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Abstract

In this technical report, we build on the category Cho of concurrent
Hyland-Ong games introduced in [CCW14] and give an intensionally fully
abstract model for PCF, where the strategies interpreting terms behave in
a parallel fashion.

This requires us to generalize to the concurrent case the notions of visi-
bility, innocence and well-bracketing familiar from sequential Hyland-Ong
games. We give an interpretation of terms of PCF as strategies in Cho satis-
fying these conditions (plus determinism). Finally we prove that our model
has the finite definability property, and deduce that its extensional collapse
is fully abstract.
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1 Introduction

The structure of the document is as follows. We build on top of the ~-bicategory
Cho of [CCW14], that we consider already constructed.

In Section 2} we introduce the various conditions on strategies necessary to
prove definability. There are four of them: visibility, innocence, well-bracketing
and determinism. For each of those conditions we show: (1) that it is satisfied
by copycat, and by lifted maps in general — hence ensuring its satisfaction by
structural morphisms of Cho, (2) that it is stable under weak equivalence — so
that it naturally makes sense in the quotient category, (3) that it is preserved
by the limit construction — so that it is satisfied by the fixpoint operator, and
last but not least (4) that it is preserved by composition. Amongst all our con-
ditions, visibility plays a particular role: it structures strategies so that one
can reason on them using the notion of grounded causal chains, which somehow
resemble sequential plays. Innocence and well-bracketing depend on visibil-
ity, in the sense that their proof of stability under composition exploits it. In
the presence of all four conditions, we show that strategies can be represented
more compactly by their reduced forms, which plays the same role with respect
to full strategies as view functions play with respect to extended presentations
of innocent strategies in sequential HO games.

In Section [} we use this development to give the parallel intensionally fully
abstract interpretation of PCF. First we detail the interpretation of PCF in Cho,
and show soundness and adequacy (using standard methods). Then, we show
that strategies on PCF types that satisfy our conditions and whose reduced
form is finite are definable in PCF up to observational equivalence. From there,
it is quite direct to prove that our model is fully abstract.

2 Conditions on strategies

In this section, the conditions we investigate deal with causality and consis-
tency and are completely orthognal with symmetry. We will occasionally refer
to ~-strategies just by strategies.

2.1 Visible strategies

We start by introducing the condition of visibility. In the usual HO game se-
mantics, visibility says that the justifier of any move should appear in its view.
In the following we claim that the right generalization of the notion of view in
our setting is that of grounded causal chains:

Definition 2.1 (Grounded causal chain). If S is an event structure, a gcc of S
is a finite sequence (so,...,sn) of events of S where sy is minimal and we have for



0 <i<n,s; — sj1 wheres — s’ denotes immediate causal dependency: s < s' and
no events in between.

Whereas our strategies are concurrent, gccs are always sequential and alter-
nating. In fact, by courtesy one can see that a gcc is a P-view with an explicit
choice of copy indices.

Note however that although in sequential HO-games, gccs (P-views) are
always causally down-closed, here a Player move could require the conjunc-
tion of several gces to be played. Grounded causal chains represent running
threads and are useful to observe forking (creation of new threads) and joining
(waiting for several threads to terminate and merging them in a single thread).

Notations on gccs  We will use the following notations for gecs:

e gcc(S): the set of gees of S

gee(s) for s € S: the set of gees ending in s

0w Where ¢ € gcc(S) is the last event of ¢

0i<_<j where ¢ € gcc(S) is the sub-sequence of ¢ consisting of ¢;, ..., 0;.
Itis a gcc only if i = 0. We write ¢<; for gg<_<;.

e scofors e Sand o € gee(S) means that s = g; for some i.
e |o] for o € gcc(S) is the length of the sequence
To define visibility, we will need the notion of justifiers:

Definition 2.2 (Justifiers). Let o : S — A be a map of event structures where A is a
forest. Let s € S be an event of the strategy that is not minimal. Because A is a forest,
s has a unique predecessor ay. Since o’|s| is a down-closed set of 1A, ag € o[s] and
by local injectivity we can define the justifier of s (written just(s)) as the unique event
sp < s mapped to ag.

The link justs — s is called the pointer of S (terminology used in for instance
“follow a pointer”)

Because of courtesy, Opponent always points to the last move which is
unique:

Lemma 2.3. Ifo : S — A is a courteous map of event structures to an arena, then
for any non-minimal s € S such that os is negative, just(s) is the unique event s’ € S
such that s’ — s.

Proof. Takeas’' € Ssuchthats’ — s (it exists because s is non-minimal), then by
courtesy we have s’ — s and thus s’ = just s by definition of the justifier. [

In our setting, being visible means that any gcc of a non-minimal event
must feature its justifier.



Definition 2.4 (Visible map). A map of event structures o : S — A (where A is a
forest) is visible when for all s € S and o € gee(s), just(s) € o.

Iterating the definition, we see that the image of any gcc by ¢ is actually a
down-closed subset of A (ie. a configuration because A is conflict-free).

Lemma 2.5. Amap o : S — A is visible iff for all 0 € gcc(S), oo is a configuration
of A.

Proof. (<) Lets € S be a non-minimal event of S and ¢ a gcc of s. We know
that og is a configuration of A, thus it must contain the projection of the justifier
of s. Thus there exists sy € ¢ such that osy = o (justs). Because sy € ¢ we know
that sop < s and by definition we must have that sg is the justifier of s.

(=) Let s be an event. We prove the result on induction on the cardinal of

[s].

e If [s] =1 then s is minimal and for all gcc o € gee(s) we have ¢ = [s] thus
o0 = 0s] is a configuration of A.

o Otherwise we write s the justifier of 5. Let ¢ be a gcc of s and write s, for
the event in ¢ before 5. Because s, < ¢ we know that cgp<_<, is down-
closed. Because ¢ is visible, the justifier of s appears in gp<_«.,. Thus
000<_<w contains [osg] because it is down-closed. Then we conclude by
remarking that.

00 ={0s} Uo0p<_<w = {05} U[0s0] U 0o<_<w = [075] U T00< <0
and the last set is a union of down-closed sets.
O
Visibility of lifted maps We recall that given amap f : !B+ — A+ satisfying

strong-receptivity and courtesy, we can build a strategy written f € Cho(A, B)
as follows (see section 3.6 of [CCW14] for more details):

3
(I?Bl
‘B4 | !B
1AL 'B

Lemma 2.6. Given a arena A, the event structure (C 4 is an arena.

Proof. All the immediate causalities of (C 4 are inherited from A or of the form
(1,a) — (2,a) when a is positive (so negative in A+ and (1,a) — (2,a) when a
is negative. So all immediate causalities are alternating thus (C 4 is alternating.



So we are left to prove that (C 4 is a forest. Assume we have a, 8,7 € (Cy
distinct with & — oy and B — +. If 7y is negative in A+ | B then by courtesy of
@4, we would have @a — @y and @B — @y contradicting the fact that A+ || A
is a forest.

So 7y must be positive, assume for instance ¢ = (2,¢) and ¢ € A. Then we
have three cases depending on the nature of the immediate causalities:

e o =(1,c)and B = (1,c) so a« = § absurd

e &« = (1,¢) and B = (2,b) with b — 4 c. That cannot be because we have

«

B=(2,b)— (1,b) = (1,c) — (2,c) (causal chain in (C4) that contradicts
p—

e = (2,a)and B = (2,b) witha —4 cand b —4 ¢ which is absurd
because A is a forest.

All cases being absurd, (C 4 is a forest and thus an arena. O

From Lemma it is easy to derive that lifted maps (so copycat in partic-
ular) are visible.

Lemma 2.7. Givena f : !B+ — A" strong-receptive and courteous, the strategy f
is visible.

Proof. Let ¢ be a gcc of (Cp. By Lemma we know that (Cp is a forest and
thus ¢ is down-closed in (Cp. ¢ is then a configuration and is mapped to a

configuration in A+ || !B by f as desired. O

Stability under weak equivalence Visibility is stable under weak equiva-
lence

Lemma 2.8. Leto:S — !Aand T : T — A be ~-strategies such that o ~ T and o
is visible. Then T is visible.

Proof. Call p : S — Tand ¢ : T — S the two maps arising from the weak
equivalence. They are both rigid. If ¢ € gce(T), then o is a gec of S, thus
o (o) is a configuration of !A by visibility of ¢. [¢] being a configuration of T
implies that we have the following isomorphism in the symmetry in ! A:

0
o(ylol) = (o]
By using restriction on o (¢([o])) it follows that To € € ('A). O

Parallel composition of visible strategies We now prove that visibility is sta-
ble under parallel composition.

Lemma 2.9. Let 0 : S — !Aand T : T — !B be visible ~-strategies. Then o || T is
visible.

Proof. Let obea gecof S || T. By definition of S || T, either all the elements of ¢
are in S or all in T. We can then apply the visibility of ¢ or T and conclude. O



Limits of visible strategies We now prove that a limit of a chain of visible
strategies is visible. (See Section 4.5 of [CCW14] for more details on limit con-
struction in Cho)

Lemma 2.10. Assume oy < oy < ... is a chain of visible ~-strategies. Then o =
Llien 0i is a visible ~-strategy.

Proof. Let ¢ be a gcc of U;cy Si; where S; is the event structures underlying o;.
0 being finite there exists a j € IN such that ¢ is a gec of S;. 0; being visible we
have that ¢ = 0j¢ is a configuration of !A and ¢ is visible. O

2.2 Visibility in the interaction

We now need to check that visibility is stable under composition. It turns out
that visibility gives fruitful consequences on the structure of the interaction
of two strategies, which are going to be essential. This all follows from the
fact that when calculating the interaction of two visible strategies, a gcc of the
interaction induces two gccs of the two strategies that represent their view of
the interaction. (Related to the notions of P-views and O-views in sequential
games)

In all this section we assume two visible ~-strategies ¢ : S — !A+ and
7 : T — !A, and we consider o ® T their interaction defined as their pullback,
forgetting the polarities:

/@
\

Lemma 2.11. Let p be an event of S® T. Then rt;(just p) = just(7;p).

\/H

Proof. Because 0 ® T(p) = o(mp), p and 71p have the same justifier image.
We have that just(m1p) < mp € mq[p] thus there exists p’ < p such that
mp’ = just 71y p. Moreover,

c®t1(p') =o(mp') = o(justmy(p)) = o(just myp) = o(justp).

Thus by definition of the justifier, p’ = just p and the desired equation holds.
O

Views in the interaction We first show how to extract froma gccof S® T a
gcc of S and a gec of T following the usual notion of views in HO games.



Proposition 2.12. Let ¢ be a gcc in S®T ending at p. There exists two sub-sequences
of o, written ¢ and 0%, both ending at p such that 1110% is a gcc of S and 120" is a

gecof T.
Moreover, if rpp is negative there exists i € IN such that mp0; = just(mz0).

It is to be noted that ¢” and ¢* are not gccsin S® T.

Proof. We proceed by induction on the length of ¢. If ¢ is of length one then we
let both ¢ = 0+ = 0.

