitude of the expectation of the squared HWT coefficients277

is, ∀( j1, j2):278

E(|dX ( j, k)|2)1/2 . 2
j1+ j2

2 2−(H0+1) max(
j1
α0

,
j2

2−α0
)
. (7)279

Because the fields we deal with are Gaussian, this can straight-280

forwardly be extended to any q ≥ −2, cf. [35]–[37]:281

E(|dX ( j, k)|q) . 2q ( j1+ j2)
2 2−q(H0+1) max(

j1
α0

,
j2

2−α0
)
. (8)282

AQ:1

Fig. 3. Illustrations of the estimation procedures. For anisotropic, α0 = 0.7
(top row), and isotropic, α0 = 1 (bottom row), OSGRF Xθ0,α0,H0 , with
θ0 = 0, H0 = 0.7. Left column: Structure functions S(q, j1, j2). The solid
line indicates the direction α̂ while the dashed lines correspond to α = 1 and
hence the sole direction actually reachable with the coefficients of 2D-DWT.
Middle column: Estimation of H (α), based on τ (q = 2, α = α̂) obtained
from a linear regression of log2 S(q, α j, (2 − α) j) versus j (◦). Solid lines
correspond to the theoretical −τ (q = 2, α0). Stars (in (b)) correspond to the
(biased) estimation of H from −τ (q = 2, α = 1), i.e. by using only the
2D-DWT coefficients. Right column: Plots of Ĥ2(α) = −τ (2, α)/2 versus α.
The black dot shows the location of the maximum of H2(α) = −τ (2, α)/2
thus yielding the estimated α̂ and Ĥ . In (f), as expected for an isotropic image,
α̂ = 1. The mixed line corresponds to the theoretical values of −τ (2, α)/2
(cf. Eq. 11).

These key results constitute the founding ingredient for the 283

estimation procedures defined below. 284

III. PARAMETER ESTIMATION 285

The goal is now to define estimation procedures for the 286

three-parameters entering the definition of OSGRF Xθ0,α0,H0 287

and to study their statistical performance. It is assumed, first, 288

that θ0 is known and equal to θ0 ≡ 0 and estimation is devoted 289

to parameters α0 and H0. In the second part, θ0 is unknown and 290

needs to be estimated as well. This is performed by applying 291

the estimation of α0 and H0 to a collection of rotated images. 292

It will be shown that the correct estimation angle is estimated 293

when the estimation of the anisotropy coefficients reaches its 294

minimum. 295

A. Self-Similarity and Anisotropy Parameters 296

In this section, θ0 is assumed to be known and taken equal 297

to 0 for simplicity. 298

1) Estimation Procedure: By analogy to what has classi- 299

cally been done for the analysis of self-similarity, or scale 300

invariance in general, (cf. e.g., [38]), the space averages at 301

joint scales ( j1, j2) (also referred to as structure functions) 302

are used as estimators for the ensemble averages appearing in 303

Eq. (8) above: 304

S(q, j1, j2) = 1
n j1, j2

∑

(k1,k2)∈Z2

|dX ( j1, j2, k1, k2)|q , (9) 305

where n j1, j2 stands for the number of available coefficients 306

jointly at scales (2 j1, 2 j2). 307
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Let us further define τ (q, α) as a function of the statistical308

order q > 0 and of the anisotropy parameter α:309

τ (q, α) = lim inf
j

log2(S(q, α j, (2 − α) j)
j

. (10)310

In essence, Eq. (10) amounts to assuming a power-law behav-311

ior of the structure functions with respect to scales, in the limit312

of fine scales 2 j → +∞, along direction α:313

S(q, α j, (2 − α) j) . S0(q)2 jτ (q,α).314

Eq. (8) above indicates that, on average, and with the specific315

choice ( j1, j2) = (α j, (2 − α) j):316

S(q, α j, (2 − α) j) . 2
j q

(
1−(H0+1) max( α

α0
, 2−α

2−α0
)
)

.317

Comparing these two last relations suggests that τ (q, α) =318

q
(

1 − (H0 + 1) max( α
α0

, 2−α
2−α0

)
)

