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RESUME

Une décomposition arborescente permet de comprendre un graphe quelconque
comme un arbre, au prix de I'identification de certains sommets. En min-
imisant le nombre maximal de sommets identifiés entre eux, on obtient la
largeur arborescente d'un graphe. Il s’agit 1a d'un parametre de graphe exp-
rimant la proximité d’'un graphe a une structure d’arbre.

La largeur arborescente a de multiples origines et de nombreuses appli-
cations. Parmi ces différentes caractérisations on peut compter celle par les
mineurs exclus minimaux, et celle par des systéemes de réécriture de graphes.
Une des particularités de ces caractérisations est que les mineurs et systemes
de réécriture exacts ne sont pas connus dés que la largeur arborescente dé-
passe 4 ou 5, respectivement.

Une autre caractérisation est la suivante: les graphes de largeur arbores-
cente au plus k sont générés par une syntaxe inductive finie dont les opéra-
tions sont interprétées sur les graphes. C’est une généralisation naturelle de
la définition inductive des arbres: un sommet isolé est un arbre dont il est
la racine, un arbre est une racine adjacente aux racines de ses sous-arbres.
Cette syntaxe force une notion d’enracinement. Pour la largeur arborescente,
en place d’'une racine unique, un graphe peut avoir jusqu’a k+1 racines, ap-
pelées sources et servant d’interface pour les opérations de graphes.

Un probleme posé par Courcelle et Engelfriet est le suivant: existe-t-il
une théorie équationnelle finie correspondant a I'isomorphisme des graphes
de largeurs arborescente bornée ? Autrement dit, existe-t-il une liste finie
d’axiomes équationnels sur la syntaxe des graphes de largeur au plus k de
sorte que deux termes associés soit prouvablement égaux si, et seulement si,
leur graphes sont isomorphes ? Pous et Cosme-Llopez ont résolu le cas k=2
par la positive. La premiere partie de cette thése donne une réponse positive
au cas k=3.

On utilise alors une syntaxe généralisant celle des graphes série-paralléles.
On introduit des notions de connectivité pour les graphes de largeur bornée
(correspondant au composantes connexes, points d’articulation et 2-séparateurs,
respectivement). On utilise ces outils pour analyser la structure des graphes
de largeur au plus 3, montrant comment ceux-ci peuvent se décomposer récur-
sivement, d'une maniére d’abord canonique puis non-déterministe. La diffi-
culté réside dans la preuve que tous les choix non-déterministes sont équiv-
alents par les axiomes.

Notre preuve utilise un lemme décrivant la forme des graphes n’ayant pas
de triangle comme mineur sourcé. Pour la généraliser a k=4, il faudrait un
résultat similaire pour les graphes ne contenant pas de tétrahedre comme
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mineur sourcé. Un tel résultat existe et sa preuve utilise le théoreme des
deux chemins.

Dans un graphe, un quadruplet (s,t,u,v) de sommets est 2-lié quand il
existe deux chemins disjoints, I'un allant de s a t, et 'autre de u a v. Un
graphe est dit 2-11é quand tout quadruplet de sommets est 2-1ié.

La deuxiéme partie de cette thése donne une nouvelle preuve simple du
théoréeme des deux chemins. Ce dernier est une caractérisation par les toiles
des graphes maximaux (vis-a-vis des arrétes) n’étant pas 2-liés. Les toiles
sont des graphes semblables a des triangulations du plans remplies de graphes
complets. Notre preuve n’utilise ni le théoreme de Menger, ni celui de Kura-
towski. A la place, elle suit une définition inductive des toiles par des com-
positions paralleles. Cette opération est aussi 'une de celles générant les
graphes de largeur bornée.

De notre preuve du théoreme des deux chemins nous déduisons un al-
gorithme récursif simple pour le probléeme des chemins disjoints. Cet algo-
rithme est constructif en ce qu’il renvoie soit deux chemins disjoints, soit un
plongement du graphe en entrée dans une toile.

ABSTRACT

A tree decomposition allows one to understand a graph as a tree via the iden-
tification of some vertices. By minimising the maximal number of vertices
identified as a single vertex in such decompositions, we obtain the treewidth
of the graph: this is a graph parameter somehow expressing how close a graph
is to being a tree.

Treewidth has multiple origins as well as many applications. There are
several equivalent definition of this parameter: a graph has treewidth at most
k iff it avoids a certain finite list of graphs as minors, or iff it can be reduced
to the empty graph via a certain graph rewriting system. The issue with
these definitions is that the exact lists of minors or rewriting systems are not
known explicitly whenever k is as big as 4 or 5, respectively.

Another characterisation of treewidth is the following: the graphs of treewidth
at most k are generated by an inductive finite syntax whose operations are
interpreted on graphs. This is a natural generalisation of the usual inductive
characterisation of trees: an isolated vertex is a tree of which it is its root, a
tree is a root adjacent to the roots of its subtrees. This syntax imposes a no-
tion of rootedness. For treewidth, istead of a unique root, a graph has up to
k+1 roots at a given time, called its sources and used as interface in graph
operations.
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A question asked by Courcelle and Engelfriet is the following: is there
a finite equational theory corresponding to the isomorphism of graphs of
treewidth at most k? Said otherwise, is there a finite list of equations on
the syntax of graphs of treewidth at most k so that two terms from the syn-
tax are provably equal via the axioms iff their graphs are isomorphic ? Pous
and Cosme-Llopez have solved the case k=2 positively. The first part of this
thesis has been focused on finding a positive proof for the case k=3.

For this proof, we use a syntax generalising series-parallel expressions,
denoting graphs with a small interface. We introduce appropriate notions of
connectivity for graph of bounded treewidth (corresponding to components,
cutvertices, and 2-separators, respectively). We use those concepts to anal-
yse the structure of graphs of treewidth at most g, showing how they can be
decomposed recursively, first canonically into connected parallel components,
and then non-deterministically. The main difficulty consists in showing that
all non-deterministic choices can be related using only finitely many equa-
tional axioms.

This proof relies on a specific lemma expressing which constraints apply
on graphs avoiding the triangle as a minor. To generalise the proofto k=4, this
lemma should be generalised to understand graphs avoiding the tetrahedron
as a minor. Such a result already exists. Its proof relies on the two-paths
theorem.

A tuple (s,t,u,v) of vertices in a simple undirected graph is 2-linked when
there are two vertex-disjoint paths respectively from s to t and from u to v. A
graph is 2-linked when all such tuples are 2-linked.

The second part of this thesis is a new and simple proof of the two-paths
theorem, a characterisation of edge-maximal graphs which are not 2-linked
as webs: particular near triangulations of the plane filled with cliques. Our
proof does not require major theorems such as Kuratowski’s or Menger’s the-
orems. Instead it follows an inductive characterisation of generalised webs
via parallel composition, a graph operation consisting in taking a disjoint
union before identifying some pairs of vertices. This operation is also used in
the operational characterisations of graphs of bounded treewidth discussed
above.

We use the insights provided by this proof to design a simple O(nm) recur-
sive algorithm for the “two vertex-disjoint paths” problem. This algorithm is
constructive in that it returns either two disjoint paths, or an embedding of
the input graph into a web.



Contents

Introduction

Equations and bounded treewidth

Graph structures

The two disjoint paths theorem and problem
Outline

Published and unpublished materials

Chapter 1 Graphs and bounded treewidth
Simple graphs: basic definitions
Trees and treewidth
Connectivity decompositions

Chapter 2 Universal algebra
Algebras and terms
Equational reasoning
An axiomatisation of forests

Chapter g Graph shapes
Graph shapes, contexts and substitutions
A signature for graphs of bounded treewidth
An axiomatisation of all graphs



Chapter 4

Chapter 5 An axiomatisation of graphs of treewidth at most three

Chapter 6

Chapter 7

Decomposing bounded treewidth graphs
Full prime components

Forget points

Series decompositions

(In)completeness of Ep,

Clique points

(In)completeness of Cp,

Checkpoints

Anchors

(In)completeness of Ay,

Hard graphs and minimal separation tuples

Statement

Combining separation pairs

Sourced minors and K3

Hard graphs of treewidth at most three
Conclusion

Two-paths theorem

Generalised webs and two paths theorem
Web (de)compositions

Proving the two paths theorem

Solving the two disjoint paths problem

Towards an axiomatisation at treewidth at most four
Two paths theorem for hypergraphs

Sourced minors and K4

Hard graphs of treewidth at most four

Contents (detailed)

Bibliography

vi

85

92
94

95
100

103
105
108
111
114

121
122
123
129

133
136

137
138
142
149
153

167
168
169
182

186

192



Introduction

The main concern of this thesis is the study of finite equational axiomatisa-
tions of graphs of bounded treewidth, in particular for graphs of treewidth
at most three. By studying finite equational axiomatisations, we dive into
the structure of the corresponding objects. In doing so, we establish several
known and novel structural results.

EQUATIONS AND BOUNDED TREEWIDTH

1. Treewidth. Treewidth is a graph parameter expressing how close a
graph is to being a tree. It is common in parameterised complexity: many
NP-complete problems become polynomial or even linear once parameterised
using treewidth [7]; it is also a core concept of the graph minor theory of
Robertson and Seymour, and one of the main tools in the proof of their cele-
brated theorem [32].

Treewidth admits many characterisations. It was introduced at least by
Bertele and Brioschi [6], Halin [18], and Robertson and Seymour [33]. Graphs
of treewidth at most £ for a non-negative integer & were subsequently char-
acterised using k-trees [2], k-elimination graphs [49, 37, 35], and chordal
graphs [33].
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Figure 1: A tree and a 3-tree. The red triangles in the 3-tree represent cliques
of size three corresponding to the vertices in the tree. Hence the 3-tree is a
“thickened version” of the tree.

The characterisation via k-trees makes the relation between trees and
treewidth visual. For example we depict a tree and a 3-tree sharing a similar
structure in Figure 1.

Trees are built from a single vertex by repeatedly adding leaves, that is
vertices of degree one. In contrast, a k-tree is built from a clique on & vertices
by repeatedly adding k-leaves, that is vertices of degree k£ whose neighbours
form a clique. A graph has treewidth at most % if and only if it is a subgraph
of a k-tree. In particular, a graph has treewidth at most one if and only if it
is a forest, that is a disjoint union of trees.

Treewidth also has structural characterisations. For every non-negative
integer k, there exists a finite list M} of graphs such that a graph G has
treewidth at most & if and only if G does not contain graphs in M}, as minors
[32]. Similarly, for each non-negative integer %, there exists a finite graph
rewriting system R and a set of accepted graphs A; such that the rewriting
rules of R rewrite a graph G to A € A, if and only if G has treewidth at most
k[1].

Explicit values for M} and R} are only known for £ < 3 and £ < 4 respec-
tively.

2. Terms and axioms. To characterise treewidth we may also consider
syntaxes generalising series-parallel expressions [1, 11]. The idea is to use
terms to denote graphs. An important problem is to understand when two
terms denote the same graph. To this end, Courcelle and Engelfriet gave an
equational axiomatisation for arbitrary graphs [12, p. 117]: a structured set
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of equations, or axioms, from which it is possible to equate all terms denoting
a given graph.

Courcelle and Engelfriet prove that finite fragments of the syntax make
it possible to capture precisely the graphs up to a given treewidth, while the
question of axiomatisation completeness is left open [12, p. 118]: for a given
non-negative integer k, is there a finite equational axiomatisation of graphs
of treewidth at most £?

The case of £ = 1 concerns forests and is relatively easy. The case of & = 2
has been given a solution a few years ago [10, 14].

In this thesis, we give a positive answer for £ = 3 (Theorem 5.2.1).

There are several motivations for seeking complete finite axiomatisations
of graph isomorphisms.

A first motivation is to provide compositional means to present (or look
for) isomorphisms, via equational reasoning. Such tools are complementary
to the various methods available for graphs of bounded treewidth [3, 28].

A second motivation arises from the algebraic theory of regular languages:
the regular languages of graphs of bounded treewidth are those recognisable
by homomorphisms into finite algebras, and finite axiomatisations make it
possible to present such homomorphisms as finite objects (a finite algebra
satisfying the axioms, together with the value of the homomorphism on let-
ters).

In both cases the fundamental concept is compositionality: finite lists of
axioms make it possible to summarise and delimit the interactions between
the operations under consideration on graphs.

Another important motivation is of a graph-theoretical nature: finding a
finite axiomatisation and proving its completeness forces us to analyse the
structure of graphs of bounded treewidth in great depth, and leads us to new
structural results. We believe that solving the problem for larger values of k,
or for the general case, would also result in a better understanding of these
classes of graphs.

Finally, the link between finite axiomatisations and the structure of graphs
of bounded treewidth can be explained in the following manner. While our
completeness result formally rests on a specific choice of syntax for terms, it
may also be understood directly in terms of tree decompositions. Indeed, a
term is roughly speaking a canonical tree decomposition in which each edge
of the graph is associated to a bag containing its incident vertices. In other
words, relating the parsings of a given graph is analogous to relating its differ-
ent tree decompositions. Requiring a finite number of axioms then amounts
to ensuring that tree decompositions can be transformed into one another via
a finite set of local rules.
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1f5 | £((24)1(c | (23)1a) | (14)1d) = (23)la I 1tb | f(@o1c | (14)12)

Figure 2: Two parsings of a given graph.

To prove the existence of a complete finite axiomatisation for graphs of
treewidth at most three, we provide a syntax whose image under an interpre-
tation map G from terms to graphs is exactly the set of graphs of treewidth
at most three; and we give a finite list of axioms whose equational theory (=)
characterises graph isomorphism (=). In symbols, we prove that for all terms
t,l in the syntax of graphs of treewidth at most three,

G(t)=~G(l) ifandonlyif ¢=1

Like Arnborg, Courcelle, Proskurowski, and Seese [1], we work with Ay-
pergraphs with a list of designated vertices, the sources, used as an interface
to perform the following operations:

* parallel composition (G | H): glue the graphs G and H along their
sources.

* permutation (pG): given a permutation p, reorder the sources of G ac-
cording to p.

* [ift (1G): add an isolated vertex to G and append it as last source.

e forget (fG): remove the last source of G (keeping it as a mere vertex of
the graph).

This syntax is similar though distinct from the one used by Arnborg, Cour-
celle, Proskurowski and Seese.

We call arity of a graph its number of sources, and interface its list of
sources.

Consider the four graphs depicted in Figure 2, each with three sources
denoted with numbered squares. The vertices incident to each edge are or-
dered, which we indicate by drawing an arrow from the first to the second
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vertices. The first graph on the left is the parallel composition of the three
other ones. The second one can be obtained from a binary edge a (with inter-
face its endpoints) by applying a lift to add a third isolated source and then
swapping the last two sources: (23)la. The third one can be obtained from
a ternary edge b (again with interface its endpoints), by forgetting the third
source and adding a fresh one via a lift: 1fb. The last one can be constructed
as £((24)lc | (14)ld): reasoning top-down, we promote the inner vertex to
a fourth source, and then we put in parallel two graphs each with a single
ternary edge connecting three out of the four sources, both being obtained as
appropriate permutations of lifted edges.

We call parsings the expressions obtained from the decompositions of a
graph using parallel compositions, permutations, lifts, and forgets as above.

Often, the specific order of sources, or of vertices incident to a given edge,
is irrelevant (up to some permutation) or easily retrieved. We avoid specifying
such orders in illustrations; hence the graphs in Figure 2 become:

A

The way we parsed the graph on the right in Figure 2 generalises to all
graphs: first promote all inner vertices to sources, and then build a large par-
allel composition of appropriately permuted and lifted edges. For instance,
the leftmost graph also admits the following parsing:

£ ((23)1lla | (35)11 || (24)11c | (124)11d)

This defines a notion of canonical parsing we use in §3.16 to retrieve a result
analogue to the axiomatisation of all graphs by Courcelle and Engelfriet.

While such a parsing exists for all graphs, it goes through an intermediate
graph with many sources. Instead, the graphs of treewidth at most %k are
exactly those for which we can find a parsing where all intermediate graphs
have at most &+ 1 sources (Proposition 3.9.1, [1, Proposition 4.1]). This syntax
for denoting precisely the graphs of treewidth at most % is the starting point
for the present thesis.

Our goal is to understand which laws are satisfied by the previous oper-
ations. Among the natural ones, we have that parallel composition is asso-
ciative and commutative, that permutations commute over parallel composi-
tions, and that applying two permutations in a row amounts to applying the
composite permutation. There are more involved ones. For instance, we may



INTRODUCTION 6

‘. OO

Figure 3: The left and right parts depicts the connected and biconnected com-
ponents of two graphs, respectively. On the right part, the vertices are the
cutvertices of the graph, that is the separators reduced to one vertex.

also parse the first graph of Figure 2 by keeping edges a and c together as
long as possible, resulting in the expression written below it. We thus have
two rather different parsings for the same graph, which our axiomatisation
should equate.

A derived operation is of particular interest. Consider three graphs G, H,
K each with three sources, and combine them as depicted on the left to obtain
anew graph o(G, H, K). This operation can be defined from the previous ones
using the expression on the right.

o(G,H,K) £ f((14)1G | (24)1H | (34)IK)

It can be generalised into a n-ary operation on graphs with n sources, and
when n = 2 we recover the usual notion of series composition.

3. Connectivity oriented proofs. To prove the existence of a finite equa-
tional axiomatisation of graphs of treewidth at most three, we perform a suc-
cession of connectivity decompositions on sourced graphs (Chapter 4). These
are reminiscent of the usual connectivity decompositions of graphs into con-
nected and biconnected components (Figure 3).

First, we decompose any graph into a parallel composition of permuted
lifts of full prime graphs: non-empty graphs which are connected through
paths not using sources except possibly at their endpoints. Figure 2.1 actu-
ally provided an example of such a decomposition, which is always unique
for a given graph. Using a few simple axioms, we show that every term can
be rewritten under such a form (Proposition 4.3.1). This makes it possible
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to focus on full prime graphs in the second step, which is where the main
difficulties arise.

4. Forgetpoints and axioms. A property of full prime graphs of bounded
treewidth is that they either are atomic (i.e., reduced to a permutation of an
edge), or have a forget point: at least one of their inner vertices can be pro-
moted to a source without increasing the treewidth, thus making it possible
to parse the graph as a forget operation. The difficulty is that forget points
are not unique, resulting in several ways of parsing non-atomic full prime
graphs. Consider for instance the following tetrahedron on the left, with only
two vertices marked as sources.

S

Each of the two inner vertices is a forget point at treewidth at most three,
so modulo appropriate permutations of edges, we may parse this graph as
f(o(a,b,c) | d) or as f(o(a, b, d) | ¢). In this case, the two forget points are
relatively close, and one of our axioms makes it possible to jump directly from
one parsing to the other. A similar situation arises with the graph given on
the right.

The cornerstone of our completeness proof is the fact that two parsings of
a non-atomic full prime graph can always be rewritten so as to agree on their
forget point.

To do so, we first delimit two classes of vertices which we call clique points
and anchors. The latter can be thought of as a generalisation of cutvertices.
When a full prime graph has a clique point or an anchor, we show that we
can use it as a universal agreement point.

5. Hard graphs. Unfortunately, there are graphs without clique points
and anchors. We call them hard. The rest of the proof consists in a structural
analysis of hard graphs of treewidth at most three.

We show that they admit separation pairs: every hard graph has the fol-
lowing shape, and every parsing can be rewritten as a double forget on some
of these separation pairs (Proposition 4.26.2):
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However, separation pairs are not unique. In order to finish the proof, we
analyse how separation pairs relate to each other. We prove the following:

Theorem 5.1. Every hard graph of treewidth at most three has one of the
following three shapes:

<y | <2 <ED>

The separation pairs appearing in these shapes are used as agreement
point to finish the proof of completeness.

6. (In)completeness results. In this thesis, we prove a series of nine
completeness and incompleteness results for different axioms and graph sets.
First we provide a finite equational axiomatisation for graphs of treewidth
at most one (§2.15), that is for forests, but with a syntax slightly different from
the one presented above (§2.6), and using seven axioms (§2.13).
For the syntax presented above, our results are detailed in Figure 4, for
several axiom sets with the following relations:

EC CCACFs.

Each axiom set can be considered on graphs of treewidth at most % for a non-
negative integer k£ (bounding the arity at 2 + 1), or on the set of all graphs
(with unbounded arity).

Each axiom set is obtained from the previous one through the addition
of one or two axioms, and E contains thirteen axiom schemes (each being
instanciated at different arities).

GRAPH STRUCTURES

7. Treewidth at most two. On top of the theorem above we prove several
structural results, including the following well-known structural characteri-
sation of graphs of treewidth at most two:
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Axiom sets Completeness Incompleteness

E Treewidth at most 0 || Treewidth at most 2 > 1

C Treewidth at most 1 || Treewidth at most 2 > 2
The set of all graphs

A Treewidth at most 2 || Treewidth at most 2 > 3

Fs Treewidth at most 3

Figure 4: Completeness and incompleteness results for different axiom and
graph sets.

Theorem 7.1. A graph has treewidth at most two if and only if it does not
contain K4 as a minor.

8. Excluding a complete graph as a sourced minor. The proof of The-
orem 5.1 uses a characterisation of graphs of arity three not containing the
triangle K3 as a sourced minor. Sourced minors are related to rooted minors
(85.6). Rooted minors are one of the main tools in the graph minor theory
of Robertson and Seymour [32]. To obtain a source minor we can, as usual,
delete vertices and edges, and contract edges; source keep their status, so
to obtain K3 as a sourced minor in a graph of arity three, edges incident to
sources cannot be contracted.

We prove the following which was originally proved in [29] in the context
of rooted minors:

Proposition 8.1. Every graph of arity three has either K3 as a sourced minor,
or one of the following two shapes:

Moreover, these two shapes do not have K3 as a sourced minor.

We attempted to generalise our finite equational axiomatisation of graphs
of treewidth at most three to graphs of treewidth at most four. Following the
structure of our proof, we generalise Proposition 8.1 to graphs excluding the
tetrahedron K, as a sourced minor in the context of treewidth at most four.
This result depends on webs.

A web is built by filling with cliques the inner faces of a near triangulation
of the plane—a simple planar graph whose faces are all bounded by triangles,
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Figure 5: In each of these two webs, the black vertices and edges form a
near triangulation of the plane, while the red dotted vertices and edges form
cliques filling the triangles of the triangulations.

except for its outer face which is bounded by a cycle—whose triangles are all
faces and outer face a cycle of length four).

Examples are given in Figure 5.

Our result for graphs of treewidth at most four is based on the following
theorem for general graphs:

Theorem 8.2 ([29]). Every arity four graph has either K4 as a sourced minor,
or one of the following six shapes:

AN e AV
g ik

where the edges of arity four are substituted with webs.
Moreover, none of these shapes has K4 as a sourced minor.

The shapes in Theorem 8.2 do not have treewidth at most four. Using the
tools we introduced to handle forget points we refine this theorem in the case
of graphs of treewidth at most four. Its proof relies on the following class of
graphs.

A graph is called star-like if it has one of the following shape:
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where, for the graph on the right, G is star-like and s and s’ are adjacent
sources in G.

Theorem 8.3. Every graph of arity four and treewidth at most four either has
K4 as a sourced minor, or is a spanning subgraph of a web, or has a star-like
shape, or has the following shape:

9. Webs of treewidth at most four. We prove the following to refine sub-
graphs of webs of treewidth at most four. A sourced web is a web in which the
four vertices of the outer face are promoted to sources.

Proposition 9.1. Spanning subgraphs of sourced webs of treewidth at most
four have one of the following two shapes:

where the edges of arity four are again spanning subgraphs of sourced webs of
treewidth at most four.

THE TWO DISJOINT PATHS THEOREM AND PROBLEM

10. Proving the two paths theorem. Webs appear in the statement of
Theorem 8.2. Its proof relies on a structural characterisation of graphs with-
out disjoint paths between two disjoint pairs of vertices, often called the two
paths theorem. It was first proved in [43, 38] and later in [34, (2.4)]. This last
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proof is presented on its own in [24, Appendix A]. Historically, weaker state-
ments nonetheless close to the whole theorem were proved in [22, 39]. We
give a new proof of the two paths theorem, avoiding the use of Kuratowski’s or
Menger’s theorem, and instead relying on an operational characterisation of
webs. This technique is similar to that of [34, 24] where the authors nonethe-
less employ Menger’s theorem.

Here, we consider simple graphs. For 2 > 1 an integer, in a graph G =
(V,E) with a tuple T' = (s1, 89, t1, t2) of four vertices, a linkage of T is a set of
two disjoint paths, from s; to ¢1, and s9 to to, respectively. A graph containing
at least four vertices and in which for any such tuple there is a corresponding
linkage is called 2-linked.

Theorem 10.1 (Two paths theorem, [43, 38]). The webs are exactly the edge-
maximal graphs which are not 2-linked.

Our proof proceeds as follows for the difficult part of the theorem, that is
proving that every edge-maximal graph which is not 2-linked is a web.

We start with G an edge-maximal graph which is not 2-linked: in G, there
exists four vertices x1, y1, X2, ¥2 such that G does not contain a (x1, x2, ¥1, y2)-
linkage, and any addition of an edge to G makes it 2-linked. At first, we only
know that G contains the cycle x1x2y1y2x1. Indeed, edges in this cycle cannot
be used in a (x1, x9, ¥1, y2)-linkage. Starting from y, we recursively work our
way towards xo along some paths. On the way, we reveal the web structure
of G. The process is illustrated as follows:

X1 X9 X1 X9 X1 X9
—> \ —>
N
Y2 Y1 Y2 Y1 Y2 Y1
xl' X9 X1 X9 X1 X9
—
<
¢
Y2 Y1 Y2 Y1 Y2 Y1

These successive steps are done recursively by generalising the notion of
webs. We introduce k-webs, which are webs for which the outer cycle—called
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the frame—of the corresponding near-triangulation of the plane is allowed to
have any length.

In agraph, acyclexixs . ..x3x1 1s called crossed when there are two vertex-
disjoint paths from x; to x; and x, to x; with i < r < j < s; it is crossless
otherwise. The graph G is maximally C-crossless when C is crossless and in
any edge addition to G, C crossed.

We prove the following generalisation of the two paths theorem:

Theorem 10.2. Let G be a graph with C a cycle. The following are equivalent:
* (G is a web with frame C,
* (G is maximally C-crossless.

This generalisation first appeared in [34] in the form of societies. A society
is a graph given with a permutation of a subset of its vertices. The latter
being a cycle on the graph’s vertices (not necessarily a subgraph), we prefer
to use the most standard terminology.

Thanks to this generalisation, we can conclude after the first step of the
proof sketch above:

X1 X9

Y2 Y1

This graph is a parallel composition of a web (the bottom left part) with frame
x1Py1y2x1 (where x1Py; denotes the subpath of P from x1 to y1) and of the
green coloured area which is bounded by the cycle x1Pyixox1. This parallel
composition does not identify sources but subpaths of frames. It is called web
composition when applied on induced paths and satisfies the following:

Proposition 10.3. Webs are stable under web composition.
More precisely, the web composition along P and P’ of two webs G and H,
with respective frames PgP and PyP’, is a web with frame PgPy.

By induction hypothesis, the green part above is a web, and this proposi-
tion allows us to conclude that G is a web.
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11. Solving the two disjoint paths problem. The algorithmic problem
of finding vertex-disjoint paths between fixed pairs of vertices of a given graph
has been well-studied. It is NP-complete on directed graphs [16], and polyno-
mial on undirected graphs [38, 39, 43].

Many variations of this problem exist, such as optimisation versions [40],
acyclic case [30], etc. In this thesis, we focus on the following variant: given
vertices si, t1, S, g in a simple undirected graph, find vertex-disjoint paths
respectively from s1 to #1 and from sy to 9. If s1 = sg or £1 = ¢, then this prob-
lem is solved by Menger’s theorem: say s; = sg; the two paths exist if and only
if every vertex separator between s; and {¢1, ¢2} has at least two elements.
Various methods relating to flow networks exist to solve such a problem. The
difficulty arises when s; # s and ¢1 # t9. The corresponding algorithmic
problem is usually called the two disjoint paths problem. Menger’s theorem
would apply to find vertex-disjoint paths between {s1,ss} and {¢1, 2}, but
requiring paths from s; to £; and s9 to tg, respectively, makes the problem
harder.

Since the seminal works in [38, 39, 43], many efficient algorithms have
been introduced: [26, 17, 41, 42, 23] give, respectively, algorithms running in
0(n?),0(n+mlogn),O(n+ma(m,n)), O(m+na(n,n), and O(n+m) where n
and m are respectively the vertex and edge number of the graph, and «a is the
two parameters variant of the inverse of the Ackermann function. All but the
last are based on improving the O(nm) algorithm by Shiloach [39]. The latter
relies on a sequence of six reductions, three of which involve previous works:
instances can be reduced to the 3-connected case (e.g. using the algorithm
from [19] to decompose a graph into its triconnected components), and even
the 3-connected non-planar case [30], both in O(n+m) time. By Kuratowksi’s
Theorem the resulting instance contains a topological K33 or K5. Another
reduction allows one to assume that the instance does not contain a K5 [47].
To quote Shiloach “We have not written the solution as an explicit, long, and
tedious algorithm”.

We use the insights given by our proof of the two paths theorem to design
a simple O(nm) algorithm for a slight generalisation of the two disjoint paths
problem analogous to the generalisation of the two paths theorem described
above. Given a tuple T of at least three vertices in a graph G, we call web
completion of G with regard to T' a set F' of edges such that G + F' is a web
with frame T'.

Two Dissoint Patas orR WEB COMPLETION
Input: A graph with a tuple of distinct vertices.
Output: A crossing or a web completion.

Our algorithm departs from the method of Shiloach in that no reductions
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are required: it is a simple recursive algorithm and, except for a search al-
gorithm (e.g. depth-first or bread-first), it is self-contained. It is given in
Chapter 6 in the form of two procedures consisting of ten lines of pseudo-code
each.

An algorithm following a similar method as ours can be extracted from the
proof of the two paths theorem given in [34, 24]. It requires first a reduction
to the 3-connected case, but also to find all 3-separators of the instance.

The principle of our algorithm, in the decision version of the problem, goes
as follows: given a graph G with a tuple of vertices T, if there are no paths in
G between non-consecutive vertices of T', then return No—T7 is not crossed in
G. Otherwise, compute a path P between non-consecutive vertices of T'. If P
does not separate T, then return No. Otherwise, G has the following shape:

Let T and T be the two parts of T' which are separated by P, The graphs G;
with tuples T; P are then used as subinstances for recursive calls.