If not, if ¢ has length n + 1, write s; for 7110; and ¢; for 7p0;. One of 5,11
or t, 1 must be positive, because ¢ and T play on dual games. For instance,
assume S, 1 is positive. Then by Lemma 2.11 of [CCW14], we get 5,—35,,41.
We let g = 0%,, - Pu+1- By the induction hypothesis, we have indeed that 77107
isagccof S.

If ;41 is minimal, then we can let ¢* = p,, ;1. Otherwise, we need to look at
the justifier of t,,, 1. By visibility of o, we know that o(7r107) € ¢ (A). Because
pn € 07, we have that tt,1 € o(71107). This set is down-closed, so it means
that T(justt) € o(m07), ie. there exists g; € ¢ such that os; = T(justt). Then
Tt; = T(justt) and f; and justt are consistent (they are in 71p[o] which is a
consistent set of S ® T), so t; = justt. Then we let

Q" = 0% Pnt1

By induction and by Lemma 10" is a gec of T. We also proved the last
property of the proposition. O

In the following, we will use the following inductive properties of ¢” and
T

0%
e (0-p)” =q" - p(if mpis positive)

e (0-p)7 = 0<j- p where j is the index of the justifier of 711 p, which exists
(otherwise)

Corollary 2.13. The map o ® T is visible.

Proof. Let p € S® T and ¢ a gcc of p. Assume for instance 711p is nega-
tive. Then, we know by Proposition that there exists i € IN such that
7y (justp) = m0;. Since g; and just p are consistent (both below p) we must
have just p = g; by local injectivity which concludes the proof. O

The forking lemma Visibility has also very interesting consequences on the
structure of the gccs that are going to be very useful later on. Grounded causal
chains are a very good tool to study when the strategies spawns new threads
(forking) and when it waits for threads to terminate (joining).

Definition 2.14 (Sibling ground causal chains). Let S be an event structure and
0, 0’ two consistent gccs on S such that 91 = ¢}. Then ¢ and ¢’ are called sibling gccs,
and the top event ¢; = g; of ¢ N ¢’ is called their divergence. Moreover, if 0, % o'



and o, & o, they are said to be forking. The (necessarily disjoint and non-empty)
segments Q;_and Q;- _are called the branches of the forking gccs.

The divergence of two sibling gccs is the latest point in time where they
met. They can have forked and joined several times before reaching that point.
But after the divergence, if they continue, they are disjoint. We say ¢ and ¢’
diverge (or fork) at ¢; = 0.

Lemma 2.15. Let ¢ be a gcc of S®T, and i< |o| We have 1110%; and 107 are sibling
gccs. If they don't diverge at 71t10;, then they diverge at some positive event.

Proof. We proceed by induction on |g|. If i = |g| they are trivially diverging at
Qi
Otherwise, we have ¢; < 0o and we look at the last event ¢; in ¢ (before

Qw)-

e If ¢9; < ¢j then we can apply the induction hypothesis to ¢<; and 0<;, and
conclude because 71107 extends 71102 j and 7100 € ™0%;-

e If 0; < ¢;, since i # ¢; we must have followed the justifier of 711 0, which
is negative. So 711¢; is positive. We can apply the induction hypothesis
and get that the gees 71107 ; and 7110Z; are sibling gecs. Either they meet
on 710% j and then 0%, and 711¢” diverge at 7110; which is positive so

it is fine. Or they diverge at some positive events and so do 71¢Z; and

st QU.

O

The next lemma is a key lemma to understanding the forks in the interac-
tion. If there is a fork in the interaction, then both players see a fork in their
respective view, and either they see this fork, or they see an Opponent fork (the
divergence is a Player move).

Lemma 2.16 (Forking Lemma). Assume we have two gccs 0, 0" of S®T forking at
p. Then 11107 and 11107 are gccs of S forking either at 7ty p or at a positive event of S,
and the same for 10" and 1150°.

Proof. We proceed by induction on the length of ¢. Let r be the event in ¢“
before ¢.,. We write x for 9<,.
There are two cases:

e If r < g, then we can apply Lemma [2.15/to get that 711X and 711¢" are
sibling gccs. Since r < ¢, and ¢, & 0, 1107 and 710" are forking. Their
divergence is either positive (which is fine) or 7ryr. If it is 71y p but not
7114, it means that r < g < 0., ie. we followed a pointer to get to » which
means that 7717 is positive.

e Otherwise, x and ¢’ are forking gccs, forking at p so we can apply the
induction hypothesis to get that 711 x” and 711¢” are forking gccs, forking
at either 7114 or a positive event. Thus so are 71107 and 710" because

0w & 0. O



Having dealt with the forking behaviour, we can also say things about joins.

Definition 2.17 (Wait event). Let o : S— A be a strategy and o, ¢ two forking gccs
of S. An event s€S is a wait event for ¢ and ¢’ if 0,,—>s and 0|, —»s.

The corresponding diagram is the following;:

0it+1 > Qw

N

>Ql S

S 7

/ /
Qj+1 > 0w

We consider an interaction between visible strategies ¢ : S —A+ and T :
T—A.

Lemma 2.18. Let g, ¢’ be gces of S®T with a wait event p such that 7ty p is positive.
Then mt1p is a wait event for 11107 and 71107, and similarly if 10y is positive instead.

Proof. By Lemma we know that 71107 and 7110 are forking gccs. Since
71 p is positive, we know that both ¢, —p and 0/,—p which is what we wanted.
O

Deadlock-free interaction Visible strategies have deadlock-free interaction
meaning that every bijection of the form x = y induced by ox = Ty is secured.

Lemma 2.19. Let s : S—!A and T : T—!A"L be visible ~-strategies. Let x€%(S)

0
and ye€ (T) and 0 such that ox = ty. Then the bijection ¢ : x=2y induced by 6 is
secured, meaning that the transitive closure of “s<gs' or ps<r@s'” defines an order
on x.

Proof. Tt is enough to show that if we cannot have s <g s’ and ¢s’ <t ¢s at the
same time. Assume it is the case and pick a minimal (s, s')€S? (for the product
order) which satisfies the property above. We look at sy the justifier of s’. By
visibility, it is comparable with s. Moreover, we have 6(c(sp)) = T(just(gs’)).
It means that sy = just(gs’).

e Assume s = sp. Then we have 0s<cs’ and thus 7(¢s)<t(¢s’) and thus
@s<g¢s’ which is absurd.

e Assume s < sp. So we have s < sy and @sy < ¢s’ < @s. So (s,sp) is a
smaller pair satisfying the property which contradicts the minimality of

(s,s).

e Assume sy < s. We can look at the justifier ty of ¢s, and if ¢s’'<t( then
we can conclude by the same argument as above, so we can assume ¢y <
@s’. It means that fp and sy must be negative, and s’ and @s must be
positive. This means that s and ¢s’ are negative and their justifiers (s
and t1) happens right before them. Then (s1, ¢~ 't;) is a smaller pair than
(s,s).



O

Lemma 2.20. Let 0 : S—!A and T : T—!A be visible ~-strategies. Let x€€ (S) and

0
y€% (T) such that ox = ty. Then there exists a configuration z€%¢ (S®T) such that
mz=x and 1pz=2y are symmetries in S and T. Moreover, if 6 is reflexivity, then so
are those equalities.

Proof. We use the bi-pullback property (Proposition 3.16 of [CCW14]). By the
previous lemma, we can build an event structure z which has the same events
as x and y and all the causalities from x and y. So there are maps z—x and
z—1, and we get two maps z—S and z—T that commutes up to symmetry in
A. So by the bi-pullback property we have a configuration of S®T that satisfies
the property we want.

Moreover if 6 is reflexivity, then we can use the pullback property instead
to get what we want. O

Composition of visible strategies We finish this section by proving that vis-
ible strategies are stable under composition.

Lemma 2.21. Let 0 : S — AL || \Band T : T — !B || IC be visible ~-strategies,
then sois T ® 0.

Proof. Since the identity strategy (idy : A — A € Cho(A)) is clearly visible
and visible strategies are stable under parallel composition (Lemma we
have that the interaction (¢ | C)® (A || 7): (S| C)® (A || T) = A | B| Cis
visible (Lemma [2.13).

Let ¢ be a gcc of S © T. By definition, ¢ can be extended to a gcc ¢ of the in-
teraction such that ¢ is a sub-sequence of 9. Then by visibility of the interaction
we know that 0o € € (A || B || C). By definition of g, we have that

(tore= ([ C)o(Aln)@n(A]!C)eE(Al!C)

2.3 Innocence
Innocence in our setting is the inability to join forks started by Opponent.

Definition 2.22 (Normal configurations). A configuration x of a strategy o : S— A
is normal when Opponent points at most once in x to any Player move, i.e. x has a
unique minimal event, and for all s*,s],s5 €x such that s—s; and s—s, we have
S1 = So.

Definition 2.23 (Innocence). A strategy o : S— A is innocent whenever for each
s € S, each prime configuration [s] of S is normal.

10



In particular the following picture is not possible:

) 53
+
51

Notice that innocence is independent of the labelling function ¢
We proceed to prove the basic properties of this notion:

Lemma 2.24 (Innocence of lifted maps). Let f : !BL — AL be strong-receptive
and courteous, f is an innocent strategy.

Proof. It amounts to checking that (C 4 is innocent for any arena A. This is the
case because CCy4 is a forest (Lemma|2.6). O

Lemma 2.25 (Stability by weak equivalence). Innocence is stable by weak equiva-
lence.

Proof. Since weak equivalence maps are rigid and preserve polarities, they pre-
serve normal configurations and prime configurations. O

Lemma 2.26 (Stability by parallel composition). Ifoc: S = !Aandt: T — !B
are innocent ~-strategies, thensoiso || t:S || T — !A | !B.

Proof. Prime configurations correspond to primes of S and primes of T and the
result follows from that fact. O

Lemma 2.27. Assume oy < 01 < ... is a chain of strategies in Cho(A) that are all
innocent. Then o = | |;c 07 is an innocent strategy.

Proof. Lets € | |S. By definition there exists a i € w such thats € S; and thus
[s] is normal in S;. Because S; < S [s] is also normal in S. O

Thanks to the Forking Lemma, proving the stability by composition of in-
nocence is not too hard. However, this requires visibility; indeed innocence is
not stable without visibility.

Lemma 2.28 (Stability by composition). Let o : S — A+ || 'Band T : T —
IBL || IC be visible and innocent ~-strategies. Then T ® ¢ is innocent.

11



Proof. Take a prime configuration [p] € S ® T. Assume it is not normal, then
it means that there are two gecs 0 and ¢’ forking at a positive event and which
have a wait event p. We can complete the gccs to have two gccs of the pullback
0 and ¢’ with a wait event p. Since ¢ and ¢’ fork at a positive visible event, and
positive visible events cannot enable invisible events, g and ¢’ also fork at this
positive event. Assume for instance 711 p is positive. Then by Lemma we
have that 71107 and 7110 fork at a positive event and have 711 P as a wait event,
which contradicts the innocence of ¢ || C.