, so that, for a given fixed q ,319

the anisotropy parameter α0 can be estimated as:320

α̂0,q = argminατ (q, α), (11)321

and that the self-similarity parameter H can be estimated as:322

Ĥq = −τ (q, α̂0,q)/q. (12)323

2) Illustrations: The estimation procedure proposed here is324

sketched in Fig. 3, for q = 2, for an anisotropic (3a-c) and325

an isotropic (3d-e) OSGRF Xθ0,α0,H0 . It can be decomposed326

into three steps (for a given q > 0).327

Step 1: The HWT coefficients dX ( j, k) and corresponding328

structure functions S(q, j1, j2) are computed. Examples are329

shown in Fig. 3 (left column).330

Step 2: The surface log2 S(q, j1, j2), seen as a function of331

the variables j1, j2 is interpolated (by nearest neighbor) along332

the line α j1 + 1 = (2 − α) j2 + 1. Then, a non weighted least-333

square regression of log2 S(q, α j, (2−α) j) versus log2 2 j = j334

is performed across all available scales, hence yielding an335

estimate of −τ (q, α), for each α and each q , as sketched in336

Fig. 3-b and 3-e).337

Step 3: The estimated −τ (q, α) are plotted for a given q ,338

as a function of α, and its maximum yields the estimate α̂ of339

α0 (cf. Fig. 3-c and 3-f). The estimation of the self–similarity340

parameter H0 is further given by Ĥq = −τ (q, α̂)/q .341

This procedure calls for the following comments. First, Step 2342

is performed for all accessible αs, that is, for all values343

of α, that connect at least two pairs of dyadic scales, i.e.,344

(a1 = 2 j1, a2 = 2 j2) with integers ( j1, j2) = [1, 2, . . . , J ]2.345

Therefore, the actual resolution of the values of α that can346

actually be used depends on the size N × N of the analyzed347

image, and hence so does the resolution of the estimate of348

the anisotropy parameter. This discretized resolution can be349

observed in Fig. 7.350

Second, the structure functions S(q, j, j) (hence for α = 1)351

are computed from HWT coefficients that actually correspond352

to those of the 2D-DWT (cf. Fig. 3-b, dashed line). For353

isotropic fields, it is found that α̂ = 1, and thus that the354

coefficients of the HWT that need to be actually used for355

the estimate of H0 are those of the 2D-DWT. Conversely, for356

anisotropic fields, basing the estimate of H on S(q, j, j)357

results into significant biases, as illustrated in Fig. 3-b, dashed358

Fig. 4. Estimation performance. As functions of the sample size N (image
size N × N ), biases (top row) and standard deviation for Ĥq=2 (left column)
and α̂q=2 (right column), obtained as average of estimation performed on 500
realizations of OSGRF X0,α0,H0 with parameters α0 = 1, H0 = 0.7, 0.5 and
0.3 (◦), α0 = 0.8, H0 = 0.7, 0.5, 0.3 (∗) and α0 = 0.6, H0 = 0.5, 0.3 (·).
Bottom row, dashed lines illustrates the expected 1/sqrt N × N decrease of
the standard deviations.