Applying this process blindly is not sufficient. Indeed the recursive calls
may not be safe. More precisely, it is possible that PT; is crossed in G; while T
is not in G (for some i € {1,2}). To ensure safeness we first compute what we
call a P-completion. Roughly, this is a set of safe edges on P’s vertices we add
to G such that, using these edges, P contains a shorter path P’ whose associ-
ated subinstances are safe. Computing P-completions roughly correspond to
adding the red dotted edges in the following picture:
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OUTLINE

In Chapter 1 we introduce basic definitions for simple graphs. We discuss the
various characterisations of treewidth and the principles behind connectivity-
oriented proofs more thoroughly. Chapter 2 introduces the main tools from
universal algebra to define grammars of terms, axioms, and equational rea-
soning. We provide a first finite axiomatisation for graphs of treewidth at
most one, that is for forests. In Chapter 3 we introduce the right notion
of sourced hypergraphs allowing us to use syntactic tools, such as variable
substitution, directly on graphs. We formally introduce the problem of fi-
nite equational axiomatisation for graphs of bounded treewidth, and provide
an equational axiomatisation for all graphs, using the axiom set C. Chap-
ter 4 consists of the succession of reductions described above (decomposition
into full prime components, along clique points and anchors, etc). These re-
sults apply for any bound on the treewidth, but are not sufficient to obtain
finite equational axiomatisations at every treewidth. We study hard graphs
of treewidth three in Chapter 5 and conclude for graphs of treewidth at most
three. Chapter 6 contains our proof of the two paths theorem, and our al-
gorithm for the two disjoint paths problem. Finally Chapter 7 presents our
attempt towards a finite equational axiomatisation of graphs of treewidth at
most four.

A detailed table of contents is provided at the end of the thesis. It might
be used in place of an index.

PUBLISHED AND UNPUBLISHED MATERIALS

This thesis is based on two contributions. At the time of writting, they are
published in ICALP 2024 [15] and arXiv [21], respectively.
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Definitions and results from Chapters 1 and 2 are mostly standard. The
main contributions in these chapters are:

¢ a variant of the standard hyperedge replacement grammar of graph
operations [12, Section 2.4.5] with a proof that the generated graphs
are precisely graphs of bounded treewidth (§1.16)—which is already in-
cluded in [15],

* a finite equational axiomatisation of forests (Theorem 2.16.1) for yet an-
other syntax specifically adapted to forests (§2.6).

The results from [15] are contained in Chapters 3, 4, and 5.

Chapter 3 provides a better account of graph substitution, contexts, and
shapes than [15] does, as well as a finite equational axiomatisation of all
graphs which is not included in [15] (§3.16).

Chapters 4 and 5 contain revised and extended versions of the main con-
tributions of [15]. In particular, results in Chapter 4 are adapted to graphs
of treewidth at most % for any non-negative integer k&, whereas [15] presented
them for treewidth at most three only. Some results sketched in [15] are
now fully formalised, such as the existence of equational axiomatisations of
graphs of treewidth at most 2 when £ < 2 (§4.9, §4.14 and §4.20). The pre-
sentation of Chapter 4 with a sequence of axiom sets is new, as well as the
definition and treatment of clique points. In [15], clique points were a part of
anchors. The incompleteness results are also new (§4.10, §4.15, and §4.21). In
[15], the structural property of hard graphs of treewidth at most three is not
explicitly stated (Theorem 5.8.1), and neither is the link between hard graphs
of treewidth at most & + 1 with minimal excluded minors of treewidth at most
k (Proposition 5.10.1).

Chapter 6 and [21] are very similar, with only a few additions: remarks
making links with the graphs operations described in §1.16 and with notions
presented in Chapter 3.

Finally, the results of Chapter 7 are entirely new.

The author would like to mention the two contributions [20, 5] that were
not included in this thesis since they do not fall in its scope.
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Graphs and bounded treewidth

1.1 Introduction. In the first section of this chapter (§1.2 to §1.10), we
review standard definitions, notations, and results from graph theory (iso-
morphisms, subgraphs, paths and cycles, connected components...). All these
can be found in graph theory textbooks, such as [13, g].

Treewidth is introduced in the second section (§1.11 to §1.16), via several
characterisations using k-trees, k-elimination graphs, tree decompositions,
or some graph operations. The first three characterisations originate from
[2], [33], and [49, 37], respectively.

The third and last section of this chapter (§1.17 to §1.19) reviews the usual
decomposition of graphs along their cutvertices and the principles behind
connectivity-oriented proofs. We apply the latter with analogues of connected
components and cutvertices in Chapter 4.

Except for §1.16 (in which we describe an operational characterisation of
treewidth departing from similar results in the literature, such as in [12,
Section 2.4.5], in that we use distinct, though similar, graph operations), all
results presented in this chapter are standard. We nonetheless provide com-
plete proofs for the sake of completeness, and citations are provided where
we are unable to do so.

19
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U2

Us
U4 U1

U3

Figure 1.1: A visual representation of the graph with vertex set
{v1,ve,v3,v4,v5} and edge set {v1v2, v1V3, V1V4, Vav4, U304, V4U5}

Figure 1.2: Two distinct drawings of the same graph.

We use standard set-theoretic notations: {x,y,...} for sets, A U B for
union, A N B for intersection, and A\B for set difference. The powerset of
a set A, that is the set of all subsets of A, is denoted by £ (A) (P stands for
“powerset”). Let k be a non-negative integer. The restriction of P (A) to sub-
sets of size & is denoted by P (A).

We denote the set of non-negative integers by N.

SIMPLE GRAPHS: BASIC DEFINITIONS

1.2 Simple graphs. A simple graph is a pair G = (V,E), where V is a
finite set of vertices and E is a finite set of edges, with each edge being an
unordered pair of distinct vertices.

Graphs are depicted in the standard manner: vertices are represented by
small circles, and edges by lines, as illustrated in Figure 1.1. Graph drawings
are not unique; Figure 1.2 provides two distinct representations of a graph.

The order of a graph G = (V, E), denoted |G|, is the cardinality of V, while
the size of G, denoted ||G||, is the cardinality of E.
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1.3 Basic graphs. The graphs of the form (V, ) are called discrete. The
empty graph, denoted 0, is the unique graph with no vertices, i.e., (0, 0). To-
gether with the graph ({x}, 0), they are referred to as trivial graphs.

The graph K, = (V,%P2(V)), defined on n vertices, is called the complete
graph or clique on n vertices. The graph Kj is called the triangle.

1.4 Vertices and edges. Let G = (V, E) be a graph. Given vertices u,v €
V, the edge {u, v} is interchangeably denoted uv or vu. We write V(G) and
E(G) to refer to the vertex and edge sets of the graph G, respectively. If
e = uv € E, then u and v are called adjacent, that e is incident to u or v, or
that u and v are the endpoints of e. We also say that v is a neighbour of u.
The set of all neighbours of u is called the neighbourhood of u, and is denoted
Ng(u). The degree of u is the cardinality of Ng(u). A vertex is called isolated
if its degree is zero.

In the graph depicted in Figure 1.1, the vertices v4 and v5 are adjacent;
the former has degree four and the latter degree one.

1.5 Graph operations. Let G = (V,E) be a graph, U a finite set, and
F C Py(V).

We write G + U for the graph (VU U,E). If U = {v} is a singleton, we
write G + u and call vertex addition the corresponding operation.

We write G + F for the graph (V,E+F). If F = {e} is a singleton, we write
G + e and call edge addition the corresponding operation.

Let u € V be a vertex and e € E an edge of G. The deletion of u from G is
defined as the graph

G-u=V\{uh{vweE|v+urw*u}),
and the deletion of e from G is the graph
G-e=(V,E\{e}).

These operations are referred to as vertex deletion and edge deletion, respec-
tively.

Let uv € Po(V) be an edge on G’s vertices. The edge contraction of uv in
G is the graph

Gluv=(V\{ul,{xye E|lu#xAu#y}U{xv|xucE}).

That is, u 1s removed from GG, and v is made adjacent to all neighbours of w.
Swapping the roles of u and v yields the same graph.
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Ug U1

Us U9

U3
U4 U3

Figure 1.3: The top part depicts a graph homomorphism, while the bottom
part illustrates a graph isomorphism. Dotted arrows represent the vertex
mapping associated with the homomorphism. The red triangular vertices
and red dashed edges are the ones reached by the morphism. Concerning the
isomorphism, the bijection is given by the mapping v; — v; ( =1,...,6).

1.6 Graph morphisms. Let G and H be two graphs and ¢: V(G) —
V(H) a function.

The mapping ¢ is called a graph homomorphism from G to H if for every
edge uv € E(G), the image ¢(u)¢(v) belongs to E(H).

In other words, a graph homomorphism is a vertex map preserving adja-
cency.

If ¢ is a bijection and both ¢ and ¢! are graph homomorphisms, ¢ is
called a graph isomorphism, G and H are called isomorphic, and we write
G=~H.

Isomorphic graphs differ only in the “labelling” of their vertices.

A graph homomorphism and a graph isomorphism are depicted in Fig-
ure 1.3. These mappings relate the graphs shown in Figures 1.1 and 1.2.
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Figure 1.4: The graph in Figure 1.1 as a subgraph of the graph in Figure 1.2.
The red triangular vertices and the dashed red edges constitute the subgraph.

1.7 Graph classes, properties, and parameters. A graph class is a col-
lection of graphs closed under isomorphism.

In some contexts, graph classes are understood as properties: a class con-
tains a graph if and only if the graph satisfies a certain property. In this
sense, a graph class may also be called a graph property. Given a graph prop-
erty ¢ and a graph G, we write ¢(G) to indicate that G satisfies the property
®.

A graph parameter is a mapping from the collection of all graphs to R
invariant under isomorphism.

For example, the minimum degree of a graph is a graph parameter, while
the property of having minimum degree at most one is a graph property.
The graph shown in Figure 1.1 satisfies this property, whereas the graph in
Figure 1.2 does not.

1.8 Subgraphs. Given two graphs G and H, we say that H is a subgraph
of G if there exists an injective graph homomorphism from H to G.
An example is provided in Figure 1.4.

Proposition 1.8.1. A graph H is a subgraph of a graph G if and only if it can
be obtained from G by a sequence of vertex and edge deletions.

Proof. Let ¢: V(H) — V(G) be an injective graph homomorphism from H
to G. Let V' C V(G) be the image of V(H) under ¢, and E' C E(G) be

{op(w)p(v) € E(G) | uv € E(H)}.

Then H is isomorphic to the graph (V’, E’) and (V’, E’) is obtained from
G by successively deleting the edges in E(G)\E’ and the vertices in V(G)\V"’.
Conversely, let H be a graph obtained from G by successive vertex and
edge deletions. The mapping from V(H) to V(G) defined by identity is an
injective graph homomorphism. O
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Let G be a graph. Given a subset V' C V(G) of vertices, the subgraph of
G induced by V' is the graph

G[V'] =V, {uv € E(G) | u,veV'}).

According to Proposition 1.8.1, induced subgraphs are exactly the subgraphs
obtained via vertex deletions only, without edge deletions.

A subgraph H of G with V(H) = V(G) and E(H) C E(G) is called a
spanning subgraph of G.

1.9 Paths and cycles. A walk in a graph G is a sequence of vertices W =
Xo . . . X, such that for each consecutive pair of vertices x;,x;.1 on W (0 < i <
n — 1), x;x;4+1 1s an edge of G. The vertices xo and x,, are referred to as the
endpoints of the path. The integer n is the length of W, which we denote by
|W|. A path is a walk in which vertices do not repeat.

Two walks are disjoint if they share no common vertices. They are inner
disjoint if they have no vertices in common except possibly for their endpoints.

Given a walk W = x1 ... x, as well as two integers 1 < i < j < n, we write
x;Wx; for the subwalk x;x;41...2; (0 < i < j < n). Ifi =0o0rj = n, we
simplify the notation to Wx; and x;W, respectively. The reversal of W is the
walk W = x,,...x;1 and the interior of W is its subwalk W =xy.. .Xp_1. An
induced path is a path that is induced as a subgraph.

Two vertices u and v in a graph G are connected if G contains a walk W
with endpoints # and v. In this case, we say that W connects u and v in G.
A graph G is called connected if any two of its vertices are connected. By
convention, the empty graph is considered disconnected.

Given two sets U, V of vertices,apath P =x1...x,1saU-V path ifx, € U,
x, € V, and the interior of P avoids both U and V. When U = V we simply
say that P is a U-path. Let W be a set of vertices. The sets U and V are called
W-connected when there exists a U-V path whose interior avoids W.

Given a walk W = xg . . . x,,, if a vertex x appears twice in W, say as x; and
xj with i < j, then the walk W' =xq...x;xj41 ..., is shorter in length than
W but with the same endpoints. Hence x can be used to shortcut the walk W.
Repeated applications of this process yields a paths with the same endpoints
as W.

Next, we introduce several notations for reasoning with walks and paths.

Given a graph G and walks P = x¢...x, and @ = yo...ym, if x; = y; for
some non-negative integersi and j, Px;Q denotes the walk xo . . . x;yj41 ... Ym.
This notation may be applied iteratively, e.g., PxQyR. When the last vertex
x of P coincides with the first vertex of @ (i.e., x, = yo), we write PQ instead
of PxQ.
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Figure 1.5: Examples of trees.

A cycle of length n (with n > 3)is a walk in which the only repeated vertices
are the endpoints.

When two paths P and @ are disjoint except for their first and last vertices
which are equal, P@ is a cycle.

1.10 Connected components. The disjoint union G W H of two graphs G
and H is the graph whose vertex set is the disjoint union of V(G) and V(H),
and whose edge set is the disjoint union of E(G) and E(H).

Given a graph G we can consider the equivalence relation R between its
vertices defined by connectivity: (uz,v) € R if and only if u and v are connected
by some path in G. The associated equivalence classes of R define maximally
connected subsets of vertices and the associated induced subgraphs are called
the connected components of G.

Proposition 1.10.1. A graph is the disjoint union of its connected components.

Write Cg for the set of connected components of a graph G and let ¢ be
a graph isomorphism from G to a graph H. We have ¢(Cg) = Cy. For this
reason, the decomposition of a graph into its connected components is called
canonical.

Another graph connectivity decomposition is presented in the end of this
chapter.

TREES AND TREEWIDTH

1.11 Trees. An acyclic graph is called a forest. If it is additionally con-
nected, it is called a tree.

By Proposition 1.10.1 forests are precisely disjoint unions of trees. Exam-
ples of trees are shown in Figure 1.5.

Trees and forests are among the most studied classes of graphs. They
admit various characterisations, such as the following one.
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Figure 1.6: Shapes of distinct paths P and @ sharing the same endpoints in
a graph. The regular lines represent Pu = Qu, the dotted and dashed lines
represent uP and u@. The walk uPvQu is a cycle.

Proposition 1.11.1. A graph G is a forest if and only if in G, there exists at
most one path between every pair of vertices.

In particular, a graph G is a tree if and only if in G, there exists exactly one
path between every pair of vertices.

Proof. If a graph contains a cycle, then the cycle provides two distinct paths
between any pair of vertices on the cycle.

Conversely, if a graph contains two distinct (not necessarily inner disjoint)
paths P and @ sharing their endpoints, then a cycle is constructed as follows
from P and @ (see Figure 1.6).

Let u be the last vertex of P and @ such that Pu = Qu. Since the paths
P and @ are distinct, u cannot be their last vertex. Furthermore, P and @
share their endpoints. Hence their last vertex is common to the two paths
and appears after u. Let v be the first vertex after u on P also appearing on
Q. The walk uPvQu is a cycle. |

The rest of the current section is devoted to introducing graphs of bounded
treewidth and their most well-known characterisations, drawing parallels
with characterisations of trees or forests.

1.12 Treewidth via k-trees. Often, treewidth is understood as a graph
parameter expressing how close a graph is to being a tree. We chose to intro-
duce the treewidth of graphs via k-trees in the hope of clarifying this intu-
ition. We first introduce the corresponding characterisation for trees.

In a graph, a vertex of degree at most one is called a leaf. Given a graph
G, and u € V(G), the u-leaf addition to G is the graph obtained by adding a
new fresh vertex v to G as well as the edge uv.
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Proposition 1.12.1. The closure of the trivial graphs under successive leaf
additions is exactly the set of trees.

Proof. We prove that following two items:

1. A leaf addition to a tree is a tree.

2. Every non-trivial tree contains a leaf.

1. Let G be a leaf addition to a tree 7. We write u for the added leaf.
For the sake of contradiction, let C be a cycle in G. Every vertex of C has
two neighbours on C. Hence C cannot contain u, and C is a cycle in T, a
contradiction.

2. For the sake of contradiction, let 7' be a non-trivial tree not containing
a leaf. Since T is non-trivial, every vertex of T' has degree at least one. Fur-
thermore, as T' does not contain a leaf, every vertex of 7' has degree at least
two.

Let P = x1...x, be a path in T of maximal length. As the degree of x,, is
at least two, let y be a neighbour of x,, distinct from x,,_;. By maximality of
P, the walk x1 .. .x,y is not a path. Hence y is a vertex x; of P for an integer
1 <n-2,and yPx,yis acyclein T'. |

We now define k-trees by generalising the definitions of leaves and leaf
additions.

In a graph, we call k-leaf a vertex of degree £ whose neighbours induce
a clique. Given a graph G with a clique K of order %, k-leaf addition to G
is the graph obtained by adding a fresh vertex v to G and every edge uv for
u € V(K). A k-tree is a graph obtained, starting with a complete graph on &
vertices, by successive k-leaf additions.

The complete graph K, is obtained by a k-leaf addition of K. Hence, it
is a k-tree.

Examples of 3-trees akin to the trees of Figure 1.5 are displayed in Fig-
ure 1.7.

Definition 1.12.2. The treewidth of a graph is the least integer £ such that
it is a subgraph of a k-tree.

A graph class has bounded treewidth if there exists a non-negative integer
k such that all its graphs have treewidth at most %.

Any graph G is a subgraph of K|g. Hence, the treewidth of a graph G is
bounded by its order |G|.

Leaf additions coincide with 1-leaf additions. Hence, as a direct conse-
quence of Proposition 1.12.1, we have:

Corollary 1.12.3. A graph is a forest if and only if it has treewidth at most
one.
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Figure 1.7: Examples of 3-trees. Red triangles are cliques of size three repre-
senting the vertices in the trees of Figure 1.5: k-trees can be understood as
“thickened” versions of usual trees.
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1.13 Treewidth via k-elimination graphs. In the previous paragraph,
instead of considering k-leaf additions for a fixed &, one can also allow /-leaf
additions whenever [ < k.

The graphs obtained from cliques of order at most £ via successive [-leaf
additions (0 < [ < k) are called k-elimination graphs.

The standard definition of elimination graphs follows the inverse process:
the k-elimination graphs are exactly the graphs that can be reduced to the
empty graph by repeated deletions of /-leaves where [ ranges in {0, ..., k}.

Clearly, k-elimination graphs are all subgraphs of k-trees and k-trees are
all £-elimination graphs.

Proposition 1.13.1. A graph has treewidth at most k if and only if it is a
subgraph of a k-elimination graph.

The justification behind the introduction of £-elimination graphs is to sim-
plify some proofs.

1.14 Treewidth via tree decompositions. The “tree-like structure” of
k-trees 1s quite clear visually as shown in Figure 1.7. Still, formally, it is
difficult to use properties of trees on k-trees, and, by extension, on graphs of
bounded treewidth.

Tree decompositions offer an explicit tree structure encoding the treewidth
of a graph. In the literature, treewidth is usually introduced using tree de-
compositions.

Definition 1.14.1. A tree decomposition of a graph G = (V,E) is a tree
T = (B, F) whose vertices are called bags, along with a map ¢: B — P (V)
associating a subset of V to each bag of T', such that:

* V=Upen ¢(b);
¢ for each edge xy of G, there exists a bag b € B with x,y € ¢(b);

* for every vertex x € V, if two bags b,d’ € B both contain x (x € ¢(b) N
@(b’)), then x is contained in every bag along the unique path in T' from
btod.

The width of a tree decomposition is the maximum cardinality of its bags
minus one.

Figure 1.8 gives visual representations of tree decompositions for the 3-
trees of Figure 1.7.

To prove the treewidth of a graph is the minimum width of its tree decom-
positions, we first prove a lemma on the behaviour of cliques in tree decom-
positions.
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Figure 1.8: On the right part, the tree of a tree decomposition of the graph on
the left part. Bags are represented by the coloured areas.

Lemma 1.14.2. Let G be a graph, K a clique in G, and T a tree decomposition
of G. There exists a bag of T containing K.

Proof. The proof proceeds by induction on |K|. If |K| < 2, then the statement
holds by definition of tree decompositions.

Otherwise, |K| > 3. Let u, v, w € K be distinct vertices.

By induction hypothesis, there exists three bags b,, b,, b,, of T containing
K\u, K\v and K\w, respectively.

By Proposition 1.11.1, consider the unique paths P, @, and R in T from b,
to b, from b, to b, and from b, to b,, respectively.

By definition of tree decomposition, all bags on the paths P, @, and R
contain K\{u,w}, K\{v,w}, and K\{u, v}, respectively.

We prove that there exists a bag b common to P, @, and R.

We distinguish two cases, depending on whether b,, is on R or not. See
Figure 1.9 for an illustration.

If b, appears on R then b,, is common to the three paths P, @, and R. In
this case, we let b = b,,.

Otherwise R does not contain b,,.

Let S be a path obtained by shortcutting the walk P@, preserving its end-
points. The paths S and R share their endpoints. By Proposition 1.11.1, they
are equal. Hence S does not contain b,,. As PQ contains b,, and S is defined
by shortcutting P@, there exists a bag b common to P, @, and S, such that
b, 1s contained in bP@b.

The bag b appears on the three paths P, @, and R: by definition of tree
decomposition, it contains (K\{u,w}) U (K\{v,w}) U (K\{u,v}) =K. O

Theorem 1.14.3. A graph has treewidth at most k if and only if it has a tree
decomposition of width at most k.
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Figure 1.9: The two possible configurations for the relative shapes of the paths
P@ and R in the proof of Lemma 1.14.2.

Proof. The two implications are illustrated in Figures 1.11 and 1.10.

Let G be a graph.

Assume a tree decomposition 7' = (B, F) of G of width at most k.
Consider the graph H whose vertices are those of G, two vertices being ad-
jacent in H if and only if they belong to a common bag of T'. By the second
condition of Definition 1.14.1 and by Proposition 1.8.1, G is a subgraph of H.
We prove G has treewidth at most & by proving H is a k-elimination graph.

Write ¢ for the function associating the subsets of V(G) to the bags of B.

We reason by induction on the lexicographic product (|G|, |T'|) of G’s order
with the number of bags in T'.

Assume T is reduced to one bag denoted by b. By the first condition of
Definition 1.14.1, V(G) = ¢(b). Hence H ~ K|g|. As T has width at most
k, we have |¢p(b)| < k + 1. Hence H is a complete graph with at most &2 + 1
vertices. So H is a k-elimination graph.

Otherwise, T' contains at least two bags and by Proposition 1.12.1 there is
at least one leaf b in T'.
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Figure 1.10: On the top part, the graph from Figure 1.9 with the bag of its
tree decomposition. On the bottom part, the 3-elimination tree obtained by
turning the bags into cliques.

Figure 1.11: On the left part, a 2-elimination tree. On the right part, a tree
decomposition of the 2-tree of width at most two whose bags are the maximal
cliques of the 2-elimination tree.
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We distinguish two cases, depending on whether each vertex of G appears
in a bag of T — b or not.

* Assume each vertex of G appears in a bag of T' — b.

We prove that T'— b is a tree decomposition of GG, allowing us to conclude
by induction hypothesis as |T' — b| < |T|.

The first and third conditions of Definition 1.14.1 are directly inherited
from T'.

We prove the second condition of Definition 1.14.1, namely, that for every
edge uv of G, there exists a bag of T' — b containing both u and v.

Let b,, be a bag of T' containing both u and v. If b # b,, then b,, 1s a
bag of T' — b containing both u and v. Otherwise, b = b,,. Let b’ be the
only neighbour of b in T" and b, be a bag of T'— b containing u. As T' is a
tree decomposition of GG, the third condition of Definition 1.14.1 ensures
that u is contained in all bags along the unique path in 7" from b to b,,.
As b is a leaf, this path contains b’. So b’ contains u. By symmetry &’
also contains v. Hence in T' — b there is a bag containing both u and v.
So T — b 1s a tree decomposition of G.

* Otherwise, some vertex x € ¢p(b) appears in b and in no other bag of T'.

Removing x from b provides a tree decomposition of G — x. By induction
hypothesis, as |G —x| = |G| -1, H —x is a k-elimination graph and G — x
is a subgraph of H — x.

As the only bag of T' containing x is b, by the second condition of Defini-
tion 1.14.1, all neighbours of x are contained in b. By definition of H, the
vertices contained in b form a clique in H—-x. Hence, H is the (|¢(b)|-1)-
leaf addition of x to H — x. As T' has width at most &, |¢p(b)| < k+1. As
furthermore H — x is a k-elimination graph, H is a k-elimination graph
containing G as a subgraph.

Assume G is a subgraph of a k-elimination graph H. We prove that
G and H share a common tree decomposition of width at most £ by induction
on the definition of k-elimination graphs.

If H is a clique of order at most &, then consider the trivial tree decompo-
sition containing one bag with all vertices in it. It has width at most £ and it
is a tree decomposition of G.

Otherwise, with [ < k, assume H is given by a [-leaf addition of a vertex v
to the k-elimination graph H —v. As G is a subgraph of H, G —v is a subgraph
of H — v. By induction hypothesis, consider a tree decomposition 7' of width
at most £ which is a decomposition of both G — v and H — v.
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The neighbourhood of v in H is a clique by definition of leaf additions. By
Lemma 1.14.2, the neighbourhood of v in H is contained in a bag b of T'. Let
T’ be the tree decomposition obtained from T via a b-leaf addition of a new
bag b’, adding in b’ the vertex v as well as its neighbours Ny (v) from H.

The tree 7" is a tree decomposition for both G and H of width at most 2. O

1.15 Treewidth via excluded minors. Previous paragraphs introduced
characterisations of treewidth in which the tree structure is somewhat ex-
plicit, be it via successive k-leaf additions, or via tree decompositions. We
now consider structural characterisations.

Structural graph theory studies characterisations of graph classes via fi-
nite lists of obstructions. Examples are graph classes avoiding a fixed finite
set of graphs as subgraphs.

Denote by S}, the star with k& branches (k > 0). More precisely, S; consists
of & + 1 vertices x,11,...,l; and the 2 edges x/; 1 =1, ..., k). The vertex x is
called the center of S;,.

For any non-negative integer k&, the class of graphs with maximum degree
at most % coincides with the class of graphs that exclude S; as a subgraph.

For the class of graphs of treewidth at most &, the structural characteri-
sation uses the “minor” relation instead of the subgraph one.

A graph H is called a minor of a graph G if there exists a family (V) ev ()
of pairwise disjoint subsets of V(G) such that:

* (G[V,] is a connected subgraph of G for all x € V(H), and

* whenever xx’ € E(H) then yy’ € E(G) for some vertices y € V, and
y € V.

The family (Vy).ev(m) is called a model of H in G.

An example of minor is shown in Figure 1.12.

In other words, (V).cv () partitions a subset of V(G), with the adjacency
between the V, containing the adjacency relation on H’s vertices. The mi-
nor relation is a generalisation of the subgraph relation, analogous to how
partitions generalise subsets.

Proposition 1.15.1. A graph H is a minor of a graph G if and only if it can
be obtained from G by successive vertex deletions, edge deletions, and edge
contractions.

Proof. Assume H is a minor of G and let (V,).cv(z) be an associated model of
H. Perform vertex deletions vertices in V(G)\(U,ev(m) V), edge deletion for
each edge uv withu € V,,v € V,,x # y, and xy ¢ E(H), and edge contraction
for each edge of the induced subgraphs G[V,] (x € V(H)).
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Figure 1.12: The right part depicts a minor of the graph on the left part.
Coloured areas represent the vertices which are identified in the minor. Ob-
serve that the minor contains a vertex of degree four whereas the graph has
maximal degree three.

The resulting graph is isomorphic to H by mapping the vertex resulting
from the contraction of edges in G[V,] to x.

Conversely, we proceed by induction on the sequence of operations per-
formed.

Assume H is a minor of G —v (v € V(G)) or G — e (e € E(G)). The model
(Vi)xev) of Hin G — v or G — e is a model of H in G.

Assume H is a minor of G/e for an edge e € E(G). If the vertex w corre-
sponding to the identification of e’s endpoints in G/e does not appear in any
set Vy, then (Vy) ev(m) is a model of H in G. Otherwise, replace w in its set
V. by €’s endpoints, and the corresponding family of subsets provides a model
of H in G. O

Proposition 1.15.2. A graph is a tree if and only if it does not contain K3 as
a minor.

Proof. We prove that having a triangle K3 as a minor is exactly as having a

cycle.
Let G be a graph containing a cycle C = x1...x,x1 of length n. Deleting
all vertices and edges in G — C from G and contracting x;x;,1 1 =3,...,n—1)

provides a triangle as a minor by Proposition 1.15.1.
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Conversely, assume that (V1, Vg, V3) is a model of a triangle in a graph G.
By definition of model, there are vertices x,x’ € V1, y,y’ € Vo and 2,2’ € V3
such thatx’y,y’z,2’x € E(G). As the graphs G[V;] are connected and disjoint,
we can assume disjoint paths P, @, R in G, from x to x’, from y to y’, and from
z to 2/, respectively. Then Px'yQy’'zRz'x is a cycle in G. O

This proposition generalises to graphs of treewidth at most %:

Theorem 1.15.3 ([32]). For every k > O there exists a finite set My of graphs
such that a graph has treewidth at most k if and only if it contains none of the
graphs from Mj, as a minor. Moreover, if G € M}, then every minor of G has
treewidth at most k.

The proof of Theorem 1.15.3 relies on the celebrated Robertson-Seymour
theorem, which states, in its simplest form that for any infinite sequence (G;);
of simple undirected graphs, there are indices 1 < j such that G; is a minor of
G ;. This is a very deep result, possibly the most important one in graph the-
ory. Its proof took several decades and the publication of more than twenty
research papers. It is nonconstructive, and the explicit lists of minors in The-
orem 1.15.3 are unknown for 2 > 4. On the other hand, when k£ < 3, we have
the following:

Theorem 1.15.4. A graph has treewidth at most two if and only if it does not
contain K4 as a minor.

Theorem 1.15.5 ([36, 4]). A graph has treewidth at most three if and only if
it does not contain one of the following four graphs as minors:
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The associated lists of minors being unknown for 2 > 4, the characterisa-
tion of graphs of bounded treewidth in Theorem 1.15.3 is of a different flavor
than the already seen ones.

We obtain Theorem 1.15.4 in § 5.10 as a byproduct of our study of a finite
equational axiomatisation for graphs of treewidth at most three.