O

2.4 Well-bracketing
2.4.1 Definition

In usual HO game semantics, well-bracketing is used to ensure that the strate-
gies respect the natural control flow. In particular it rules out the interpration
of control operators that act on the context of evaluation (such as call/cc).
The control flow of the execution is usually modelled by Question/Answers in
HO game semantics and we will use the same ideas here. To do so, we intro-
duce a new kind of arenas: arenas with question-answer labelling. They are pairs
(A,A:A— {Q,A}) of an arena A and a function A assigning to each move of
the arena a Question/Answer labelling such that initial moves of A have label
Q.

To capture exactly the types of PCF, one can add the requirement that an-
swers are maximal events in arenas, but this is not necessary for the stability
under composition of the condition.

We define a new category Cho’ whose objects are arenas with question-
answer labelling, the set of morphisms from (A, A4) to (B, Ap) isjust Cho(A, B).
As Cho, Cho’ satisfies the laws of CCC up to weak equivalence. From now on,
we only consider arenas that are equipped with a Question/Answer labelling.

As for polarities if o : S — !A plays on an arena A with question-answer
labelling, S inherits a Question/Answer labelling so it makes sense to speak of
a question or an answer in S as an event of S whose projection in the game has
label Q or A. We start by giving some standard vocabulary related to questions
and answers:

Definition 2.29. Let o : S — A be a strategy, and a consistent set of event X C S.

o An answer to q € S is an answer a € S such that cq — oa, in particular
justa = g thus every answer of S is the answer of its justifier.

o g is answered in X if there is an answer to q in X
o X is complete if all questions of X are answered in X.

o A question q is pending in X if it is not answered in X

12



o If X is totally ordered by <g, the last pending question of X, if it exists, is the
maximum of the set

{q € X'| q has no answer in X}.

X is then well-bracketed if for every every answer a of X answering to a question
q € X, q is the last pending question in X N [a).

The traditional condition of well-bracketing in HO games would then read
“every gcc of S is well-bracketed as a set of events”. But this is not enough and
not stable under composition in itself, by nature of this concurrent world. This
is because here we have a form of a very generic concurrency which shares
similarity with the UNIX syscall fork. Because there is no conflict between
different answers to the same question in the arenas, a strategy can give several
answers to the same question (as for instance the identity map id4 : !A — !A
viewed as a strategy on !A). An innocent Opponent by receptivity will then
handle all the answers concurrently in separate threads.

Using such a strategy along with communication between threads it is pos-
sible to derive a callcc-like strategy, thus we also need to require the answering
discipline to be affine. Note that this condition will not be not be stable un-
der composition without the first one as fork-like behaviours and callcc-like
behaviours are inter-definable in presence of state and concurrency.

Moreover, we will need to add another condition to forbid joining of threads
with pending questions. Indeed, we want to allow joining of threads only
when they are completed, ie. all questions have been answered. This gives
the definition of well-bracketed strategy:

Definition 2.30 (Well-bracketed strategy). Let o : S — !A be a map of event
structures to an arena A with a Question-Answer labelling. It is well-bracketed when
it satisfies the following conditions:

(a) Every gcc of S is well-bracketed (as a set of events)

(b) If 0 and ¢’ are two distinct sibling gces ending at two positive answers of the
same question, then they are forking and their divergence is positive.

(c) If we have two forking gccs o and o' of S, forking at ¢; = Q;. such that there
exists a wait event for ¢ and o', then the sets 0;_and Q;- ~_are complete.
The condition (b) does not strictly coincide with the condition in the LICS

submission, but is equivalent for the PCF arenas where answers do not justify
questions.

Lemma 2.31. Let 0 : S — A be a visible strategy satisfying well-bracketing.(b) and
0 be a gcc of S. Then ¢ does not have two answers with the same justifier.

Proof. Assume we have two answers g; and ¢; with the same justifier g (con-
sequence of visibility). Then they have the same polarity. If they are negative,
then by courtesy we have that ¢ = ¢;—1 = ¢;j—1 implying i = j which is absurd.
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Otherwise, assume for instance i < j. Then ¢<; and ¢<; are two distinct
gecs that are siblings and both end with an answer to the same question. So
they must be forking which cannot be. O

Lemma2.32. Let o : S — A beavisible strategy satisfying condition well-bracketing.(b).
Then the following are equivalent:

e 0 satisfies well-bracketing.(a)

e condition (a’): For every gcc o of S ending in an answer whose justifier is o,
then the segment 0, -, is complete.

Proof. o If o satisfies well-bracketing (a) and let ¢ be such a gcc. Then g;
is the last pending question at ¢, meaning no questions in g;«_ ., are
pending and thus they are all answered

o Conversely, if 0« <, is complete, then by the previous lemma, ¢; must
be pending at 0« and it must be the last one by completeness.
O

Lemma 2.33 (Stability by weak equivalence). Letoc:S = !Aand T: T — A be
strategies that are weakly equivalent. If o is well-bracketed, then so is T.

Proof. Let (f,g) : S — T be a weak equivalence between ¢ and 7. Because g
preserves labels, it also preserves the Question/Answer labelling of S and T
induced by ¢ and 7. g also preserves justifiers so it preserves the relationship
of “being an answer to”: t is answer to t’ if and only if gt is an answer to gt'.
Thus it implies that g both reflects and preserves the notion of well-bracketing
and the notion of completeness: X is complete in T iff ¢X is complete in S and
similarly for well-bracketing.

Adding the fact that g is rigid and thus preserves gccs, it entails that 7 is
well-bracketed. O

Lemma 2.34. Let o : S — 'Aand T : T — B be well-bracketed strategies. Then
o || T is well-bracketed.

Proof. We check the properties.

(a) Let o be a gcc of S || T. By definition of S || T, ¢ lives in S or T. For
instance, assume g lives in 5. By well-bracketing of ¢ ¢ is well-bracketed

(b) Let ¢ and ¢’ be gces of S || T ending with answers to the same ques-
tion, then they both live in S or both in T and we can conclude by well-
bracketing of o or 7.

(c) Because of the wait event, the forking gccs both live in either S and T and
we can conclude by well-bracketing of ¢ or 7.

O
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Lemma 2.35. Let f : !B+ — A be a courteous and strong-receptive map. Then
f € Cho® (A, B) is well-bracketed.

Proof. We check the properties. We recall that f = 3 25, 1t | !B ﬂ
A+ || !B.

(a) Let ¢ be a gcc of €. For instance, let ((1,4),(1,4)) be a pair of ques-
tion/answer in 9. Write X = {e € 5| (1,9) < e < (1,a)}. If g is posi-
tive, then X = @ and thus complete. If g is negative, X = {(0,4),(0,a)}
which is also complete.

(b) Let ¢ and ¢’ be gecs of (Cip ending at positive answers to the same ques-
tion. Then they fork at the dual of the question, which is positive.

(c) There is no joins in Cp.
O

Lemma 2.36. Assume oy < 01 < ...isachain of strategies that are all well-bracketed.
Then o = | ;N 0; is a well-bracketed strategy.

Proof. All conditions only involve finite configurations or gccs which are finite,
so it is clear. O

2.4.2 Stability under composition

As noticed before, the identity strategy on an arena A is not always well-
bracketed (fails condition (b)), so we consider directly the pullback of the com-
position. We will need visibility to relate the gccs of the interaction with the
gces of the strategies. Leto : S — !A+ || !Band 7 : T — !B+ || !C be visible and
well-bracketed strategies and consider the following pullback:

Slc)e(AllT)

TN

S|C A|T

AllBJC

We write o ® T for the pullback map (S || C)® (A || T) - A || B| C.

It does not make sense to say that o ® T is well-bracketed because condition
(b) mentions polarities and there is no clear notion of polarity on A || B || C.
Conditions (a) and (c) still make sense.

We recall than an event of the interaction is visible if it is projected to A || C
or invisible otherwise

15



Lemma 2.37. Let ¢ be a gcc of the interaction. If w0, is negative and if o; is a
question in the view for o of o such that x = 0~; M ¢” is complete, then o ; is complete.

Proof. By induction on the length of ¢-;. First, since x is complete, ¢, cannot
be a question, it has to be an answer. There are two cases:

e The justifier of g, is after ¢;: call ¢; the justifier. By induction, we have
that 0> ; is complete. Moreover, since 711 ¢; is negative and we have that
0i<_<jN " is complete, we can apply the induction hypothesis to get that
0i<_<j is complete and thus ¢-; is complete.

e The justifier of ¢, is equal to ¢; (it cannot be before by completeness of
0~i M ¢”). Again by completeness, the event g; right before ., has to be
either o; (which then is fine since we have ¢-; = {0 } which is complete),
or an answer whose first projection is positive. We can look at its justifier.
Because 71p0" is well-bracketed, and ¢; € ¢" (by visibility, as it is the
justifier of o, € 07), this justifier o must appear after ¢;. There are three
cases:

- 0; = 0k then ¢0-; = 0j<_<w - 0w S0 We can apply the induction hy-
pothesis to g;«_, to conclude

- i=k—1,then 0-; = 0i«_ <. * 0w SO can also conclude by hypothesis

— otherwise, gx_1 is an answer (if it were a question, it could not
be answered before g, which would contradict well-bracketing of
7). And then we can apply the induction hypothesis to ¢j< ., and
0i<_<j and conclude.

O
Lemma 2.38. o & T satisfies condition (a’) and (c) of well-bracketing.

Proof. e Condition (a’): Let obea gecof (S || C)® (A || T) and (o;,a) be
pair Question/Answer in ¢. Wlog, we can assume ¢ ends at a and 714
is negative. Since 0-; N 0’ = {0} is complete by Lemma we have
that ¢-; is complete as desired.

o Condition (c). Let ¢ and ¢’ be forking gees at ; = ¢ of the interaction and

p a wait event for ¢ and ¢’ with for instance 711 p positive. By visibility
we know by Lemma Then 71107 and 710" are forking with wait
event 711 p. Because 7yp is positive, we know that 71107, and 71102 j are

complete, thus ¢~; and ¢, j are complete by Lemma 2.3
O

Lemma 2.39. 0 © T is well-bracketed.

Proof. We show it satisfies conditions (a’), (b) and (c).
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(@’) Let ¢ be a gcc of S © T ending at an answer. We can complete it into a
gcc of the interaction and apply Lemma to conclude as justifiers of
visible events are visible.

(c) Same reasoning as for (a’)

(b) Assume we have two gces ¢ and ¢ of the pullback ending by two visible
answers to the same question. We write ¢; = ¢; for their divergence. We
need to show it is visible and positive.

(a) Claim: there is a question 4’ in ¢’ that answers the same question as
. ' ; .
a and happens strictly after ¢ i Indeed, because ¢;_ _,, is complete,

the question answered by a is answered in ¢’ by some a’. Clearly a’
cannot belong to ¢ as otherwise, we would have 2 < 4’ by minimal-
ity of a question which is absurd because 4’ is in ¢ so happens before
the fork and thus before a.

