Annales Mathematiques Blaise Pascal 0, 0-0 (2001)

Random Processes with Discrete Scale Invariance: Methods of Synthesis

Pierre Borgnat, Patrick Flandrin

Pierre-Olivier Amblard

Abstract The property of Discrete Scale Invariance is considered here for stochastic processes, and we relate it to cyclostationarity by means of the Lamperti transformation. Most of the present article is afterwards devoted to the problem of synthesis of DSI sequences. Several approaches for synthesis of discrete-time random sequences are described and illustrated: models with stationary increments, or models built on fractional difference equations.

1 Stochastic Discrete Scale Invariance

Discrete Scale Invariance (or DSI) was proposed by Sornette and co-authors as relevant when one tries to go beyond scale invariance in many physical systems: geophysics, growth phenomena, critical systems [14]. A deterministic signal or figure is said to have discrete scale invariance if it is invariant only by dilations of a certain preferred scale factor, for example the Cantor middle-third set has DSI with scale factor 3. Whereas Sornette et al. studied DSI in a deterministic framework, seeking log-periodic oscillations as its main signature, we will directly study it in a stochastic context.

The proper scale invariance for stochastic processes is defined as selfsimilarity by means of the dilation operator D_{H,k}. A process {X(t), t > 0} is said to be self-similar of index H (noted “H-ss”) if, for any k > 0, (D_{H,k}X) (t) = k^{−H} X(kt)^d= X(t), t > 0. A weakened version of this property is to assume only one preferred scale factor, and introduce as such the stochastic DSI: a random process {X(t), t > 0} has Discrete Scale Invariance of index H and of scaling factor λ (noted “(H, λ)-DSI”) if (D_{H,λ}X) (t)^d= X(t), t > 0. We have advocated elsewhere the use of the Lamperti transformation, a known means to connect stationarity and self-similatity, and to study various situations where a complete scale invariance is not expected [3, 6]. We first recall how this transformation enable a description of stochastic DSI from a theoretical point of view.

2 Lamperti Transformation: Connecting DSI and Cyclostationarity

Theorem 2.1: [10] If {X(t), t > 0} is H-ss, then { ( L_H^{−1}X ) (t) ^=e^{−Ht}X(e^t), t ∈ R}, is stationary. Conversely, if {Y (t), t ∈ R} is a stationary process, then {(L_H Y ) (t) ^= t^H Y (log t), t > 0} is H-ss.

We have shown in [6] that the result can be generalized to study problems with incomplete or broken scale invariance. The point is that, provided that we define the time-shift operator as (S_τ Y ) (t) ^=Y (t + τ), the Lamperti transformation insures that for any k > 0: L_H^{−1} D_{H,k} L_H = S_{log k}.

DSI can be seen as a periodicity of the statistics in the scale domain so that the inverse Lamperti transformation maps this property on the equivalent one regarding time-shifts: periodicity in time of a process. That is known as cyclostationarity, and its definition is the following: A process {Y (t), t ∈ R} is said to be cyclostationary [9, 7] of period T (“T - cyclostationary”) if {Y (t + T ), t ∈ R}^d= {Y (t), t ∈ R}. The result follows.

Theorem 2.2: [3] If {X(t), t > 0} has (H, λ)-DSI, then {(L_H^{−1}X)(t), t ∈ R} is cyclostationary of period log λ. Conversely, if {Y (t), t ∈ R} is T - cyclostationary, {(L_H Y )(t), t > 0} has (H, e^T )-DSI.

The correlation function of a cyclostationary process is periodic and admits a representation as a Fourier series. Using L_H , the covariance of the transformed process is expressed as R_X (t, s) = (st)^H R_Y (log t, log s). We then have a second-order characterization of DSI processes. This allows us to write the general form of the covariance of processes with DSI:

Proposition 2.3: Let {X(t), t > 0} be a (H, λ)-DSI process. Its covariance

reads R_X (t, kt) = k^H t^{2H} +∞∑ n=−∞

C_n(log k)t^{i2πn/ log λ}.