In the general case of graphs of treewidth at most %, we know at least one
of the forbidden minors:

Proposition 1.15.6. For every non-negative integer k, the complete graph Ky, .o
has treewidth k + 1. Furthermore all its minors have treewidth k.

Proof. The first part is a direct consequence of Proposition 1.14.2. The sec-
ond part is proved as follows: the edge contraction or vertex deletion of Ko
yields Kz,1. An edge deletion yields a k-leaf addition to K.1. In any case the
resulting graph is a k-tree which has treewidth %. |

1.16 Treewidth via graph operations. A rooted graph is a graph in
which a particular vertex is identified and called its root.
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Figure 1.13: On the left and right parts, the shapes of a root lift rlG and of a
parallel composition G | H, respectively.

Rooted trees are closer to tree representations as datatypes, and are often
used in recursive algorithms: they admit inductive characterisations using a
finite number of graph operations.

On the other hand, the characterisation of Proposition 1.12.1 via u-leaf
additions requires one graph operation per value u can take, amounting to
infinitely many graph operations.

Allowing roots changes the graph notion, but defines a clear interface on
which to work to generate trees.

Given two rooted graphs G and H with roots rg and rg, we call parallel
composition of G with H the rooted graph G | H obtained by taking their
disjoint union, adding the edge rgrg in the result, and then contracting rgry,
the resulting vertex being the root:

G|H=(GWH)/rgry.

This operation consists in “gluing” the two graphs on their roots.

Given a rooted graph G with root r, the root lift of G consists in adding a
fresh vertex r’ to G, adding the edge rr’, forgetting r is the root, and promoting
r’ as the root.

Examples of parallel composition and root lift are provided in Figure 1.13

The rooted graph consisting solely of its root is called the trivial rooted
graph.

A way of generating trees from the trivial rooted graph is to recursively
apply parallel compositions and root lifts.

To access forests on top of trees, we define two further operations.

The root lift of a nonrooted graph G is the graph obtained by adding a
fresh isolated vertex r to G, the root of the resulting graph being r; the forget
of a rooted graph G is the nonrooted graph obtained from G by forgetting it
has a root.

The term “root lift” is overloaded and describes an operation on both rooted
and nonrooted graphs.
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Proposition 1.16.1. The closure of the set containing the empty graph under
root lifts, parallel compositions, and forget operations, is precisely the set of
possibly rooted forests.

Proof. We prove the following two statements of which the proposition is a
direct consequence:

1. The root lift of a forest, rooted or not, is a rooted forest. The parallel
composition of two rooted forests is a rooted forest. The forget of a rooted
forest is a rooted forest.

2. Any non-empty forest is the forget of a rooted forest and any rooted
forest can be expressed either as a root lift of a (rooted or not) forest or as a
parallel composition of two nontrivial rooted forests.

1. The root lift of a rooted tree is a leaf addition in which the new leaf
becomes the root. By Proposition 1.12.1 this is again a rooted tree. A rooted
forest being a disjoint union of rooted trees by Proposition 1.10.1, this extends
to rooted forests.

The root lift of a nonrooted forest is the exact same graph with one new
connected component reduced to the root. Since the latter is a forest, we
conclude by Proposition 1.10.1 that the root lift of a nonrooted forest is a rooted
forest.

Consider the parallel composition of two rooted forests 7' and 7. Assume,
for sake of contradiction, there exists a cycle C in T | T7”. If the vertices of C
are either all vertices of T or of 7", then C is a cycle in T or 7", a contradiction.
Otherwise, assume there is in C a (non-root) vertex x which is in 7 but not in
T’ and a (non-root) vertex y which is in 7” but not in 7'. Consider the largest
portion P of C containing x whose vertices are all vertices of 7. Because y
exists in C, P # C and P’s endpoints are distinct vertices. Only one endpoint
of P can be the root r of T | T, but both are adjacent to a vertex of 7" —r, a
contradiction.

The forget of a rooted forest is a forest.

2. The rooted graph obtained by promoting any vertex as the root in a
nonrooted forest is a rooted forest by definition. Hence any nonrooted forest
is the forget of a rooted forest.

Assume T is a non-empty rooted forest let r be its root.

If r 1s isolated, then T is the root lift of the nonrooted forest T' — r.

Next, consider the case where r is not isolated in 7. We distinguish two
cases depending on whether there are two connected components in 7' — r or
not.

T — r has at least two connected components; let C be one such com-
ponent: T is the parallel composition of the rooted forests 7'[C U {r}] with
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T — C, and both arguments of the parallel composition are nontrivial as 7' —r
has at least one component distinct from C.

T —r has exactly one component; the root being non-isolated, its degree
in T is exactly one. Write r’ for the unique neighbour of 7 in 7'. Then T is the
root lift of the rooted tree T' — r in which r’ is the root. |

The definitions and results we have presented so far are standard in graph
theory. Next, we generalise the operational characterisation of forests of
Proposition 1.16.1 to graphs of bounded treewidth. The graph operations we
use are similar though different from the ones found in the literature (see [12,
Section 2.3.1] for example).

A sourced graph is a graph with a sequence of some of its vertices called its
sources. The sequence of sources is called the interface of the sourced graph.
The number of sources of a sourced graph G is called its arity and is denoted
by ar(G).

Given a sourced graph G, the nonsourced graph obtained by the addition
to G of every possible edge between its sources, and then by forgetting that G
has an interface, 1s called the skeleton of G.

Tree decompositions of sourced graphs are defined as for simple graphs
(see Definition 1.14.1), with one further condition: a bag of the decomposition
contains all sources. The treewidth of a sourced graph is the minimum width
of its tree decompositions.

By Lemma 1.14.2, a sourced graph and its skeleton have the same tree
decompositions. As a consequence, the treewidth of a sourced graph and of
its skeleton are equal.

Since in a tree decomposition of a sourced graph a bag contains all sources,
a sourced graph of arity k£ + 1 has treewidth at least k.

Definition 1.16.2. Let G and H be graphs of arity k.

¢ Denoting the sources of G and H by riG and rf{ (i=1,...,k), respectively,
the parallel composition of G and H, is the graph of arity £ defined by:

G|H=(GuwH)/[r§ri). . [rSri.

e If £ > 1, the forget of G, fG, is the graph of arity £ — 1 obtained from G
by removing the last source from its interface, keeping it in the vertex
set.

¢ The lift of G, 1G, 1s the graph of arity £ + 1 obtained from G by adding
a new isolated vertex, and making it a source by appending it to G’s
interface.
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* For a permutation p of [1, 2], we denote by pG the graph obtained from
G by permuting its interface according to p.

The sourced graph 0, of arity 2 which is reduced to its interface is called
the empty graph of arity k.
We have: 0 = 0y and 0r41 = 10;.

Proposition 1.16.3. Let k > 1 be an integer. The closure of the empty graph
and of the edge with two sources under parallel compositions, forgets, lifts
(limiting the arity to k + 1), and permutations is exactly the set of sourced
graphs of treewidth at most k.

Proof. We prove the following two statements of which the proposition is a
direct consequence:

1. Bounds on the treewidth are preserved by parallel compositions, forget
operations, and permutations of sources. If a graph with up-to £ sources has
treewidth at most &, then its lift has treewidth at most k.

2. Any non-empty sourced graph of treewidth at most £ distinct from the
edge with two sources is either the parallel composition of two non-empty
sourced graphs of treewidth at most %, or the permutation of a lift of a sourced
graph of treewidth at most &, or the forget of a sourced graph of treewidth at
most k.

1. A tree decomposition of a sourced graph remains valid for its forget or
permutation so bounds on the treewidth are preserved by these two opera-
tions.

Given a tree decomposition 7' for a graph G of arity at most £, one can
build a tree decomposition for the lift of G by adding to 7" a bag b containing
precisely the sources of G as well as the new source added by the lift operation,
making b adjacent, in T, to a bag of containing all of G’s sources. The width
of the new tree decomposition remains at most ., thanks to G having at most
k sources.

Given two tree decompositions 7" and 7" of two sourced graphs G and H of
the same arity, one can build a tree decomposition for their parallel compo-
sition by taking the disjoint union 7" and 7", adding a new bag b containing
the sources of G | H, and making b adjacent to a bag of T' (resp. a bag of T”)
containing all sources of G (resp. H).

2. The fact that in all cases arguments of the operations have treewidth
at most % is easily verified.

Let G be a sourced graph of treewidth at most & distinct from the edge
with two sources.

If a source s is isolated in G we easily combine a lift adding this source
with a permutation to prove that G is the permutation of a lift of G — s.



CHAPTER 1. GRAPHS AND BOUNDED TREEWIDTH 42

Assume henceforth that every source of G is nonisolated.

If there is an edge e between two sources in G, then G is the parallel
composition of G — e with a graph reduced to e and its sources. As sources of
G are nonisolated and as G is distinct from the edge with two sources, G — e
is non-empty.

Next, consider the case where no edge of G has two sources as endpoints.

Let S be the set of sources of G. If there exists at least two components in
G — S, then write C for one of them. Having two components in G — S ensures
that G — C is non-empty. Then G is the parallel composition of G[C U {S}]
with G - C.

Suppose in the rest of the proof there is exactly one component in G — S.

First, we prove that G has at most £ sources. Let H be the minor of G’s
skeleton defined by contracting all edges of C. The order of H is ar(G) +
1; its vertices are the sources of G plus one vertex x corresponding to the
contraction of C. In H, there is a an edge between x and a source s € S of G if
and only if there is in G an edge between s and a vertex of C. As there is only
one component in G — S, as sources are nonisolated in G, and as sources are
pairwise nonadjacent in G, every source s € S must be adjacent to a vertex of
Cin G, and in H, each vertex s € S is adjacent to x. By definition of skeleton,
it holds that vertices of S are pairwise adjacent in H.

Hence, H is K;;(g)+1 and a minor of G’s skeleton. By Proposition 1.15.6, as
G has treewidth at most £, and hence its skeleton too, we have ar(G)+1 < k+2.

Let T be a tree decomposition of width at most £ of G. Let b be a bag of T’
containing all sources of G. As there is one component in G — S, there must be
at least one nonsource vertex in G. Consider a shortest path Pin T from b to a
bag b’ containing a nonsource vertex x of G. Let T” be the tree decomposition
obtained by adding x to all bags of P. All bags of P but 4’ contain only sources.
In particular, as T has width at most &, all bags of P but b’ contain at most
k vertices. Hence, bags of 7" contain at most & + 1 vertices and 7" has width
at most k.

The tree decomposition 7" of G is also a tree decomposition of the sourced
graph G’ obtained from G by promoting x as a source (appending x to G’s
interface). By definition, the graph G is the forget of G’. O

Remark 1.16.4. To generate graphs of treewidth at most &, it is also possible
to limit the arity to £ by considering another operation often called the series
operation. It is discussed and introduced in § 4.6 as an operation derived from
the ones already defined.
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CONNECTIVITY DECOMPOSITIONS

A big part of Chapter 4 consists in connectivity decompositions, but adapted
to sourced graphs. Here we recall how a graph can be decomposed along some
of its vertices whose deletions separate the graph, and the principles behind
connectivity-oriented proofs.

1.17 Connectivity. Let 2 be a non-negative integer. A graph is called -
connected if it has at least & + 1 vertices, and removing at most £ — 1 vertices
cannot disconnect it. The connectivity of a graph is the maximum integer &
such that the graph is k-connected.

For example 0-connected graphs are precisely the non-empty graphs, 1-
connected graphs are precisely the non-trivial connected graphs, and every
cycle is 2-connected.

In this section we discuss generalisations of the decomposition in con-
nected components of Proposition 1.10.1.

1.18 Cutvertices and blocks. Let G = (V,E) be a graph. A subset X C
V(G) of vertices separates a vertex x from a vertex y in G when all x-y paths
contain a vertex of X and x,y ¢ X.

A cutvertex (resp. a bridge) in GG is a vertex x € V (resp. an edge e € E)
whose deletion disconnects two vertices of G. A maximal connected subgraph
H of G such that H does not contain a cutvertex is called a 2-component of G.

The maximal subgraphs of G which are 2-connected are called its blocks.

Theorem 1.18.1. Let G be a graph. We have:

1. The intersection of two 2-components C1 and Cs of a graph G is either
empty, or reduced to a cutvertex c of G separating C1 — ¢ from Cs — c.

2. The 2-components of a graph are exactly its blocks, its bridges, as well as
its isolated vertices.

Proof. We prove each item separatly:

1. Consider two 2-components C; and Cg of G with a non-empty intersec-
tion. By maximality of C; and Cy, the graph C1UC; contains a cutvertex.

Let u be a vertex in C; U Co. We prove that if there exists a vertex v
common to C; and Cy and distinct from u, then u cannot be a cutvertex
of C1 UCs. As a consequence of this fact, the graph C; UCy has a unique
cutvertex which is the unique vertex in the intersection of C; and Cs.
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Fix i € {1,2}. Let x and y be two vertices of C;. As C; does not contain
cutvertices, x and y are connected in C; — u and by extension in (C; U
Cz) —Uu.

Let x and y be vertices of C; and Csy, respectively. As v is common to C;
and Cs, and as C7 and Cs do not contain cutvertices, consider P and @
paths in C; — u and Cy — u from x to v and from v to y, respectively. The
walk PQ@ connects x and y in (C1 U Cy) — u.

Hence u 1s not a cutvertex of C; U Cs.

2. We prove that the 2-components of a graph are exactly its blocks, its
bridges, as well as its isolated vertices.

Let H be a 2-component of a graph G.

If H is 2-connected, then consider K a subgraph of G containing H as
a subgraph. By maximality of H, K contains a cutvertex x. Hence K is

not 2-connected. So H is a maximal subgraph of G which is 2-connected:
H is a block of G.

Otherwise, H is not 2-connected. There are two possibilities by defini-
tion of connectivity. Either H has at least three vertices and removing
one vertex from H disconnects H, or H has at most two vertices. The
first case contradicts the fact that H has no cutvertices and in the latter
case, H consists either of an isolated vertex of G or of an edge xy. In the
latter case we prove that xy is a bridge of G.

For the sake of contradiction, assume xy is not a bridge in G. In par-
ticular, in G — xy, there exists a path P from x to y. The cycle Pyx is
2-connected and contains the edge xy, a contradiction with the maxi-
mality of H. O

This theorem explains how a graph can be decomposed along its cutver-
tices in different parts which are either somewhat connected, or very simple.

Given a graph G, denote its set of blocks by B, and the union of its cutver-
tices and of its vertices incident to a bridge by C. The block graph of G is the
graph with vertex set C ¥ 8B, and edges cB if ¢ € C is a vertex of B € B, and
cc’ if ec’ is a bridge of G.

See Figure 1.14 for an example of block graph.

Theorem 1.18.2. Block graphs are forests.

Proof. Let G be a graph and let H denote its block graph. Towards a con-
tradiction, assume H is not a forest. By definition this means there exists a
cycle C in H. It alternates between blocks and cutvertices of G (except for
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Figure 1.14: The bottom part shows the block graph of the graph on the top
part. Block vertices are represented by big red vertices.

some possible bridges). Given a sequence cBc¢’ appearing consecutively on C,
c and ¢’ are vertices of B. As B is connected, assume a path P in B from c to
¢’. Replacing each blocks in C by such paths provides a cycle C’ in G.

Assume a sequence BceB’ appearing in C. By Theorem 1.18.1, ¢ being com-
mon to both B and B’, ¢ is a cutvertex in G. The cycle C’ shows that vertices
of B — ¢ and B’ — ¢ are not disconnected in G — ¢, a contradiction with Theo-
rem 1.18.1.

If no sequence BcB’ appears in C, then all edges of C are bridges and
C’ = C. Take xy any edge of C. In G — xy, as xy is a bridge, x and y are
disconnected, a contradiction with the existence of the cycle C. O

Just as for the decomposition of a graph in its connected components,
the one of Theorem 1.18.1 in blocks, bridges, and isolated vertices is pre-
served under isomorphism. More precisely, under isomorphism, cutvertices
are mapped to cutvertices, blocks to blocks, bridges to bridges, isolated ver-
tices to isolated vertices, and if two graphs are isomorphic, so are their block
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graphs. So the decomposition of a graph along its cutvertices is again called
canonical.

Connectivity decompositions such as above carry on beyond cutvertices,
considering separators of size two, three, and four, although, to ensure canon-
icity, the statements and proofs become very technical, and involve, e.g. vari-
ations of 3 and 4-connectivity [45, 8, 27].

1.19 Connectivity-oriented proofs. Many results in graph theory are
proved first on sufficiently connected graphs (k-connected for some k). Then,
decompositions such as above and their particular structure (disjoint union
of connected components, the block graph being a tree, etc) are used to gen-
eralise the proof to all graphs.

One of the main results in this thesis is the existence of a finite equa-
tional axiomatisation for graphs of treewidth at most three. Its proof follows
a connectivity-oriented scheme, but on sourced graphs.

We adapt connectivity decompositions to sourced graphs in Chapter 4,
generalisations of connected components and cutvertices being introduced in
the form of full prime components and anchors, respectively.



2

Universal algebra

2.1 Introduction. In the first two sections, we present the main tools nec-
essary to formalise equational reasoning (§2.8 to §2.11) on terms (over a sig-
nature) interpreted in an algebra (§2.2 to §2.5). These notions are standard
and discussed in most universal algebra textbooks, such as [48].

We provide examples of graph algebras (§2.6 and §2.7) for forests, graphs
of bounded treewidth, and the set of all graphs. See [12] for a general refer-
ence on graph algebras (with algebras similar to those we consider).

In the last section (§2.12 to §2.16) we introduce a first example of equa-
tional axiomatisation for forests.

ALGEBRAS AND TERMS

2.2 Signatures and algebras. A set X equipped with a functionar: X —
N from X to the set of non-negative integers is called a ranked set. Let x be
an element of a ranked set X; the number ar(x) is called the arity of x.
Given a set S whose elements are called sorts, a (functional, multisorted)
signature on S is a ranked set X of symbols such that to each f € Z of arity n

47
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is associated a tuple (s1,...,s,) of argument sorts and a value sort s € S; we
write f:s1 X -+ X8, — s.

Symbols of arity n are called n-ary. In particular, symbols of arity zero,
one, and two are called nullary, unary, and binary, respectively. Nullary
symbols are often called constants.

Let X be a signature. A 2-algebra A is given by:

¢ a set E; for each sort s € X, called the domain of sort s,
* an element ¢” € E; for each constant ¢ of sort s, and,

* atotal function f7: E; X---XE; — Eforeachsymbol f: s1X---Xs, —
s of arity n > 0.

2.3 First examples. Consider a signature with one sort, one constant,
and one binary symbol. The associated algebras are precisely the pointed
magmas, that is the mathematical structures consisting of a set equipped
with a designated element and a binary operation.

A signature for arithmetic expressions consists of one sort, two binary sym-
bol + and *, and two constants 0 and 1. Using the set of non-negative integers
as a domain, and mapping 0 to 0, 1 to 1, 4 to the addition, and * to the mul-
tiplication gives the standard model of arithmetic expressions.

A priori, there is no reason for 0 to be interpreted as the number 0, or
+ as the addition on integers. We could just as well choose the set of real
numbers for the domain, or the set of square matrices over the reals, or even
an algebra for which the intuition we have for 0, 1, and addition do not hold
(see [25]). Hence different algebras may verify different laws: commutativity
of multiplication holds on integers but not on matrices.

2.4 Terms and interpretations. Let X2 and X be two disjoint signatures,
such that X contains only nullary symbols called variables. The terms over
2 U X are defined recursively as follows:

* avariable x: s in X is a term of sort s,
* aconstant ¢: sin X is a term of sort s, and,

¢ for every symbol f: s1 X --- X s, — s of arity n > 0 and terms ¢; of sort
s;i=1,...,n), f(t1,...,t,) 1s a term of sort s.

The set of all terms over £ U X is denoted by 73 (X).
The set 7=(X) is a Z-algebra:
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¢ its domain of sort s is the set of terms of sort s,
o ¢=(X) = ¢ for every constant ¢ in X, and,

e the function f=X) associated to a symbol f: s; X --- X s, — s of arity
n > 0 acts as follows:

FEO (1, tn) = f(t1, . tn).

We denote 75(0) by 73, and call its elements the closed terms over the signa-
ture 2.

Let A be a X-algebra. An interpretation of X in A is a sort-preser- ving
function o from X to the domains of A. It extends recursively to a map &
from 73 (X) to the domains of ‘A by:

O(f(t1, ... tn) = (0 (t1),...,5(tn)).

2.5 Backus-Naur form. Often, signatures and their terms are expressed
as context-free grammars in Backus-Naur form. We keep this notion infor-
mal. For example, for arithmetic expressions we might have introduced the
signature as:
t=t+¢ |01

where the different occurrences of ¢ do not denote a common term; they are
rather an abstract representation of terms in general.

In the case of a many-sorted signature, each sort is detailed in a single
line:

ts = F(tsys osts) | ...
ty 1=g(ts'1,--.,ts;n) | ...

for symbols f: sy X --- X s, — sand g: 8] X---Xs;, — s of arity n and m,

) m
respectively.

2.6 A signature for trees and forests. In this paragraph we detail a
first (multisorted) example on (rooted) graphs.
Consider the signature Z¢, st With two sorts r and nr, and five symbols:
Zforest = { 0: nr,
Ilye: Nr — r,
rle: r —r,
| :rXxr—r,
frronr }.
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In Backus-Naur form:

ty = rlply | Tlprtnr | by " ly.

The sorts r and nr stand for “rooted” and “non-rooted”, respectively.

The graph algebra we consider for this signature is the following: the do-
mains of sorts r and nr are the sets of rooted and non-rooted simple graphs,
respectively; f is the forget of a rooted graph, () is the empty graph, rl, and
rly,e are the root lifts, respectively on rooted and non-rooted graphs, and | is
the parallel composition of two rooted graphs.

The unique interpretation of the empty set in ®grqph extends to a map G
from 75, ., the set of closed terms to the set of (possibly rooted) graphs.

The symbol | denotes both a graph operation on rooted graphs and a
symbol. Although they are formally distinct, henceforth we do not make a
distinction between symbols and associated functions in algebras. Hence f
also denotes the forget operation of rooted graphs.

A direct corollary of Proposition 1.16.1 is the following:

Corollary 2.6.1. The set G(7s,,.,,) is precisely that of (possibly rooted) forests.

Example 2.6.2. The term rl,(rl,rl,,0 | rlerl.rl,,.0) is interpreted as the tree
shown below:

2.7 A signature for simple graphs of bounded treewidth. We intro-
duce a signature Zgrapn Whose symbols correspond to the graph operations
from Definition 1.16.2.

The sorts of Zgr4pn are the non-negative integers. With £ ranging over all
non-negative integers, and p over the permutations of [1, ..., k], we define:

Zoaph =1 |1 kXk—Fk
l:2—>k+1
f:e+1 >k
p:k—k
@0!0
e:2 }.
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(Ie | (13)le | (23)le) | £(12)((e | ) | 1(fe | £(21)(e | Ife))) ta

Figure 2.1: Three graphs and one of their parsing. The notation (ij) repre-
sents the permutation swapping i and j. The terms ¢,, are defined by induc-
tion by g = 10 and t,,1 = £(12)(1¢, | e); ¢, is a parsing of the the path of
length n in which one endpoint is a source.

In Backus-Naur form:

to = fti | pto ltollto | Qo
to=1t1 |ftg |pta |ta]ta |e
th =lp_1 | ftpea | DL |22 | L2

For £ > 1 we define the terms (), recursively by 05, = 10,_1.

This syntax matches the operations of Definition 1.16.2. Accordingly, there
1s a function G from 75, to the set of sourced graphs; G preserves arities
and the constant e is interpreted as the edge with two sources.

We say that a term ¢ denotes a graph G, or that ¢ is a parsing of G, when
G(t) ~G.

Figure 2.1 shows examples of parsings of graphs.

In the syntax induced by Zgraph, vertex additions can only be done using
the lift operation: during the construction of a graph via a parsing of it, any
vertex must first be added as a source. Hence, the number of inner vertices
of a graph equals the number of forgets appearing in any of its parsings.

We shall sometimes mention terms and refer implicitly to their graphs;
for instance writing that a term is connected to mean that its graph is so, or
calling arity the sort of a term, that is, the arity of its graph.

The width of a term is the maximal arity of its subterms, minus one.

A direct corollary of Proposition 1.16.3 is:

Corollary 2.7.1. A graph has treewidth at most k if and only if it has a pars-
ing of width at most k.

The signature Xgr4pn restricted to the sorts 0, . . ., £+1is denoted by Z’g"'raph.
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Corollary 2.7.1 shows that in the algebra of sourced graphs, the set of
closed terms over Z’g“’ra is interpreted as the set of graphs of treewidth at

most k.

ph

EQUATIONAL REASONING

In an algebra, terms are sometimes interpreted as the same element. For
example, with ¢ and u two arithmetic expressions, in the standard model,
t+u and u +¢ are interpreted as the same integer.

We introduce equations on terms and show how to use them to deduce
equalities.

2.8 Equations and algebras. Let X be a signature. Henceforth, we as-
sume a signature YV of nullary symbols containing a countable number of
variables x, y, z,... of each sort s.

An equation is a pair (¢,u) of terms in 7x(V). We write t = u for the
equation (¢, ). In this thesis, equations are often referred to as axioms.

For example, the axiom x +y = y +x on arithmetic expressions expresses
commutativity of addition.

Let ¢ = u be an axiom and A a X-algebra. We say that ¢ = u is verified in
A when, for every interpretation o: V — A of the variables, o(t) = 0(u)
holds.

Intuitively, the variables of an equation are understood as universally
quantified.

2.9 Monoids. Consider X,,;oma the relational signature of pointed mag-
mas: it contains one sort, one constant e, and one binary operation - . By
definition, the algebras in which the following three axioms are verified are
precisely monoids:

x-(y-2)=(x-y)-2
xX-e=x

e-xX=x

that is, e 1s a neutral element, and - 1s associative.
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From these three axioms follow many other equations on monoids, in the
usual manner. For example,

(x-e)-(e-(z-y)=x-(e-(z-))
=x-(z-y)
=(x-2)y.

In the next paragraph we formalise the associated notion of equational cal-
culus.

In a monoid some equations may be verified and not deducible from the
monoid axioms. For example some monoids are commutative. A natural prob-
lem is the following: for which X,agma-algebras the verified equations are pre-
cisely captured by the monoid axioms? This question has a simple answer in
the form of free monoids, meaning, roughly, the monoids A* defined as the
words on a set A of letters, with - being word concatenation and e the empty
word.

This thesis focuses on the inverse question: for each of the introduced
graph signatures, is there a (finite) set of axioms such that the equations
verified by the associated graph algebra are precisely captured by the axioms?

2.10 Equational calculus. Let S be a set of sort, 2 an associated signa-
ture, and V a signature of variables. For each sort s € S, we suppose that V
contains a particular variable referred to as the hole of sort s, and denoted
by []s.

A (term) substitution is an interpretation of variables to terms, that is, a
function o: V — 75(V). such that:

* o([]s) = []s for all holes, and,
¢ if x is not a hole, then no holes appear in o (x).

A context is a term C in which there is precisely one hole. Let o be the
variable interpretation mapping the hole of C to a term u of the same sort,
and defined as the identity otherwise. The substitution of the hole by a term
u in C is defined by & (C) and is denoted by C[u].

Given a set of axioms Ax, we define the associated equational calculus as
the least reflexive and transitive relation =54 on terms such that for every
context C, substitution o, and equation ¢ = u or u = ¢ in Ax,

Clo(t)] =ax Clo(w)].
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Hence two terms ¢ and u are equated by =ax whenever ¢ =ax u can be proved
by repeatedly applying axioms in Ax, up to contexts and substitutions:

t = Cylo1(t1)]
ax C1[01(u1)] ((¢1,u1) € Ax)
= Cql02(t9)]
ax Ca[02(u2)] ((t2,uz) € Ax)

= C, [a'n(tn)]

= u

An example is provided for monoids in the previous paragraph.

2.11 Equational theories. An equational theory R is an equivalence re-
lation on terms relating only terms of the same sort, and that is stable under
substitution and context. Formally, it is an equivalence relation preserving
sorts and such that whenever ¢t R u:

¢ if C is a context then C[¢] R C[u] and
¢ if ¢ is a substitution, then & (¢) R & (u).

The equational theory Eq(Ax) associated to a set of axiom Ax is the least
equational theory containing Ax.

Theorem 2.11.1. The equational theory and the equational calculus assoct-
ated to a set of axioms coincide:

Eq(AX) = =Ax-
Proof. We prove both inclusion separately.

* Eq(Ax) 2 =ayx; let £ and u be two terms such that ¢ =5, u. We show
t Eq(Ax) u by induction on =xy.

- Reflexivity; if t = u then t Eq(Ax) u holds as Eq(Ax) is an equiv-
alence relation.

- Transitivity; assume there exists a term v such that ¢ =54 v and
U =ax u. By induction hypothesis, t Eq(Ax) v and v Eq(Ax) u hold.
By transitivity of Eq(Ax), ¢t Eq(Ax) u holds.
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- Axioms; assume that for some axiom ¢’ = u’ or v’ = #' in Ax, we
have t = C[0o(¢')] and C[o(u')] = u.
By definition Eq(Ax) contains axioms. Moreover, Eq(Ax) is sym-
metric. Thus ¢’ Eq(Ax) u’.

Since Eq(Ax) is an equational theory, ¢t Eq(Ax) u.

* Eq(Ax) C =ax; we prove that =y is an equational theory. As Ax C
=ax and since Eq(Ax) is the least equational theory containing Ax, the
inclusion follows.

The relation =py is symmetric as the rule C[0(¢)] =ax C[0(u)] can be
applied for either ¢ = u or u = ¢t an axiom.

Hence, =a4 is an equivalence relation.
Let C be a context and ¢ and u two terms such that ¢ =xx u. We prove
that C[#] =ax C[u] by induction on =ay:
- Reflexivity; if t = u then C[¢] = C[u] and by reflexivity C[¢] =ax
Clul.
- Transitivity; let v be a term such that ¢ =a;x v and v =a¢ u. By
induction hypothesis, C[¢] =ax C[v] and C[v] =ax C[u]. Since =ax
is transitive, we get C[t] =ax Clu].

- Axioms; let C’ be a context, o a substitution, and ¢’ = ©’ and axiom
in Ax such that ¢ = C’'[0(¢')] and C’'[6(u’)] = u. The term C[C’] is
a context. Hence

C[t] = C[C'][6()] =ax CIC'][0(u)] = u.