(b) Claim: Between Q;- and 4’ no answer points before Q}. Indeed, call

q the question of a and 4’ and assume there is a(, in ¢’ answering g
appearing before a’. Then by a similar argument as before there is
a ap in j_answering qo. Because a is minimal, we have a < ag.
Since ¢, 4" are both in ¢ they are comparable. Assume eg. g < 4.
Then at g, ¢ is pending because its answer (ap) did not occur yet
contradicting the fact that 4 must be the last pending question. See
on the picture:

\ o !
/
.
/
/
I
/
q
(c) If rr1a is visible in S and negative, then by courtesy of o and mini-
mality, the fork must also be the justifier of 2 and thus positive which
is fine. A similar argument can be made if 7pa is visible in T and

negative. We derive an absurdity from the fact that 714 is invisible
and we assume wlog that 7714 is positive.

/
/
/
/
/

P
(=)

\
\ \
\ N
\ N
\
N\
N
N
~
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(d) We call g, the prefix of ¢ ending at 2. We have ¢f = oZ; - q,f - a;, -
...q{ -ay -a™ (polarities are for S). We prove that by induction. The
first element in g, before a has to be a question by well-bracketing
of ¢7, that will be our a;. Since a is positive for S, we have that
this answer is negative. Thus before that in ¢f there is the justifier
to this answer, ie. a question g; happening after the fork by (b).
This question is negative, and has to be preceded (for S) by either
a positive answer a; in ¢ or the fork g;, indeed a question distinct
from g; would be pending at 2 which is absurd because a points
before g;. In the first case we can continue inductively and in the
second case we have a sequence of desired shape.

(e) By (d), we know that ¢; € ¢,” and Q; € Q;/U. Thus we know that ¢f
and ¢ are forking at ¢; and thus ¢; must be positive thus contradict-

ing (d).
O

2.5 Determinism

Since our arenas are conflict-free, it is easy to define the notion of deterministic
strategy:

Definition 2.40. Let o : S — A be a ~-strategy. It is deterministic when every
finite subset of S is consistent. (S is said to be conflict-free)

Lemma 2.41. Determinism is stable under parallel composition and lifted maps are
deterministic.

Proof. 1t is easy to see thatif S and T are conflict-free, then sois S || T, and by
construction (C 4 is conflict-free for any arena A. O

Lemma 2.42. Let 0 : S — 'Aand T : T — A be ~-strategies that are weakly
equivalent. Then if o is deterministic, so is T.

Proof. Write f : S — T and g : T — S for the maps involved in the weak
equivalence. Assume we have a configuration x of T that can be extended by
two events t and ' (necessarily positive by receptivity) such that x U {¢t,'} is
not a configuration of t. There are two cases:

e gt = gt': then we have that x U {t} = fg(x U {t}) = x U {t'}: this contra-
dicts thin because t and t' are positive.

e Otherwise ¢t # gt'. Then f(gx U {gt,gt'}) is a configuration of T, that

t t
extends fgx U {fgt} = xU{t}. Thus x U {t}—OC . Likewise x U {t’}—OC
with x U {t, )} = x U {t/, to}. By restriction, we have x U {t} = x U {t}
thus contradicting again thin.

O
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Lemma 2.43. Let o : S — 'At || 'Band T : T — !B+ || !C be deterministic
~-strategies. Then T © o is a deterministic strategy.

Proof. It follows from the fact that the pullback of two conflict-free event struc-
tures is conflict-free and that conflict in the restriction is inherited from the
conflict of the interaction. O

2.6 Reduced form

In this subsection, we write !t A for the sub-arena of ! A consisting in the index
functions & : [a] — w that map negative events to zero.
In all this subsection, let 0 : S — A be a PCF-strategy.

Definition 2.44. First, we define the reduced form of S to be the event structure
having as set of events:

Sy={s€S|Vs' <s,pol(s') = — = ind(0s) =0}
and causality, consistency inherited from S.

There is no need to equip S;¢ with a symmetry, by the following lemma:

0
Lemma 2.45. If x &g y with x,y € €(Sy), then 6 = id,.
Proof. We prove this by induction on a covering chain:
0p—COH—C ... —CHy
i
for 6, writing x; =g y;. There are two cases, depending on the polarity of the

extension in the symmetry.

(s1,82)

o If 9;—C 0;,1 with pol(s1) = pol(sp) = —, then since 51,5, € S;f we have
ind (¢s1) = ind (¢s2) = 0. By induction hypothesis 6; = idy,. Therefore,
we have:

(051,082)

idax,- —C 0611

so by definition of the symmetry on!A, Ibl (¢s1) = Ibl (¢ sp). But we have
already seen that they have the same index as well, and they have the
same dependency in o x; since symmetries in ! A are order-isomorphisms.
Therefore, 051 = 0 sy. Since 0 is strong-receptive, 51 = s5.
(s1,52) . . .
o If 0;—C 0; 1 with pol(s1) = pol(sy) = +, then we also have by induction
hypothesis that 6; = idy,. So idy, has two extensions:

o (sus1) o (s1s2)
ldxi 4C ldx’- 4C

Since they coincide on the left component and ¢ is thin, we must have
S1 = S2 and 9i+1 = idxi+1'
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O

By definition if s€S;¢ then os€!™ A so by restriction, ¢ induces a reduced
PCF|-strategy oy : Sye—!" A.
Given a reduced form one can recover a PCF|-strategy.

Lemma 2.46. Let 0 : S—!T A be a reduced PCEF|-strategy. Then there exists 0 :

S—!A such that g0

Proof. We need to close o by strong-receptivity. So we build an event structure
S with events, causality as !~ S and no conflict.

Symmetry on S is given as in !~ A: a bijection between configuration of S is
in the symmetry whenever it is an order isomorphism and preserves the label
inS.

The map ¢ will send (&~ : [s~]—w)ES to the event of ! A having ¢'s as label
and indw as copy index. However fora™ : [sT]—w, oa™ is set to have the same
label as os, but copy index an injective function of the index of o(s) and the
copy indices of negative dependencies of « that lie strictly between just « and
«.

7 is locally injective: indeed if there are minimal &, &’ consistent in S such
that o(a) = ('), then we have Ibla = Ibla by local injectivity of . Moreover,
if x and &’ are negative, then it means that we have inda = inda’, hence by min-
imality « = a’. If « and &’ are positive, then we know also that inda = inda’.
By construction, it follows that « and &’ have the same negative dependen-
cies between their justifier to themselves, but they have the same justifier since
(a) = (), therefore « = a’. The other axioms of maps of event structures
are easily verified, and symmetry is preserved.

Courtesy is easily checked because a—«’ induces Ibla—Ibla. Strong-receptivity

holds by definition: if we have a 2 o' such that oo < oo’ can be extended by
(B, B), then 0 induces a configuration of x€%'(S) such that ox can be extended
by a symmetric event ac!™ A. By receptivity of ¢ we get an event s with which
we can extend « and «’ the copy indices of § and B’. Visibility, innocence and
well-bracketing follow directly from those for ¢ and determinism holds by con-
struction. O

As a consequence of this lemma, symmetry is unique up to weak-equivalence:
two PCF-strategies that share the same underlying event structure and map
to the game are weakly equivalent. This is not the case without innocence.

Lemma 2.47. Let 0 : S — !A be a PCF -strategy. Then for any x € € (S) normal,
0

there exists a unique x =g y with y € €(Sy).

Proof. By induction on x. Assume x U {s} is normal, and that there is a unique

0
x =g ywithy € €(Sy).

If s is negative minimal, then x = @ — otherwise, x U {s} would have two
minimal events, contradicting normality. Then, 6 is extended with (s, s’) where

20



s’ is the unique move in S mapping to the minimal event of ! A having the same
label as ¢ s and copy index 0.

If 5 is negative non-minimal, then take sy — s its justifier, and a9 = o sp.
Necessarily we have (ag, ;) € o6. Let a’ be the unique move of !A with
label the same as «, with immediate predecessor a( and copy index 0. Neces-
sarily &’ ¢ y — otherwise there would be (a”,a’) € 06 and s” € x such that
os"” = a”,but then s, s” would be two Opponent moves with the same justifier,
which is forbidden by normality. We extend 6 to 6 U {(s,s’)}, which satisfies
the requirements. By construction, this is the only extension of 6 satisfying the
requirements.

If s is positive, then we use the extension property to get 6 U {(s,s’) } which
satisfies the required properties. For uniqueness, assume there is another ex-
tension (s,s”) of 6 satisfying the requirement. By determinism, y U {s’,s"} is
consistent. Therefore, since ¢ is thin, 6 U {(s,s’), (s,s”)} is a valid isomorphism
— but this is obviously not the case since it is not injective. O

Lemma248. Let o : S — |AbeaPCF-strategy. There exists a function f : S — Sy
satisfying the following properties:

(i) f preserves and reflects the order
(i) Ifs € Sy, f(s) =5

(iii) For all normal configuration x € €(S), x = fx.

0
Proof. Take s € S. By Lemma [2.47, there exists a unique [s] =g y with y €
% (S:). As a member of the isomorphism family 6 preserves and reflects the

order, therefore y = [s'] for some s’ € Sy, we set f(s) = s’. So defined, f
preserves and reflects the order by construction. Condition (ii) is satisfied by
Lemma Finally, (iii) is satisfied by construction. O

Lemma 2.49. Let o : S — !Aand T: T — A be PCF|-strategies and let f : S — T
be a rigid map of event structures such that f;T ~ o. Then f preserves the symmetry
on normal configurations.

0
Proof. Assume we have x = y with x,y € %(S) normal configurations. We
prove that by induction on 6. For empty 0 the result is clear, assume 6 =
(ss)
6o—C , and write xg = 7110y and yg = 720y. We have by induction hypothesis

0
fxo f%O fyo. Write fg : T — Ty for the map of Lemma [2.48] Because fxg
and fyo are normal, we have fr(fxo) = fr(fyo) and hence fr(fxo) = fr(fyo)
by Lemma But then fr(fxg) can be extended by two events frfs and
frfs'. We know that those events have same label as Ibl(frfs) = Ibl(s), and
same justifier as frf is rigid and thus preserves justifier which is in frfxy =
frfyo so it has to be the same. If s and s’ are negative then we can conclude
by receptivity. Otherwise, by thin we know that we cannot have [s) = [s')
(unless s = s’) because those events are symmetric. But by induction we have
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fls) = f[s') which in turn means frf[s) = frf[s’) and this implies [s) = [s')
thuss = ¢'. O

Lemma 2.50. Let 0 : S — !A be a PCF-strategy. There is a weak equivalence
between o;¢ and o.

Proof. Define ¢ : S — !"Sby ¢(s) = (« : [fss] = w) (with fg the function
of Lemma where a(s, ) = ind(csg). This map preserves and reflects the
order, and @;0¢ ~ 0.