line and Fig. 3-e, where the estimate of H0 for α ≡ 1 359

significantly differs from that obtained for α = α̂. This 360

illustrates the major benefits of replacing the 2D-DWT with 361

the 2D-HWT. 362

3) Estimation Performance: To complement the theoretical 363

study reported above and to further assess the performance of 364

the proposed estimation procedures, Monte Carlo simulations 365

are now performed further expanding on numerical investiga- 366

tions presented in [22]. Biases and the standard deviations of 367

α̂q and Ĥq are obtained from averages of estimates computed 368

over 500 independent realizations of OSGRF X0,α0,H0 , numer- 369

ically produced by MATLAB routines designed by ourselves 370

and available upon request. 371

Fig. 4 reports biases and standard deviations as a function 372

of (the log2 of) the sample size N (image size is N × N), for 373

various parameters (α0, H0). Fig. 4 essentially shows that the 374

estimation performance both for α̂ and Ĥ does not depend 375

on H0, a result that is highly reminiscent of the 1D case 376

(cf. e.g., [39]). However, dependences on the anisotropy para- 377

meter α0 do exist and are clearly visible on the standard devi- 378

ation, which unexpectedly decrease with significant departures 379

of isotropy. 380

Estimates are found to be asymptotically unbiased, as 381

expected from theoretical analysis, and standard deviations 382

roughly decrease as 1/
√

(N × N) = 1/N , in agreement with 383

the weak correlation property of the HWT coefficients. Using 384

other values of q > 0 (ranging from 1 to 5) yields similar 385

conclusions. 386

To conclude this section, let us put the emphasis on the 387

fact that image sizes vary from small (28 × 28) to (very) 388

large (213 × 213). This illustrates that both the synthesis and 389

analysis procedures corresponding to the definition of OSGRF 390
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Fig. 5. Joint three parameter estimation procedure. Estimations of α̂
(top row) and Ĥ (bottom row) for three differents fields with θ0 = π/3
and (α0, H0) = (0.7, 0.6) ((a) and (d)); (α0, H0) = (0.3, 0.2) ((b) and (e));
(α0, H0) = (0.7, 0.2) ((c) and (f)). The dashed line illustrates the expected
theoretical behavior of α̂ as a function of θ and the ’circle’ with confidence
intervals to Monte Carlo averages. The estimation of θ̂ corresponds to the
location of the minimum of α̂(θ) and satisfactorily corresponds to θ0 = π/3.
Final estimates for α0 and H0 are obtained as α̂∗ = α̂(θ̂) and Ĥ ∗ = Ĥ (θ̂)
and thus show satisfactory agreement with the theoretical values, marked by
∗. Error bars correspond to σĤ (resp. σα̂ ).

and its analysis can be implemented efficiently and benefits391

from a remarkably low computational cost.392

Estimation performance were reported here only for q = 2,393

as it was found empirically that the use of other values of q394

did not improve performance, as can be expected for Gaussian395

fields.396

B. Rotation Parameter397

1) Estimation Procedure: Let us now consider the case398

where, in addition to H0 and α0, the rotation angle θ0 is399

unknown. To estimate jointly the three unknown parameters,400

it is here proposed to apply the above procedure to estimate401

H0 and α0 to a collection of rotated versions of the original402

image, with rotation angles θ . The estimation of the anisotropy403

direction relies on the following observations, illustrated in404

Fig. 5 (top row): i) The estimate α̂(θ) is a π-periodic function;405

ii) it also has the symmetry α̂(θ0 + θ) = α̂(θ0 − θ); iii) when406

θ = θ0, α̂ . α; iv) when θ = θ0+π/2, α̂ = 2−α; v) and when407

θ = θ0 + π/4, α̂ = 1. Thus, the following joint estimation408

procedure for (θ0, α0, H0) can be proposed:409

θ̂ = argminθ α̂(θ), (13)410

α̂∗ = α̂(θ̂ ) (14)411

Ĥ ∗
q = Ĥq(α̂(θ̂ )). (15)412

Because the minimum of α̂(θ) is (arbitrarily) picked, this413

procedure necessarily implies α̂∗ ≤ 1, there is thus a remaining414

indetermination whether the correct choice is α̂∗ or 2− α̂∗ and415

therefore of π/2 in θ0. As previously mentioned, this only416

amounts to exchanging the roles of the axis x and y. For417

isotropic fields, α̂(θ) fluctuates around α = 1, and no clear418

minimum (or maximum) is visible. Furthermore, θ̂max − θ̂min419

differs from π/2. When θ̂max − θ̂min < π/4, the field is thus420

declared isotropic and we set θ̂ = 0.421

Fig. 6. Bootstrap versus Monte Carlo Estimates of standard deviations.
(a) Estimations of EσBS(Ĥ)/σMC(Ĥ) as a function of H0, for q = 2, obtained
from R = 100 bootstraps applied to 100 independent copies of OSGRF
X0,α0,H0 (image size (210, 210)), with parameters α0 = 1 (◦), α0 = 0.8 (∗)
and α0 = 0.6 (·). (b) Estimations of EσBS(α̂)/σMC(α̂) as a function of H0,
for α0 = 1 (◦), α0 = 0.8 (∗) and α0 = 0.6 (·).