Let o be a substitution and ¢ and u two terms such that ¢ =5, u. We
prove 0(t) =ax 0(u) by induction on =ay:
- Reflexivity; if t = u then 0(¢) = 0(u) and by reflexivity 0 (¢) =ax
o(u).
- Transitivity; let v be a term such that ¢ =y v and v =ax u. By
induction hypothesis, (#) =ax 0(v) and 0(v) =ax 0(u). Since =ay
is transitive, we get 0 (t) =ax 0(u).

- Axioms; let C be a context, 0’ a substitution, and #’ = ©” and axiom
in Ax such that ¢ = C[6(¢')] and C[6’(uv’)] = u. Since o is the
identity on holes, and since holes do not appear in the image of o,
we have that &(C) is a context, and

o(t) = (0(C) (G o) ()]

and similarly for u, proving 0 (¢) =ax 0(u). O
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Since =4 1S an equational theory, we can deduce new equalities using
already deduced ones. Indeed, if t =54 u, then for any context C and substi-
tution o, we have:

Clo(t)] =ax Clo(w)].

AN AXTOMATISATION OF FORESTS

As a first example of finite axiomatisation on graphs, we show that there
exists a finite set Ax of axioms on the signature X¢,..st such that for every
pair of closed terms ¢,u € Ty, ..,

Gt)~G(u) & t=au.

We show how graph equational reasoning should be approached: term
manipulations via axioms can be understood as successive zooms (in and out)
on the corresponding graphs.

2.12 Isomorphism of rooted graphs. Two rooted graphs G and H with
respective roots rg and rg are called isomorphic when there is a graph iso-
morphism ¢: V(G) — V(H) preserving roots: ¢(rg) = rg. Asin §1.6 we
write G ~ H when two rooted graphs are isomorphic.

2.13 Forest axioms. Let Axgyest be the set containing the following seven
axioms:

A x| (yl2) =1y 12
A

Y]

cxly=ylx,

Ag. x || rlpy0 = x,

Ag. f(rlex | y) = f(x | rley),

Ap. f(rlnefx | y) = £(x | rlnefy),

A6. rlp(x | rlpry) = rlex || rlnry,

A7, e (f(x || tlpry)) = rlpefx || rlpey.

To understand intuitively what these axioms represent, we construct the
graphs described by the corresponding terms. For example, both terms of
Flpe (f(x | tlary)) = rlpefx | rlaey describe a graph of the following shape:
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<@

and the axiom states that y can be put in parallel either before or after per-
forming a forget and a root lift on x.

We write = for the restriction to 75, of the equational calculus on terms
in 75, ... (V) induced by the forest axioms in AXfyrest.

2.14 Soundness of the forest axioms. We prove the soundness of the
forest axioms:
Vi,u € T3y t =u = G(2) ~ G(u).

To simplify the proof we start by showing how contexts and substitutions
relate to forest isomorphism.

Lemma 2.14.1. Let C be a context over Zgyest Whose sole variable is its hole,

and t,u € Ty, two closed terms. If G(t) ~ G(u), then G(C[t]) = G(C[u]).
Proof. We proceed by induction on the definition of C.

e C = [] is reduced to a hole; we have C[t] = ¢t and C[u] = u and
G(t) =~ G(u) by hypothesis.

e C =rl,C’ for a context C’ and x € {r,nr}; the graphs G(C|[¢]) and
G(Clu]) are isomorphic to rl,G(C’[¢]) and rl,G(C’[u]), respectively.

By induction hypothesis, G(C’[t]) =~ G(C’[u]). Let G be the graph
G(C’[t]). The graphs G(C|t]) and G(C|[u]) are both isomorphic to rl,G.

e C =v | C for a closed term v and a context C’; the graphs G(C|[¢])
and G(C|u]) are isomorphic to G(v) | G(C’[t]) and to G(v) | G(C'[u]),
respectively.

By induction hypothesis, G(C’[t]) =~ G(C’[u]). Let G be the graph
G(C’[t]). The graphs G(C|[t]) and G(C[u]) are both isomorphic to
G | G.

¢ C =fC’ for a context C’; the graphs G(C[¢]) and G(C[u]) are isomor-
phic to fG(C’[t]) and fG(C’[u]), respectively.
By induction hypothesis, G(C’[t]) =~ G(C’'[u]). Let G be the graph
G(C’[t]). The graphs G(C[t]) and G(C[u]) are both isomorphic to
fG. O
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Lemma 2.14.2. Let 0 be a substitution and t = u and axiom in AXgyrest. If
the image of every variable appearing in either t or u under o is a closed term,

then G(0(t)) =~ G(0(u)).

Proof sketch. This proof requires verifying that the axioms reflect algebraic
properties of the graphs and graph operations corresponding to the symbols
of Zorest-

More precisely, we have, for any closed terms ¢’ and v/,

* G(0)=0,

* G(rlnet’) = rlneG (),

* G(rlt') =1l G (1),

c G |u) =G | GW),
* G(ft) = 1G (¥,

Hence, given a term ¢’ and a substitution o, G(5(¢’)) can be expressed by
interpreting (in ¢’) symbols in X5t as the constant graphs and graph opera-
tions of the graph algebra of (possibly rooted) forests, substituting in ¢’ every
variable x with G(0(x))

We depict, for each axiom in Axgyest, the graph shape, obtained by the
procedure just described, from which G(&(t)) ~ G(6(u)) can be retrieved.

cx|lz)= (] ]z

cx|y=ylx;

d\D

* x| rlpe® = x;
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f(rlex | y) = f(x | rlry);

f(rlnefx | y) = f(x | rlnefy);

rly(x | tlary) = rlex | tlry;

0

rlm.(f(x " I'1nry )) = Ilpefx " I'lnry 5

Je

Proposition 2.14.3 (Soundness of AXgyest). For every pair of terms t,u €
7Eforest’

O

t=u= G =Gu).
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Proof. Lett,u € 75, . be two terms such that ¢ = u.
We prove G(t) ~ G(u) by induction on =:

* Reflexivity; if ¢ = u, then the graphs G(¢) and G(u) are equal and
hence isomorphic.

¢ Transitivity; let v be a term such that ¢+ = v and v = u. By induction
hypothesis, G(t) ~ G(v) and G(v) =~ G(u). By transitivity of graph
isomorphism, G(t) ~ G(u).

¢ Axioms;let C, 0, and ¢’ = u’ be a context, a substitution, and an axiom
1N Axgyrest Such that:

t=C[(t)] Clo ()] = u.

Since, t and u are closed terms, the substitution of any variable appear-
ing in either ¢’ or 1’ is mapped to a closed term by o, and, except for its
hole, every variable of C is a variable of both u and ¢.

By Lemmas 2.14.2 and 2.14.1, we have G(¢) =~ G(u). O

2.15 Completeness of the forest axioms. We prove the completeness of
the forest axioms:

VE, U € gy t =U < G(E) = G(1).

We first prove three lemmas showing how terms in 75, . can be decom-
posed along the structure of forests.

A tree T with root r can be decomposed in its subtrees, meaning the com-
ponents of T' — r. In other words, a rooted tree has the following shape:

where the coloured areas represent the subtrees.
The following lemma shows that, if we choose a given subtree C of a tree
T, then C can be isolated at the level of terms using axioms.

Lemma 2.15.1. Let T be a rooted tree with root r. Let r’ be the neighbour of r
in a component C of T —r.
For every parsing t of T there exists parsings tC of C (with r' the root) and
tT=C of T — C such that:
t =t7C | rlC.
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Proof. The statement implies that T' has shape:

’

r r

We reason by induction on the structure of the term ¢.

® ¢t = rl.v; this implies that » has only one neighbour in T' so that v is a

parsing of C in which 7’ is the root. By setting t¢ = v, t7C = rlp,0 we
get:
t =rlw
= rlev || rlnr® (A3)
= 1l 0 | rlev (A2)
= ¢77C || 1,.£¢

® ¢ = rl,v; this is not possible as then T’s root would be isolated, a con-
tradiction with the existence of C.

* t = u | v; the component C of T'—r must be a component of either G (u)—r
or of G(v) —r. Up-to using A2, we can assume without loss of generality
that C is a component of G(v) —r.

We apply the induction hypothesis to v. We get parsings v7 ¢ and ¢© of
G(v) — C and of C such that v = vT~C | rl,t¢. We conclude as follows,
with ¢7-C¢ = ¢ | vT-C:

t=u|v
= u | ("¢ r1pt%)
= (u | vT7%) | 1Lt (A1)
=¢7C | r1,2¢ O

Lemma 2.15.2. Let T be a forest, and C the component of T containing its
root.
For every parsing t of T, there exists parsings t¢ of C and tT=C of T — C
such that:
t =tC | rlpet” €.

Proof. This statement implies that 7' has the following shape:
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We reason by induction on the structure of the term ¢:

¢ t =rl,v; T has the following shape:

~

with 7’ is the root of G(v), which is also the unique neighbour of 7s root.

Write C’ for C — r. Observe that G(v) — C’ = T — C. By induction
hypothesis there exists parsings v¢ and ¢7-C of C’ (with root ') and
T - C, respectively, such that

v=v" | rlpet? €.

We take ¢ = vC" and conclude as follows:

t =rlyv
= rl, (07 | rlpet?6)
= rl,.vlc.” | rlpetl € (A6)
=t | rlpet? ¢

* { = rl,v; this equality shows that T' has shape:

Hence C is reduced to the root. We set t© = rl0 and +7 ¢ = v and conclude
with Ag.
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* t =u | v; T is the disjoint union of G(u) and G(v) in which the roots of
those two graphs are identified. Hence T has the following shape:

A

There exists components C, and C, of G(u) and G(v) such that C =
Cu | Co.

We apply the induction hypothesis on both © and v. We get parsings
u®, ul=¢, v, and vT=C, of C,, G(u) - Cy, C,, and G(v) — C, such that
u=uC | rlpee” ¢ and v = v° | rlpe0 T C.

We take ¢© = uC || v°.

If both G(u)-C, and G(v)—C, are empty, then u” ¢ = 0 = vTC (indeed
( 1s the only possible parsing of the empty graph since a forget would
imply at least one vertex). We conclude with t7~¢ = rl,,,.0:

t=u|v
= (€ | ") | (0 | ")

= (u€ | 110) | (v | r10)

=uC | ¢ (A3)
= (u% | %) | tlnr0 (A3)
= ¢C | rlpet’ €

Otherwise one of G(u) — C, or G(v) — C, is non-empty. Thanks to A2,
assume, without loss of generality that G(u) — C,, is non-empty. There
exists a term w? ¢ such that u7~¢ = fwT=C. We conclude with t7-¢ =
f(wT=C || rlpevT©):

t=u|v
= (u€ | rlpets” ) | (| rlpe0™ %)
= (uC | v) | (tlor” € | rlpp”™ ) (A1,2)
= (€ v°) | (tlnefw" ¢ | o™ )
= (1 | v°) | tlpr(f" € | Tlar0” =) (A7)

= ¢C || rlpet? € O



CHAPTER 2. UNIVERSAL ALGEBRA 64

Lemma 2.15.3. Let x be a vertex of a non-rooted forest T.
For every parsing t of T, there exists a parsing t* of T with root x such that:

t =ft*

Proof. As T is non-empty, there exists a term u such that ¢ = fu. Let r be the
root of G(u).

First, we show that there exists a term u’ whose root is in the same com-
ponent as x and such that ¢ = fu’.

We proceed by induction on the order |T'|. If » and x are in the same com-
ponent in 7' then we set u’ = u. Otherwise, let C be the component of T'
containing r. By, Lemma 2.15.2 there exists parsings v¢ and v7=C of C and
T — C such that u = v° || rlyv? €.

By induction hypothesis, there exists a parsing v’ of T' — C with a root in
the same component as x and such that v7=¢ = fv’.

We conclude with u’ = rl,fv° || v’ as follows:

t="fu
= £(0° || rlpev? ©)
= £(0° || rlpefV’)
= (vl f0° | V) (As)
=fu’

We now assume that ¢ = fu with u’s root in the same component as x. We
reason by induction on the length of the unique path from the root r of G(u)
tox in T. If it 1s zero then x = r and we take t* = u. Otherwise, with C the
component of 7' common to x and r, x must be in a component D of C —r. Let
r’ be the unique neighbour of 7 in D. The length of the unique path from r’ to
x in T is one less than that from r to x.

By Lemma 2.15.2 there exists terms ©¢ and u”~C, parsings of C and T - C
respectively, such that u = u® | rlpu?C.

By Lemma 2.15.1 there exists parsings v~ and v? of C — D (with root r)
and D (with root ), respectively, such that,

uC = vC P | P

In other words, G(u) has shape:

@ @
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We conclude by induction hypothesis on the following parsing of 7' with
root r’: ’
t" =vP I I'llt'(UC_D I I'lnruT_C)-

Indeed:
t="fu
= f(uc " I'lnruT_c)
= (VP | rlpo?) | rlper” )

= f(rlev? | @72 | tlne” ) (A1,2)
= (0P | e (v P | rlpeu” ) (Ag)
= " O

Proposition 2.15.4 (Completeness of Axtyrest). For every terms t,u € Ts, .,

t=u =Gt =Gu).

Proof. Assume G(t) is isomorphic to G(u), and write T for the corresponding
forest. We reason by induction on |T|.
We distinguish several cases depending on the structure of 7':

¢ T is empty; we can only have ¢t = () = u.

We now assume that 7' is non-empty.

¢ T is non-rooted; necessarily, as it is non-empty, there must be rooted
terms ¢’ and u’ such that ¢ = ft’ and u = fu’. If ¢’ and v’ have different
roots, we let r be t”’s root, and by Lemma 2.15.3 we let u” be a parsing of
G(t') such that u = fu’.

Hence we can always assume that ¢’ and u’ share the same root. We
deduce ¢ = u by proving ¢’ = u’, as shown next.

¢ Tisrooted; Assume that there is at least one component not containing
the source in T, and let C be the component of 7' containing the source.
By Lemma 2.15.2 there exists terms tT7C € uT=C and uC, respectively
parsings of T — C, C, T — C, and C, such that ¢t = ¢C | rlyt’ ¢ and
u=uC | rlpeu?C.
By induction hypothesis, ¢t7¢ = u7~C and t¢ = u®; hence, t = u.
We now assume that 7' is connected: it is a rooted tree.

If there exists at least two components in 7' —r then let C be one of them.
By Lemma 2.15.1 there exists terms t7 ¢ and u” ¢ parsings of T - C, as
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well as terms ¢ and uC, parsings of C (with r’ the unique neighbour of
r in C as the root), such that ¢ = t7C | rl,t¢ and u = u7~C || rl,uC.

By induction hypothesis we have that t7~¢ = u7=C and t¢ = u® so that
t=u.

We now assume that there is precisely one component in 7' — . Up-to
removing parallel compositions with terms reduced to their roots (via
Ag), we can suppose that ¢ = rl,¢’ and v = rl,u” where both ¢’ and v’
are parsings of ' — r in which the unique neighbour of r is the root. By
induction hypothesis ¢’ = u’ so that ¢ = u.

The final case occurs when 7T is reduced to its root. Again, up-to remov-
ing parallel compositions with terms reduced to their roots using Ag, we
can assume that ¢ = rl,,.0 and u = rl,.0. O

2.16 A finite equational axiomatisation of forests. As a consequence
of Proposition 2.14.3 and 2.15.4, we get:

Theorem 2.16.1. For every terms t,u € Ts, .,

t=u < G)=Gw).



3
Graph shapes

3.1 Introduction. We can understand the termsin 75, (V) as “shapes”
in which variables represent all possible choices of terms for substitution.
In the first section of this chapter, we introduce graph shapes (§3.2 to §3.6).
Graphs of arity £ can be substituted in place of edges of the same arity. Hence
we introduce a notion of hypergraphs whose edges are labelled by variables.

In the second section of this chapter, we introduce a variation of XZgapn
whose terms are interpreted as hypergraphs (§3.7 to §3.9). Then, we state
the main problem this thesis is concerned with: the existence, for every non-
negative integer k, of a finite equational axiomatisation for graphs of tree-
width at most £ (§3.10 to §3.13).

Finally, in a last section, we provide a positive answer for the set of all
graphs (§3.14 to §3.16).

GRAPH SHAPES, CONTEXTS AND SUBSTITUTIONS
3.2 Hypergraphs. Given aset A, we write A” to refer to the ranked set of

duplicate-free lists over A, where the arity of a list is its length. Henceforth,
we assume a ranked set V of variables.

67
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Figure 3.1: This figure depicts four graphs. Edge labels and orientations, as
well as source orderings are typically not shown. Edges are represented by
coloured areas connecting the vertices the edge is incident with.

Definition 3.2.1. A (labelled and ordered sourced) hypergraph is a tuple
(V,I,E,1,l) where:

¢ V is a finite set of vertices,

I € V# is the interface,

E is a finite ranked set of (Ayper)edges,

i: E — V¥ is an arity-preserving function mapping an edge to its inci-
dent vertices, and,

e [: E — YV is an arity-preserving function giving the label of each edge.

Henceforth, the term “graph” is often used to refer to hypergraphs. When
a confusion with simple graphs is possible, we retain the names “hypergraph”
and “simple graph”.

The elements of a graph are its vertices and edges. The vertices appearing
in the interface of a graph are its sources. Vertices (resp. elements) which
are not sources are called inner vertices (resp. elements). The cardinality of a
graph G is its number of elements. It is denoted by #G = |G|+ ||G||. The arity
of a graph G is that of its interface, i.e. its number of sources. It is denoted by
ar(G). Edge labels, i.e. variables in V, are typically denoted by a, b, c, . . ..

In this thesis, all concrete hypergraphs we consider have edges with pair-
wise distinct labels. Hence, we often use its label to refer to an edge.

Figure 3.1 depicts several graphs, and details graph depiction conventions.

3.3 Generalising graph terminology. The skeleton of a graph G is the
simple graph whose vertex set is that of G, and in which two vertices are
adjacent when they are either both sources or incident to a common edge in
G.
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In other words, the skeleton of a hypergraph is obtained by turning all its
hyperedges as well as its interface into simple cliques.

Most definitions from Chapter 1 have natural generalisations to hyper-
graphs.

For example, two vertices of a hypergraph are called adjacent when they
are incident to a common edge. Observe that the adjacency relation on a
hypergraph is distinct from the adjacency relation of its skeleton. Indeed,
two non-adjacent sources become adjacent in the skeleton.

In the current paragraph as well as in the next two, we detail some defini-
tions whose generalisation from simple graphs to hypergraphs require par-
ticular attention.

A hypergraph is:

* empty ifits only elements are its sources. The empty hypergraph of arity
k is denoted by 0y;

* atomic if its only inner element is an edge, whose incident vertices are
all the sources. If, moreover, as lists of vertices, the incident vertices
of the edge and the interface of the graph coincide, and if the edge is
labelled by a € V, then we write a to refer to this atomic graph.

Empty and atomic graphs are called trivial hypergraphs.

In hypergraphs, walks are sequences of elements such that any two con-
secutive elements consist of an edge and of one of its incident vertices (pos-
sibly in reversed order). Paths are walks in which vertices are not repeated.
An inner walk is a walk made only of inner elements, except possibly for the
endpoints.

Observe that unlike in simple graphs, walks in hypergraphs may begin
and end on edges.

Definition §.3.1. Two graphs G = (Vg, Ig, Eg, ig, lg) and H = (Vy, Iy, Eg,
i, L) are called isomorphic if there exists two bijections ¢: Vg — Vg and
v: Eg — Eg such that

* ig oy = @7 oig (preservation of incident vertices),
* [g ow = lg (preservation of labels), and,
e Iy = ¢”(Ig) (preservation of the interface),

where ¢* denotes the point-wise extension of ¢ to duplicate-free lists.
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3.4 Treewidth of a graph.

Definition g.4.1. A tree decomposition of a graph is a tree whose nodes are
labelled by sets of vertices, called bags, such that

¢ every vertex of the graph appears in a bag,

¢ for each pair of vertices incident to a common edge, there is a bag con-
taining both of them,

* there is a bag containing all sources,

¢ if a given vertex appears in two bags b and b’ of the tree decomposition,
then all bags along the unique path from b to b’ contain it too.

The width of a tree decomposition is the size of its largest bag minus one. The
treewidth of a graph is the minimal width of its possible tree decompositions.

In particular, the treewidth of a graph is at least its arity minus one.
Tree decomposition of a hypergraph and of its skeleton coincide, proving:

Proposition 3.4.2. The treewidth of a graph and of its skeleton are equal.

3.5 Graph substitutions and contexts. For each non-negative integer
k, we assume the existence of a label [];, € V of arity & we refer to as the hole
(label) of arity k. A (graph) substitution is an arity-preserving total function
from variables to hypergraphs which is the identity on holes and without
holes in the images of non-hole labels.

As for term substitutions, a graph substitution o can be extended from
variables to a mapping & on graphs: 0(G) is the graph obtained from G by
replacing all its edges by copies of the graphs in the image of o.

More precisely, given an edge e of G, labelled by a, and of arity n, if
x1,...,%, are the vertices incident to e in G, and ry, . . . , r,, are the sources of
the atomic graph labelled by a, then the substitution of e along o in G is:

Glo(a)/e] = ((G-e)Wo(a))/x1r1/... [xpTn.

where the resulting interface is that of G.

Observe that this definition is similar to that of parallel compositions from
§1.16.

Substitutions are illustrated in Figure 3.2.

A graph context C is a hypergraph in which exactly one edge is labelled by
a hole label. The substitution of the hole in C by a graph G (of the same arity
than the hole) is denoted by C[G].
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+

Figure 3.2: Illustration of the substitution by a graph H of an edge e of arity
four in a graph G. From left to right: G, the disjoint union of G — e and H, the
addition of the edges x;r;, and their contractions. The red triangular source
of G represents all its sources.

By combining isomorphisms for two graphs and the images of two substi-
tutions, we obtain:

Proposition 3.5.1. For all graphs G, H and all substitutions 01,09, if G ~ H
and o1(a) = oq(a) for all variables a, then d1(G) =~ do(H).

Treewidth is also preserved by graph substitutions:

Proposition 3.5.2. If a graph G and the graphs in the image of a substitution
o all have treewidth at most k, then so does 0(Q).

Proof. Starting from a tree decomposition T for G, we obtain a tree decom-
position for (G) by adding, for each a-labelled edge e of G, a copy T, of a
tree decomposition for o(a), and an edge connecting a bag of T' containing
the incident vertices of e to a bag of T, containing the sources of o(a). This
construction does not create bags, and thus preserves their maximal size. O

3.6 Graph shapes. Given two graphs G and H, we say that G has shape
H when G =~ 0(H) for some substitution 0. We also say that G has an H-
shape.

Examples of graph shapes are given in Figure 3.3.

A SIGNATURE FOR GRAPHS OF BOUNDED TREEWIDTH

3.7 Footprint of a graph. The footprint of a hypergraph G is the sourced
simple graph obtained by replacing each edge by a clique, removing multi-
edges when necessary.
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Figure 3.3: Four shapes of the leftmost graph (including itself).

Hence the footprint of a graph is in-between the graph and its skeleton.
More precisely the skeleton of the footprint is the skeleton of the graph.

3.8 Treewidth via graph operations. The graph operations defined in
§1.16 on sourced simple graphs generalise to graphs:

Definition 3.8.1. Let G, H be graphs of arity k.

* The parallel composition of G and H, G | H, is the graph of arity &
obtained from the disjoint union of G and H by pairwise identifying
their sources.

e If £ > 1, the forget of G, fG, 1s the graph of arity £ — 1 obtained from G
by removing the last vertex from its interface (keeping it in the vertex
set).

¢ The lift of G, 1G, is the graph of arity £ + 1 obtained from G by adding a
new isolated vertex, and appending it to its interface.

* For a permutation p of [1, k], we denote by pG the graph obtained from
G by permuting its interface according to p.

The footprint of a parallel composition is the parallel composition of the
footprints. Similar statements hold for each of these operations.

As a consequence, by Proposition 3.4.2, the statement of Proposition 1.16.3
applies to graphs:

Proposition 3.8.2. Let £ > 1 be an integer. The closure of the empty graph
and of the edges of arity at most k+1 under parallel compositions, forgets, lifts
(limiting the arity to k + 1), and permutations is exactly the set of hypergraphs
of treewidth at most k.



CHAPTER 3. GRAPH SHAPES 73

3.9 Interpreting X,.,,, on graphs. Since variables of sort two are inter-
preted as edges incident to two vertices, we do not need the symbol e in Xg.qpn
and we use instead the following signature:

Sgaph = { | : B2 >k
l: k> k+1
f:e+1—>k
p:k—ok
@0!0 }
In Backus-Naur form:

to = fti | pto ltolto |0
tp =ltp—1 | ftpe1 | Pt | 22 | tr.

A variable a of arity & is interpreted as the atomic graph of arity £ whose
sole edge is labelled a; function symbols are interpreted using the graph
operations from Definition 3.8.1. This provides a function G from terms of
T grapn (V) to graphs.

Observe that the notations used in Chapter 2 for variables (x, y, z, . . .), are
reserved for vertices here, and variables are denoted by a, b, c, ... instead,
avoiding clashes.

As before we say that a term ¢ denotes a graph G, or that ¢ is a parsing
of G, when G(¢t) ~ G, and the width of a term is the maximal arity of its
subterms, minus one.

The subsignature of Zg4pn containing the symbols of arity at most £ +1 is
denoted by Z’geraph.

Henceforth, we write 7 (V) and 7 (V) for 7%, (V) and 7§§mph (V), re-

spectively.
As a consequence of Proposition 3.8.2 we get:

Corollary 3.9.1. A graph has treewidth at most k if and only if it has a pars-
ing in T, (V).

We can then make the link between contexts and substitutions of terms
and of graphs:

Proposition 3.9.2. A term t is a term context if and only if the graph G(t) is
a graph context.

In this case, given a term u, G(t[u]) =~ G(t)[G(u)].

A function o from variables to terms is a term substitution if and only if
the mapping G(0): a — G(o(a)) is a graph substitution. In this case, if t is

aterm G(o(t)) ~ %(g(t))
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3.10 Graph isomorphism as an equational theory. Let 2 be a non-
negative integer. Write = for the relation defined on terms of 7 (V) by u = v
if and only if G(u) ~ G(v), and write =;, for the restriction of = to terms of
width at most &.

Propositions 3.9.2 and 3.5.1 show that = and =; are equational theories.

3.11 A finite equational axiomatisation of graphs?

Problem g.11.1. Is there a finite set of axioms on 7 (V) whose associated
equational theory is =?

On general graphs, arity is unbounded. Simple properties such as the
commutativity of the parallel composition must be expressible at each arity.
Hence, “finite” refers to a finite set of axioms at each arity.

We answer this problem positively in the next section.

3.12 The treewidth axiomatisation conjecture. We now introduce, in
the form of a conjecture, the main problem we are concerned with:

Conjecture 3.12.1 (Treewidth axiomatisation conjecture). Is there a finite
set of axioms on Ty (V) whose associated equational theory is =2

This conjecture has first been formulated by Courcelle and Engelfriet [12,
p. 119] for a different syntax and in the form a problem.

We solved the case of £ = 1 in §2.15), albeit for a different signature. A
positive answer is provided in §4.9, §4.14, and §4.20 for £ = 0, 1, and 2,
respectively, and Chapter 5 is devoted to the case of £ = 3.

3.13 Soundness and completeness. Let X be a signature among Zgraph
and Z’graph. Let =ax be the equational theory associated to a set Ax of axioms.
The set Ax is called:

* sound when, for every terms t,u € 7 (V), we have:
l=ax U ::’g(t) Zg(U),
* complete when, for every terms t,u € 7 (V), we have:

t=au = G(t) = G(u).

To answer Problem g.11.1 or an instance of the treewidth axiomatisation
conjecture, we typically prove soundness and then completeness, the latter
being the part where most difficulties arise.
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AN AXTOMATISATION OF ALL GRAPHS

3.14 Soundness made easy. Let Ax be a set of axioms on terms over ei-
ther 2gpqph O Zgraph. Write =a4 for the associated equational theory.

Proposition 3.14.1. If, for every equation (t = u) € Ax, we have G(t) ~ G(u),
then Ax is sound.

Proof. Since = and =, are equational theories containing Ax (by hypothesis),
they contain the least equational theories containing Ax for their respective
signature, that is, they contain =xy. O

3.15 Easy axioms. In the next definition, we give a list of axioms corre-
sponding to simple properties of the graphs operations in Zgrapn. Each equa-
tion is an axiom scheme, that is, a uniform representation of several axioms,
each axiom being an instance of the scheme at an arity compatible with the
signature under study (Zgrapn of Z’g"'raph).

For example, the associativity of the parallel operation holds at each arity,
but with Zgraph, the corresponding scheme corresponds to £ + 1 axioms, since
the maximum arity is & + 1.

Moreover, the variables appearing in the axiom schemes may not have

the same arities; a and b have the same arity ina | b = b | a but not in
fa | b =f(a | 16) where ar(b) = ar(a) + 1.

Definition g.15.1. We write = to refer to the least equational theory on 7 (V)
containing the following axiom schemes, and C for the corresponding set of ax-
ioms; let a, b, c be variables, p and g permutations, r the permutation swap-
ping the last two elements, and p the extension of p from [1, %] to [1,% + 1]
fixing the last element:

At a|(b]c)=(alb)]|c,
A2. a|b=b]a,

]

A3. a| 0 = a,

A4. pga=(poqa,

As. ida = a where id denotes the identity permutation,
A6. p(a | b) = pa| pb,

A7. pO; = O,
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A8. 1(a | b) =1a | 15,

Ag. pfa =fpa,
Ai1o. lpa = pla,

Ai1. Ifa = frla,
Aig. lla =rlla,
A13. fa | b ="f(a | 1b),

FA. ffa = ffra.

We write E for C\{FA}.

Each of these axioms correspond to a graph, some of which are illustrated
in Figure 3.4.

The notations C and E stand for “Clique Axioms” and “Easy Axioms”, re-
spectively. Clique axioms are related to a class of vertices called clique points
which we introduce in the next chapter.

The axiom scheme FA (for “Forget Atomis”), is the first of a series of im-
portant axioms we call forget axioms.

A forget axiom is an axiom of the form ft = fu where ft and fu denote the
same graph, but the two forget operations correspond to distinct vertices in
that graph.

The axiom FA is an example of forget axiom. The underlying graph is
obtained from an atomic graph by forgetting the last two sources (see Fig-
ure 3.4).

To obtain a finite equational axiomatisation of all graphs, FA is the only
forget axiom we need. In the next two chapters, forget axioms are crucial to
obtain finite equational axiomatisation at bounded treewidth. Discovering
new forget axioms for graphs of treewidth at most three is a key contribution
of our work.

Proposition 3.15.2 (Soundness). If t = u then t = u.