Conversely, we build ¢ by induction. Leta : [s] - w € !"A. We can
consider P[a) € €(S)

e If s is negative, then by receptivity there is a unique s’ such that ¢ [«) “c
and oy[a] = o[s']. We have ¢s’ = a by definition and we let o = s

e If s is positive we have [a) = [s) so this isomorphism can be extended
by a pair (s/,s). By thin such an s’ is unique, and by definition we have
fss' = s, thus letting Yo = s’ works.

O
Lemma 2.51. Let o : S — lAand v : T — A be PCF-strategies. The following are
equivalent:
(i) o>t
(ii) There exists two maps of event structures f : S — Tand g : T — S such that
f;g~ids, gf ~idr, f;T~gand g;0 ~ 7.

(iii) There exists an isomorphism f : S,r — T,f such that f; T ~ o

Proof. e We have (i) = (ii)

o (ii) = (iii) Write f : S = T and g : T — S for the equivalence. We let ¢ be
the map

q02Srf‘—>iSSi>Tf—T>Trf

(where fr is given by Lemma [2.48). ¢! is given by the obvious corre-
sponding map. Let x € €'(S,¢).We have the following calculation:

fs(g(fr(fx)) = fs(g(f(x))) = fox = x

This calculation is valid because x is normal implying that all configura-
tions in the calculations are, so all maps preserve symmetry by Lemma
Thus ¢ is an isomorphism and it commutes with the projection on
the game up to symmetry.

o (iii) = (i): Assume we have an isomorphism ¢ : S ~ Ty commuting
with the projection on the game. It is easy to see how ¢ extends to ¢ :
Tyt ~ Ty by letting @(a : [s] — w) = [gs] = @[s] = [s] = w by rigidity of
¢. By transitivity we can then conclude by Lemma [2.50]

O
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NAT 1szZ IszZS Succ
M0 Mln+1 Ml n
nin iszero M |} true iszero M |} false succ M n+1
PREDS PREDZ TRUE FALSE
Mn+1 M0
pred M | n pred M | 0 true || true false |} false
IFT IFF
M | true NV M | false N, |V
if MN1 N, | V if MNI N, |V
APP LAMBDA Fix
M | (Ax.M") M'[N/x] | V M{YM)|V
MNJ{|V Ax.M | Ax.M YMJ|V

Figure 1: Big-Step operational semantics of PCF

3 Interpretation of PCF and full abstraction

In this section, we detail the interpretation of terms of PCF.

Reminder on PCF We first recall the definition of terms and types of PCF.

Types. A,B = B|N|A—B

Terms. M,N := x|Ax.M|MN]|Y|
tt|ff|ifM1M2M3|

n | succ M | pred M |iszero M

The typing rules are standard, with the exception of the rule for if:

TFM:B TFN:X

rl—lfMNlNzx

THNy: X

This might seem to be quite restrictive, but the full conditional can be re-
covered by setting if on higher-order type A; — ... A; — X as syntactic sugar
for

Ax L Ax A A M(Nyxq . x) (N X ... xy)

The (standard) big-step operational semantics is given for reference in Fig-
ure
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[v®] = B ["N]= N [opl= N = N

[iff= B;=>B,=B;=>B,
==
- i\
Z NS
i // g5\

NN N
\\ e

Figure 2: Interpretation of the basic combinators of PCF

3.1 Interpretation, soundness and adequacy

The interpretation follows the standard lines of the interpretation of the simply-
typed A-calculus in a CCC. The additional combinators of PCF are generated

from the reduced forms of Figure

3.1.1 Soundness

Soundness will follow from the CCC structure up to weak equivalence, the
definition of fixpoints and an analysis of compositions with strategies for the

basic combinators of PCF, generated from their reduced forms.

For the ease of writing, in this section we will often write o : A for A a PCF
type to mean that ¢ is a Cho-strategy o : S — !A. We will also often omit the
semantic brackets when it is not ambiguous, and write for instance expressions
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like if ® (01, 0%, 03).
Lemma 3.1. For any PCFH—stmtegies 01 :B,05 : X, 03 : X, we have:
if O[], [o1], [o2]) =~ [od]

if ©([££], [01], [v2]) [02]
if ©(L, [v1], [v2]) =

1

12

Proof. We treat the case X = B. By definition of the extended PCF-strategy
corresponding to a reduced form, the full event structure for if can be repre-
sented by (for some fixed injections (—) : w — w and (—, —, —, —) : w* = W):

(0 f1.j2) (0/i 1 .k2) (1 k7 1 ik1,ks)
tt, £ t, £}

Note that the dependency of the final answers to i is not required for this as-
signment of copy indices to avoid any collisions — we include it because the
naive generation of a full strategy from a reduced form in the LICS submis-
sion produces it. Note however that it would not be present in the optimized
version discussed in this technical report (See Lemma [2.46). Both versions are
however weakly equivalent.

It is then direct to compute the interaction pullback, and deduce that the
composition satisfies the required laws. We do it here for if ®([tt], [b1], [b2])-
Since all strategies involved are deterministic, events in the interaction pull-
back are entirely determined by compatible pairs of events (taking the primes
does not change the event structure up to isomorphism). We display typical
configurations of the pullback below, following our usual convention of repre-
senting events by their image in the game. The interaction pullback comprises,
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for eachi € w:

~ === _
it P g5’
/) S g
ttjl‘l(l) // b{z(i) b£3(l)

/
{0 D.1(0)

where fi, f» and f3 are the functions determining the choice of copy indices
respectively for [tt], [b1] and [b2].

Then, hiding removes from the pullback all events hereditarily justified by
g1 and g, leaving the strategy:

B

/
y
\
biori/fl(i)er(i»
which is as required weakly equivalent to [b1]. O

Lemma 3.2. We have the following equations:

succOn] =~ [n+1]

succOLl ~ L
pred ®[0] =~ [0]
predon+1] =~ [n]
predol =~ L
iszero ®[0] =~ [tt]
iszero®[n+1] =~ [n]

iszero®Ll ~ 1

Proof. Similar verifications as for the previous lemma. O
Proposition 3.3. Forany = M : X, if M |} v, then [M] ~ [7].

Proof. By induction on the operational semantics. O
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3.1.2 Adequacy
We start by proving a few simple lemmas on PCF -strategies on ground type.

Lemma 3.4. If v : X is a PCF-strategy, then either o ~ [v] for some value - v : X,
or o is empty.

Proof. Take ¢ : S — !X, and assume that it is non-empty: it must have a posi-
tive move s™ € S. By courtesy, the immediate predecessors of s are Opponent
moves g'1,...,q" € S, that necessarily map to distinct copies of the initial Op-
ponent question. But by single-threadedness (or innocence) there can be only
one of them, so [s] = {g',s}. Moreover, 4' enables exactly one positive move. If
it enabled another one, it would be compatible since ¢ is deterministic, which
would immediately contradict well-bracketing.

So for each qi, there is exactly one answer vﬂ. But then the labels of each v{:s
need to be the same label v. Indeed assume vé and vg/ have distinct labels. We
IR (G ) S
have {4’} =s {q'} by receptivity, so by extension we must have

L {(q14") (o))} .
{q', v} =s {q", v}

oy
as well. But this maps to a valid isomorphism in !X, so vi, vﬁ, have the same
label. From there it is immediate to write a weak equivalence between ¢ and
[v]. O

Definition 3.5. We define a relation ~ 4 between closed terms of type A and PCF -
strategies on arena [A] by induction on types, with:

o M ~x oiffrifo =~ [v], then M | v.
e M~y poiffforall N ~4 T, MN ~pev® (0, T).

Before we prove the fundamental lemma of logical relations, we start with
some useful lemmas.

Lemma 3.6. We have the following properties:
(1) If M[N/x| Ny ... Np | v, then (Ax. M) NNy ... Ny, || vas well,
(2) fM(YM)N; ... Ny | v, then Y MN; ... Ny, || vas well.

Proof. (1) By induction on p. For p = 0 this is just by definition of the opera-
tional semantics. For p 4 1, Necessarily we have M[N/x| Ny ... N, | Ay. M’
and M'[N,1/y] | v. By induction hypothesis, we have (Ax. M) NNy ... N, |
Ay. M as well. So by definition of || we have (Ax. M) NNj ... N1 |} vas re-
quired.

(2) By induction on p. As above, for 0 it is by definition and for p + 1 it
follows directly by induction hypothesis. O
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Lemma 3.7. We have the following properties:
(1) If M[N/x] ~4 o, then (Ax. M) N ~4 0,
2) IfM(YM) ~a O, then Y M ~aC.

Proof. (1) We prove by induction on A the slightly generalized statement that
forallpand Ny, ..., Ny, if M[N/x]N; ... Ny ~4 0, then (Ax. M) Ny ... N, ~4
o as well. For A ground, then it follows directly from Lemma

For A — B, take T ~ 4 7. By hypothesis, we have that M[N/x| Ny ... N, T ~p
ev ® (o, T). By induction hypothesis we have (Ax. M) NN; ... Ny T ~p ev ®
(o, T). By definition of logical relations this implies that (Ax. M) N Ny ... Ny ~a_p
o as required.

(2) As above, it is direct to prove by induction on A the generalized state-
ment that for all p and Ny, ..., Ny, we have that if M (Y M)N; ... Ny, ~4 0,
then Y M Ny ... Ny ~4 o as well. For ground types it follows from Lemma
and otherwise by induction hypothesis. U

Lemma 3.8. I[f M ~4 o and o ~ T, we have M ~ 4 T as well.
Proof. Straightforward by induction. O
Lemma 3.9. Assume o : A is empty, then for any = M : A, we have M ~ 4 0.

Proof. By induction on A. For X there is nothing to prove, and for A — B it
immediately boils down to the induction hypothesis. O

Lemma 3.10. Assume that we have an w-chain of PCF-strategies on an arena A.

cpJdop 9...

Assume moreover that there is a term = M : A such that for any i € w, M ~4 0;,
then we have:
M~y | o

icw

Proof. By induction on the type A. Assume first that A is a ground type X.
Assume that L;o; ~ [v]. Then, there must be some iy € w such that ;, ~ [v]
as well. By hypothesis, we can deduce that M |} v as required, therefore M ~x
Ll;o; as well.

Assume now thatforalli € w, M ~4_,p 0;. Take N ~ 4 T, we need to prove
that M N ~p ev ® (U;0;, T). But all operations on strategies are continuous for
<, therefore

ev ® (Uio;, T) = Ui(ev © (07, T))

Now by hypothesis and definition of ~ 4_,5, we know that for each i we have
MN ~p ev® (0;,T). Therefore by induction hypothesis, MN ~p L;(ev ®
(07, T)), which concludes the proof. O
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Lemma 3.11. For any term x1 : Ay,...,xn : Ay = M : A, then for any N; ~ 4, 0;
(1 <i < n), wehave that M[N;/x;] ~4 [M] ® (0; | 1 <i < n).