To practically perform the rotation of θ on the image 422

of analysis, a nearest neighbor interpolation is applied. The 423

procedure is totally automated and no human supervision is 424

needed. 425

2) Illustrations and Performance: To assess the perfor- 426

mance of the joint three-parameter estimate procedure, Monte 427

Carlo numerical simulations are conducted, and biases and 428

standard deviations are computed from average over 100 429

realizations of OSGRF Xθ0,α0,H0 , for various choices of 430

(θ0, α0, H0), and with q = 2. 431

Fig. 5 shows, top row, that the estimation α̂(θ) clearly 432

follows a piecewise linear variation along θ (modeled by 433

the dashed line) and displays clear extrema for θ . θ0 and 434

θ . θ0 + π/2. For θ . θ0, α̂(θ̂ ) and Ĥ(θ̂ ) (bottom line 435

of Fig. 5) provide satisfactory estimates of α0 and H0. For 436

θ = θ̂ + π/2, the estimations are 2 − α̂ and Ĥ . Table I 437

displays the biases, standard deviations and mean square errors 438

for several isotropic and anisotropic OSGRF Xθ0,α0,H0 fields. 439

It can be observed that Ĥ shows more bias when a rotation 440

of the original image is performed. This is likely due to the 441

interpolation procedure that smoothes out data and thus that 442

distorts self-similarity and thus scale invariance at the finest 443

scales. Better estimations for H can be achieved by discarding 444

a few of the finest scales from the linear regression, when 445

image size permits. 446

IV. BOOTSTRAP-BASED ANISOTROPY TEST AND 447

CONFIDENCE INTERVALS 448

In applications, it is often of crucial importance to be able to 449

test the isotropy assumption (i.e., whether α0 = 1 or not) for 450

each single image independently. This theoretically requires 451

the knowledge of the distribution of α̂. Though it is found 452

empirically Gaussian, the variance of the distribution remains 453

unknown and, as suggested in Section III-A and Fig. 4, it 454

depends not only on the sample size N but also on the 455

unknown parameter α0 itself. Asymptotic Gaussian expansions 456

for the computations of the theoretical variance of α̂, in the 457

spirit of those proposed for fractional Brownian motion in 458

e.g., [40], have been observed to perform poorly (not reported 459

here). Instead, it is proposed to apply non parametric bootstrap 460

procedure in the HWT coefficient domain, in the spirit of 461
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the procedures developed and assessed in [30], [41]–[43].462