This framework is fine to deal with continuous-time processes but some adaptations are needed for discrete-time random sequences. We study spe-

Random Processes with DSI

cific means to deal with discrete-time systems and DSI. Note that one may simply generate sequences with DSI by using Lamperti transform on a cyclostationary sequence sampled at times t = nq, with n ∈ Z. Resampling the transformed sequence from the geometrical times e^t = (e^q)^n to a regular sampling gives the looked-for sequence. We propose hereafter direct means without resorting to resampling.

3 Synthesis of random sequences with DSI

3.1 DSI and Stationary Increments

There exist processes X(t) that have both (H, λ)-DSI and stationary increments, written s.i., namely the stationnarity of the increment process {X(t + τ) − X(t), t ∈ R} . A first example is the Weierstrass-Mandelbrot functions [1, 5]. These are approximations with broken symmetry of the fractional Brownian motion, which is known to be H-ss and with stationary increments. As methods to synthetise stationary sequences from their correlation are well known (Choleski factorization, Levinson algorithm or circulant matrix method) [4, 13], a first model is to study processes with s.i. and DSI.

The Weiertrass-Mandelbrot function which turns out to have both DSI and s.i. reads W_{H,λ}(t) =

∑_{+∞}

n=−∞ λ

−nH (1 − e^{iλnt})e^{iϕn} . If the phases ϕ_n are random, i.i.d. and uniformly distributed in [0; 2π[, W_{H,λ}(t) has (H, λ)-DSI in a stochastic way, and its increments V_{H,λ,τ} (t) = W_{H,λ}(t + τ) − W_{H,λ}(t) are stationary with respect to t. Both properties follow from the following forms of the correlation functions [1, 5]

R_W (t, s) = ∑ n λ^{−2nH} (1 + e^{iλn(t−s)} − e^{iλnt} − e^{−iλns}), (3.1)

R_{VH,λ,τ} (t, s) = 2 ∑ n λ^{−2nH} (1 − cos λ^nτ)e^{iλn(t−s)}. (3.2)

Some generalization of W_{H,λ}(t) has the form W_{gH,λ} (t) = ∑ n λ^{−nH} (g_n(0; ω)− g_n(λ^nt; ω)) where g_n(·; ω) is a random function. If we impose that the increments of W_g are stationary, we obtain a functional equation on g that is not easily solved. We prefer to suppose directly that there exists a function G such that E { g_n(t; ω)g_m(s; ω) } = G(t − s)δ_{n,m}. The knowledge of G is sufficient to generate X. Consequently, one model proposed is to use the

Figure 1: Left: the deterministic Weierstrass function, where the scale periodicity is

apparent (λ = 4, H = 0.5). Middle: process with DSI and s.i. defined as explained in the text, with λ = 1.2 and H = 0.5. On the right, the estimated DSP makes obvious the DSI (here we chose a simple model where G has a band-limited spectrum, thus peaks in the DSP are visible, spaced in λ^n).

stationary generator Z_τ (t) = X(t + τ) − X(t) defined by its correlation function R_{Zτ} (t, t + k) = ∑ n λ^{−2nH} {G(λ^n(k + τ)) + G(λ^n(k − τ)) − 2G(λ^nk)} , and synthetized by means of a correlation synthesis method. τ defines the sampling period and we recover X(t) by cumulative summing of Z_τ . The figure 1 gives an example of the process, alongside with the original determistic W_{H,λ} function.

3.2 Methods from difference equations

Euler-Cauchy system with DSI.

Proposition 3.1: The stationary ARMA process Y (t) defined from ∑_p

n=0 α_nY^{(n)}(t) =

∑_q m=0 β_qW^{(m)}(t), where W (t) is white noise, has an Hss Lamperti counterpart, referred to as an Euler-Cauchy (EC) process [15], which is solution of an equation of the following form, for t > 0 ∑_p

n=0 α^′_nt^nX^{(n)}(t) =

∑_q

m=0 β^′_qt^qW̃^{(m)}(t), with W̃ (t) = t^{H+1/2}W (t). Note that E { W̃ (t)W̃ (s) } = σ^2t^{2H+1}δ(t − s).