Proof. By induction on the typing rules for PCF.

e For constants:
Tto:X

Obvious by definition of the interpretation.

e For variables:

X1 :Ai,...,xn:An I—xi:Ai
Direct from hypothesis, using the CCC laws.

e For application:
I'-M:A—B TFN:A

I'-MN:B
Direct from hypothesis, using the CCC laws.

e For abstraction:
I'x:AF-M:B

'FAx. M:A— B
Direct from hypothesis, using the CCC laws and Lemma

e For fixpoints.
I'FM:A—= A

r-ymM:A

Assume I' = x1 : Aq,...,x, : Ay, and take N; ~ 4, 0;. Recall that [Y M] is
defined as (LJ;Fi(_L)) ® [M], where:

. t
F(a)—((A—)A)M)(AﬁA)XAMA)

We need to check that
(Y M)[N;/xi] ~a (LiF' (L) © [M] © (07 | 1 < i < n)
First, we prove by induction on i that for all i € w,
(Y M)[N:i/ i) ~a (FI(L) © [M] © (07 | 1 < i <)

For i = 0 it follows from Lemma[3.9} Otherwise, we calculate:

(FPY (L) oMo (0|1 <i<n)
evan® (idaa, F(L)O[M]® (0; |1 <i<n)
evaa®(IM]®(0;|1<i<n),F(L)O[M]O(0|1<i<n))

1

1
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But by hypothesis we know that [M[N;/x;]] ~a-a [M]© (0; |1 <i <
n), and by induction hypothesis we know that Y M[N;/x;] ~4 F/(L) ®
[M] ® (0; | 1 <i < n).By definition of ~4_, 4, it follows that
(M[N:i/x]) (Y M[Ni/x]) ~4 evaa ©([M]© (0 | 1 < i <), F(L)O[M] O {ey |1 <i <m))
By Lemmas[3.7/and 3.8 it follows that
Y M[Ni/xi] ~a (FFH(L) @ [M]© (07 |1 <i <n)

so we conclude that it is true for any 7. Therefore, from Lemma we
obtain:
YMIN;/xi] ~a [YM]© (0; [ 1 <i<n)

as was required.
For conditionals.
'-M;:B ' M;:X ' Ms:X
I'Eif My My M3 : X

Write I’ = xq : Aq,...,xn : Ay, and take N; ~ 4, 0;. We need to show that
(if My Ma M3)[N;/x;] ~x if O([M1], [Mz], [M5]) © {0 | 1 < i < n). By
definition of substitution, CCC laws up to weak equivalence and Lemma
this amounts to:

if (M1[N;/x]) (M2[N;/x]) (M3[N;/x;])  ~x ifO([Mi] ©(c; |1 <i<n),
[[Mz]]@<0’i|1§i§1’l>
[Ms] © (o [ 1 <i<m))

Assume that the right hand side is weakly equivalent to some [v]. Since
[Mi] ® (o; | 1 < i < n) is a PCF|-strategy, by Lemma it must
be weakly equivalent to some [b], or empty. If it is empty, then so is
the right-hand side by Lemma absurd. Otherwise, two cases are
possible. Wlog, assume that [Mi] ® (0; | 1 < i < n) ~ [tt] and
[Ma] ®(o; | 1 < i < n) ~ [v]. By induction hypothesis, we have
that M;[N;/x;] ~p [M1] ® (0; | 1 < i < n). Therefore by definition
of logical relations, it follows that M;[N;/x;] | tt. Likewise, we have
M3 [N;/x;] ~x [Mz2] @ (0; | 1 <i < n); so it follows by definition of logi-
cal relations that M[N;/x;] |} v. Therefore, (if M; M M3)[N;/x;] |} v as
required.

For succ, pred, iszero: similar arguments. We detail it for iszero.

I'FM:IN
I'Fiszero M : B

Write I' = x1 : Ay,...,xp @ Ay, and take N; ~4, 0;. Assume that
liszero M] ® (0; | 1 <i < n) ~ [b]. We calculate:

liszero M] @ (0; |1 <i<mn) = [iszero]® [M]® (0;|1<i<mn)
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Since [M] ® (0; | 1 < i < n) is a PCF|-strategy, we know by Lemma
that it is either empty or [n] for some n : IN. If it is empty, then
so is the right hand side above by Lemma — absurd. Otherwise,
by Lemma again we either have n = Oand b = tt or n > 0 and
b = ff. We detail the first case. By induction hypothesis, it follows that
MIN;/x;] | 0. By definition of the operational semantics it follows that
(iszero M)[N;/x;] = iszero(M[N;/x;]) | tt as required.

O
From that, we can immediately deduce computational adequacy.

Proposition 3.12. Let - M : X be a closed term of ground type. Then if [M] ~ [v],
we have M | v.

Proof. By Lemma we have M ~x [M]. Computational adequacy follows
by definition of logical relations. O

3.2 Finite definability

Recall that two PCF terms M, N of the same type are observationally equiva-
lent iff for all type-compatible context C[—] such that C[M] and C[N] are closed
terms of ground type, C[M] | iff C[N] |}. We write M ~,s N. A similar ob-
servational quotient can be performed on PCF|-strategies. A test on arena A is

any negative PCF-strategy  : AL || IX. We say that o, ¢’ : !A are observa-

tionally equivalent iff for all test &, « © 0 ~ a ® ¢’. Observational equivalence

PcfP
is generalized in the obvious way to 0,0’ : A —+= B, by setting ¢ ~ps ¢’ iff

A(g) “obs A(U/)'
Although the definition considers arbitrary PCF-strategies as test, we start
as usual by remarking that it suffices to consider only finite ones.

Lemma 3.13. Let 0 : S — !Aand T : T — A be PCF-strategies. Then ¢ ~gps T
PcfP
iff for any test  : A =55 X whose reduced form is finite, we have x ©@ 0 ~ a © T.

Proof. The direct implication is clear. Conversely we proceed by contraposi-

tion. Assume we have a test v : A Pitﬂ;ar X such that « ® c~a ® T does not
hold. Write E for the underlying event structure of a. Assume for instance
#® 0 ~ [v] (by Lemma 3.4). Then there exists an event ¢ of E such that
Ibl(xe) = v and a configuration x of S such that (x, [¢]) is a configuration of
the composition. Then consider just the strategy [e] — AL || !X closed by
receptivity (ie. add all negative events not played by [e]). This makes a PCF-
strategy &’ whose reduced form is finite, and it is easy to see that (x, [e]) is still
a configuration of &’ ® ¢ thus &’ ® ¢ ~ [v]. But we can’t have &’ ® T ~ [¢]
because this directly implies that « © T ~ [v] which is absurd. O
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In order to prove full abstraction, we start as usual by proving definabil-
ity. We will start by doing it for first-order types (ie. of the form X; — --- —
X, — X), then generalize to higher-order types using a decomposition proce-
dure akin to the usual definability process of game semantics.

3.2.1 First-order case

Ground type. We assume familiarity with the standard domain semantics of
PCF. For A a PCF type, we write [A]p for its domain interpretation.

We have seen in Lemma 3.4/ that a PCF-strategy ¢ : !X is either empty, or
is weakly equivalent to [v] for some value v : X. In other words, there is a
bijection (up to weak equivalence) between PCF -strategies o : IX and [X]p.
For o : X we write | ¢ € [X]p, and reciprocally for d € [X]p we write T d : IX
for the corresponding strategy. We generalize 1 to first-order by setting:

o o iu[Xi]p — [Xlp
(xi|i<n) — J(co(tx|i<n))

Our definability proof for PCF-strategies on first-order types starts with
the corresponding lemma, which is a variant of the standard “linear tests suf-
fice” argument in game semantics.

To prove it, we will make use of the following technical lemma.

Lemma3.14. Let 0 : S — A be a PCF -strategy. Take s~ a question in S, and two
distinct answers a,a’ to s. Assume moreover that for any two questions q € [a],q" €
[a'] such that q,q" symmetric (i.e. [q] = [q']), answers to q and q' have the same label.
Then, a and a’ have the same label.

Proof. We prove that for any two such distinct answers 4,4’ to the same ques-
tion g2, for any o € gce(a), o’ € gee(a’) such that symmetric questions in o
and ¢’ are answered with the same label, then 4, 4" have the same label. This is
proved by induction on |0 U ¢’|.

Note that ¢ and ¢’ cannot be included in one another, since their last event
is a positive answer (not justifying anything). Necessarily, ¢ and ¢’ are forking
at ¢; = ¢; which is positive. If ¢;;1 was a question, then ¢; would necessarily
be a question as well (answers do not justify questions). So by well-bracketing
it would have an answer in ¢, which would need to be ¢; 1 by courtesy, so 9; 1
and ¢, are answers for ¢; = Q;- a question. By hypothesis, ¢;,1 and Q; 1 share
the same label. By receptivity, it follows that:

idj, U{(0i+1,0j+1)} ) .
loi] U {0i+1} = [oi] U{@js1}

Let us write 6 = id |, U {(0i11,0j+1) }- The left projection of 6 extends to [a], so

0 extends to:
9/
[a] =5 [a"]
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Let us call ¢” the image of ¢ through ¢’. Then ¢’ and ¢” terminate with two
answers to 4. But [0” U ¢'| < |oU ¢’|, since they have the same length but at
least one more event in common. Therefore by induction hypothesis, 4" and a’
have the same label, hence a and a’ have the same label.

To conclude the lemma, we apply this auxiliary property to any geccs ¢ €
gec(a) and ¢ € gee(a').

PcfPar i

Lemma 3.15. For o, T : I1;<,X; —> X, 0 ~gs Tiff L 0 =] T.
Proof. =. Assume 0 ~,¢ T, and take (x; | 1 < i < n) € IT;<,[X;]p. We use
the x;s to define a test, using ccc syntax:

f
€ (henXs) = X) SR X

= ev® (id(m,_,x;)-x ((Tx;)ol | 1 <i < n))

PcfP
where ! : ((IL;<,X;) — X) <" 1 denotes the terminal projection (the empty

strategy). Then, we calculate:

ROAE) = ev® (idi ) (150! |17 < ) © A0)
ev O {(A(0), (T x| 1<i<n))
~ cOTx|1<i<n)

1

The same reasoning holds for ¢/, so from ¢ ~,s ¢’ we can deduce that o ® (1
xi|1<i<n)y~c ®(tx|1<i<n). Therefore, | ¢ =] ¢’ by definition.

<. By Lemma it suffices to consider finite tests. Take a finite test

PcfPar
o (ngignxi — X) —+ X

Write T for its internal event structure with symmetry.

For now on, fix a continuous function f : ITj<;<,[X;[p — [X]p Given a
question @ € T, we say that ¢ is determined iff:

. . PcfPar
e Either, there exists a value v such that for any ¢ : ITj<;<,X; —= X (on

internal event structure S) such that | ¢ = f, for any interaction pullback
P = (S || 'X')®T, for any occurrence p € P of t up to symmetry (ie.
0

[7t2p] =7 [t]), p has an answer in P with label v,

e Or, for any such interaction pullback with an occurrence of ¢ up to sym-
metry, t has no answer.