Proof sketch. By Proposition 3.14.1 it suffices to verify the two sides of each
axiom denote the same graphs. Those are shown in Figure 3.4 for some of the
axioms. |

The axioms of Definition 3.15.1 intuitively correspond to those given by
Courcelle and Engelfriet [12, p.117], modulo some translation since signa-
tures and graph operations differ.
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al|lBle)=(]|d)]|c|l(a]b)=1a]|lb| Ifa="~frla ffa = rffa

® | ap | .
o | .

Figure 3.4: The graphs corresponding to the following axioms: A1, A8, A11,
and FA. The red triangular sources represent sources which are not modified
by the operations appearing in the axioms.

3.16 A“finite” equational axiomatisation of all graphs. We show how
C provides a finite equational axiomatisation of the graph isomorphism, an-
swering positively Problem 3.11.1.

Let ¢ be a parsing of a graph G. Write n = |G| — ar(G) for the number
of inner vertices of G, a1, ...,a, for the m = ||G|| labels of G’s edges, and
n; = |G| — ar(a;) for the number of vertices of G which are not incident to a;
G=1,...,m).

We say that a term ¢ is canonical whenever either m > 1 and there exists
permutations pq, ..., pn, such that:

= fn(pllnlal I ... pmlnmam)

or m = 0 and:
t = fn(Z)|G|

Proposition 3.16.1. Each graph admits a canonical parsing.

Proof. Let G be a graph. Write n = |G|—ar(G) for the number of inner vertices
of G.

If G contains no edges, then f"(|g is a canonical parsing of G.

Otherwise, fix a total order < on the vertices of the graph G such that the
ith source of G is the ith vertex of the order <.

Assume a total order on the edges of G and denote by a; the label of the
ith edge of G along this order, and by n; = |G| — ar(a;) the number of vertices
of G which are not incident to the ith edge of G along this order.

We construct a canonical parsing via the following steps:

e foreveryi € [1,...,]||G||], lift a; exactly the number of times required
to add the missing vertices: 1" a;,
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¢ permute the result to follow the order <; let p; be a permutation such
that for 1 < j < ar(a;) and 1 < k& < |G|, if the jth vertex of G(a;) is the
kth vertex of <, then p;(j) = k.

We consider the term p;1"a;,

¢ put the results in parallel and forget all n non-source vertices of G:

f*(pd™ar | ... | pe™“"aygy)
is a canonical parsing of G. O
This result generalises to terms, by using axioms:

Proposition 8.16.2. For every term t € T (V), there exists a canonical term
u such that t = u.

Proof. Denote by G the graph G(¢). We reason by induction on the lexico-
graphic product of #G with n = |G| — ar(G), and with the size of ¢. The value
n is the number of inner vertices of G.

The size |t| of a term is defined by induction as follows:

e 0ift¢1s a constant,

o 1+t +---+|twm|ift =F(t1,...,tm).

We perform case analysis on the possible definitions of ¢:
* t = 0ar(@); t is canonical.

e ¢t = pt’; by induction hypothesis there exists a canonical term of shape
f"u such that ¢’ = {"u.

We consider the possible values of n.
n > 0; using Ag we have
t = fpf*u.

By induction hypothesis there exists a canonical term v such that:
pf" tu = v.

So ¢ = fv which is canonical.

n =0, 1.e., |G| = ar(G); in particular, ¢’ = u.

If G contains no edges then u = (|| and using A7 we have ¢ = (g which
1s canonical.
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Otherwise, G contains at least one edge, and

u=pil™ai| ... | pygl™eag-

By applying A6 and then A4 repeatedly, we have

t=(pop)™ar| ... | (popgPl"¢a)q
which 1s canonical.

¢ ¢ = f#’; by induction hypothesis there exists a canonical term u such that
t’ = u. Then t = fu which is canonical.

e ¢t = 1#’; by induction hypothesis there exists a canonical term f"u such
that ¢’ = {"u.

We perform case analysis on the possible values of n.

n > 0; using A11 we have
t = friflGl-1-ar(@y,
By induction hypothesis there exists a canonical term v such that:

fn—l—lar(G) U=

rl v.

So ¢ = fv which is canonical.

n =0, 1i.e., |G| = ar(G); in particular ¢’ = u.

If G contains no edges, then u = (-1, and we have ¢ = (|, which is
canonical.

Otherwise G contains at least one edge and

1n1—1

-1
u=pil" ar | ... | Pl ayqy-

Using A8 and Aio repeatedly, we have

"

t=pld™ar | ... | pjel"¢eyq

which is canonical.

* t =u | v;denote |G(u)| by |u| and |u| —ar(G) by n,, and assume similar
notations for v. By induction hypothesis there exists canonical terms
f"»u” and f"™ v’ such that u = f"*u’ and v = f™v’.

We perform case analysis on the possible values of n, > 0.
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n, > 0; using A13, we have

t = f(f™ 1/ | lv)

We conclude by induction hypothesis on 1z’ | 1v.
n, = 0; in particular, u = u’.

If G(u) contains no edges, then v’ = 0, and by Ag we have ¢t = v’
which is canonical.

Thanks to A2, we can perform a similar analysis on v, and assume n, = 0
and that G(v) contains at least one edge. Then ¢t = u’ | v’ which is
canonical. |

At this point, we have no control on the specific canonical parsing we get
from Proposition g3.16.2. Proposition 3.16.5 below states that canonical pars-
ings are related by =. To prove this proposition we introduce the next two
lemmas:

Lemma 3.16.3. Let a be a variable of arity n and k < n a non-negative integer.
For every permutation pon [1,...,n] that fixes the first n—k integers, we have:

fkpa = f*q.

Proof. We reason by induction on k.

If p is the identity permutation then we conclude using As.

This is in particular the case when & < 1.

Assume that £ > 2 and that p is not the identity. With s the permutation
swapping n with p~1(n), we have p o s(n) = p(p~1(n)) = n. So p o s can be
written as the extension ¢ of a permutationon [1,...,n—1] to [1,...,n] by
fixing n. Wehave p =po(sos)=qos,and:

t*pa =t*(gos)a
= f*gsa (A4)
= 1gfsa (Ag)
= ffsa (by induction hypothesis)
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Let r be the permutation swapping n with n — 1 and s’ the_ permutation on
[1,...,n—1] swapping n — 1 with p~1(n). We have s = r o s’ o r, and:

fpa=tF(ros or)a

= f*rs'ra (Aq)

= f*s'ra (FA)

= f*1s'fra (Ag)

= ffra (by induction hypothesis)

= f*aq. (FA) O
Lemma 3.16.4. Let a be a variable of arity n, and k a non-negative integer.
For every permutation p on [1,...,n + k]| that fixes the first n elements, we
have:

plk a = *a.

Proof. We reason by induction on k.

If p is the identity permutation then we conclude using As.

This is in particular the case when & < 1.

Assume that £ > 2 and that p is not the identity. With s the permutation
swapping n + k with p(n + k), we have so p(n+ k) =s(p(n+k)) =n+k. So
s o p can be written as the extension ¢ of a permutationon [1,...,n+%k — 1]
to[1,...,n+ k] by fixing n + k. We have p = s 0 g.

5

plfa = (s o §)l*a

= sgl*a (A4)
= slgl*la (A10)
= sl*a. (by induction hypothesis)

Let r be the permutation swapping n+ k% with n+% —1 and s’ the permutation
on[l,...,n+k—1] swappingn +k — 1 with p(n+%). Wehaves=ros’or.

plta = (ros orlta
= re'rli*a (Ag)
=rs'l*a (A12)
= rls'1* 1a (A10)
= rl*a (by induction hypothesis)

1#a (A12) O



CHAPTER 3. GRAPH SHAPES 82

Proposition 3.16.5. For every pair of canonical terms t and u denoting the
same graph, we have
t=u.

Proof. Note G for the graph ¢ and u are parsings of. Write n for |G| — ar(G)
the number of inner vertices of G.

By definition of canonical parsing, there are terms ¢’ and u’ of arity |G|
such that ¢t = f"¢ and u = "u’.

The graphs G(#') and G (u’) share the same elements and edge incidences.
The only possible difference is between the orderings of the two interfaces.
The latter are duplicate-free lists of all of |G|’s vertices. Nonetheless, the ith
source of G must remain the ith source in G(#') and in G(u').

Let p be a permutation on G’s vertices such that applying p on the inter-
face of G(t') gives the interface of G(u’).

Using As and A4 gives

t=f"p(pt)

By Lemma 3.16.3 we have ¢t = {"pt’. By definition of p, G(pt’) ~ G(u').
By Proposition 3.16.2, there exists a canonical parsing ¢” such that pt’ = ¢”.

If there are no edges in G then both ¢” and v’ must be 0. Otherwise
there is at least one edge in G and we have

’ tnt t ¢ qnho ot
= Gl

and,

u' = pilMal | ... | pjigl"19ajg,
with n! = |G| — ar(a;)’, n = |G| — ar(a;)*, and for some permutations p! and
p;, and variables af anda! G =1,...,[|G|D.

Using A1 and A2 (commutativity and associativity of the parallel com-
position), we can assume that the edges resulting from o and af in G(t)
and G(u), respectively, are associated by an isomorphism between G(¢) and
G (u). Hence the variables af and a} are equal and we denote them by a; with

ni=nl=n'G=1,...,[IG|):

t" = pil™ar | ... | pygl"“a)e)

and
u' =pil™ar| ... | pﬁGHIn“G”a”G”.

To prove that ¢ = u, it remains to prove that

pila; = plaii=1,.., | GI).
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As the associated graphs are isomorphic, p? and pf must differ on the last
n; elements only. Let ¢ be a permutation such that p; = pf oq. By A4 and
Lemma 3.16.4, we have p*1"a; = pi1"a;. |

Theorem 3§.16.6. Given two terms t and u from T (V),
t=u o G(t) =G

Proof. Soundness is given by Proposition 3.15.2 and completeness is a direct
consequence of Propositions g3.16.2 and 3.16.5. O

All axioms from Definition 3.15.1 have been used to prove this result.

Canonical parsings of graphs of small treewidth containing n vertices con-
tain subterms of arity n. In contrast, the parsings of width at most % of a
graph of treewidth at most £ only contain subterms of arity at most & + 1.
Relating the parsings of a graph using axioms with restrictions on the width
of terms is much more involved; it is the topic of the next two chapters.






4

Decomposing bounded treewidth
graphs

4.1 Introduction. Throughout this chapter we fix a non-negative integer
k, and consider the terms in 75, (V). We denote by E; and C;, the restrictions
of the sets E and C of axioms, respectively, to terms of width at most %. Until
§4.12, we write =, for the equational theory on terms of width at most %
induced by the equations of Ej.

In this chapter we provide a sequence of results towards a positive answer
to the treewidth axiomatisation conjecture. In particular, assuming an axiom
set containing Cj, we show that completeness can be reduced to the case of
graphs we call hard graphs. This result resolves the treewidth axiomatisation
conjecture when the treewidth is bounded by 2 with £ < 2, and the case of
k = 3 is solved in the next chapter.

Instead of outlining our results for each section as we do for the other
chapters, we provide a summary of the main results we prove in in Figure 4.1.

85
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Figure 4.2: From the left-hand side to the right-hand side: the first graph is
neither full nor prime, the second one is prime but not full, the third one is
full but not prime, the last one is full prime.

The study of each graph notion is divided into two parts: one with results
on graphs, and one demonstrating how these results translate to terms.

FULL PRIME COMPONENTS

4.2 Full prime components on graphs. We introduce a notion of con-
nectivity specific to sourced graphs.

Definition 4.2.1. A graph is prime if it is not empty and all its inner elements
are connected by inner paths; it is full if none of its sources are isolated.

Observe that a graph is full prime if and only if all its elements are con-
nected by inner paths.
Examples are shown in Figure 4.2

Proposition 4.2.2. Every graph is isomorphic to a permutation of lifts of a
full graph. This decomposition is unique up to the behaviour of the permuta-
tion on isolated sources.

Proof. Starting from a graph G, build a full graph G’ by deleting all isolated
sources from G. The graph G can be obtained from G’ by applying as many
lifts as there are isolated sources in GG, followed by a permutation to move the
sources at their places in the interface of G. This permutation may behave in
any way on the isolated sources. O

Proposition 4.2.3. Every graph is isomorphic to a parallel composition of
prime graphs. This decomposition is unique up to re-indexing of the parallel
compositions.

Proof. The relation C on inner elements such that xCy when x and y are
connected via an inner path is an equivalence relation. Its equivalence classes
seen as subgraphs provide the desired components. |
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We call prime components of a graph the prime graphs occurring in the
latter decomposition. We call reduced components of a graph the full prime
graphs obtained by removing isolated sources from its prime components, as
shown in Proposition 4.2.2.

Proposition 4.2.4. Full prime graphs of treewidth at most k and arity k + 1
are atomic.

Proof. Let G be a full prime graph of treewidth at most £ and arity & + 1.

For the sake of contradiction, assume G has an inner vertex x. Since G is
full prime, x must be connected by inner paths to all elements of G. In G’s
skeleton, contract all the inner vertices onto x. This provides K. as a minor,
a contradiction by Proposition 1.15.6 as G has treewidth at most k.

Thus the only inner elements of G are edges; there must be exactly one
since G is prime, and it must be incident to all sources since G is full. There-
fore G 1s atomic. O

4.3 Full prime components on terms.

Proposition 4.3.1. For every term t € T,(V), variable a € V, and graphs G
and H of treewidth at most k, we have:

1. ifG(t) = 0;thent =, 0; (1 €[0,...,k+1]);

2. ifG(t) ~athent = a;

3. if G(t) ~ pQ then there is a parsing u of G such that t = pu;
4. if G(t) = 1G then there is a parsing u of G such that t =, lu;

5 if G(t) =~ G | H then there are parsings u of G and v of H such that
t=pulv.

Proof. All items but the third one are proved by induction on ¢.

1. Since G (t) is empty, ¢ cannot be a variable or a forget; the other cases
are treated as follows:

* t=u | v;then G(u) ~ G(v) ~ 0;. We have:

t=u|v
=, 0; | 0; (induction hypothesis)
Ek Q)i (A3)



CHAPTER 4. DECOMPOSING BOUNDED TREEWIDTH GRAPHS 89

* t =lu;then G(u) ~ 0,_1. We have:

t=1u
=, 10,_1 (induction hypothesis)
= ;.
* t = pu for some permutation p; then G(u) =~ (;. We have:
t=pu
=, p0; (induction hypothesis)
=, 0;. (A7)

e t=10;.

2. We prove the following stronger statement: for all permutations p, hav-
ing G(t) ~ paimplies ¢t =, pa. The initial statement follows by choosing
the identity permutation.

Since G (t) is atomic, ¢ cannot be @;, a forget, or a lift; in the other cases
we proceed as follows:

* t = u | v; by A2, without loss of generality, we can assume G(u) ~
pa and G(v) = 0, with n = ar(¢). We have:

t=ulv
=, pa | 0, (induction hypothesis and item 1. above)
= pa. (A3)

* ¢ = qu for a permutation ¢; then G(u) ~ (¢! o p)a. We have:

t=qu
=, q(¢ ' op)a (induction hypothesis)
= pa. (A4)

e ¢ = b for avariable b; the permutation p is the identity id and b = a.
Then ¢ =, ida using As.

3. We take u = p~!t and use Ag and A4.

4. We prove the following stronger statement: for all permutations p and
graphs G of treewidth at most £ such that G(¢) ~ plG, there exists
a parsing u of G such that ¢ =, plu; the initial statement follows by
choosing the identity permutation.

The term ¢ cannot be a variable as its graph G () is not full. In the other
cases we proceed as follows:
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* t = ;41 for some integer i > 0; then we take u = (; and, using A7,
we have t =, pl0);.

* t = v | w; the isolated source s of G(¢) corresponding to the lift
operation in plG remains isolated in G(v) and G(w). There exists
graphs G, and G, such that G(v) = plG,, G(w) =~ plG,, and
G ~ G, | Gy. By induction hypothesis, there is a parsing v’ of G,
such that v =, plv’. Similarly there is a parsing w’ of G, such that
w = plw’. We take u = v’ | w':

t=v|w
=, plv’ | plw’
=, pl(v" | w’) (A6 and A8)
= plu.

e ¢ = gt’ for some permutation ¢; then G(¢') ~ ¢~ plG. By induction
hypothesis, we find a parsing u of G such that ¢’ =;, (¢! o p)lu. We
deduce ¢ =, plu using A4.

e t =ft'; then G(t) ~ f(G(¢')) ~ plG so that, appending the source
corresponding to the forget operation to G’s interface gives a graph
G’ such that G ~ fG" and G(¢’) ~ prlG’, where r is the permutation
that swaps the last two elements, and p is the extension of p fixing
the last element (this can be proved via axioms, using A11 and Ag).
By induction hypothesis, we find a parsing u’ of G’ such that ¢’ =,
(por)lu’. We take u = fu’:

t =ft’
=, f(por)lu
=, fpriv’ (A4)
=, pfrlu’ (Ag)
=, plfu’ (A11)
= plu.

e t = 1t/; then G(t) ~ 1G(¢') ~ plG and we distinguish two cases
depending on whether p fixes the last element. Observe that p fixes
the last element if and only if the two lift operations in1G(¢’) ~ plG
concern the same source of G.

- p fixes the last element; then p = ¢ for some permutation g,

and G(t') ~ qQG.
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By the item 3. above, we find a parsing u of G such that ¢’ =,
qu, and we have

t=1¢
=, lqu
=7, qlu (A10)
= plu.

— p does not fix the last element; assume the last element is
mapped to the ith one by p.
Recall that ¢t = 1¢’ and that G(¢) ~ 1G(¢’) = plG.
Denote by s the source corresponding to the lift operation in
plG. As p does not fix the last element, s is isolated in G(t).
By Proposition 4.2.2, restricted to the source s only there is a
permutation g and a graph G’ such that G(¢') ~ ¢lG’, where
the lift corresponds to s, and ¢ maps the last element to the
ith one. By induction hypothesis, there exists a parsing u” of G
such that ¢’ =, qlu’.
Let r be the permutation swapping the last two elements. The
permutation r ' o ¢! o p fixes the last element, so it is equal to
g’ for some permutation ¢’. By definition, we have p = goroq’.
We take u = ¢’ '1u':

t=1
=, lqlu
=, gllu (A10)
= qrllu (A12)
= ¢rl(q' o ¢ Hlu (Ap)
=;, grg’lg’ u (A4 and A10)
= plg' Mu. (Ag)

5. We proceed as follows by induction on ¢:

* t =(, with n = ar(#); since G(t) is empty, we must have G ~ H ~
0,. We take u = v = 0, and by A3 we have t =, u | v.
* t = q for some variable a; since G(t) is atomic, w.l.o.g. we may

assume that G is atomic and H empty. We take u = a and v = 0,
with n = ar(¢) and using Ag we have t =, u | v.

e t = 1’ for some term #’; the source s of G(¢) corresponding to the
lift operation in 1#’ is isolated. As G(t) ~ G | H, s is isolated G and
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H too. We have G(t') ~ (G - s) | (H — s). By induction hypothesis,
there are parsings u’ and v’ of G — s and H — s, respectively, such
that ¢’ =, v’ | V.

We take u = lu’ and v = Iv’, and via A8, we get t =, 1(u | V') =3,
u|wv.

* t = pt’ for some permutation p and term t’; we have G(¢') =~
p~1G | p~'H. By induction hypothesis, there exists parsings u’ and
v’ of p~1G and p~'H, respectively, such that ¢’ =, v’ | v'.

We take u = pu’ and v = pv’. Using A6 we get t =, p(u’ | V') =,
u|v.

* t = t1 | to; we split G and H accordingly: G ~ G | Go, and
H =~ H; | Hy such that G(t1) = G1 | Hy and G(¢2) = Ga | Ha;
we use the induction hypothesis on ¢; and ¢9 and we conclude using
associativity and commutativity as expressed in A1 and As2.

e t = ft’; then G(¢) ~ fG(¢') ~ G | H. We assume without loss of
generality that the vertex corresponding to the forget operation in
ft’ appears in G: G ~ fG’ for some graph G’ such that G(¢') =
G | 1H.

By induction hypothesis, we obtain parsings u’ of G’ and v’ of 1H
such that ¢ =, u’ | v’. By the item 4. above, we get a parsing v of
H such that v" =, lv.

We take u = fu’. Using A1g we get ¢t =, f(u’ | lv) = u | v. O

Together with Propositions 4.2.2 and 4.2.3, Proposition 4.3.1 makes it pos-
sible to normalise terms and to focus on the full prime ones.

An item is patently missing in the statement of Proposition 4.3.1: the one
concerning the forget operation. In fact, a statement similar to the third and
fourth items does not hold for the forget operation: when ¢ is a parsing of fG,
nothing guarantees that G has a parsing at all: its treewidth may be £+ 1; we
need to restrict to those cases where the forgotten vertex is “safe” as defined
next through the notion of forget point.

FORGET POINTS

4.4 Forget points on graphs.

Definition 4.4.1. Let G be a graph and x an inner vertex of G. We write
(G, x) for the graph obtained from G by appending x to its interface; if (G, x)
has treewidth at most k&, we say that x is a k-forget point of G.
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Lemma 4.4.2. Every graph of treewidth and arity at most k in which there is
an inner vertex contains at least a k-forget point.

Proof. Let T be a tree decomposition of width at most & of a graph G contain-
ing an inner vertex.

Let b be a bag of T' containing all sources of G. Since there exists an inner
vertex in G, there exists in T a bag containing an inner vertex. Consider a
shortest path P in T from b to a bag b’ containing an inner vertex x of G. Let
T’ be the tree decomposition obtained by adding x to all bags of P. All bags
of P but b’ contain only sources. Since T' has width at most 2 and G arity
at most &, all bags of P but b’ contain at most %k vertices. Hence, bags of T”
contain at most & + 1 vertices and 7" has width at most k.

The tree decomposition 7" is also a tree decomposition of (G, x). So x is a
k-forget point of G. O

Proposition 4.4.3. Every non-atomic full prime graph of treewidth at most
k contains at least a k-forget point.

Proof. Let G be a non-atomic full prime graph of treewidth at most 2. By
Proposition 4.2.4, G has arity at most k. Since G is a non-atomic full prime
graph, G contains an inner vertex. The statement follows by Lemma 4.4.2.

O

4.5 Forget points on terms. Given a term ¢ € 7,(V) denoting a graph
G with an inner vertex x, we say that t reaches x via =, if there is a parsing
t’ of (G, x) such that ¢ =, ft'.

Since ¢’ has width at most &, the vertex x reached by ¢ is a k-forget point
of G. Hence, all reached vertices are k-forget points. We typically drop the
integer & in our notations, and simply state that a term reaches a forget point.

Proposition 4.5.1. Every non-atomic full prime term reaches some forget
point.

Proof. Let t be a non-atomic full prime term of arity n. We prove by induction
on ¢t that there is a term u such that ¢ =;, fu.

As t is non-atomic and full prime, ¢ cannot be a variable, ,, or a lift. In
the other cases we proceed as follows:

e t =fu; we are done.

* t =ty | t9; as G is prime, one of G(#1) or of G(¢2) must be empty. Thanks
to the A2 we can always assume that ¢y is empty. By Proposition 4.3.1,
and Ag, we get t =, t1 | 0, = t1. We conclude by induction hypothesis
onij.
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* t = pu; by induction hypothesis there is a term w such that v =, fw.
Using Ag we get ¢t =5, pfw =, fpw and we conclude with u = pw. O

Corollary 4.5.2. Every term of width and arity at most k containing a forget
operation reaches a forget point.

Proof. Let t be a term containing a forget operation. We prove there exists a
term u such that ¢ =, fu. As t contains a forget operation, G(¢) contains an
inner vertex.

Let H be a non-atomic reduced component of G(#). It exists as G(¢) con-
tains an inner vertex. By Propositions 4.2.3 and 4.2.2, there exists a permu-
tation p, a non-negative integer n, and a graph K such that

G() =~ pl"H | K.

By Proposition 4.3.1, there are parsings v and w of H and K, respectively,
such that
t = pl"v | w.
By Proposition 4.5.1, there exists a term v’ such that v =, fv’. Using A11 n
times, and then Ag and A13, we get:

t = £(p(rD)"v" | lw)

and we conclude with u = p(rl)"v" | lw. O

SERIES DECOMPOSITIONS

4.6 Series decompositions on graphs. We introduce the series opera-
tion, slightly generalised compared to standard definitions, and we show how
to use it to analyse graphs with a forget point.

Given k graphs G4, ..., G}, of arity £ and a graph H of arity 2+1, we define
the following graph of arity £+ 1, where p; denotes the permutation swapping
tand & + 1.

s(G1,...,Gr;H) =p1lG1 || ... | plGr | H

We illustrate its behaviour at small arities in Figure 4.3.
We recover the standard series operation o (see [1]) when the last argu-
ment is empty, and using a forget operation:

o(G1,...,Gr) =15(G1, ..., Gp; Ors1)

We use this operation to decompose full prime graphs along a given inner
vertex:
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i A <=

Figure 4.3: The series operations s(;d), s(a;d), s(a, b;d), and s(a, b, ¢;d).

Proposition 4.6.1 (Series decomposition). For every full prime graph G of

arity k with an inner vertex x, there are unique graphs G1,...,Gp, H such
that (G,x) ~s(G1,...,Gp;H) and

1. all prime components of H are full, and
2. if the jth source of a component of G; is isolated, then i < j.

In the series decomposition of G at x in the latter proposition, the graph
G is called the ith series argument (i = 1, ..., k), and H the series remainder.

Proof. Decompose (G, x) into prime components, and classify these according
to their isolated sources. Since G is full prime, x is never isolated in the prime
components of (G, x).

Full prime components go into the series remainder.

Prime components in which the first source of G is isolated are put into
the first series argument (under the permutation pi, the first source gets
swapped with x). Prime components in which the second source is isolated
but not the first one go into the second series argument, etc. O

4.7 Series decompositions on terms.

Proposition 4.7.1. If a term t reaches the last source of a graph of the form
s(G1,...,Gy; H), then there exist parsings u1, . ..,ur, VofGy,...,Gpy, H such
that t =p, fs(uq,...,up;v).

Proof. Unfold the definition of series operation and conclude with Proposi-

tion 4.3.1. O

(IN) COMPLETENESS OF E;,

4.8 Completeness for easy graphs. The main challenge, in the rest of
this chapter and in the next one, is to relate the different forget points of a
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given graph using axioms. We prove that the axiom set Ej, is complete when
there are few forget points.

A graph is called easy if each of its non-atomic reduced components G has
only one forget point x, and in turn (G, x) is easy. This definition is well-
founded by the lexicographic ordering (|G|, |G| — ar(G)) of G’s order with its
number of inner vertices.

In the next proposition, we prove the completeness of E;, for easy graphs.

This first example provides a simple illustration of our method to prove
completeness. Indeed, all our proofs of completeness share the same struc-
ture.

Proposition 4.8.1. For all parsings t, u of an easy graph, we have t =}, u.

Proof. Let G be an easy graph ¢t and u parsings of G. The proof proceeds by
induction on (|G|, |G| — ar(@)).

We distinguish several cases depending on whether G is non-atomic full
prime or not:

* (5 is atomic and its sole edge is labelled a; by Proposition 4.3.1 we have
t=p a= u.

G contains isolated sources; for some positive integer n, permutation p
and full graph H with |[H| < |G| we have G ~ pl"H. By Proposition 4.3.1,
there exists parsings ¢’ and u’ of H such that ¢ =, pl*t and u =, pl*u’.
By induction hypothesis, ¢’ =, u’.

* G is not prime; let H be a prime component of G. For some non-empty
graph K we have G ~ H | K. By Proposition 4.3.1, there exists parsings
tg, ug of H, and tg, ug of K such that ¢t =, ty | tx and u =, uy | ux.
By induction hypothesis, tg =, ug and tx = ug.

* (G is a non-atomic full prime graph; by Proposition 4.5.1 there are terms
t’ and u’ such that ¢t =, ft’ and u =, fu’. Since G is easy, ¢’ and u’ are
parsings of (G, x) for x the only forget point of G. By induction hypoth-
esis, t’' =, u'. O

In this proof, the only part which is specific to easy graphs is the last
item, where we use that easy graphs contain precisely one forget point per
non-atomic reduced component. For non-easy graphs, we have to handle the
cases where several forget points exist.
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4.9 Completeness of E). Simple graphs of treewidth at most zero are
precisely discrete graphs. Hypergraphs of treewidth at most zero are discrete
graphs in which edges of arity zero and one are allowed. Hence:

Lemma 4.9.1. A graph G of treewidth at most zero satisfies one the following
statement:

1. G is empty,

2. G is atomic,

3. G is not prime,

4. G is the forget of an empty graph,

5. G is the forget of an atomic graph,

6. G is prime and the forget of non-prime graph.

Proposition 4.9.2. Given two terms t,u € 75(V),
t=ou & Gk ~Gu).

Proof. By Proposition 3.14.1, it suffices to establish completeness. Let ¢ and
u be two parsings of width at most zero of a graph G.

The proof proceeds by induction on #G. We distinguish three cases de-
pending on which category of Lemma 4.9.1 G falls in:

1. (G is empty, atomic, the forget of an atomic or empty graph, or prime and
the forget of a non-prime graph; in any case G is easy and we conclude
by Proposition 4.8.1.

2. (G is not prime; let H be a prime component of G and K the non-empty
graph such that G ~ H | K. By Proposition 4.3.1, there exists parsings
tg and uy of H and tx and ug of K such that ¢t =¢ ¢ty | tx and u =
up | uk.

By induction hypothesis, we have tg =¢ uy and tx =¢ ug. O

4.10 Incompleteness of E; when %k > 1. Let a be a variable of arity £ +1.
We write AFGy, for the graph of arity G (ffa).

Depictions of AFGy, for several values of £ are shown in Figure 4.4. The
notation AFG stands for “Atomic Forget Graph”. This graph is the graph
appearing in FA.
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o

Figure 4.4: The graphs AFGy, AFG{, AFGsy, and AFG,. For the latter, the
red triangular source is a representation of all sources.

Proposition 4.10.1. If k£ > 1 then there are terms t and u of width at most k
with
G(t)~G(u) and t %, u.

Proof sketch. We annotate forget operations by their corresponding vertices
in terms.

Consider the parsings ¢t = f,f,a and u = f,f,ra of AFGy, with x and y its
inner vertices and r the permutation swapping the last two sources.