Nonstationary ARMA systems are a convenient framework for modelling cyclostationary systems. The coefficients definig the ARMA system should have a period T , so that: α_n(t + T ) = α_n(t) and β_q(t + T ) = β_q(t). This system is then T -cyclostationary. The Lamperti transform of cyclostationary

Random Processes with DSI

ARMA gives a general expression for a parametric, continuous-time model of DSI processes. It has the expected form of the Euler-Cauchy model, driven by the multiplicative (nonstationary) white-noise W̃ (t), with time-varying coefficients α^′_n and β^′_q which must be log-periodic of period log λ.

Discrete-time Euler-Cauchy systems. Adapting the EC model to discrete time can be done by calculating the coefficients of a first-order system: X_k = a_kX_{k−1} + e_k. We focus on this model model because p-order systems are equivalent to p independant first order systems in parallel [12]. A discretization scheme was proposed in [12] for H-ss models, by means of the propagator of the equation, solution of

∑_p

n=0 α^′_n(t)t^n∂^nG(t, u)/∂t^n = δ(t−u), with G(u, u) = 1. This gives the general solution

X(t_k) = G(t_k, t_{k−1})X(t_{k−1}) +

∫_{tk}

t_{k−1}

G(t_k, u)

(_q ∑ m=0 β^′_q(u)u^qW̃^{(m)}(u) ) du. (3.3) For first order EC systems with DSI, the system is written as dX/dt + a(t)X(t)/t = σ(t)W̃ (t)/t and the propagator has the exact form

G(t, u) = e^{− R tu a(v)dv/v} = (u t )_{c0} F (t)

F (u)

, with F (u) = ∏ n≠0 exp ( ic_n log λ 2πn u^{i2πnlog λ} ) , (3.4) where c_0 and F derive from the expansion of a(t)/t on a Mellin basis: a(t)/t = ∑ n∈Z c_nt^{−1−i2πn/ log λ}. Identifying the coefficients of the model with (3.3), assuming a discretization t_k = t_{k−1} + τ, the parameter in the discretetime model is a_k = G(t_k, t_{k−1}) and e_k is white noise given as: e_k =

∫_{tk}

t_{k−1}G(tk, u)σ(u)W (u)u

H−1/2du, whose nonstationary variance comes

from (3.3), r.h.t., E {e_ke_k} =

∫_{tk}

t_{k−1} |G(tk, u)|

2|σ(u)|^2u^{2H−1}du.

The explicit calculation of the correlation R_X of X_k proves the DSI property of the sequence because it reads

R_X (t, s) =

∫_{min(t,s)}

t_0 ( t s u^2

)_{−c0}

|σ(u)|^2

F (t)F (s) |F (u)|^2 u^{2H−1}du

+G(min(t, s), t_0)E { X(t_0)^2 } . (3.5)

Assuming that the system is stable (G(t, t_0) −→ 0 when (t − t_0) −→ +∞), the initial condition will be forgotten and the correlation function of the process will satisfy the discrete scale invariance if (t, s) −→ ∞. An alternative

Figure 2: Left: a snapshot of a realization of discrete-time EC system (λ = 1.05,

H = 0.2); a visual guide displaying the synchronization of the log-periodic oscillations is pictured. Right: the estimated variance of the process (on 1024 realizations); the DSI appears clearly as log-periodic oscillations, superimposed on the overall growing in t^{2H} (dashed curve) of this nonstationary model.

assumption to prove this might be that X(t_0) has the convenient distribution (zero-mean and a specific variance) for t_0 to disappear in the expression of the covariance [12]. In both cases, as σ, a and F are log-periodic functions, we have R_X (λt, λs) = λ^{2H} R_X (t, s) and the model has (H, λ)-DSI. This model is simulated in figure 2.

Models from fractional differencing Lastly a model closely related to EC systems uses fractionnal diffference operator as d^{H+1/2}X_{BA}(t)/dt^{H+1/2} = W (t). The solution is the Barnes-Allan model, a good approximate of a fractional Brownian motion [11]. The fractional integral part accounts for the H-ss behaviour. We introduce DSI by remplacing the input noise by h(t) with DSI for H = 1/2 and a preferred scale ratio λ. The model is then

X_{BA}(t) =

∫_t 0 |t − u|^{H−1/2}h(u) du, E { h(λt)h(λs) } = λ^{−1} E { h(t)h(s) } and h(t) = W (t) ∑ n∈Z c_nt^{i2πn/ log(λ)}.