We prove by induction on > that for all tQ € T, t is determined.
If t9 is positive, it must be an occurrence of the initial question on X. For

each question #’  such that tt — T/, there is by induction a value vy (possi-
bly including divergence). There are n such questions up to symmetry, so we
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have vy,...,v,. Then it is direct to check that ¢ has an answer ¢’ to t in any
interaction pullback iff f({(v; | 1 <i <n)) =7

If tQ is negative, consider the set of answers a € T to ¢, such that in the
segment [t, a], questions are answered according to their determined value. By
Lemma any two such answers 4, a’ must share the same label v. We set ¢
to be determined as v if there is a of label v, and L otherwise. Then if t appears
in an interaction pullback with ¢, all of [t, a]| must appear (up to symmetry) by
receptivity of o and determination of the questions in it. Therefore, a appears
also in the pullback by receptivity of o and t is determined.

We have proved that all questions in a finite test are determined. In par-

ticular, the initial question of « is determined. Therefore for any two ¢,0’ :

PcfP
I <i<nX <= X such that 1 0 =\ ¢, the initial question of « must have the

same answer (if any, up to symmetry) against both ¢ and ¢/, so « ©® A(0) ~
a®A(d). O

Now, we define a ground term as a term of PCF extended with a constant
Lx : X for divergence, and no sub-terms of function type. Ground terms will
suffice to define all functions on first-order types that are definable with finite
strategies. We show the following lemma.

Lemma 3.16. Forany ground '+ M : X, | [M] = [M]p.

Proof. From the restriction on the type of sub-terms of M it contains only con-
stants, variables, conditionals, first-order operations or divergence. Therefore,
the lemma follows from an immediate induction on M, using Lemmas|3.1|and
3.2 O

Now, we show that any first-order PCF-strategy is definable by a ground
PCF term up to equality of the corresponding continuous functions.

PctP
Lemma 3.17. If o : IT;<,,X; S X finite negative, there is a ground term xq :
X1, o x%n : Xy F My : X st [M]p =l 0.

Proof. By induction on .

First of all, if o has no answer to the initial question, then we set M = L,
which obviously satisfies the requirements.

Write 0 : S — !(Ilj<;<,X;") || IX. If S contains an answer a (with label
v) to the initial question ¢, then consider first the case where the segment [g, a]
contains no positive question. It follows that [g,a] = {g,a}. Then, it is direct to
check that | ¢ is the constant function v, which is obviously definable with a
ground term.

Otherwise, the initial question g has an answer a and the segment [g, a]
contains a positive question. Therefore, it contains a minimal positive question
q', that necessarily must immediately depend on g, and on no other event; it
must be a minimal question in some X;,. For each d € [X; ]p, we define

PcfPar
04 : Hi#ig Xl- — X
= 00O <(D], .. .,(Dio_l,T d'wio-‘rl" . .,(Dn>
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But then, we remark that o, is empty. Indeed, if it was not then there would
be an answer 4’ in S to g not depending on ¢4'. Note that 4 and 4’ are consistent
by determinism. But then gccs of answers a and 4’ must fork at g which is
negative, impossible by well-bracketing.

We now distinguish cases depending on X;,. If X;, = B, then by induction
hypothesis we have My, and Mg such that [Me]lp =] 0w and [Mg]p = 0.
We write:

M =if Xio Mtt Mff

Then, we have that [M]p =] ¢. Indeed, take an input 7 =(d;|1<i<n).
We reason by cases on d;. If d;; = L, then (| U)(?) = L by the remark
above; accordingly [M]p(d ) = L. For dj, = tt or ff, then it follows that
[[M]}D(y) =(J 0)(7) by induction hypothesis.

Suppose now that X; = IN. Since we do not have a case construct in the

language, we need to implement one. For n € w, we define a ground term in
context x : IN by

eq,(x) : B
= iszero (pred (... (pred x)))

with 1 occurrences of pred. Clearly, [eq,(x)]p : [N]p — [B]p is true on
input n and false otherwise. Then we remark that because ¢ is finite, only
finitely many answers of o have other events depending on them. Write K =
{ki,-.-, kp} C w this finite set of answers. For each k € K, by induction hy-
pothesis we have My such that [My]p = o%.

We define a term in context x1 : X1, ..., X, : X, with:

M = if eqy (xi)) My, (if eqy, (xiy) My, (... (if eqy (xip) My, Lx)...))

For the same reasons as for B, we know that | ¢ is ip-strict. Moreover, for any

El € Ili<,[X;]p with d;; ¢ K, we have (] o) (7) = 1. Indeed, any answer in
S to the initial opponent question must depend on g’ by well-bracketing, but
by construction no event depends on the answer d;, in S. Therefore, | ¢ and
[M]p agree on every input. O

Putting everything together, we can finally deduce first-order definability
up to observational equivalence.
. PcfPar P . .
Proposition 3.18. If o : I1,<,X; — Xis finite negative, thereis x1 : Xq,...,xy
Xn My Xs.t. [M] ~gps -

Proof. By Lemma there is a ground term M such that [M]p =| o. By
Lemma it follows that || [M] = | ¢. Replacing occurrences of Lx in
M with Y (Ax.x) yields a PCF term M’ such that [M] ~ [M']. Therefore,
| [M'] =| 0. By Lemma[3.15] it follows that [M'] ~ s 0 as required. O
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3.2.2 Higher-order case

We have seen how to define syntactically the finite and first-order strategies.

Building on this result, we show how to define in the syntax every finite strat-

PcfP,
egy. In all this section we consider a strategy o : Ay X ... X Ay X By

the previous section, if A; are all base types we know how to build a term M,
such that [My] ~ps 0: we assume that every A; is an arrow type of the form
A;j = Ay — ... = Ap,i — X; where X; is a base type. We write S for the
underlying event structure of o.

Flow of a strategy We first extract the first-order part of o, called the flow of
o, which is the sub-event structure of S where Opponent only plays answers
(intuitively, in that part of the game, Player can call its arguments without hav-
ing to provide their arguments). This is equivalent to taking all the events
of S whose causal history in S is projected in the first-order part of the game
[Ti<icn X || X, thus we define the flow ¢ in this way:

Stow ={s €S| U([S]) - !AO}
where A? is the (non-negative) arena [ [;<;<, X; || X.

Lemma 3.19. Inheriting the causality of S, Spo is an event structure which is closed
under symmetry inside S thus is an event structure with symmetry. Moreover the
inclusion function Sqqy, < S is a map of event structures (ie. S is down-closed.)

Proof. Rigid inclusion.The fact that Sg,, is an event structure is clear. We show
that the inclusion map is a map of event structures, the only thing needed to
be checked is that if we have s < s’ € Sg,, then's € Sgg,. This means [s] C [s']
and then os] C ¢[s'] C !A? which means that s € Sgy-

Closed under symmetry. Let x %95 y in the symmetry of S and s € x N Sggy.
Then we know that o[s] C A°. Because ¢ preserves the symmetry and @ is
rigid, 6 restricts to an isomorphism c’[fs] = ¢[s] C A. The conclusion follows
because A is closed under symmetry in !A. O

We call those events q(+'Q“) € Sqow that are in S, the reduced form of S,
the primary questions of S. Each such g maps to an initial question of some
A;j. We write Q; for the set of primary questions mapping to A;.

Write fs : S — S, for the function given by Lemma [2.48] We can define a
function oqoy from Sgow to [Ti<i<pqe0 IX;t || IX by case, for s € Sgow:

e Ifos = (2,a € X), then ogoys = (2,a4) =05

o Ifos = (1, (i,q € X;)) is positive (and thus a question), we set ogow (s) =
(L4, fs4.9)

o If os = (1, (i,a € X;)) is negative (and thus an answer), we set 0qow (S) =
(1,4, fs(justa),a).
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Lemma 3.20. 0fo, is 2 PCF|-strategy.

Proof. Most results follow from the inclusion Sgqy,, < S being rigid.

e Map of event structures. Let s € Sgo and a € T]i<j<pgeq, X;* || X such
that a — opows. We need to show that a is in the image of ogq,,. Let
s’ =justa € Sgo,, (because Sqqy is down-closed). os’” = a follows from a
case analysis.

Assume now we have o8 = 0gows’ for some s, s’ € Spow. If Oow €
X then s = s’ because 0g,,5 = 0s in that case. Otherwise 0g,,8 =
(1, (i,qp,a)). Then we know ¢s = (1, (i,a)) = s’ thuss = 5.

e Courtesy. Consequence of the rigid inclusion

e Strong-receptivity. Let x € %(Sgow) such that oy, can extend x by a
negative a. Then there exists s € S such that x U {s} € ¢(S) and 0s = a.
By definition of Sgow, S € Sfow-

Strong-receptivity follows from that of S.

o Visibility. If ¢ is a gcc of Sqoyw, then by rigidity of the inclusion it is a gcc
of S and then 0¢ € ¥ (!A) from which the result follows by a reasoning
similar as for the previous item.

e Innocence. Let [s] be a prime configuration of Sgq,, it is also a prime
configuration of S and thus is normal in S and in Sgq,, (Which is the same
thing).

o Well-bracketing. Reasoning similar as for visibility and innocence.

o Determinism. Follows from the determinism of S.

O

Argument strategies To capture how ¢ answers when Opponent asks for the
arguments to the functions called by ¢, we describe the sub-strategies of o re-
sponsible for providing Opponent with these arguments. Following a primary
question g € Q; there are w X p; Opponent questions, one for each copy index
and each argument to the call. For k € wand 1 < j < p;, we write g 0 for the

corresponding move in S (which exists and is unique by receptivity). We set:

Sgj={s€S|Fkews>qs}

This is an event structures with components inherited from S by hiding. In
the rest of the paragraph, we consider a primary question g € Q; fixed.

The symmetry on S ; consists in those 6 between configurations of S, ; such
that 6 Uid ;) is a symmetry on S, ;. All the properties are easy to check but the

extension. Let 6 : x = y be an isomorphism in this family and let s be an
extension of x in S, ;. We know that x U [g] can be extended by s, thus [q] Uy
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can be extended by s’, and 6 can be extended by {s,s’}. We are left to check that
s’ €5, Sinces € S, we have s > qg,].. Because id[;) U 6 is an isomorphism in

S, we must have
just((idg) U 0)(g5,)) = (idyy U0) Gust(q}, ) = g
Then 9(’75,/') = q’;:]- and since 0 preserves the order we have 0s > q’g,, j € Sy as
wanted.
Lemma 3.21. ¢(S,j) does not intersect !X.

Proof. It cannot contain initial questions that are minimal in S. Suppose it con-
tains a move s which is sent to an answer in X, and consider a gcc of s in S that
goes through some q’; j (and as a side-effect through 7).