This procedure is detailed in the next section while the463

corresponding bootstrapped based isotropy test is defined and464

assessed in Section IV-C.465

A. Bootstrap Resampling Schemes466

In a nutshell, nonparametric bootstrap makes use of avail-467

able samples, many times, by a drawing with replacement pro-468

cedure, to yield an approximation of the unknown population469

distribution. In turn, this estimated population distribution is470

used to construct confidence intervals or test (cf., e.g., [44]471

and [45]).472

For the present work, following [30], the resampling proce-473

dure is applied in the HWT coefficient domain. Because HWT474

coefficients do not consist of independent random variables,475

but possess a residual correlation, a time-block bootstrap476

procedure is used: At each octave j , block of size l of HWT477

coefficients are drawn randomly with replacement. This yields478

a set of bootstrapped HWT coefficients d∗
X ( j, k), from which479

bootstrap estimates α̂∗ and Ĥ ∗ of α0 and H0, respectively, are480

obtained.481

This procedure is repeated R times, and the population482

distribution of α̂ and Ĥ are inferred from the boostrap esti-483

mates α̂∗,r and Ĥ ∗,r , r = 1, . . . , R, notably variances can be484

estimated.485

B. Bootstrap-Based Estimates of Variance486

It has been found empirically that l need not depend on487

octave j and can be kept small. As documented in [30], l is488

set to twice the size of the support of the mother wavelet (e.g.,489

for a Daubechies3 wavelet used here l = 6), as correlations490

amongst HWT coefficients is found to remain significant491

essentially over a space-scale controlled by the size of the492

wavelet support.493

Fig. 6 compares the standard deviations of Ĥ (left) and494

α̂ obtained from 100 Monte Carlo simulations for anisotropic495

fields (of size 210×210) against those obtained by the bootstrap496

procedure (with R = 100 for each of the 100 Monte Carlo497

simulations). Fig. 6 shows that the ratios σBS(Ĥ )/σMC(Ĥ) and498

σBS(α̂)/σMC(α̂) depend neither on α0 nor on H0 and remain499

close to 1, with a slight overestimation (from 10 to 20%) for500

the former and quasi perfect match for the latter. Equivalent501

conclusions are drawn from different sample sizes N . These502

results indicate that the bootstrap estimates of the variances503

provide valuable approximations of the true variances of Ĥ504

and α̂. Together with the Gaussian distribution empirical fact,505

this yields very satisfactory confidence intervals for Ĥ and α̂.506

C. Test Procedure and Performance507

1) Test Procedure: To test isotropy in a given image, the508

null and alternative hypothesis respectively read:509

H0 : α0 − 1 = 0, and HA : α0 − 1 '= 0. (16)510

Let us assume first that θ0 ≡ 0. The test procedure can be511

decomposed as follows:512

- Estimate α̂, as proposed in Section III-A.513

Fig. 7. Anisotropy test. a) Histogram of α̂MC (light gray) and of α̂BS
(black) for OSGRF X0,α0,H0 (image size (210, 210)), with α0 = 0.75
(a) and α0 = 1 (b). Right plot (c) shows the rejection level of the test (with
a significance level of 90%) obtained for R = 100 bootstraps, averaged on
100 realizations of X0,α0,H0 , with H0 = 0.3 (◦), 0.5 (!) and 0.7 (").

- Apply the resampling scheme described in Section IV-A 514

above to the HWT coefficients of Xθ0,α0,H0 and construct 515

the bootstrap distribution estimate of α̂ from the boostrap 516

estimates α̂∗,r , r = 1, . . . R. 517

- Set the test significance level δ for the test. 518

- Because when θ0 ≡ 0, there is no reason to decide 519

a priori that the true α0 will depart from 1 by being 520

larger or smaller, a bilateral symmetric test is constructed. 521

Assuming a normal distribution for α̂, the bootstrap- 522

based standard deviation estimation σ ∗ is used to con- 523

struct the equi-tailed and symmetric acceptance region 524

[−tδ/2σ ∗, tδ/2σ ∗], where tδ/2 denotes the δ/2-th quantile 525

of the zero-mean unit variance Gaussian distribution. 526

- Alternatively, the p-value of the test can be measured as 527

the minimum between P(α̂∗ < α̂(θ̂)) and 1 − P(α̂∗ > 528

α̂(θ̂ )), divided by 2. 529

2) Test Performance: To assess the validity and performance 530

of the proposed test, it has been compared against Monte Carlo 531

simulations, based on 100 independent copies of OSGRF 532

Xθ0=0,α0,H0 with various parameter settings and for image 533

size 210 × 210. Fig. 7a) and 7b) compare the histograms of 534

the estimates of α0 stemming from Monte Carlo simulations 535

against those obtained from bootstrap estimates α̂∗, from a 536

single realization, chosen arbitrarily, for anisotropic (a) and 537

isotropic (b) fields. For both cases, distributions are found to 538

be in satisfactory agreement. These figures also show that α̂ 539

can only take discretized values, because of the finite sample 540

size of the image, as discussed in Section III-A2. 541

In Fig. 7-c, the significance level of the test has been 542

arbitrarily set to δ = 0.9 and the rejection level of the 543

bootstrap test (R = 100) has been computed as average 544

over 100 independant Monte Carlo realizations of OSGRF 545

Xθ0=0,α0,H0 for various parameter settings. When α0 = 1, 546

OSGRF is isotropic and the rejection level β is, as expected, 547

found to satisfactorily reproduce the prescribed significance 548

level 1 − δ = 0.1: β̂ = 0.13, 0.15 and 0.12 respectively for 549

H0 = 0.7, 0.5 and 0.3. When α0 '= 1, OSGRF is anisotropic 550

and the rejection level β measures the power of the test. 551

Interestingly, it is found that the estimated power does not 552

depend on H0, is symmetric for α0 above and below 1 and 553

mostly that it increases sharply when α0 departs from 1. 554
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TABLE I