The forget operations appearing in a term are in bijection with the inner
vertices of the corresponding graph. Furthermore, the axioms Ai-12 in E;
preserve the structure of forgotten vertices, and in particular, the order in
which they are forgotten. Hence, only A13 can be used to reverse the order of
f; and f,. Since AFGy, contains only one edge, which is incident to all vertices
of the graph, when applying A13 to a parsing of AFGy, the subgraph of AFGy,
corresponding to the variable b in the axiom is necessarily empty. Hence
applying A13 does not change the structure of forget operations in parsings
of AFG;, and ¢ =, u does not hold. O

4.11 A sufficient condition for completeness. Recall from §3.10 that
=, 1s the relation on terms of width at most 2 such that ¢ =, uis G(¢) ~ G(u).

Proposition 4.5.1 does not suffice to prove completeness as it gives no con-
trol on the reached forget points. Instead we would like:

Conjecture 4.11.1 (Reaching forget points). There exists a finite set Fj, C =,
of equations such that full prime terms of width at most k reach all their forget
points via =F,.

The notation F stands for “Final Axioms”.

We have already proved this conjecture true when 2 = 0 and we establish
this for £ < 3 across this and the following chapter. We do not know how to
prove it directly when £ = 3, however: we only get the conjecture a posteriori,
from the completeness.
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Instead, the cornerstone of our proof when £ = 3 is the following: any two
parsings of a non-atomic full prime graph may reach a common forget point:

Conjecture 4.11.2 (Forget point agreement). There exists a finite set Fj, C =,
of equations such that two parsings t, u of width at most k of a non-atomic full
prime graph reach a common forget point via =p,.

Theorem 4.11.3. The following are equivalent:
1. the treewidth axiomatisation conjecture,
2. Conjecture 4.11.1,
3. Conjecture 4.11.2.

Proof. The implications 1. = 2. and 2. = 3. are direct.

We prove 3. = 2.

Let F = F;, U E;, where F}, is given by Conjecture 4.11.2.

By Proposition 3.14.1, and since F;, C =;, we need only prove complete-
ness.

Let ¢t and u be parsings of width at most 2 of a graph G. We prove t = u
by induction on (|G|, |G| — ar(G)) the lexicographic product of G’s order with
the number of inner vertices of G.

If the graph G has isolated sources, we use Proposition 4.2.2 and Proposi-
tion 4.3.1(3,4) to rewrite the parsings ¢ and u into permuted lifts and proceed
recursively.

Otherwise G is full, and we decompose it into prime components via Propo-
sition 4.2.3:

* if G has no prime components then G ~ (04, (@) and according to Propo-
sition 4.3.1(1) we have t = 0ar(q) =F u;

¢ if there exists at least two prime components in G then we use Proposi-
tion 4.3.1(5) on both parsings and we proceed recursively;

¢ otherwise G is full prime. Either it is atomic and we conclude by Propo-
sition 4.3.1(2,3), or by Proposition 4.2.4, G has arity at most 2. Hence ¢
and u reach a common forget point x, and there exists parsings ¢’ and
u’ of (G,x) such that ¢t = ft’ and u =r fu’. We proceed recursively on
t’ and u’. O

Hence, our conjectures are as strong as the problem asked by Courcelle
and Engelfriet [12, p. 119] (of which the treewidth axiomatisation conjecture
is a variation for a different graph syntax). They show what we believe to be
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an interesting path towards a positive answer to the treewidth axiomatisa-
tion conjecture. Indeed, our solution for the case of treewidth at most three
consists in a proof of the corresponding instance of Conjecture 4.11.2.

CLIQUE POINTS

We introduce a class of vertices for which Conjecture 4.11.1 holds. In the next
section, we use this result to answer the treewidth axiomatisation conjecture
positively when & = 1.

Henceforth, =;, denotes the equational theory on terms of 7 (V) induced
by the axiom set Cj. In other words, compared to previous sections, the axiom
FA is allowed.

4.12 Clique points on graphs. An inner vertex x in a graph G is called
a clique point if it is adjacent to every source of G.

Proposition 4.12.1. Non-atomic full prime graphs of arity zero and one con-
tain clique points.

Proof. A non-atomic full prime graph of arity zero contains at least one inner
vertex and the latter is a clique point.

In a non-atomic full prime graph of arity one the source has at least one
neighbour, and the latter is a clique point. O

4.13 Clique points on terms. To prove that full prime terms reach their
clique points, we first prove two lemmas. The first one intuitively makes it
possible to zoom on a specific inner vertex by going under a forget operation.
The second lemma is used to reach a vertex x on a term, by swapping forget
operations, targeting the part of the corresponding graph x is in.

Lemma 4.18.1. Let t be a term of arity at most k — 1 with an inner vertex x
in a full prime component. There is a term u such that t =, fu and x is either
the last source of u or an inner vertex of a full prime component of u.

Proof. We proceed by induction on the size of the component C of ¢ containing
X.

First, by Proposition 4.3.1 there exists a parsing ¢, of C and a term ¢’
such that ¢ =, t, | ¢. By hypothesis, ¢, is non-atomic full prime. Hence
Proposition 4.5.1 applies to get a term u such that ¢, =, fu.

If u is a parsing of (G(t,),x), or if x is in a full prime component of u then
we conclude using A13.
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Otherwise x is in a component D of u that is smaller in size than C, but not
full prime. We use Proposition 4.3.1 to find terms u, and ©” and a permutation
p such that u =, pl'u, | v/, where u, is a parsing of the reduced component
associated to D and i is the number of isolated sources of D.

At this point we have:

t=p, f(plu, | u) | ¢.

As u, is full prime and contains x we can use the induction hypothesis:
there exists a term v such that u, =, fv and either v’s last source is x or x is
in a full prime component of v. Let y be the last source of v; in subsequent
term equations we write f, for the forget operation that forgets y.

At this point we have:

t =, f(plf | u) | ¢

=, f(pf, (P)'v | &) | ¢ (by A11)
=, f(f,p(rD'v [ w) | ¢ (by Ag)
=, ff, ((p(r)'v | 1) | 1) (by A13)
=, f, fr((p(r)'v | 1) | 1¢). (by FA)

where p is the extension of p fixing the last element and r is the permutation
swapping the last two elements (at various arities, here). Let w be the term

w = fr((p(r)'v | 1) | 1¢").

If x is v’s last source, then x = y and the derivation above proves ¢ =;, fw
and w’s last source is x.

Otherwise x is in a full prime component of v and to end the proof we show
that it is also in a full prime component of w, i.e. that x is inner connected to
all sources in w.

Call z the source forgotten by the forget operation appearing in the defi-
nition of w, and consider the shape of (G(¢),y) given by the definition of w:

y V4

S
In this picture, the red triangle is used to represent all sources of ¢ that are

not sources of v (those corresponding to the operation (r1)?), and the green
pentagon is used to represent the common sources of ¢ and v.
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2’ z

Figure 4.5: Illustration of Lemma 4.13.2 when £ = 3 and i = 2. Let G be the
depicted graph. If, in such a situation, x is ensured to be in either H or K,
then we can swap 2z’ or z with y, respectively. Assume that x is in H. The
prime component of (G, z,y) containing x is smaller than that of (G, z, 2’).
This process can be applied to terms reaching z, z’, and y, using FA. By
induction, we reach x.

As x is in a full prime component of v, we easily get that x is inner con-
nected to y, z, and to all sources represented by the green pentagon.

Furthermore, as x is in a full prime component of ¢, so is z, proving that z is
connected in ¢ by inner paths to every source represented by the red triangle.
Observe that these paths remains inner in w. The concatenation in w of an
inner paths from x to z with these paths provides inner paths from x to every
source represented by the red triangle. Hence x is in a full prime component
of w. |

An illustration of the next lemma is shown in Figure 4.5.

Lemma 4.13.2. Let t be a parsing of a full prime graph G of arity k + 1 — 1
(i > 0), and x an inner vertex of G. ‘

Assume the following holds: for every term u such that t =, f'u, if x is an
inner vertex of a full prime component of fu, then there exists a source s of u
which is forgotten by one of the i forget operation in fiu and x is in a component
of u which is not incident to s.

Then, the term t reaches x.

Proof. Suppose we have a full prime term ¢ of arity 2 +1 -1 ( > 0), and an
inner vertex x we want ¢ to reach.

Thanks to Proposition 4.13.1 we know there exists a term v of arity & such
that ¢ =, f'v and either x is a source of v, or x is in a full prime component A
of v.

In the first case we conclude and in the latter case the proof proceeds by
induction on the number of inner vertices of A (independently from 7).
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According to Propositions 4.3.1 and 4.5.1, v reaches some forget point y:
there exists a parsing w of (G(v),y) such that v =, fw. If x = y then, by FA,
t reaches x, and we conclude.

Otherwise, by hypothesis, in G(w), x is an inner vertex in a component C
not incident to a source s of u which is not a source of G. By FA, there exists
a term w’ such that ¢ =, f/w’ and C is a full prime component of w’. Since
C is not incident to s, j < i. Also, every inner vertex of C is an inner vertex
of A, but y is an inner vertex of A which not an inner vertex of C. Hence, we
conclude by induction hypothesis. O

Proposition 4.13.3. Full prime terms of width at most k reach their clique
points.

Proof. We prove that the hypothesis in Lemma 4.13.2 holds for clique points.

Let ¢ be a full prime term and x a clique point of ¢, such that ¢ =, f'u for a
term u of arity £ + 1, x is an inner vertex of a full prime component C of fu.
Let y be the last source of u.

By Proposition 4.2.4, the series remainder of u at y is a parallel compo-
sition of atomic graphs. Hence x is in a prime component C is not incident
to all sources of u. Since x i1s a clique point, C is incident to all sources of u
which are sources of t. Hence C is not incident to a source s of u which is not
a source of ¢, that is, s is forgottent by one of the first i forget operation of the
term f'u. O

(IN)COMPLETENESS OF C;,

4.14 Completeness of C;. We answer the treewidth axiomatisation con-
jecture positively for terms of width at most one. The following solution
uses all fifteen axiom schemes of C; (which induce thirty-seven axioms), and
should be compared with the solution in §2.15 for which only seven axioms
were used.

Theorem 4.14.1. Given two terms t,u € 71(V),

t=1u o G =G).

Proof. This is a direct consequence of Theorem 4.11.3 combined with Propo-
sitions 4.2.4, 4.12.1 and 4.13.3. O
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Figure 4.6: The graphs KGg, KG3, and KGy; for the latter, the red triangular
source is a representation of the last £ — 2 sources.

4.15 Incompleteness of C; when £ > 2. Assume k& > 2. We call kite
operation the graph operation mapping two graphs G and H both of arity %
to the graph

GeH=0o(G,H,0,...,0).

We write KG;, (“Kite Graph of arity £”) for the graph of arity 2 defined by
two kite operations:
KGr =(aeb)ec

where a, b, ¢ are atomic graphs of arity %.
Instances of KGy, for several values of & are depicted in Figure 4.6.

Proposition 4.15.1. If k > 2 then there are terms t and u of width at most k
with
G(t)~G(u) and t#;u.

Proof sketch. In terms, we annotate the forget operations with their corre-
sponding forget points. Let a, b, ¢ be three edges of arity k.

Taket = (aeb)ecandt’ = a e (b e c) two parsings of KG}. Denote the
two inner vertices of KG; by x and y.

Unfolding the definitions gives:

l= fxs(fys(x,y, ok) ceey 0/@7 ®k+l))z, ®k7 ceey ®ka 0k+1)’

t/ = fys(z> tfxs(yaZ; 0’89 e 7@k;®k+1)7@k’ e ’(bk;@k+1)'

In ¢, the forget operation for x appears before the one for y, and in ¢’ the
forget operation for y appears before the one for x.

If t = u then, at some point in any corresponding proof, an axiom has to
be applied to reverse the forget operations order. The only axioms available
in Cy, to do so are A13 and FA.

Let ¢t” be the parsing of KG}, on which one of these two axioms is applied.

If the axiom is FA, then using Proposition 4.3.1 one can prove ¢t” =, f,f,t"”.
The term ¢"” is a parsing of width at most % of (KGp,x,y), a graph of arity
k + 2, a contradiction.
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If the axiom A13is applied, that is, the following is applied up to a context
and a substitution:
fd | e=1(d | le),

then the other forget operation must appear in e (otherwise the order of ap-
pearance of f, and f, is not changed by the axiom). The edge b of KGy, is
incident to both x and y. In any corresponding parsing, x and y are simulta-
neously sources when b is added to KGj. This is not the case of fd || e if the
second forget operation is in e, a contradiction. O

CHECKPOINTS

The equation (a e b) ec = a e (b e ¢) is a second example of forget axiom; it is
denoted by FK, and the set C;, U {FK} is denoted by Aj,.
Henceforth, =, denotes the equational theory induced by Az on 7, (V).
We introduce a class of vertices for which Conjecture 4.11.1 holds. This
results serves as a tool to establish Conjecture 4.11.1 for a broader class of
vertices, and in the section after that to answer the treewidth axiomatisation
conjecture positively when & = 2.

4.16 Checkpoints on graphs. A checkpoint between two vertices y, z of
a graph G is an inner vertex x such that every inner path from y to z contains
x. A checkpoint of G is a checkpoint between two sources of G.

This definition coincides with that from [10] at arity two.

The inner vertex of the kite operation of two atomic graphs is a checkpoint
between the first and second sources. Moreover, a graph with a checkpoint
has precisely a kite shape:

Proposition 4.16.1. Let G be a graph with a and b two variables of arity
ar(G). An inner vertex x of G is a checkpoint of G if and only if there exists
a permutation p such that G has shape p(a e b) and the inner vertex of this
shape is x.

Proof. We prove the difficult implication which is the direct implication. Let
x be a checkpoint in a graph G.

Up to replacing G with pG for some permutation p, we can assume that x
is a checkpoint between the first and second sources of G.

Fix an integer i > 3. If the ith series argument of G at x is non-empty,
then it induces an inner path from the first to the second source of G free of x.
Combining the definition of the kite operation with Proposition 4.6.1 applied

to (G, x) proves that G has shape p(a e b). O
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Proposition 4.16.2. Let G be a full prime graph with two inner vertices x
and y. If x is in the ith series argument at y, then y is a checkpoint between x
and the ith source in G.

Proof. By definition, the ith series argument of a series decomposition of G
does not contain its ith source. Let P be an inner path from x to the ith source
of G. It must start in the ith series argument at x and end outside at the ith
source, as was just observed. As P is inner, it can only get out from the ith
series argument at y. |

Proposition 4.16.3. Let G be a graph with two inner vertices x and y and
two designated sources s, and s,. If x is a checkpoint between y and s, and y
a checkpoint between x and sy, then x and y are both checkpoints between s,
and s,.

Proof. By symmetry, it suffices to show that x is a checkpoint between s, and
sy. Let P be an inner path from s, to s,. Consider a shortest y-P inner path
@ in G. Such a path exists as G is full prime and y is thus inner connected to
any inner element of P. Say @ is from y to z for some z in P. The inner path
QzP goes from y to s,, so that it must contain x by assumption. If x belongs
to zP then this completes the proof. Otherwise x belongs to @z. In that case,
the inner path x@zP goes from x to s, and must contain y by assumption,
which contradicts the minimality assumption about . O

Proposition 4.16.4. Let G be a full prime graph of arity and treewidth k. If
G contains a checkpoint x as well as a forget point y # x, then y and x are both
checkpoint of G for the same pair of sources.

Proof. Consider the series decompositions of G at y and x and apply Proposi-
tion 4.16.2.

At x, by Proposition 4.16.1, only two series arguments are non-empty and
x 1s a checkpoint between y and a source s, of G.

At y, by Proposition 4.2.4, x cannot be in the series remainder. Hence y is
a checkpoint between x and a source s, of G.

Conclude by Proposition 4.16.3. O

4.17 Checkpoints on terms.
Proposition 4.17.1. Full prime terms reach all their checkpoints.

Proof. Let t be a full prime term of arity £ — i ( > 0) containing a checkpoint
X.
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We proceed by induction on the lexicographic product (|G|, |G| — k) of G’s
order with the number of inner vertices in G. .

By Lemma 4.13.1, there exists a term u of arity k2 such that ¢t =, f'u and x
is either a source of u, in which case we conclude with A1g, or in a full prime
component C of u.

In the latter case, by Proposition 4.3.1, there exists a parsing uc¢ of C and
a term u’ such that u =, uc | ©v’. Observe that x is a checkpoint of uc.

If v’ is non-empty or i > 0 then we proceed by induction on u¢ and with
A13. Otherwise, ¢ has arity k. By Proposition 4.5.1, ¢ reaches some forget
point y. If x = y we are done.

Otherwise, by Proposition 4.16.4, x and y are checkpoints between the
same sources of ¢.

By Proposition 4.3.1, it is possible to assume x and y are checkpoints be-
tween the first and second sources. Hence G has the following two shapes:

where A, B, C, and D denote the subgraphs of G which substitute the corre-
sponding labelled edges in the shapes, and where the red triangular source
represents the last £ — 2 sources of the graph.
Since ¢ reaches y we have a parsing ¢’ of (G, y) such that ¢ =, ft’.
According to Proposition 4.3.1 and 4.7.1, there exist parsings ¢4 and ¢p of
A and B such that

t=ptpoeitp.

Observe that x is a checkpoint between the first and second sources in A.
By induction hypothesis, ¢4 reaches x. Applying Proposition 4.3.1 and 4.7.1
again, there exists parsings ¢¢ and ¢p of C and D, respectively, such that

taA SR tceip.

Using FK, we get:
t=ptce(tpetp).

Unfolding the definition of the first operation e,
t = fs(tc,tp @ tg, Ok, . . ., Or; Or41)

proving that ¢t reaches x. O
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ANCHORS

We introduce a class of vertices which generalises cutvertices in the case of
sourced graphs, and for which Conjecture 4.11.1 holds. Thanks to this re-
sult we are able to answer the treewidth axiomatisation conjecture positively
when £ = 2, and to reduce the case where £ = 3 to anchor-free graphs. The
next chapter is devoted to the study of anchor-free graphs of treewidth at
most three, and as a consequence we answer the treewidth axiomatisation
conjecture positively when & = 3.

4.18 Anchors on graphs.

Definition 4.18.1. An anchor in a graph G is an inner vertex x such that the
series remainder of G at x is either

1. empty, or
2. contains at least two full prime components.

An anchor satisfying in the ith condition of the definition is called an an-
chor of the ith kind.

To aid recall, observe that anchors of kind “2” are associated with “2” full
prime components.

Checkpoints are anchors of the first kind by Proposition 4.16.1.

Cutvertices, as defined in §1.18, are anchors of the second kind at arity
Zero.

Anchors are illustrated in Figure 4.7.

We prove that all forget points are either clique points or anchors at arity
k. The converse holds at all arities for full prime graphs, but we only get it
a posteriori, as a consequence of Proposition 4.19.1, which proves that full
prime terms reach their anchors.

Proposition 4.18.2. At arity k, all k-forget points are either clique points or
anchors of the first kind.

Proof. If x 1s a forget point of a graph G of arity &, the full prime components
of (G, x) must be atomic by Proposition 4.2.4. Thus, if x is not a clique point,
then it is an anchor of the first kind. O

Corollary 4.18.3. Every non-atomic full prime graph of arity k contains a
clique point or an anchor.

Proof. By Propositions 4.18.2 and 4.4.3. O
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Does exist @

@
Figure 4.7: Anchors of the first and second kinds (on the left and right-hand
sides, respectively) at arity zero, one, and two.

Lemma 4.18.4. In a full prime graph of arity k and treewidth at most k, the
series remainder at each anchor cannot contain inner vertices.

Proof. Let G be a full prime graph of arity £ and treewidth at most £ with an
anchor x.

For the sake of contradiction, assume that the series remainder at x con-
tains an inner vertex y. In particular x cannot be an anchor of the first kind:
x 18 an anchor of the second kind, and the series remainder of G at x contains
at least two full prime components.

Write S for the set of sources of G.

We work with the skeleton H of G and prove that H contains Kj,9 as a
minor, a contradiction with G having treewidth at most k.

Denote by C the prime component of the series remainder at x containing
y, and by D another prime component of the series remainder.

In H — S — x, the vertices of C and D form components Cyz and Dy which
are, in H, both incident to all sources in S as well as to x.

In H, contract all edges of Cg, and of Dy, and remove all vertices not in
Cy, Dy, S, or distinct from x. In the resulting graph are the sources in S, x,
as well as two vertices x¢ and xp witnessing the contractions of Cy and Dy,
respectively. Finally, contract the edge connecting x with xp (this edge exists
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as D being a prime component of the series remainder, it is incident to x in
Q).

We claim that the minor M of H obtained by this procedure is Kz o.

All edges between vertices of S in M exist by definition of skeleton. Fur-
thermore, x¢ is adjacent to all vertices in S as well as to x thanks to C being
a prime component of the series remainder of G at x. For similar reasons, xp
above was adjacent to all vertices of S. Finally, x is adjacent to all vertices of
S thanks to the contraction of xxp. O

Proposition 4.18.5. Let G be a full prime graph of arity k and treewidth at
most k.

If G has two distinct anchors x and y, then they are both checkpoints be-
tween the same pair of sources.

Proof. By Lemma 4.18.4, the anchor x (resp. y) cannot be in the series re-
mainder of G at y (resp. x): it must be in a series argument of the series
decomposition at y (resp. x), say the ith (resp. jth) one.

According to Proposition 4.16.2, x (resp. y) is a checkpoint between y (resp.
x) and the ith (resp. jth) source of G.

We conclude with Proposition 4.16.3. O

This proposition states that a full prime graph of maximal arity with two
anchors has a KGg-shape.

4.19 Anchors on terms.
Proposition 4.19.1. Full prime terms reach all their anchors.

Proof. Let t be a full prime term of arity 2+ 1 — i (i > 0) with an anchor x.

We prove that ¢ reaches x via Lemma 4.13.2 and Proposition 4.17.1.

More precisely, we prove that if ¢ =; f'u and x is an inner vertex of a full
prime component of fu, then x is either a checkpoint in fu (in which case ¢
reaches x via Proposition 4.17.1 and A13) or in a component of © which is not
incident to a source of u that is forgotten by one of the i forget operations in
f'u (in which case we apply Lemma 4.13.2).

First, by Proposition 4.2.4, x is not in a full prime component of . Assume
that x is in a prime component D of u which is incident to all sources of u
which are forgotten by the i forget operations in fifu. We prove that x is a
checkpoint in fu.

We reason by case analysis on the kind of x as an anchor of ¢. We write
X1, ...,x;—1 for the sources of u forgotten by the operations fi=lin ¢t =, f fu.
Write y for the source of u forgotten in fu.
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Since D is not full prime, there exists a source s of u which is not incident
to D, and since s is not forgotten by the i forget operations in f'u, s is a source
of t. We have that y is a checkpoint between x and s in fu.

If x is an anchor of the first kind then since there are no full prime com-
ponent in G(t) — x, there exists a source s’ of ¢ such that x is a checkpoint
between y and s’ in ¢, and by extension in fu. By Proposition 4.16.3, both x
and y are checkpoints of fu.

Otherwise, x is an anchor of the second kind in ¢: there are at least two
full prime components C; and Cs in G(¢) — x. Assume that y is in C; (and
hence not in C3). Being full prime, Cy provides us with an inner path P in
t from x to the source s of ¢t that does not contain y. Since y is a checkpoint
between x and s in fu, P must contain a source s’ of fu among x1,...,x;_1.
Consider an inner path @ from y to s’ in fu; @ is also inner in ¢, starts in C1,
and ends in Cy: it must go through x. Hence x is a checkpoint between y and
s’ in fu. By Proposition 4.16.3, both x and y are checkpoints of fu. |

Proposition 4.19.1 implies Conjecture 4.11.1 full prime terms containing an
anchor. Therefore, once Proposition 4.19.1 proved, it remains to prove Con-
jecture 4.11.2 for parsings of anchor-free graphs. This is the topic of the next
chapter when £ = 3.

There exists graphs without anchors, even at treewidth at most two:

Nonetheless, in this example, the graph has a clique point.

(IN)COMPLETENESS OF A},

4.20 Completeness of As. We give a positive answer to the treewidth ax-
iomatisation conjecture for terms of width at most two.

Theorem 4.20.1. Given two terms t,u € T3(V),

t=2u o G =G).

Proof. This is a direct consequence of Theorem 4.11.3 combined with Propo-
sitions 4.2.4, 4.12.1, 4.13.3, 4.18.2, and 4.19.1. O



CHAPTER 4. DECOMPOSING BOUNDED TREEWIDTH GRAPHS 112

| <D

Figure 4.8: The graphs XG1, XGg, XGg, and XG4. Observe that XG; ~ (09 and
XG2 = KGQ.

A similar result is proved in [10, 14], for a different syntax that includes
the series operation and limits the arity to two instead of three. In [10], they
use the fact that graphs of treewidth at most two are precisely those excluding
K4 as a minor, and [14] uses a graph rewriting system recognising graphs of
treewidth at most two.

Both characterisations exist at treewidth at most %, albeit the exact lists
of minors and rewriting rules are unknown whenever 2 > 4 and & > 5,
respectively.

Our proof uses neither characterisation of graphs of treewidth at most
two. Moreover, in §5.10, we retrieve the structural characterisation via K4 as
a consequence of our positive answer to the treewidth axiomatisation conjec-
ture for £ = 3.

4.21 Incompleteness of A, when k£ > 3. A bipartite graph is a graph
G whose vertex set can be partitioned in two sets U and V such that if two
vertices are adjacent then one lies in U and the other in V. The pair (U, V)
is called the bipartition of G. A complete bipartite graph is a bipartite graph
with bipartition (U, V) containing one edge incident to x and y for every ver-
ticesx € U and y € V, and no other edges. We write K, ,,, for the complete
bipartite graph with a bipartition of two sets of n and m vertices, respectively.

Assume k& > 1. We write XGy, for the graph of arity two with 2(%£ —1) inner
vertices such that:

¢ all edges of XG;, are binary edges,

* The subgraph induced by the inner vertices is the complete bipartite
graph Kj_1 ;—1. Denote the corresponding bipartition by (A, B),

* one source of XGy, is adjacent to the vertices of A, and the other to the
vertices of B.

Examples of XGy, for several values of £ are shown in Figure 4.8. The X in
XG represents the bipartition of the inner vertices.
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Proposition 4.21.1. The graph XGy, has treewidth at most k.

Proof. Let (A, B) be the bipartition of the inner vertices. In the graph (G, A)
(so G in which all vertices of A have been promoted to sources), prime compo-
nents are edges or stars S3 with three branches. All such components have
treewidth at most two and (G, A) has arity & + 1.

By substituting parsings of width at most two of its prime components in
the full prime decomposition of (G, A), we obtain a parsing of (G, A) of width
k. Adding & — 1 forget operations gives a parsing of width % of G. O

Proposition 4.21.2. If k£ > 3 then there are terms t and u of width at most k
with
Gt)~G(u) and t#;u.

Proof sketch. In terms, we index the forget operations by their corresponding
forget points.

We take G = XGy, (with (A, B) the bipartition of the inner vertices) and ¢
and u parsings starting with & — 1 forget operations, those of ¢ corresponding
to the vertices of A and those of u corresponding to the vertices of B (see the
proof of Proposition 4.21.1 for more details on these parsings).

For the sake of contradiction, assume that ¢+ =, u. This implies the use
of an axiom to reverse the order of appearance of the forget operations corre-
sponding to A and B.

The set A, contains three axioms suited for such a purpose: A13, FA, and
FK.

If A13 is used, then the subterm concerned with this axiom is a parallel
of a forget of a term with another term:

fot' | u' = £:(¢ | 1),

Since applying this axiom changes the order of appearance of forget opera-
tions corresponding respectively to a vertices x in A and y in B, we have that
f, appears in u’. Since x and y are adjacent in XGy, the corresponding edge
appears in every parsing of XG;. Since it is incident to x, it appears in f¢’,
and since it is incident to y, it appears in u’. Both statement cannot be simul-
taneously true, providing a contradiction.

If FA is used, it must, at some point, be used on the outer forget operation,
so that up-to applying Proposition 4.3.1, having ¢ =;, u implies a parsing of
XGy, of shape f,f,t" with x € A and y € B and ¢’ a parsing of (G,x,y). By
Lemma 4.13.1, there exists a term ¢” such that t’ =, f*~*¢”. Because x € A
and y € B, there exists at least two vertices x’ € A and y' € B which are
inner in ¢”. By definition of XGy, those are in a full prime component of ¢, a
contradiction with Proposition 4.2.4.



CHAPTER 4. DECOMPOSING BOUNDED TREEWIDTH GRAPHS 114

If FK is used, then in the subterm concerned with this axiom, the two
vertices corresponding to the forget operations of FK have to be checkpoints
between two sources. There are only two relevant cases in which a vertex
x € A can be a checkpoint a subterm of a parsing of XGy; between either

* the two sources of XGy, in (G, A\ {x}). No other checkpoint between the
same sources exist in (G, A \ {x}), or,

* one source of XG; and a vertex in B in (G, A\ {x}). Again no other such
checkpoint can exist.

Since the axiom FK supposes two checkpoints, and each time only one exists,
it cannot be used. O

HARD GRAPHS AND MINIMAL SEPARATION TUPLES

4.22 Hard graphs. We call hard the non-atomic full prime graphs which
are clique point-free and anchor-free.

Hard graphs of treewidth at most £ have their arity in {2,...,k2 — 1} by
Propositions 4.12.1 and 4.18.3. An example of a hard graph is XGy,.

By Propositions 4.3.1, 4.13.3, and 4.19.1, proving Conjecture 4.11.1 or 4.11.2
for hard graphs is sufficient to obtain a positive solution to the treewidth
axiomatisation conjecture. We do so in the next chapter in the case of graphs
of treewidth at most three.

To reduce the number of cases in proofs of the next chapter, we introduce
a notion of minimal forget point. Considering hard graphs ensures that the
corresponding preorder is a well-founded partial order.

4.23 Minimal forget points on graphs. Let x and y be inner vertices of
a graph G. We write y < x when y is a checkpoint between x and some source.
We write < for the irreflexive restriction of <. An inner vertex x of G is called
minimal when it is so with respect to <, that is, there does not exist a vertex
y in G such that y < «x.

We write S(x) for the series remainder of a graph at some inner vertex x.

Proposition 4.23.1. For all hard graphs, < is a partial order, and < is well-
founded.

Proof. Let G be a hard graph.

* Reflexivity of <: every path from an inner vertex x to a source of G
starts with x. Thus x < x holds;
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¢ Antisymmetry of <: for the sake of contradiction, suppose that x and
y are two distinct vertices such that x < y and y < x but x # y.

According to Proposition 4.16.3, x and y are checkpoints of G between
the same pair of sources.

Checkpoints being anchors, G is not hard, a contradiction.

* Transitivity of <: assumex < y and y <X z for x, y, and z three vertices.
We prove x < z.

Let 1 < i, < ar(G) be the integers such that, in G, x is a checkpoint

between y and the ith source and y is a checkpoint between z and the
Jth source.