The question g cannot have answers in [s] because [s] needs to be normal
by innocence. Thus when s is played g is still pending which contradicts the
well-bracketing (s answers a question which is before a pending question). [

To handle the reassignment, consider the following map

o0 [ 'AF = TT'AF || 1A,

defined as follows:

o ¢gi(i,a:[a] — w) = (2,a")ifa € A;jand a(qn;) = ind(cq) where g4, is
the initial question of A; (&’ is the restriction of « to AiGj)-

e Otherwise: ¢, i(p,a: [a] — w) = (1, (p,a))
Lemma 3.22. ¢, ; is a map of event structures.

Proof. Injectivity is clear. Assume we have 8 = ¢, (p,a) and Bp < B. There
are two cases:

o p €A thena : [a]s, — w. Write By : [b]l4,; — w. By construction
[bla, = [b]Ai,/‘ U{q4,} thus weletwg = Bo U {q4, — (q4,)}. By construc-
tion we have ¢, i(x9) = Bo.

e BETI!ASL, then B = (1,4) and ¢4,/(1, Bo) = (1, (p, )).
O

The map ¢, ; is also surjective but not rigid though, it breaks the link og —
o'qg i But it is on the image of o

Lemma 3.23. Lets,s’ € S, ; such that os < 0s’. Then @ jos < @, ;0.

Proof. By case analysis. The only non-trivial case is when os = g but that
cannot happen if s € S, ; by local injectivity of ¢. O
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Thus we define the jth argument strategy for g as 0;,; = 0;9,; : S;; —
[TAF || A
Lemma 3.24. ¢,  is a PCF-strategy.

Proof.
[ ]

e Map of event structures. Consequence of Lemma
Courtesy. Consequence of Lemma
Strong-receptivity. Let x € ¢(S,;) such that o, ;x can be extended by a.

Because ¢, ; is surjective, we know that [x]s can be extended by s to match
a through ¢, ;. The only thing we need to check is that s actually lives in

SW" If a is minimal, then it must be that s = qk . for some k and thus lives
in S, ;. Otherwise, we use the fact that S, ; is upward-closed.

Strong-receptivity comes from that of .

Visibility. Let ¢ be a gec of S; ;. We can complete it into a gcc in S and
we know that o[g]s is a configuration of [T!A;* || X. Thus ¢¢ is a down-
closed subset of [T!A# and by Lemma ®q,j00 is down-closed.

Innocence. Let s € S ;. [s]s is normal by innocence of ¢ thus so is [s] S,

Well-bracketing. All conditions are trivial and do not talk about the pro-
jection on the game (beyond the labels) so this clearly comes from the
properties on ¢.

Determinism. Consequence from that of S.
O

Decomposition of configurations of S Before showing we can recompose o

from

its flow and argument strategies we show that there is a unique decom-

position of configurations of S using those components:

Lemma 3.25. The sets Sgoy, and (S;,j)q,i form a partition of S, thus any configuration
of S can be uniquely split in a decomposition with components into those sets. More-
over such a decomposition (xf € € (Saow), (X4 € €(Sy))q,j) yields a configuration
of S (by doing the union of the components) if and only if the following condition holds:

Proof.

Vqj,xg; # D = q € x¢
We first notice that all those sets are disjoint:

Sflow N Sy,j = ©: assume we have a minimal s € Sgo N S ;. Thens > q];’j
(for some k) and by Lemma 3.2 s has to be a negative answer to some
primary question. By considering a causal chain of s inside S, ; and an-
other inside Sgo,, from g to s, by minimality they have to be disjoint. Thus
we can get two gces of S forking at g containing s. By well-bracketing.(c)
the two branches must be complete, in particular the qk,j must be an-

swered below s which is absurd because it would be a non-maximal pos-
itive answer which cannot be because we are playing on a PCF type.
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® S,j = Syi = @(j # j) direct consequence of innocence as the prime
configuration of any event of the intersection would not be normal.

e 5,iNSy i =@ (q # q'). Consequence of well-bracketing.(c). Any event
sin S;; N Sy ; would induce two gecs forking at the initial question and
containing ¢ and 4’ as well as some q’;,]» and q’;; j that would have to be
answered below s —but this is not possible as seen above.

Moreover assume we have an event s € S such that s € Sg,,,. So there
is a minimal sy € [s] such that sy is not sent to the first-order part of A. By
minimality, it has to be a question of the form q’q‘, j (with g a primary question),
because those are the minimal events not sent to !A?. From that it follows that
ERS Sq,j-

Finally assume we have a decomposition (x¢, (x,;)) satisfies the condition
of the lemma, we want to show the union xy U Jx,; is down-closed. xy is

down-closed in S so there is no problem here. The only problem is if q’;,]- € Xyj.

Then its only predecessor (as it is a negative move) is the primary question g
that does not belong to x, ;. But by assumption since x,; # @ in that case,
g€ xy. O

Thus, the set of such decompositions, ordered by pairwise inclusion forms
an order isomorphic to (¢'(S), C). We use that in the following paragraph to
recover o.

Putting it together We have our decomposition and the following lemmas
show it is actually correct. First, given g € Q; we form ¢; as the following
composition (in Cho):

ilog,ili<pi
HAZ' 4)<7I <U[”|] P)) Ai X HA,‘,]‘ ﬁ) Xi.
j

A few notations:
o If x € €(Cy), xisapair (x1,x2) € €(!4))

o If x € ¢(A;) we write »/ for the projection of x to A;; and similarly x*
for the projection to X; of x.

The configuration domain of S, is actually easy to concretely represent. De-
fine the following order Z as the set of tuples

(w,x1,...,%p,2) € C(C(A;)) X €(Sq1) X € (Sqp;) x C(1A;)

satisfying:
o 2/ =0, ix where 0 ; is the second component of 7 ;
e zL w
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ordered by pairwise inclusion. Moreover define amap d : 2 — €(IA+ |
XX;) as (w,x1,...,%n,2) — w || zX. In this paragraph we use the Lemma
and the characterization of configurations of the pullback (Proposition 2.13 of
[CCW14]).

Lemma 3.26. There is an order-isomorphism ¢ between (€' (S;), C) and 9 that sat-
isfies @; d = 0y.

Proof. Givena configuration x ofa S, ; we write x* for the maximal sub-configuration
of x containing no maximal negative events sent to !A; ;.

Consider a configuration of S;. It corresponds to a configuration of the
interaction such that all maximal events are visible. As we have seen it is a
tuple (w € %((C;Ai),aq S %(Sqll),. cXp € %(Sq,pi),z S Cg((CAI)) with the
synchronization condition. The visible events are those projected to !4} || IX,
in other terms wy and z, N X. Moreover, since z1 = wp, wehave z, C 21 = wy C
w,. Because maximal events are visible we must have z; = w, = zp Nwy. For

the same reason, we must have z]2 i U’Z(Xj). By receptivity there are x]’- 2 Xj

such that sz; = zjz.

Define ¢(w, x1,...,Xn,2) = (w1,%7,... ,x;,l_,zz). We have ¢;d = oy. Itis
easy to see that ¢ preserves and reflects the order. It is also injective because
given the x7,..., x;i, the xy,...,xy, are fixed (x; = x;*). It is easy then easy to
see that ¢ is injective. The inverse of ¢ is given by

q)_l(w,xl,...,xm,z) = ((w,w ﬁz),x{,...,x;‘,i, ((wNz),2)

Writing Q = |J; Q;, consider:

€
o :HAi (o919€Q) 1—[ X; Tflow X
i,qGQl‘

Lemma 3.27. Configurations of o' are order-isomorphic to the decomposition of con-
figurations of S seen in the last paragraph.

((xq,j € € (Sq,)qeQij<pir Xf € € (Stiow))
Proof. Configurations of ¢’ are given by tuples
(((wq, %41, -+, Xq,p;,2q) € €(Sq))geq, Xf € € (Sow))

such that [],cq 23‘ = 0} X ¢ with no maximal invisible events. Using that,

by a similar argument as for the previous lemma, we extend the x,; to x; j
’q T Moreover, w; can contain negative answers that are not

synchronized back to xf, again we can extend x; to x} to include all those

so that w{i = x
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/ .
0 is not

empty. Then as it is down-closed, it contains a question qf;’j. Thus Uq’;’j € wy
and thus 0q € w, because it is down-closed. g is negative in !A; and since
zqg C wg we have 0q € sz C (Tle and g € Xf.

Conversely, if we are given x; and all the x, ;, whose union is the whole
configuration x € %(S), we can let w; = o(x) N!A; and z; to be the maximal
sub-configuration of w,; with no maximal positive answers.

answers. To show (x}, (x; ])) is a valid decomposition, we assume x

O

We have the following result:
Proposition 3.28. ¢ and ¢’ are weakly equivalent strategies.

Proof. We use Lemma not to have to deal with the symmetry. By Lemma
it follows that their domain of configurations is isomorphic and it is easy
to check the projection on the game commutes with that isomorphism. Thus
o~o. O

Proposition 3.29 (Finite definability). Let A be a type of PCFand o : S — ![A] a
PCEF|-strategy whose reduced form is finite (S is always infinite by receptivity). There
exists a term M of PCF such that [M] ~qps 0.

Proof. If A is first-order, we can conclude by Proposition Otherwise, we
reason by induction on the size of the reduced form of ¢.

First, we consider a term Moy : [1; 5e, Xi — X such that [Maow] = Triow
(again by Proposition 3.18).

Consider the argument strategies ¢y, ;. Their reduced forms are included in
that of S, and it does not contain g or the initial question of X so it is strictly
smaller. Thus by induction, we get a term M, ; such that [M, ;] ~ups 0.

Because ~,¢ is a congruence and preserves pairing, it follows that (by

Proposition 3.28) :

[Mﬂowﬂ([[Mq,jmq € Qirj < pi) ~obs Tflow © <Uq,j|q'j> Zobs O
Thus the term M(M, ;|q € Q;,j < p;) is a term defining o up to ~qs. O

3.3 Full abstraction

In this section we prove the full abstraction theorem (Theorem [3.30), which
relates the observational equivalence of the syntax and the semantics.

Theorem 3.30 (Full abstraction). IfT' = M, N : A then M ~g,s N iff [M] ~gps
[N].

Proof. Assume [M] ~ps [N], and let C : A — X be a context. By definition

f!
[C] : [A] "2 [X] is a test, thus [C] ® [M] ~ [C] ® [N]. There are two cases:

e [C] ® [M] ~ [v] for some v € X. Then C(M) |} v by adequacy (Proposi-
tion[3.12) and for the same reason C(N) || v
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e If [C] ® [M] is empty, then [C] ® [N] is empty too, thus for every v, C(M)
and C(N) do not converge to v (by soundness).

Thus M and N both pass the same tests.

Conversely, assume M =~ N. Assume we do not have [M] =~ [N].

PcfP
Then by contraposition of Lemma [3.13 there exists & : A =" X whose re-

duced form is finite such that « ©® [M] # a ® [N]. By Proposition 3.29} there
exists My : A — X such that [M,] ~g,s «. Thus we have [M, M] # [M, N]J.
It is a direct consequence of adequacy that MyM %, My N since both have a
base type, hence a contradiction. O
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