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What is bisimilarity ?

(Informally)

Equivalence relations R ⊆ O ×O on some set O of “structured objects” (systems,
states, automata, etc) s.t.:

if (o1, o2) ∈ R, then o1 can be used to “simulate” o2 and o2 to “simulate” o1 in a
way preserving R.

Specific meanings of “structured object” and “simulate” are contextual.

General framework ?

A usual answer in the context of coalgebraic semantics.

“Structured objects”: states of coalgebras X → FX: X a set of state and the map
X → FX for a functor F the transition map.
“Simulation”: w.r.t. the transitions.
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Two examples:

Deterministic Finite Automata (DFA)
as coalgebras for an alphabet A:

X → XA × {0, 1}︸ ︷︷ ︸
1 when final, 0 otherwise

Theorem: Two states x, y are bisimilar iff
they recognise the same language.

Markov chains as coalgebras:

X → DX × {0, 1}︸ ︷︷ ︸
1 when final, 0 otherwise

where DX is the set of finitely supported
probability distributions on X.

Two states are bisimilar iff they have the
same probability of reaching a final state
for any fixed number of transitions.

Problem: what if these probabilities
only differ by a very small constant ε ?

We need a quantitative generalisation ! Several solutions exist.
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Equivalence relations to compare states ?

NO!
→ quantitative notion of distance.
Here: pseudometrics on a quantale V: X × X → V .

Examples: equivalence relations with quantale {0, 1}, pseudometrics on real
intervals with [0, 1].

What is the link with “codensity” & “coupling-based” liftings ?

Bisimulation: greatest fixed-point of some kind of relation transformer
⇒ lifting of type (X × X → V) → (FX × FX → V).
Coupling-based liftings or codensity liftings: usual such liftings.

Our work: how do these two constructions relate to one another ?
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Presentation outline:

1. giving more details on the two liftings,
2. exposing our results on the correspondences between the two constructions.
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A quick summary

Categorical generalisation: codensity and coupling-based liftings 7/18

a notion of systems: coalgebras X → FX for a functor F;
X is the set of states,
X → FX is the transition map of the system.

a notion of truth values to compare the states of systems: pseudometrics
on a quantale V: X × X → V ;

Examples:
equivalence relations X × X → {0, 1},
pseudometrics X × X → [0, 1].

two ways of transforming a pseudometric X × X → V into one of type
FX × FX → V : coupling-based and codensity liftings.

What do these lifting encode ?

If one knows how to compare the states of a system before a transition, then
the liftings pave the way towards comparisons after a transition.
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The usual behavioral distance for Markov chains arise from the Kantorovich
distance:

it maps pseudometrics d : X × X → [0, 1] to pseudometrics
D(X)×D(X) → [0, 1]:

∀µ, ν ∈ D(X), sup
f : X→[0,1] non expansive

|Eµ[f ]− Eν [f ]| = inf
σ∈Ω(µ,ν)

Eσ[d]

Particular case of the renowned Kantorovich-Rubinstein duality from optimal
transport.

Codensity and coupling-based liftings ? Generalisations of the two formula.

Goal of this work ? Study the generalisation of this equality for the liftings.
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Categorical generalisation: codensity and coupling-based liftings 10/18

P(X) is the set of finite subsets of X.

Kripke frames: coalgebras: X → PX.
quantale is [0, 1].
modality is maxP : P([0, 1]) → [0, 1].

Liftings still coincide, generalising the
Kantorovich-Rubinstein duality.

DFA:
quantale is [0, 1].
modality is
maxDFA : [0, 1]A × {0, 1} → [0, 1].

Problem: there is no duality: the liftings
do not coincide. Still the coupling-based
lifting is associated to the usual notion of
behavioral distance for DFA.

Question: for which functors, quantales, and modalities does duality hold ?
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Repairing the DFA example
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Remember:

DFA: X → XA × {0, 1} with the quantale [0, 1].

Problem: with the canonical modality maxDFA giving the maximum value of tuples
of elements of [0, 1], there is no duality: the liftings do not coincide.

Solution:

Coupling-based lifting: keep the maximum modality.
Codensity lifting: inspired by works in coalgebraic modal logic, allow multiple
modalities:

There is a “duality-like” result for DFA with Γ containing one modality per letter in
the alphabet plus one modality for terminal states.
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products of functors (finite, infinite, or arbitrary depending on some
properties of functors and of the quantale),

and some (partial) converse results exist:
correspondences of coproducts of functors are exactly given by
correspondences of the components,
a weaker result holds for products.
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Dualities can still be used as base cases to build correspondences by product and
coproduct compositions. We provide some basic duality results:

constant functors: entirely characterised,
identity functor: entirely characterised,
finite powerset functor: entirely characterised for linear quantales and
some weaker results for general quantales,
finite probability distribution functor: the classic result is slightly
extended.

We get correspondence results for the following grammar F of functors:

G ::= A | Idτ | A × G |
∐

G

F ::= A | Idτ | P ◦ G | D ◦ G |
∏

Fi |
∐

Fi

where the subscripts τ indicate some choices of modality to obtain initial duality
results.
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Correspondence results we give are associated to classic qualitative and
quantitative bisimulations for:

Streams X → A × X with discounting,
DFA and their nondeterministic version with the usual language equivalence
as well as the shortest-distinguishing-word-distance.
Labelled Markov chains.

Our work also includes some limitation: we show that some usual notion of
bisimulation for conditional transition systems cannot be retrieved using our
construction.
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Problem of understanding generalised Kantorovich-Rubinstein dualities is
extended to a notion of correspondence between codensity and
coupling-based liftings,

In this context, correspondences are shown to be stable under products and
coproducts,
Along with some new and classic duality results, these stability properties are
used to build correspondences for grammars of functors, including some
liftings that can be used to retrieve usual qualitative and quantitative notions
of bisimulations for some transition systems,
An example of systems for which this construction is bound to fail is given in
the form of conditional transition systems.
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