BIASES, STANDARD DEVIATIONS AND MEAN SQUARE ERRORS

OBTAINED FROM 100 INDEPENDENT COPIES OF OSGRF Xθ0,α0,H0

(IMAGE SIZE (210, 210)). THE RIGHT COLUMN REPORTS THE

CORRESPONDING REJECTION RATE OF THE ANISOTROPY TEST

DESCRIBED IN SECTION IV-C3, WITH R = 100 BOOTSTRAP

SURROGATES. THE SIGNIFICANCE LEVEL IS SET TO 1 − δ = 10%

This is thus indicating a strong potential to detect anisotropy555

even for small departure of α0 from 1.556

3) Test Procedure for θ0 '= 0: When θ0 is unknown and557

needs to be estimated, the procedure to test isotropy must be558

slightly amended, as follows:559

- Apply estimation procedure for θ0, α0, H0 as in560

Section III-B.561

- For θ̂ , store the estimate α̂(θ̂) and the rotated field X̃ θ̂ .562

- Apply the resampling scheme described in Section IV-A563

above to the HWT coefficients of X̃ θ̂ and construct the564

bootstrap distribution estimate of α̂ from the boostrap565

estimates α̂∗,r , r = 1, . . . R.566

- Set the test significance level δ for the test.567

- Because the estimated α̂ necessarily takes values in [0, 1]568

a monolateral test must be constructed and the acceptance569

region is thus defined as: [−tδσ ∗, 1].570

- Alternatively, the p-value of the test can be computed as571

P(α̂∗ < α̂(θ̂)).572

Table I (right column) reports the rejection rates of the573

procedure applied to several anisotropic and isotropic OSGRF574

Xθ0,α0,H0 fields of size (210, 210). For isotropic cases, the575

rejection rates matches closely the significance level, as576

expected. For anisotropic fields, the power of the test is found577

very high as soon as α0 departs, even slightly, from 1.578

V. OTHER ISOTROPIC AND ANISOTOPIC RANDOM FIELDS579

So far, the analysis (estimation and test) procedures pro-580

posed here were applied only to the OSGRF Xθ0,α0,H0 ,581

defined in Section II-A, and chosen as a convenient reference582

model, with three parameters accounting jointly for rotation,583

(an)isotropy and self-similarity. However, one can naturally584

wonder whether the isotropy test described above would sat-585

isfactorily perform to detect anisotropy for other models, i.e.,586

whether α̂ = 1 or not. In this section, a number of isotropic587

and non isotropic self-similar models commonly encountered588

in the image processing and statistics literature are used to test589

the level of generality of the approach proposed here.590

TABLE II

Isotropie test: Rejection rates. OBTAINED FOR THREE DIFFERENT

CLASSES OF FIELDS (FROM R = 100 BOOTSTRAPS ON EACH OF THE 100

1024 × 1024 REALIZATIONS, SIGNIFICANCE LEVEL OF δ = 90%)