If x is a checkpoint between z and the ith source then we are done.

Otherwise there is a path P from z to the ith source which does not
contain x. As x is a checkpoint between y and the ith source, any path
R from y to z contains x as otherwise @ P would induce a path from y to
the ith source not containing x. Hence x is a checkpoint between y and
z. As any path from z to the jth source contains y, it also contains x,
and x is a checkpoint between y and the jth source.

¢ Well-foundedness of <: observe that if y < x then |S(y)| < |S(x)|.
Hence it is well-founded. O

4.24 Minimal forget points on terms.

Proposition 4.24.1. If y < x in a full prime graph G, then every parsing of
G reaching x also reaches y.

Proof. Direct consequence of Proposition 4.17.1. |

Corollary 4.24.2. Every non-atomic full prime term reaches some minimal
forget point.

Proof. Direct consequence of Propositions 4.5.1, 4.23.1, and 4.24.1. O

4.25 Minimal separation tuples on graphs. Following the parallel be-
tween cutvertices in simple graphs (§1.18) and anchors in sourced graphs
(§4.18), we aim for separators of size two in hard graphs. More precisely, we
prove next that, at arity £ — 1, we are able to reach any vertex in a “separator”
of size two, for an appropriate notion of separator.

Instead of focusing on separation pairs in hard graphs of treewidth at
most three (which suffices to solve the treewidth axiomatisation conjecture at
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Y

Figure 4.9: A separation pair (y ¢ x), and partial order on vertices (y < x).

treewidth at most three), we introduce the general notion of separation tuples
in graphs of treewidth at most %, even though we are not able to conclude in
this general setting.

Let G be a graph and x1, x9, . . ., x, be the inner vertices of G (1 < n < |G|—
ar(G)). We refer to (x1,x9,...,x,) as a k-forget tuple of G if (G, x1,%x9,...,%,)
has treewidth at most k.

Let ¢ be a parsing of G. If there exists a parsing ¢’ of (G, x1,x9,...,%,)
such that t =, "¢, we say that ¢ reaches the tuple (x1,x2,...,x,).

By definition, a term may only reach forget tuples, and, according to FA,
a term reaches (x1, %2, ...,%,) if and only if it reaches (x,(1), Xp(2), - - - » Xp(n))
for any permutation p of [1,...,n]; it follows that every term reaching the
tuple (x1,x2,...,%,) reaches x; for every 1 < j < n.

The tuple (x1,x9,...,x,) 1s called a separation tuple if there are no full
prime component in G—x1—xg— - -—X,, In this case we write ¢(x1, xg, ..., %,).
For separation pairs, we write x ¢ y.

Observe that separation singletons coincide with anchors of the first kind.

Each side of the bipartition of the inner vertices of XGy, is a k-forget sepa-
ration tuple. Figure 4.9 shows a separation pair as well as two vertices x and
y with y < x.

Proposition 4.25.1. For all inner vertices x1,x2, . .. ,%,,y in a hard graph G,
if y < x, and o(x1,...,x,) then o(x1,...,%Xn_1,%).

Proof. For the sake of contradiction, let C be a full prime component in G —
x1—---—x,-1—y; C must contain x,, as there are no full prime components in
G-x1—---—xp,andnorinG—x;—---—x,_1—Yy — x,. Hence, for all sources
s of G there exists a path from x, tosinC (andinG —x; —--- —x,-1 —y by
extension), a contradiction with y < x,,. O

In a hard graph, a tuple of vertices is minimal when all its vertices are so
with regard to <.

Each side of the bipartition of the inner vertices of XGy, is a minimal sep-
aration tuple.
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Figure 4.10: Let G be the graph of the left-hand side. Its vertex x is an anchor
of the first kind; it is not difficult to check that G is easy at treewidth at most
four. The graph H on the right-hand side is ff(G | rG) where r is the permu-
tation swapping three and four. In H, there are no clique points, no anchors,
and no forget separation tuples (at treewidth at most four). Moreover, H is
hard.

It is false that forget separation tuples always exists in hard graphs, as
shown in Figure 4.10.
Next, we focus on separation pairs in graphs of arity £ — 1.

Proposition 4.25.2. Let x be a forget point in a hard graph of treewidth at
most k and arity k — 1. For every forget points y of S(x), either y < x or y ¢ x
holds.

Proof. We classify the prime components of (G, x, y) according to the sources
they are incident to.

Full prime components cannot exist in (G, x,y) as, according to Proposi-
tion 4.2.4, they would be edges, and both x and y would be clique points in
G.

Components of (G, x, y) incident to all sources but y cannot exist. Indeed,
together with the series remainder S(x) of G at x (containing y), they would
form two full prime components in (G, x), proving that x is an anchor.

We distinguish two cases depending on the existence of some components
of (G,x,y):

* there exists at least one prime component C in (G, x, y) incident to all
sources but x; x cannot be inner connected to all sources in (G,y), as
otherwise, its component together with C would provide two full prime
components in (G, y), proving that y is an anchor. Hence y is a check-
point between x and a source of G, and y < x.
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¢ there are no full prime component in (G, x,y) incident to all sources
but x; as G is full prime, any component of G — x — y induces a prime
component of (G, x,y) incident to either x or y. In particular, a full
prime component of G — x — y induces either a full prime component of
(G, x,y), or acomponent incident to all sources but either x or y. Thhose
being non-existent in (G, x, y), there cannot exist full prime component
inG—-x—y,and y o x. |

Corollary 4.25.3. Every hard graph of treewidth at most k and arity k — 1
contains a minimal separation pair.

Proof. By Propositions 4.4.3, 4.24.1, and 4.23.1, there exists a minimal forget
point x in G, and then a forget point y in (G, x), minimal in G. By Proposi-
tion 4.25.2, since both x and y are minimal, we have x ¢ y. Hence, (x,y) is a
minimal separation pair of G. O

Lemma 4.25.4. Let (x,y) be a separation pair in a graph G of arity two. All
paths from one source to the other in G must visit either x or y.

If furthermore G is hard then there exists in G a path from one source to
the other that contains x (resp. y) but not y (resp. x).

Proof. By definition of separation pairs, and using the fact that hard graphs
are full prime and do not have checkpoints. |

4.26 Minimal separation pairs on terms.

Lemma 4.26.1. If o(x1,x2,...,%i-1,Y) in a full prime graph G, then y is an

anchor in (G,x1,...,xi_1), and every parsing of G reaching (x1,xg...,%;_1)
also reaches (x1,...,%i-1,%).
Proof. There exists no full prime component in G —x; —--- — x;_1 — ¥y, and,
by extension, in (G, x1,...,x;_1,y) neither. Thus, y is an anchor of the first
kind in (G, x1,...,%i_1).

The second part of the statement follows by Proposition 4.19.1. O

Proposition 4.26.2. Every hard term of treewidth at most k and arity k — 1
reaches some minimal separation pair.

Proof. Let t be a hard term of treewidth at most 2 and arity &2 — 1.

By Corollary 4.24.2, t reaches a minimal forget point x: there exists a
parsing t’ of (G,x) such that ¢ =, ft’. In t’, by Proposition 4.3.1, we can
isolate the series remainder of ¢t at x. Using Corollary 4.5.2, the corresponding
parsing of this series remainder reaches a forget point y. By A13, ¢ reaches
(x,y). Thanks to Lemma 4.26.1, we can assume y to be minimal in G.
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Since both x and y are minimal, by Proposition 4.25.2 (x,y) is a minimal
separation pair. O






5]

An axiomatisation of graphs of
treewidth at most three

We provide a positive answer to the treewidth axiomatisation conjecture for
graphs of treewidth at most three. We rely on the succession of results proved
in Chapter 4. This allows us to focus on hard terms of width at most three
and arity two, which reach separation pairs by Proposition 4.26.2.

In the first section (§5.1 and 5.2) we extend Az and state the main result.

In a second section (§5.3 to §5.5), we show how to relate distinct separation
pairs of a hard term of width at most three. More precisely, we show that there
are a few shapes a hard term of width at most three with distinct separation
pairs must have.

In the third section (§5.6 and 5.7), we study a result characterising graphs
without K3 as a minor, with an added constraint that the vertices of K3
must correspond to the sources of the graph. This condition is formalised
via sourced minors, a notion that is related to the standard notion of rooted
minors—an important tool in the graph minor theory of Robertson and Sey-
mour.

The characterisation of graphs without K3 as a sourced minor is then used,
in a fourth and final section (§5.8 to §5.9), to refine the shapes hard terms of

121
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width at most three with distinct separation pairs have. This refinement is
then used to complete our answer to the treewidth axiomatisation conjecture
when & = 3.

STATEMENT

5.1 The axioms set F5. Consider the following two graphs XGs and DG
of treewidth three (DG stands for “Domino graph”):

X> <D

Observe that each of these two graphs contains four forget points which are
the vertices of the only two (minimal forget) separation pairs.

Let G be a graph in {XG3, DG} with x and y two inner vertices in distinct
separation pairs of G. Let ft, = ft, be an equation where ¢, (resp. ¢,) is a
parsing of (G, x) (resp. (G, y)). We write FX for the equation corresponding
to XGgz, and FD for that corresponding to DG, and we denote As U {FX, FD}
by F3.

Henceforth, =3 denotes the equational theory on 73(V) induced by Fs.

The specific parsings of XGs and DG defining FX and FD do not matter,
as a consequence of Proposition 4.8.1 as well as:

Proposition 5.1.1. For every forget point x of a graph G € {XGs, DG}, (G, x)
1S easy.

Proof. In the following arguments, in order to see that an inner vertex cannot
be a forget point, it often suffices, according to Proposition 4.2.4, to show that
it would give a full prime graph of arity four which is not atomic.

Let x be a forget point of G. Observe that (G, x) is full prime and its only
forget point is the vertex x” such that (x, x") is a separation pair of G.

¢ For XGgs, (XGs, x,x’) has four reduced components: two edges and two
graphs which are easy since they have only one inner vertex.

* For DG, (DG, x,x’) has three reduced components: two edges, and the
remainder of the graph. Note C denote the latter. There is a single forget
point in C: the inner vertex y adjacent to all other inner vertices of C.
In (C, y) there are three reduced components, each with only one inner
vertex. O
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5.2 Completeness of F5. In this chapter we provide a positive answer to
the treewidth axiomatisation conjecture when £ = 3:

Theorem 5.2.1. Given two terms t,u € T3(V),

t=su o G#)=Gu).

By Theorem 4.11.3 and Proposition 4.26.2, the following proposition im-
plies Theorem 5.2.1.

Proposition 5.2.2. Let G be a hard graph of arity two and treewidth at most
three. If a parsing of G reaches a minimal separation pair, then it reaches any
other minimal forget separation pair.

The rest of this chapter is dedicated to its proof.

COMBINING SEPARATION PAIRS

5.3 Combining shapes. Given a graph G having shapes H; and Hj via
substitutions 01 and o9, respectively, we say that a shape H of G (via a substi-
tution o) combines H; and Ho when H has shapes H; and Hy via substitutions
o1 and gy, respectively, and:

0 =0100] =090 0.

A graph G of arity two with a separation pair has the following shape:

We prove a lemma stating how this shape combines with itself provided
that G contains distinct separation pairs (x,y) and (x/,y’).
For example this may result in the following combining shape:

In the two sections after the current one, we show how to refine these
shapes combining separation pairs. Proposition 5.2.2 is a consequence of this
refinement.
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5.4 Combining separation pairs on graphs.

Proposition 5.4.1. Let G be a hard graph containing two distinct minimal
forget separation pairs (x,y) and (r,o). Up-to swapping x and y and r and o,
either x is a checkpoint of (G,r), or G has one of the following three shapes:

r r X r X

0 o Yy 0 y

where in the left-hand side shape, z ¢ {x,y} and x and y are in the rightmost
pink component.

Observe that only the rightmost two shapes of this lemma combine the
shapes of the two separation pairs (x,y) and (r, 0).
Proof. Since (r,0) is a separation pair, G has the following shape:
r

S1 S2

o

In this shape, edges are labelled by the graphs that should substitute the
edges to retrieve G.

We distinguish several cases depending on where x and y are with respect
to this shape. Without loss of generality assume that x is an inner element

OfGl.

¢ y =r;it follows from Lemma 4.25.4 that x is a checkpoint between o and
s9 in G1. Thus G has shape

S1 S9

(0]

and x is a checkpoint in (G, r).
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* y is an inner element of Gg; it follows from Lemma 4.25.4 that, up-to
swapping r and o, x is a checkpoint between o and s in G1, and y a
checkpoint between s; and r 1 Go. In other words, G has the following
shape:

and x is a checkpoint in (G, r).

* y is an inner element of G1; we distinguish two cases depending on
whether x and y are in the same prime component of G1 or not.

x and y are in different prime components of GG1; let C, and C, the
prime components of G1 containing x and y, respectively. As a conse-
quence of Lemma 4.25.4, no other prime component of G; is incident to
both s, and a vertex in {r, o}, and x (resp. y) is a checkpoint in C,, (resp.
C,) between r and sz and between o and s3. Thus G has the following
shape:

x and y are in the same prime component of G{; as a consequence
of Lemma 4.25.4, no other prime component of GG; is incident to both sg
and a vertex in {r,o} and r and o are not adjacent to se. Let C be the
prime component of G; containing x and y.

We prove that C is full. If it is not, then up-to swapping r and o, G has
shape:
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and r is a anchor in G, a contradiction.

Since C is non-atomic full and prime, it has a forget point z (Proposi-
tion 4.4.2) and the series remainder of C at z is empty (Proposition 4.2.4
since r and o are not adjacent to s9).

Hence G has the following shape:

We distinguish several cases depending on where are x and y in this
shape.

* z = x; up to swapping r and o (and hence Hy; and Hj3), assume that Hg
does not contain y. As a consequence of Lemma 4.25.4, there does not
exist a path in H3 from o to so. Hence G has the following shape:

and x is a checkpoint in (G, r).

* x and y are both inner elements of H;; by Lemma 4.25.4, there is no
path in Hy (resp. H3) from r (resp. o) to sg. Hence G has the following

shape:
r
s1 S2
-—
z
0

and z is an anchor in G, a contradiction.
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* x and y are both inner elements of Hy; by Lemma 4.25.4, paths in
Hj from o to sg cannot exist. Thus, G has the following shape:

z ¢ {x,y} and x and y are inner elements in the rightmost component
(that 1s, in Hy).

* x is an inner element of H; but not y; up to swapping r and o (and
hence Hy and Hs), assume that y is inner in Hy. As a consequence of
Lemma 4.25.4, y is a checkpoint from r to sg in Hg, and there are no o-so
paths in Hs. Hence, G has the following shape:

We prove that there exist paths from z to se in F. If not, then G has the
following shape:

and y is an anchor in G.

As a consequence of Lemma 4.25.4 and since there exists paths from z to
s9 in F, x is a checkpoint between o and z in H1, and G as the following
shape:
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Hence x is a checkpoint in (G, r).

* x is an inner element in A3 and y in Hy; By Lemma 4.25.4, x is a
checkpoint between o and sy in Hg, and y is a checkpoint between r and
s9 in Hy. Thus, G has the following shape:

If there are no path from r or o to z in either Hy, Fi, or F3, then G has
the following shape:

and x is a checkpoint in (G, r).

Otherwise, as a consequence of Lemma 4.25.4, there cannot exist paths
from z to s9 in either Fs or Fy, and G has the following shape:
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5.5 Combining separation pairs on terms.

Lemma 5.5.1. Let ¢t be a hard term containing a minimal forget separation
pair (x,y). Either t reaches (x,y), or t reaches a minimal forget separation
pair (r,o0) such that G(t) has one of the following two shapes:

r X r X

o y 0 y

Proof. By Proposition 4.26.2, t reaches a minimal separation pair (r,0). If
either r € {x,y} or o € {x,y}, say r = x without loss of generality, then since
y is a checkpoint in (G(t), x), t reaches x, and since every term reaches its
checkpoints, ¢ reaches (x, y).

Otherwise, {x,y} and {r, o} are disjoint and we proceed by induction on
the sum of the orders of the components of (G(t),r,0) containing x and y,
respectively.

We apply Proposition 5.4.1. For the leftmost shape, we proceed recur-
sively: since z is a checkpoint in (G (¢),r), t reaches (r,z). The components
of (G(t),r,z) containing x and y are smaller than in (G(¢),r,0). Hence, we
proceed recursively. O

SOURCED MINORS AND K3

Let ¢ be a hard term of treewidth at most three of S-shape for S one of the two
graphs in the statement of Lemma 5.5.1. Observe that (S, x, y) has treewidth
four. Since (x,y) is a forget separation pair, (G(¢),x,y), on the other hand,
has treewidth at most three. In the next section, we use this fact to refine S
and obtain a structural property for hard graphs of treewidth at most three.
This refinement uses a characterisation of graphs without a sourced version
of the triangle K3 as a minor. This section is devoted to the proof of this
characterisation.

5.6 Sourced minors. A sourced minor of a sourced simple graph is a
sourced simple graph obtained by a sequence of the following operations: edge
and vertex deletions, and edge contractions. A sourced minor of a graph is a
sourced minor of its footprint.
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Proposition 5.6.1. Let G be a graph. If a sourced simple graph H is a sourced
minor of G, then H’s skeleton is a minor of G’s skeleton.

Proof. By definition of source minors and Proposition 1.15.1. O

Compared to minors, we use sourced minors to gain “control” on sources.

Sourced minors relate to the standard notion of rooted minors. Rooted
minors are one of the main tools in the graph minor theory of Robertson and
Seymour [32].

Henceforth we write K}, for the sourced simple graph of arity £ in which
every pair of vertices is an edge.

Proposition 5.6.2. Given a graph G of H-shape, if G contains K}, as a sourced
minor, then so does H.

Proposition 5.6.3. Given a graph G and a substitution o, if, for every integer
k and variable a of arity k appearing in G, K}, is a sourced minor of o(a), then
the footprint of G is a sourced minor of o(QG).

For example, assume that a graph G has the following H-shape from
Proposition 5.4.1:

Y

Let o0 be a substitution such that G ~ o(H). If the hypothesis of Propo-
sition 5.6.3 applies to G and H (for every variable a of H, o(a) contains the
complete graph K, (,) as a sourced minor), then the footprint of H is a sourced
minor of G. Observe that (H, x, y) has treewidth four. Hence, if (x, y) is a for-
get pair of G, then Proposition 5.6.3 does not apply. If o is a substitution such
that G ~ 0(H), then for some variable a of arity % labelling an edge of H, K},
is not a sourced minor of o(a). Observe that when £ = 2, this implies that
o (a) contains no full prime component.
Next, we see how to deduce a similar fact when £ = 3.

5.7 Kjsourced minors and shapes. Note that graphs excluding K3 as a
sourced minor are not necessarily acyclic, as cycles may occur away from the
sources. Hence understanding which graphs exclude K3 as a sourced minor
is different from Proposition 1.15.2.
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Lemma 5.7.1. Let G be an arity three graph and three inner paths P1, Po,
and Ps, respectively from the first to the second, the second to the third, and
the third to the first sources of G.

If no vertex is common to all three paths then G admits K3 as a sourced
minor.

Proof. Endpoints and vertices of paths are preserved by taking the footprint
of a graph: the lemma holds for a graph whenever it holds for its footprint.
Hence we may assume that G is a sourced simple graph.

We write s, so, s3 for the three sources of G.

We reason by induction on |P1| + | P3| + | P3|, the sum of the lengths of the
three paths.

If P{, Py, and P3 are all of length one then they are reduced to edges
connecting pairs of sources. Said otherwise, G contains K3 as a subgraph,
and by extension as a minor.

Otherwise, at least one of the paths P;, say Pi, has an inner vertex. We
note e for the first edge and x for the first inner vertex of P;.

If x does not appear in either Py or P3 then we contract e in G to get G/e.
This shortens P1, while retaining the hypothesis: we conclude by induction
on G/e.

Otherwise, x appears in, say, P3. We distinguish two cases:

1. x is not the last inner vertex of P3; in this case, we replace P3 by the
shorter path P3xs;. Path P{, Py, and P3xs1, still have no vertex common
to all three: so we conclude by induction hypothesis.

2. x is the last inner vertex of Pj; the last edge of P3 is xs; = e. We
contract e and conclude by induction hypothesis on the resulting minor.
(x not being in Py guarantees that contracting e does not modify Py.) 0O

A sourced star is a sourced simple graph whose vertices are all sources,
and whose skeleton is a star.

Proposition 5.7.2. Let G be a full prime graph and s a source of G. The
sourced star with vertex set V(QG) and centre s is a sourced minor of G.

Proof. If G has no inner vertex then it must be atomic, it admits as a sourced
minor the clique on its k& sources, and, in particular, the graph from the state-
ment.

Otherwise, starting from the footprint of G, contract all inner edges con-
necting non-sourced vertices. We end up with a single inner vertex, denoted
by x, which is connected to all sources (thanks to G being full prime). Finally,
contract the edge connecting x and s. O
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The next result was first proved in [50], where it is formulated for rooted
minors. Their proof proceed by induction and follows the principles described
in §1.19. Ours proceed by case analysis on the full prime components of the
graph.

Proposition 5.7.3. Every graph of arity three has either K3 as a sourced mi-
nor, or one of the following two shapes:

Moreover, these two shapes do not have K3 as a sourced minor.

Proof. Let G be a graph of arity three without K3 as a sourced minor.
If G has no full prime components, then it has the following shape:

Since K3 is not a sourced minor of G, some edge of this shape has no full prime
components in G. Thus G has the left-hand side shape in the statement.

If G contains two or more full prime components, then G has K3 as a
sourced minor as a consequence of Proposition 5.7.2 applied to two distinct
full prime components and sources of G. This is a contradiction.

Assume that G contains exactly one full prime component C. If a reduced
component D of G had arity two, then as a consequence of Proposition 5.7.2
applied to C and the source of G which is not incident to D, K3 is a sourced
minor of G.

Assume that G contains exactly one full prime component C and further-
more that all other reduced components of G have arity at most one.

We prove that there exists a vertex x of C which is a checkpoint between
all pairs of sources: it follows that G has the right-hand side shape from the
statement.

Write s1, s, and s3 for the sources of G. Let Py, Py, and P3 be three paths
in C respectively from s; to sg, s9 to s3, and s3 to s1, each of minimal length.

By Lemma 5.7.1, there is a vertex x common to these three paths.
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Since segments such as P1x and P3x share their endpoints, they must have
equal length: otherwise one could be replaced by the other to obtain a shorter
triple of paths.

Without loss of generality, we chose them to be equal. Accordingly, we
write @1 for P1x = P3x, @2 for Pox = P1x, and Q3 for P3x = Pox. The path @;
is from s; to x.

The paths ; are pairwise inner disjoint. Indeed, would @1 and @9 share
an inner vertex (for instance), then P; = @1®2 would visit that vertex twice.

We finally prove that all inner paths between any two sources must contain
x. Let @ be an inner path between two sources, say s; and sg without loss of
generality, and assume by contradiction that @ avoids x.

By Lemma 5.7.1, there is a vertex y shared by @, P2, and P3. Since @1 and
Q2 are inner disjoint, y must belong to @3.

The path @ starts at s1, ends at s, and meets @3 at y. It cannot always
remain on @1 as it does not contain x. Let z be the last vertex of @ in common
with @1, and 2’ be the first vertex after z on @ that meets @; for j € {2, 3}.
Note that the inner part of R = 2@z’ is disjoint from all @;s. As z and 2’
cannot be x, we are in the following situation:

It follows easily, using the fact that most drawn paths are disjoint, that K3 is
a sourced minor of G, a contradiction. O

HARD GRAPHS OF TREEWIDTH AT MOST THREE

5.8 Hard graphs of treewidth at most three: structure.

Theorem 5.8.1. Every hard graph of treewidth at most three has one of the
following three shapes in which separation pairs are all minimal forget pairs:
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<y | <2 <ED>

In the two rightmost shapes, every graph which substitute an edge to retrieve
G contains full prime components.

Proof sketch. Let G be a hard graph of treewidth at most three. As a conse-
quence of Lemma 5.5.1 we know that either G has the left hand side shape of
the statement, or one of the following two shapes:

X X

Y Y

Write H to denote one of these two shapes. The graph (H, x, y) has treewidth
four. By Proposition 5.6.3 we know that one of the graphs substituting some
edge e of H to retrieve G does not contain the clique as a sourced minor.

Assume that H is the leftmost shape above, and e the leftmost edge of H.
By Proposition 5.7.3, G must have one of the following four shapes:

z

In three of these shapes, the vertex z is an anchor of G, a contradiction. There
remains only one shape to study.

Repeating this arguments proves that the only two possibilities are the
ones in the statement.

An interactive and complete version of this proof can be found at [31]. A
complete proof can also be found in [15]. O
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5.9 Hard terms of treewidth at most three. Theorem 5.2.1 is a conse-
quence of the following.

Proof of Proposition 5.2.2. By combining Lemma 5.5.1 with the proof of The-
orem 5.8.1, applying Proposition 4.17.1 in one case, and FX or FD in the oth-
ers. O

Hence we have obtained, through results in the previous and current chap-
ters, a positive answer to the treewidth axiomatisation conjecture for graphs
of treewidth at most three.

As a consequence, we retrieve, in the next paragraph, the structural char-
acterisation of graphs of treewidth at most two by avoiding K4 as a minor.

5.10 Excluded minors of treewidth at most two graphs. According to
Theorem 1.15.3, simple graphs of treewidth at most £ are characterised by a
finite list of minimal excluded minors. We saw in Proposition 1.15.6 that Kjo
belongs to this list.

A sourced minimal excluded minor of treewidth at most %k is one of the
minors described in Theorem 1.15.3 in which the vertices of a maximal clique
(with respect to inclusion) are promoted to sources.

Proposition 5.10.1. The sourced minimal excluded minors of graphs of tree-
width at most k which are distinct from Ko are hard graphs of treewidth at
most k + 1.

Proof. Let G be a sourced minimal excluded minor of graphs of treewidth
at most £ distinct from K;,o. By minimality, G does not contain Kj.o as a
sourced minor. Hence the arity of G is at most £ + 1. If G is not prime or
full, the we can write G as a parallel composition or as a lift of some of its
minors. By Proposition 1.16.3 that would imply that G has treewidth at most
k. Similarly G cannot be atomic.

Hence G is non-atomic full prime. Any non-atomic full prime graph of
arity £ + 1 contain K3, as a source minor. Hence G has arity at most k.

As the sources of G are a maximal clique in G’s skeleton, G cannot contain
a clique point.

If G contained an anchor x, then we can parse on x to prove that x is a
k-forget point of GG, a contradiction.

Hence G is hard. O

Theorem 5.10.2. A graph has treewidth at most two if and only if it does not
contain K4 as a minor.
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Proof. For the sake of contradiction, let G be a sourced minimal excluded mi-
nor of treewidth at most two which is distinct from K4. By Proposition 5.10.1
It is a hard graph of treewidth at most three. By Theorem 5.8.1, G has one of
the following three shapes:

where in the two rightmost shapes, every graph which substitute an edge
to retrieve G contains full prime components. In the case of one of the two
rightmost shapes, G has the shape as a minor. Both shapes having K, as a
minor, this is a contradiction.

In the case of the leftmost shape, having that G is hard ensures the exis-
tence of some paths in G: the leftmost component, for example, contains inner
paths from the source it is incident with to each of the two inner vertices it is
incident with.

Such conditions then ensure that G has K4 as a minor, a contradiction. 0O

CONCLUSION

Since the beginning of Chapter 4, we have provided different technical, com-
pleteness, and incompleteness results for several axiom sets. A summary of
all these results can be found in Figure 4. In Chapter 7, we discuss attempts
towards a generalisation of our proof of Theorem 5.2.1 to graphs of treewidth
at most four.

These attempts rely on the two paths theorem; this is the topic of the next
chapter.



6

Two-paths theorem

6.1 Introduction. The general problem of finding disjoint paths between
fixed source and target vertices in a graph has been extensively studied in the
last fifty years. It is an important tool in graph minor theory, where it is used
to find minors in graphs and understand the structure of minor-excluding
classes of graphs [32].

In the third section of this chapter we prove the two-paths theorem (§6.11
and §6.12), a structural characterisation of graphs G in which there exists
four distinct vertices sq, so, 1, to without disjoint s{-¢; and so-t9 paths. This
theorem uses webs: graphs built by filling with cliques the inner faces of
ribs—planar graphs whose outer face is bounded by a cycle of length four
with inner faces being triangles and triangles being faces.

In a similar manner as in [34, 24], our proof relies on a generalised state-
ment that we introduce in the first section (§6.2 to §6.4), and on an opera-
tional characterisation of a generalised notion of web (§6.5 to §6.10). This
characterisation is new, even though the proofs in [34, 24] clearly hint at it.

In a last section, we describe a novel algorithm to solve the two disjoint
paths problem (§6.13 to §6.17), which consists of deciding, given sy, so, t1, t2
four distinct vertices in a graph G, whether G contains two disjoint paths,
one from s; to ¢1, and the other from sy to ¢s.

137
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In this chapter we only consider simple graphs. We work with planar
graphs. A general introduction to planarity in graph theory is found in [13,
Chapter 4].

GENERALISED WEBS AND TWO PATHS THEOREM

6.2 The standard two paths theorem. A graph is called 2-/inked if for
all pairwise distinct vertices s1, so, f1, t2, there exists two disjoint paths, re-
spectively from s to 1 and from s9 to £5. Such a pair of paths is called an
(s1, 89, t1, te)-linkage.

A rib i1s a planar graph such that in one of its plane embeddings, the outer
face is a cycle of length four, all inner faces are triangles, and all triangles are
inner faces. A web is a graph constructed from a rib R by adding one clique
K7 per triangle T' of R, making vertices of K7 adjacent to exactly the vertices
of T'. The outer face of a rib or of a web is called its frame.

Theorem 6.2.1 (Two paths theorem [43, 38]). The webs are exactly the edge-
maximal graphs which are not 2-linked.

Given two vertices x and y of a graph G such that xy is not an edge of G,
we refer to G + xy as an edge extension of G.

This theorem can be shown to be equivalent to the following statement:
let G = (V, E) be a graph and let s1, s9, ¢1, 3 be four pairwise distinct vertices
of G. The following statements are equivalent:

1. G 1s a web with frame sysgt1tasy,
2. every edge extension of G contains an (s, s9, ¢1, f2)-linkage.

To prove the two paths theorem, Thomassen [43] relies on Kuratowski’s
theorem after reducing the problem along small separators. Independently,
Seymour [38] sketched a proof reducing the problem to the 2-connected case
before a clever combinatorial analysis of the graph’s separators. Hence both
proofs are connectivity-oriented (as described in §1.19). Moreover, both use
Menger’s theorem.