(3.6) From the fractional derivative of this continuous-time representation of a DSI process, it comes d^{H+1/2}X_{BA}(t)dt^{H+1/2} = h(t) = W (t) ∑ n∈Z c_nt^{i2πn/ log(λ)}.

A suitable discrete-time equivalent of the fractional difference operator is the last step towards a DSI random sequence. We use classical Granger- Joyeux [8] equivalent of d^α/dt^α, given by the binomial expansion of (1−B)^α.

Random Processes with DSI

B is the backward operator for sequences (BX_k = X_{k−1}), and the fractional difference is then (1 − B)^α = 1 +

∑_∞ k=1 Γ(k−α) Γ(−α)Γ(k+1) B

k. Note that, as the fractional difference operator is stationary, this model has only approximate DSI. This model was used in [2] to illustrate the possibilities of analysis of random sequences with DSI by means of Lamperti transformation and cyclostationary tools. We refer the reader to this article for comments on the analysis part.

4 Conclusion

We have detailed here some efficient methods to generate random sequences with the property of Discrete Scale Invariance. One application of the proposed framework for stochastic DSI, and consequently of the proposed methods of synthesis, is to refine the ways of analysis of DSI and estimation of H and λ. The approaches described elsewhere [2] need further developments and on objective of the described models was to offer benchmarks to refine the analysing tools.

References

[1] M. Berry and Z. Lewis. Proc. R. Soc. Lond. A, 370:459–484, 1980.

[2] P. Borgnat, P. Flandrin, and P.-O. Amblard. In IEEE Workshop on Stat. Signal Proc. SSP01, pages 66–69, 2001.

[3] P. Borgnat, P. Flandrin, and P.-O. Amblard. IEEE Signal Proc. Lett., 9(6):181–184, 2002.

[4] J.-F. Coeurjolly. Inférence statistique pour les mouvements browniens fractionnaires et multifractionnaires. PhD thesis, Univ. Joseph Fourier, Grenoble, 2000.

[5] P. Flandrin and P. Borgnat. Appl. Comput. Harmon. Anal., 15:134–146, 2003.

[6] P. Flandrin, P. Borgnat, and P.-O. Amblard. From stationarity to selfsimilarity, and back : Variations on the Lamperti transformation. In G. Raganjaran and M. Ding, editors, Processes with Long-Range Correlations: Theory and Applications. Springer-Verlag, 2003.

[7] W. Gardner and L. Franks. IEEE Trans. on Info. Theory, IT-21(1):4–14, 1975.

[8] C. Granger and R. Joyeux. J. of time series analysis, 1(1):15–29, 1980.

[9] H. Hurd. An investigation of periodically correlated stochastic processes.

PhD thesis, Duke Univ. dept. of Electrical Engineering, 1969.

[10] J. Lamperti. Trans. Amer. Math. Soc., 104:62–78, 1962.

[11] O. Magré. Mouvement Brownien fractionnaire : contribution à la modélisation, à la synthèse et à l’analyse. PhD thesis, Université de Nantes, 1996.

[12] E. Noret. Contribution à l’étude de signaux auto-similaires et à mémoire longue au moyen de systèmes linéaires non-stationnaires. PhD thesis, Université de Nantes, 1999.

[13] E. Perrin, R. Harba, C. Berzin-Joseph, I. Iribarrem, and A. Bonami.

IEEE Trans. Sign. Proc., 49(5):1049–1059, 2001.

[14] D. Sornette. Physics Reports, 297:239–270, 1998.

[15] B. Yazici and R. L. Kashyap. IEEE Trans. on Signal Proc., 45(2):396– 410, 1997.

Pierre Borgnat, Patrick Flandrin Pierre-Olivier Amblard ÉNS Lyon ENSIEG Laboratoire de Physique Laboratoire des Images (UMR CNRS 5672) et Signaux (UMR CNRS 5083) 46 allée d’Italie BP 46 69364 Lyon cedex 07 38402 Saint Martin d’Hères France France

pborgnat@ens-lyon.fr,
flandrin@ens-lyon.fr

                               Bidou.Amblard@lis.inpg.fr