A. Random Fields 591

1) Another OSGRF: In [46], another interesting instance 592

of OSGRF has been explored. It is defined from Eq. (1) 593

with: 594

f (ξ ) = (|ξ1|2 + |ξ2|2a)−β, (17) 595

where β = H1 + (1 + 1/a)/2 and a = H2/H1 for 0 < H1 < 596

H2 < 1. This process resembles OSGRF Xθ0,α0,H0 , in Eq. (2), 597

with α0 = 2a/(1 + a), H0 = 2a H1/(1 + a) and θ0 = 0. It is 598

thus anisotropic as soon as a '= 1. 599

2) Extended Fractional Brownian Fields: Another class of 600

possibly anisotropic Gaussian fields, referred to as Extended 601

Fractional Brownian Fields, was first introduced in [18]. Its 602

definition, X f (x) =
∫
R2(ei〈x , ξ〉 − 1) f (ξ )1/2dŴ (ξ) , relies on 603

an admissible function f of the form: 604

f (ξ ) = |ξ |−2h(arg(ξ))−2, (18) 605

where arg(ξ) is the direction of the frequency ξ and h an 606

even, measurable, periodic function taking values in (0, 1). 607

Fractional Brownian field is a particular and isotropic case 608

of EFBF, where h is a constant function, but EFBF, is in 609

general anisotropic when h is not a constant function. Strictly 610

speaking, EFBF is not exactly selfsimilar (except in cases 611

where h is a constant function). However, EFBF shows scale 612

invariance properties that are empirically close to those of 613

strictly selfsimilar fields. Fig. 8-a shows a sample field of 614

anisotropic EFBF, with 615

h(arg(ξ)) = H2 × (cos(2 × arg(ξ)) + ε)2/(1 + ε)2, (19) 616

where ε = 1 + 2
√

H1/(H2 − H1). Function h is π-periodic 617

and takes values in [H1, H2]. Fig. 8-c shows one sample-field, 618

obtained with parameters H1 = 0.2 and H2 = 0.8. 619

3) Fractional Brownian Sheet: Fractional Brownian Sheet 620

(FBS), introduced in [47], provides another class of 621

(an)isotropic self-similar Gaussian field. It can be defined 622

through its harmonizable representation, for any (H1, H2) in 623

(0, 1)2 (see [48]) : 624

BH1,H2(x) =
∫

R2

(ei<x1,ξ1> − 1)(ei<x2,ξ2> − 1)

|ξ1|H1+ 1
2 |ξ2|H2+ 1

2
dŴξ1,ξ2 ,

(20) 625

where dWx1,x2 is a Brownian measure on R2 and dŴξ1,ξ2 its 626

Fourier transform. FBS is a Gaussian field with stationary rec- 627

tangular increments, satisfying the following scaling property 628

∀(a1, a2) ∈ (R∗
+)2

629

{BH1,H2(a1x1, a2x2)} L= {a H1
1 a H2

2 BH1,H2(x1, x2)} . (21) 630
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Fig. 8. Other (an)isotropic selfsimilar Gaussian fields. Left column, sample
fields with (H1, H2) = (0.2, 0.8) for OSGRF (top), EFBF (middle), FBS
(bottom). Right column, Ĥ (α) obtained for averages over 100 realizations,
with H2 = 0.8 and H1 = 0.8 (◦), 0.6 (.), 0.4 (!) and 0.2 ("). Ĥ(α) clearly
shows a maximum for α '= 1 when fields are anisotropic.

B. Testing Anisotropy631

The estimation and test procedures described above were632

applied to these three classes of fields, for various setting633

of [H1, H2]. Estimated function Ĥ (α), averaged over 100634

realizations (size 210 × 210), are reported in Fig. 8, right635

column. Isotropy rejection rates, obtained from R = 100636

bootstrap surrogates for each of the 100 realizations, are637

reported in Table II.638

For the three classes of fields, when H1 '= H2, it is observed639

that Ĥ(α) has a maximum for α that clearly departs from640

1 and simultaneously that the isotropy rejection rates are far641

larger than the chosen 1 − δ = 10% significance level of the642

test. This is the case even for as small discrepancies between643

H1 and H2, as H2 − H1 = 0.2. These results clearly show that644

the proposed procedures clearly detect anisotropy.645

For EFBF, it is reported in [46] that the test anisotropy646

proposed therein failed to detect anisotropy (i.e., test reject647

in 0% of cases), when H1 = 0.5 and H2 = 0.7. Trying as648

careful a comparison as possible, using the same model and649

parameter setting, it is found that the bootstrap test described650

in Section IV-C, yields rejection of isotropy, with the 1− δ =651

10% significance level, in 42% of cases, hence showing a652

much improved power (cf. Table II).653

Fig. 9. (a) Isotropic self similar field (θ0 = 0, H0 = 0.5, α0 = 1) to which
a sine wave is superimposed along direction π/8; (b) Anisotropic self-similar
fields with (θ0 = π/8, H0 = 0.5, α0 = 0.6). α̂ (c) and Ĥ (d) as function of
the angle analysis θ . The symbols (.) denote the results obtained for the field
in (a) and the (◦) for the field in (b).

Conversely, for H1 = H2, it is observed for EFBF 654

and OSGRF that Ĥ(α) has a maximum for α = 1 and 655

simultaneously that the isotropy rejection rates reproduces the 656

targeted significance level, hence confirming that these fields 657

are isotropic. For FBS, Ĥ (α) remains flat for all αs, while the 658

rejection rates are higher than the targeted significance level, 659

this is thus questioning isotropy of FBS, even when H1 = H2, 660

a theoretically open issue. 661

C. Anisotropic Field With Superimposed Regular Texture 662

To finish, let us come back to the original issue disentan- 663

gling self-similar with a true built-in anisotropy from isotropic 664

selfsimilar processes to which an unrelated anisotropic texture 665

is additively superimposed. To address this issue, let us com- 666

pare a truly isotropic OSGRF Xθ0=0,α0=1,H0=0.5, as defined 667

in Eq. (2), to which a sine waveform trend, with orientation 668

π/8 is additively superimposed (Fig. 9-a) to a truly anisotropic 669

OSGRF Xθ0=π/8,α0=0.6,H0=0.5. The estimation and test proce- 670

dures described above are applied to 100 realizations of both 671

fields, and α̂(θ) and H (θ) are displayed in Fig. 9c and d, 672

respectively. For the truly anisotropic field (◦), α̂(θ) displays 673

a visible minimum for θ̂ = θ0, with estimated anisotropy (α̂ = 674

α(θ̂) = 0.66) and selfsimilarity (Ĥ(θ̂) = 0.36) parameters in 675

satisfactory agreement with the true ones (◦ in 9d). This is 676

thus suggesting a possible anisotropy. For the isotropic field, 677

to which the directional sine wave trend has been additively 678

superimposed, α(θ) shows no clear minimum and instead a 679

rather constant behavior in θ is observed, thus leading to 680

conclude that anisotropy, clearly visible by eye on the sample 681

field, is superimposed to rather than built within self-similarity. 682

This example suggests encouragingly that the proposed 683

procedure can serve to analyze self-similarity in presence of 684
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anisotropy and may also help to disentangle self-similarity685

with built-in anisotropy from isotropic self-similarity with686

additively superimposed unrelated anisotropic trends.687

VI. CONCLUSION688

The present contribution aimed at studying images or689

fields where self-similarity is potentially tied to anisotropy.690

Replacing the standard 2D-DWT with the HWT, thus per-691

mitting to use different dilation factors along horizontal and692

vertical directions, enabled us first to estimate the rotation693

and anisotropy parameters. In turn, this permitted a correct694

estimation of the self-similarity parameter along the estimated695

anisotropy direction. This direction selection would not be696

permitted by the use of the sole 2D-DWT coefficients and697

thus constitutes the major benefits of the use of the HWT, and698

therefore the key feature of the present contribution.699

Additionally, bootstrap based procedures, performed in the700

HWT coefficient domain, supply confidence intervals for the701

estimates and an isotropy test, that can be applied to a single702

image.703

Though studied in depth for a specific Gaussian self-similar704

model, the proposed analysis is shown to enable the detection705

of anisotropy for a large variety of classes of Gaussian self-706

similar fields. Also, the proposed procedure can be used to707

help discriminating between self-similarity with true built-in708

anisotropy and isotropic self-similarity to which an anisotropic709

trend is added, this will be further investigated.710

Extensions of the applicability of the present method or711

further developments geared towards the analysis of more712

general classes of fields modeling. Textures with scale invari-713

ance, that are not necessarily exactly self-similar and that may,714

weakly or significantly, depart from Gaussian distributions, are715

under current investigations. Notably, this study paves the way716

toward the far more difficult topic of multifractal analysis and717

formalim in presence of anisotropy, to which future efforts718

will be devoted.719

MATLAB routines, designed by ourselves, implementing720

field synthesis and parameter estimation and test will be made721

publicly available at the time of publication.722
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