A proof'is also provided in [34, (2.4)] and later reworked in [24, Appendix
Al]. It also relies on connectivity-reduction via Menger’s theorem, afterwhat
the method is similar to ours.

Our proof departs from such connectivity reduction strategies and uses
neither Kuratowski’s nor Menger’s theorems. Instead we use graph opera-
tions generating webs inspired by parallel compositions as defined in §1.16.
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Figure 6.1: Examples of webs and ribs; dotted red vertices and edges are
clique vertices and edges, while plain black ones are rib vertices and edges.
The black dashed edge in the bottom right web is discussed in §6.5. The ribs
of the webs on the top part are the only ribs of order three, four, and five.

The standard version of webs and the two paths theorem are not flexible
enough to carry such a study. We start by generalising them.

This generalisation of webs is first introduced in [34] in the form of a rural
societies.

6.3 Generalised webs.

Definition 6.3.1. Given £ > 3, a k-rib is a planar graph such that in one
of its plane embeddings, the outer face is a k-cycle called its frame, all inner
faces are triangles, and all triangles are inner faces.

A k-web 1s a graph constructed from a k-rib R by adding one clique K7 per
triangle T of R, making vertices of K7 adjacent to exactly the vertices of T'.

In the sequel, when the size of the frame is not relevant, we often sim-
ply call ribs and webs the graphs from this generalised definition. Ribs are
particular cases of graphs called “near-triangulations of the plane” in the lit-
erature (see [46]), and webs are exactly the 4-webs.

In Chapter 7, we show that there exists ribs of arbitrary treewidth, simply
by adding edges to the kxk grid. It is well-known that the latter has treewidth
k.

Some examples of webs and ribs are depicted in Figure 6.1.

Proposition 6.3.2. The 3-ribs are all triangles; the 3-webs are the cliques of
order at least three.
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Figure 6.2: The graphs W7 and F7, depicted on the left and right-hand sides,
respectively.

To understand the shapes of k-ribs, and by extension of k-webs, we de-
scribe the subgraphs induced by neighbourhoods in ribs.

In a graph, a universal vertex is a vertex adjacent to all other vertices.

For example, the centre of a star graph is universal.

We define the following standard graph families:

¢ the wheel graph with n > 4 vertices i1s the graph W,, obtained from the
cycle of length n — 1 by addition of a universal vertex;

¢ the fan graph with n > 3 vertices is the graph F, obtained from the
path of length n — 2 by addition of a universal vertex.

Examples of a wheel and a fan graph are shown in Figure 6.2.
Observe that if e is an edge in a wheel graph that is not incident to the
universal vertex, then F,, ~ W,, —e.

Proposition 6.3.3. Let x be a vertex in a rib R with frame C. The subgraph
of R induced by x and Ng(x) is:

* a fan graph when x is in C, and
* a wheel graph otherwise.

Proof. Consider a plane embedding of R in which C bounds the outer face,
all inner faces are triangles, and all triangles are inner faces. Let H be the
subgraph of R induced by x and its neighbours. In the embedding of R, the
edges going out from x form a star whose centre is x:
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Figure 6.3: Two examples of crossings (the red dashed paths) for some cycles
(the blue dotted cycles).

Every consecutive pair of edges bounds a common face which is represented
by a coloured area in the drawing above. Either all such faces are inner,
meaning are triangles, and H is a wheel graph (and x cannot bound the outer
face, meaning x ¢ V(C)), or some of these faces are the outer face. The outer
face being bounded by a cycle C, at most two edges incident to x may bound
the outer face. In this case x € V(C) and H is a fan graph. O

6.4 Generalised two paths theorem. Let T = (x1,...,xz) be a tuple
of at least three pairwise distinct vertices in a graph G. A crossing of T is
a pair of disjoint T-paths, from x; to x; and x, to x,, respectively, such that
1 <r < j<s. The tuple T is crossed if it admits a crossing; it is crossless
otherwise. The graph G is maximally T-crossless when T is crossless and in
any edge extension of G, T' crossed.

Two examples of crossings are given in Figure 6.3; they are crossings in
the bottom ribs of Figure 6.1 but for tuples distinct from their frames.

Observe that a graph is 2-linked precisely when all tuples of four distinct
vertices are crossed.

Theorem 6.4.1 (Generalised two paths theorem). Let G be a graph with a
cycle C. The following are equivalent:

* (G is a web with frame C,
* (G is maximally C-crossless.

Theorem 6.2.1 is the particular case where |C| = 4. In the case where |C| =
3, C cannot be crossed, thus Theorem 6.4.1 holds since 3-webs are cliques by
Proposition 6.3.2.

In[34, (2.4)] and [24, Appendix A], the authors prove a statement that can
easily be shown equivalent to:

1. frames of k-webs are not crossed,
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v

Figure 6.4: The bottom part shows the edge compositions of the graphs G and
H on the top part, along uv.

2. each graph G with a cycle C which is not C-crossed is a subgraph of a
k-web.

The maximality of £-webs with regards to frames being crossed seems not to
be directly deducable from [34, 24].

The motivation for our generalisation from 4-webs to £-webs is that these
can be characterised inductively from cliques by successive parallel compo-
sitions. Webs are simple graphs and not sourced graphs. Hence parallel
compositions for webs require a different definition than that of §1.16. The
corresponding operation is called web composition.

WEB (DE)COMPOSITIONS

6.5 Edge composition. The graph operation consisting in taking the dis-
joint union of two graphs and then identifying two edges e and e’, one from
each graph, is called edge composition along e and ¢’.

Edge compositions are illustrated in Figure 6.4.

Edge compositions of webs along edges of their frames always produce
webs: plane embeddings can be composed in this way, all triangles remain
faces and all inner faces remain triangles. If the identified edges are denoted
e = xy and ¢ = x’y’ and the frames of the composed webs are respectively
Pxy and P’x’y’, then the resulting web has frame PP’.

An example is the rib in the bottom right corner of Figure 6.1. It can be
obtained by edge composition, the black dashed edge resulting from the edge
identification. On the other hand, the rib in the bottom left corner of this
figure cannot be expressed by an edge composition of webs.
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xXu

RY —>

2 W

Figure 6.5: The right-hand side shows the path composition of the two ribs
on the left-hand side along the paths xyz and wvw. This graph is not a rib.
Indeed, the dashed red edge, resulting from the identification of xz and uw,
is shared by three triangles; thus, at least one of these triangles is not a face
in a plane embedding of the path composition.

6.6 Path composition. To decompose webs in general (except for the base
case of 3-webs, i.e., cliques), we generalise edge composition to identify sub-
paths of frames instead of single edges.

If P=x1...x;and P’ = x]...x; are non-empty paths of length / of two
graphs G and H, respectively, we define the path composition of G with H
along P and P’ as

(GWH)/x1x}/. .. [xx].

When P = P’ we simply talk of path composition along P.

In the particular case where P and P’ are reduced to one edge each, that
is [ = 1, the notion coincides with edge composition.

With terminology and notations from §1.16 and §4.4, the path composition
along P and P’ of G and H is:

(G, %1, 20) | (H, %, -, 50).

Unfortunately, path compositions of webs along subpaths of their frames
are not always webs (although this is true for edge compositions, as explained
above). A counter-example is given in Figure 6.5; to fix this issue, we have to
restrict to induced subpaths of the frames.

6.7 Web composition. Let G and H be two webs and P and P’ subpaths
of their respective frames of the same length. If P and P’ are induced paths
in G and H, respectively, we call web composition of G with H along P and P’
the path composition of G with H along P and P’.

Webs are stable under web compositions:

Proposition 6.7.1. The web composition along P and P’ of two ﬂbs G and
H with respective frames PgP and PyP’, is a web with frame PgPy.
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Proof. Let Rg and Ry be the ribs of G and H, respectively, and R the web
composition of Rz and Ry along P and P’. We prove that R is a rib.

Any planar graph admits a plane embedding for which the outer face is
sent exactly onto a given prescribed polygon of the plane (see [44]).

Consider plane embeddings of Rz and Ry for which the outer faces are
sent onto two polygons whose intersection is precisely P and P’. As P and P’
are induced, there are no parallel edges in the union of the plane embeddings
of Rg and Ry. Hence, this union is a plane embedding of R.

As all inner faces of the embedding of R or Ry are triangles, so are inner
faces of R. As P and P’ are induced, a triangle of R is either a triangle of R or
of Ry, but not of both. Hence every triangle of R is a face in this embedding.
So R is a rib.

Adding back the clique vertices of G and H on their respective triangles
gives a web, proving that the web composition of G with H along P and P’ is
a web with rib R and frame PgPp. O

6.8 Crossings in webs. An immediate yet important observation is that
in a web with rib R, the intersection of an R-path with R yields an induced
path. Indeed, if such a path P uses a clique vertex u, then we can consider the
longest subpath @ of P containing u, and whose inner vertices are all clique
vertices. The endpoints of @ are on a triangle T of the rib. In particular @
can be replaced in P by an edge of T

In this figure the green triangular shape in the centre of the triangle repre-
sents all the clique vertices of T'.

Conversely, induced paths whose endpoints are on the rib are entirely on
the rib.

Thomassen’s argument [43] for proving that frames of 4-webs are not 2-
linked, generalises to n-webs:

Proposition 6.8.1. Frames of webs are crossless.

Proof. Suppose by contradiction that the frame of a web is crossed. The union
of the frame and the paths from a crossing yields a topological K.
By intersecting paths with the rib, we can assume a topological K4 in the

rib.
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In a planar embedding of the rib in which the frame bounds the outer face,
this provides an outerplanar plane embedding of K4, a contradiction. O

6.9 Edge decompositions. We prove a necessary and sufficient condition
for a web to be expressible as the edge composition of two webs. It relates to
the C-connectivity of vertices in webs of frame C.

Compared with terminology from Chapter 4, with (G, C) the graph G with
sources the vertices of its frame C, two vertices x and y are C-connected if and
only if there exists an inner path in (G, C) from x to y. Hence, C-connectivity
is related to the full prime components of (G, C)

Lemma 6.9.1. Let x be a vertex in a web G with frame C such that |C| > 4.
There exists a C-path P between non-consecutive vertices c, and c, of C such
that x is C-connected to all vertices of P.

Proof. 1t is sufficient to prove the statement for ribs. Indeed, except perhaps
for its endpoints, we have seen that induced paths in webs are paths in their
ribs. Hence, two rib vertices are C-connected in G if and only if they are C-
connected in the rib of G; two clique vertices are C-connected in G if and only
if two of their rib neighbours are C-connected in the rib of G.

When x is a vertex in C, by Proposition 6.3.3, the neighbourhood of x in-
duces a fan graph F. Write P for the path in F' — x whose endpoints are the
predecessor and successor of x on C. If P is a C-path, then we take the end-
points of P for ¢, and c,; P is a C-path from c, to ¢, whose vertices are all
C-connected to x. If P is not a C-path, then P contains a vertex y of C which
is adjacent to x. Since y is inner in P, x and y are non-consecutive on C. We
take x and y for ¢, and ¢, and @ = c,c;. The path @ is a C-path from c, to c,
whose vertices are all C-connected to x.

Assume that x 1s not a vertex of C. Observe that ribs are connected, and
consider an induced C-path P from x to a vertex ¢ of C. By Proposition 6.3.3,
the neighbourhood of ¢ induces a fan graph in G. Hence, this neighbourhood
provides paths from the first vertex u of P which is on F', to the two neighbours
d and d’ of ¢ on C, and these two paths @ and R are disjoint except possibly
for u.

For ¢, and ¢, we take the first vertices of @ and R which are on C, respec-
tively (see Figure 6.6 for an illustration when ¢, and c are d and d’).

All vertices of @ and R are neighbours of ¢. For the sake of contradiction,
suppose that ¢, and ¢, are consecutive on C; c,c,cc, is a triangle of R, and
hence an inner face. The edge cc, bounds at least three faces in the plane
embedding of R in which the outer face is bounded by C, all inner faces are
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Figure 6.6: The case where ¢, = d and c;, = d’ in the proof of Lemma 6.9.1.
The coloured area is G, with C being the outer cycle.

triangles and all triangles inner faces. In a plane embedding of a planar
graph, an edge may bound at most two faces, a contradiction.

The paths Pu@ and PuR are C-paths from x to ¢, and to ¢}, respectively.
They induce a C-path from c, to ¢, whose vertices are all C-connected tox. O

Thanks to the previous lemma, we can prove the following characterisa-
tion. The second and third items in the proposition are refinements of the
first one, which are useful in the sequel.

Proposition 6.9.2. Let G be a web with frame C. The following holds:

1. G is the edge composition of two webs if and only if there is a pair of
vertices of G which are not C-connected.

2. for all vertices x,y, either x is C-connected to vy, or there exists a pair of
vertices c¢,c¢’ € C — x — y separating x from y and such that G is the edge
composition of two webs along cc’,

3. for every vertex x and every subpath P of C, either x is C-connected to P,
or there are vertices ¢, ¢’ of C — P — x separating x from P and such that
G is the edge composition of two webs along cc’.

Proof. The first item of the statement is a direct consequence of the second
one, which we prove now.

Let G be a web with frame C and two vertices x and y which are not C-
connected.

By Proposition 6.3.2, all pairs of vertices in 3-ribs with frames triangles T
are T-connected. Hence we assume |C| > 4.
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By Lemma 6.9.1, x is C-connected to at least two distinct non-consecutive
vertices ¢, and c;, of C. Write @ for a C-path from c, to ¢} containing vertices
all C-connected to x. Let P and P’ be the two paths from c, to ¢, such that
PP =C.

We prove that the vertices of C which are C-connected to y are either all
on P or all on P’. For the sake of contradiction, suppose that y is C-connected
to inner vertices c, and c; of P and P’, respectively. Define a C-path R from
P to P’ as follows:

* when yisnotonC, R is a cy-c, path containing only vertices C-connected
toy,

* when y is on C, we assume without loss of generality that y is an inner
vertex of P. For R we take a y-c, path.

Since x and y are not C-connected, @ and R are disjoint and (@, R) is a cross-
ing of C, a contradiction.

Hence, we assume that the vertices of C to which y is C-connected are
all on P, and without loss of generality, we assume that P is of minimum
length such that its endpoints ¢, and ¢, are C-connected to x and all vertices
C-connected to y are on P.

We chose ¢ = ¢, and ¢’ = c;. We prove that {c, ¢’} separates P from P’
For the sake of contradiction, let R be a C-path from P to P'. Since x is not
C-connected to ﬁ, the vertices of R are not C-connected to x either. Recall
that @ is a C-path from ¢ to ¢’ whose vertices are all C-connected to x. The
pair (@, R) is a crossing of C, a contradiction.

Because {c, ¢’} separates P from P, a plane embedding of the rib of G in
which the outer face is bounded by C, all inner faces are triangles and all
triangles are inner faces, has the left-hand side shape below:

C c

c c

Without being too formal on the manipulation of such embeddings, the green
area must correspond to an inner face of the embedding, meaning a triangle.
This face being incident to both ¢ and ¢’, that implies that cc’ is an edge of G.
The fact that the rib of G is given by an edge composition of two ribs along cc’
is then direct by looking at the inner faces and triangles of H and K. Hence,
G is an edge composition of H and K in which the clique vertices are restored.
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We prove that {c, ¢’} separates x from y. For the sake of contradiction, let
R be an x-y path in G—c—¢’. Since x and y are not C connected, R contains at
least one vertex of C. Write ¢y, .. ., ¢, for the vertices of R which are vertices
of C: R = RciRco...c,R. Since x and y are not C-connected to P and 15’,
respectively, we have that c¢; and ¢, are on P’ and P, respectively. Hence,
there exists an iondexoi such that ¢; is on P’ and Cj4+1 ON B. The path c;Rc;41 1s
a C-path from P’ to P in G — ¢ — ¢/, a contradiction.

The last item 1s proved along the same lines, replacing y with a subpath
of C. O

Corollary 6.9.3. In a web whose frame C has length at least four, there is a
C-path whose endpoints are non-consecutive vertices of C.

Proof. As |C| > 4, consider two non-consecutive vertices c, ¢’ of C.

If ¢ is C-connected to ¢’ then this provides a C-path whose endpoints are
non-consecutive vertices of C. Otherwise, by Proposition 6.9.2, the web is
given as an edge composition along some edge uu’ between nonconsecutive
vertices of C. This edge is a C-path whose endpoints are non-consecutive
vertices. O

6.10 Web decompositions. While the bottom-left web in Figure 6.1 does
not arise as an edge composition, it can be expressed as a web composition.
In fact, we have the following decomposition result:

Proposition 6.10.1. Every web whose frame has length at least four is a web
composition of two webs.

Proof. Let G be a web with rib R and frame C with |C| > 4. By Corollary 6.9.3
there is a C-path P whose endpoints are non-consecutive vertices of C. We
assume without loss of generality that P is an induced path, i.e., a path in R.
Considering a plane embedding of the latter, the path P separates R into two
planar graphs whose outer faces are bounded by the two cycles distinct from C
and induced by C and P, all their faces are faces of R and hence triangles, and
all their triangles are triangles of R and hence faces: those two planar graphs
are ribs. Adding back the clique vertices of G on their respective triangles,

the resulting pair of webs generate G by taking their web composition along
P. O

Altogether, Propositions 6.3.2, 6.7.1, and 6.10.1 show that the webs are
precisely those graphs obtained by repeated web compositions, starting from
cliques of order at least three (whose frames are any triangle). Note that such
decompositions are not unique in general.
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PROVING THE TWO PATHS THEOREM

We now prove the generalised two paths theorem. We have already seen that
web frames are crossless (Proposition 6.8.1); we first show that the webs are
maximally so. The proof of this result is later reused to exhibit crossings in
our presentation of the algorithm for the two disjoint paths problem (§6.16).

6.11 Web maximality.
Lemma 6.11.1. The frame of a web G is crossed in all edge extensions of G.

Proof. We reason by induction on the order of G. Let C be the frame of G.
Since 3-webs are cliques (Proposition 6.3.2) they cannot be extended with a
new edge. We may thus assume |C| > 4, and hence by Proposition 6.10.1, that
G is the web composition of two webs H and K along some induced C-path P
of G. Let Cy and Ck be the frames of H and K, respectively. By induction
hypothesis, Cy (resp. Cg) is crossed in any edge extension of H (resp. K).

Let e = xy be an edge which is not in G. We prove that C is crossed in
G + e. To build such a crossing we will rely on the following claim:

Claim 6.11.2. Every vertex of H is Cg-connected to Cy — P in H, and
similarly in K.

Proof. As P is induced in both H and K, these webs cannot be ex-
pressed as some edge composition along some edge between non-
consecutive vertices of P. The claim follows by the third item of Propo-
sition 6.9.2 <

Assume that x and y are in H—P and K —P, respectively. As x is Cy-connected
to Cyg — P in H and y is Cg-connected to Cx — P in K, we can assume to have
an x-(Cg — P) (resp. y-(Cx — P)) path P, in H (resp. P, in K) disjoint from
P. The pair (P.eP,, P) is a crossing of C in G +e.

Otherwise e has both its endpoints in either H or K, say in H. By induc-
tion hypothesis, let (Pq, P2) be a crossing of Cy in H + e. We reason by case
analysis depending on which endpoints of P; and Py are on P. Up-to symme-
tries between P; and Pg, there are five cases, represented in Figure 6.7 with
the shape of the crossing of C we build in G +e. The first three cases, in which
both P; and P2 have at least one end not on P are self-explanatory and just
require the use of P to extend P; and/or Py to form a crossing of C in G + e.

In the fourth case of Figure 6.7, if the end of P; which is on P is denoted
by z, then, since z is Cx-connected to Cx — P in K, there exists a z-(Cg — P)
path P’. Without loss of generality, assume that Py is from x to y; the pair
(PxPgyP,P1zP’) is a crossing of C in G +e.
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Figure 6.7: The five subcases in the proof of Lemma 6.11.1 (top), with crossings
of the outer cycle we deduce in each case (bottom).

In the fifth case, we first observe that P; and Py cannot be reduced to
edges as P is induced. All their inner vertices being Cr-connected to Cyy — P,
consider an associated path P’. Up-to replacing P’ by its subpath starting
at the last vertex of either P; or Py, we get, say, a (Cy — P)-P; path inner
disjoint from Pq, Py, and Cg. Denote it by P’ with u its end on P;. If z is the
end of P; that is surrounded by Ps’s endpoints on P, then just as above we
get a z-(Cg — P) path P” in K that is inner disjoint with Cx. Without loss
of generality, assume that Ps is a path from x to y; (P’uP1zP”, PxPyyP) is a
crossing of C in G + e. O

6.12 The two paths theorem. We finally prove the direct implication of
the two paths theorem, which is the difficult one in the literature.

Lemma 6.12.1. Let G be a graph with a cycle C. If G is maximally C-crossless,
then G is a web with frame C.

Proof. Let G be a maximally C-crossless graph for a cycle C. Edges of C can-
not be used in crossings. By maximality of G, C is a subgraph of G. We
proceed by induction on |G|.

We perform case analysis on whether all pairs of distinct vertices of C are
C-connected or not.

1/ There are two vertices x and x’ of C which are not C-connected.
Figure 6.8 serves as an illustration of the following reasoning.

Denote by y and z the two neighbours of x on C. Trivially, x, y, z are all
C-connected to x. As x is not C-connected to x’, we can consider P’ the longest
path portion of C containing x” whose inner vertices are all not C-connected
to x. Let P be the path of C such that C = PP’.

We prove that if u and v are inner respectively in P and P’, then they are
not C-connected.
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P yX
Figure 6.8: The outer cycle is C, and P and P’ are the two distinct w-w’ paths
on C.

If u = x, by definition, inner vertices of P’ are not C-connected to x.

Next, consider u # x. For the sake of contradiction, let @ be a C-path from
u to v. Let w be the endpoint of P such that u is inner in wPx, and let w’
be the other end of P. By minimality of P, there exists an x-w path R inner
disjoint from C. If @ and R were not disjoint, then they would induce an x-v
path inner disjoint from C, a contradiction. Otherwise, (@, R) is a crossing
of C in G, a contradiction.

We have just shown that {w, w’} separates C in G in at least two compo-
nents, respectively containing P and P’. In particular the edge ww’ cannot
be used to construct a crossing of C in G. By maximality of G, ww’ € E(G),
and we can see G as given by the edge composition of two graphs along ww’
respectively containing P and P’. Quite directly, these two graphs are max-
imally crossless for Pww’ and P’'ww’, respectively. By induction hypothesis
they are webs and, by Proposition 6.7.1, G is a web.

2/ All pairs of distinct vertices of C are C-connected.

Take consecutive vertices x,y,z on C with an x-z path P inner disjoint from
C. For such a path P we write Cg for the component of C —x —y —zin G — P.
We assume that P is minimal with regard to the measure

u(P) = (IGI - ICg 1, 1PI)

where the order on N X N is the lexicographic product of the usual order <.
Said otherwise we choose P to maximise the order of the component of G — P
containing C — x — y — z while minimising the length of P. In particular, P is
induced.

Take u an inner vertex of P. We prove that u is C U P-connected to C —x —
y — z. For the sake of contradiction, assume not. Let v,w € P be such that
vPw contains u as an inner vertex and is the longest subpath of P whose
inner vertices are all not C U P-connected to C — x — y — z. As P is induced
and as vPw contains at least u as an inner vertex, G does not contain vw.
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Consider G + vw. By maximality of G, C is crossed in G + vw. Let (P, P2)
be a crossing of C in G +vw, with, say, vw € E(P1). The path Py must contain
some inner vertex of vPw as otherwise (Py, PivPwP1) would be a crossing of
CinG.

One end of Py at least must be on C —y. Without loss of generality, assume
this is the case of its last vertex. Let s be the last vertex in v Pw seen by Ps. As
the last vertex of Py is on C—y and as s is not C U P-connected to (C—x—y—2z),
sPs must either intersect C U P at one of its inner vertex ¢ or its last vertex is
x or z. In the first case, as Py is a C-path, we actually have ¢ € V(P). In any
case, there is a vertex t of sPy appearing after s that is on P. By maximality of
s it must be outside of vPw, providing an s-¢ path @ such that either v € sPt
or w € sPt. But then, P can be replaced by PsQ¢P giving a path with lower

measure [ as Cg QP ¢ontains v or w on top of all vertices of Cg . Thisis a
contradiction.
C-x—-y-z
x z
Y

The fact that all inner vertices of P are C U P-connectedtoC —x —y — 2
has the following implication: components of G — P — y that are incident to
y are incident to at most two vertices of P and those are consecutive in P.
Indeed if such a component could join two non-consecutive vertices s and ¢
of P in a C U P-path @ not intersecting Cg , then PsQtP would give a better
path than P w.r.t the measure p. Said otherwise, we have proved that G has
the following shape:

C-x—-y-z

1.e. it is the path composition along P of a spanning subgraph of a web (made
of the green triangular shapes; its rib is a fan graph) with frame zyxP with
a graph H (the orange area above the triangular shapes) containing PzCx as
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a cycle. It is easily proved that in any edge extension of H, PzCx is crossed.
Hence H is a web with frame PzCx, and by Proposition 6.7.1, since G is the
path composition along and induced path, of H and a spanning subgraph of
a web, G is a spanning subgraph of a web with frame C. By maximality of G
and Lemma 6.11.1, G 1s a web with frame C. O

Combining Lemmas 6.11.1 and 6.12.1, with Proposition 6.8.1 and Theo-
rem 6.4.1, the generalised two paths theorem, is proved.

In the next chapter we use the two paths theorem to explore the hard
graphs of treewidth at most four.

SOLVING THE TWO DISJOINT PATHS PROBLEM

6.13 The two disjoint paths problem. We summarise the arguments
for the proof of Lemma 6.12.1. Given a graph in which a cycle C is crossless
such that C is crossed in any edge extension of the graph, we consider an in-
duced C-path P between non-consecutive vertices of C. If P does not separate
C then C is crossed in G. Otherwise, in G — P, C is divided into two paths
P and Py corresponding to two components V; and Vs of G — P; up to some
assumptions on P, the graphs G[V; U P| and G[Vy U P] are subinstances on
which we apply the induction hypothesis.

We now turn this inductive argument into a recursive algorithm for find-
ing crossings. The minimality assumption on separating paths (with respect
to the measure u) in the proof of Lemma 6.12.1 is not suitable to get an ef-
ficient algorithm; the difficulty is to find other separating paths with “good
enough properties”.

Let G be a graph with a tuple T of distinct vertices. A web completion is a
set F' of edges such that G + F' is a web with frame T'.

By Theorem 6.4.1 web completions exist if and only if T is crossless; thus
we generalise and strengthen the two disjoint paths problem as follows:

Two Dissoint Patas or WEB COMPLETION
Input: A graph with a tuple of distinct vertices.
Output: A crossing or a web completion.

In the next two sections we only consider the decision version of this prob-
lem. We discuss the actual computation of crossings and web completions in
§6.16, and algorithmic complexity in §6.17.

6.14 Method. Henceforth we assume a tuple T' = (x1,...,x3) of distinct
vertices in a graph G. A set of edges F' is called safe for T' when T is crossed
in G + F implies that T is crossed in G.
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If T is crossed then all sets of edges are safe. As observed in the proof of
Lemma 6.12.1, the edges x;x;.1 (1 < 1 < k — 1) and x,x; are all safe for T.
Hence we assume that T induces a cycle C in G.

The goal is to devise a divide-and-conquer strategy whose recursive case
can be outlined as follows: given a graph G with a cycle C, find two graphs
G1 and G with cycles C1 and Cs such that:

* G is the path composition of G; with G2, and

* Ciscrossedin G if and only if C; or Cy is crossed, respectively in G; and

Go.

There are two base cases: 1/ if all C-paths of G are between consecutive ver-
tices of C then C is crossless; and 2/ given a C-path P between non-consecutive
vertices of C, if C — P is connected in G — P, then C is crossed in G.

Proposition 6.14.1. Let P be a C-path of G between non-consecutive vertices
of C, and P1 and Py the two distinct subpaths of C sharing their endpoints
with P and such thoat C= P°1P2.

If P separates P1 from Py then P1 and Py are contained in subgraphs G

and Go of G, respectively, and G is the path composition of G1 and Gg along
P.

Proof. Observe that P; and Py, are both non-empty as the endpoints of P are
non-consecutive on C.

The statement follows by studying components of G — P. Any such com-
ponent containing vertices of P; is associated to G;. All other components
as well as edges between non-consecutive vertices of P are arbitrarily dis-
tributed between G; and Gg. The graph G; is defined as the subgraph of G
induced by the union of P with the components of G — P associated with G;
to which any edge between non-consecutive vertices of P it is not associated
with is removed. The fact that G is indeed the path composition of G; and G
along P follows easily from P being a separator of P, and Ps. O

Following the divide-and-conquer strategy described above, we regard as
subinstance the pairs (G;, C;) (with C; = P;P). Unfortunately, in general it is
false that C; or Cs is crossed (resp. in G1 and Gy¢) if and only if C is crossed
in G.

The left-hand side example of Figure 6.9 shows a graph G given as the
path composition of two graphs G and Ge, each corresponding to a coloured
area of the drawing (two edges do cross so this is indeed a drawing and not
a plane embedding). The path P is the one in the intersection of the two
graphs. The cycle C is the outer 4-cycle. The cycle C; is crossed in G while C
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Figure 6.9: A graph G and its only web completion with respect to its outer
4-cycle.

is crossless in G. On the right-hand side of Figure 6.9 we have displayed the
only web completion of G (see how it can be built by adding one clique of order
two on some triangle of the only rib of order five with a frame of length four
in Figure 6.1). It cannot be expressed as the path composition of two graphs
along P: somehow the wanted subinstances induced by P in G do not behave
well with regard to web completions.

Our solution is ensuring a connectivity property on P.

Given i € {1, 2}, we say that a vertex y € P is on P-side i when y and P;
are P-connected.

Proposition 6.14.2. Let P be a C-path of G between non-consecutive vertices
of C, and P1 and Ps the two distinct subpaths of C sharing their endpoints
with P and such t@at C= P1Ps.

If P separates P1 from Py and all vertices of P are on both P-sides, then C
is crossed in G if and only if P1P is crossed in G1 or PsP in Gos.

Proof. Suppose that P; and P9 are separated by P, and that all vertices of P
are on both P-sides. We prove the contrapositives of both implications.

* Assume that P;P is crossless in G; for all 1 € {1,2}. By Theorem 6.4.1,
G; has a web completion F;.

In G; + F;, the path P must be induced. Indeed, if xy were an edge of
G; + F; between non-consecutive vertices of P, then we could consider
z an inner vertex of xPy. As z is on both P-sides, there is in G; a }o’i-
z path @. The pair (@,xy) is a crossing of P;P in the web G; + F;, a
contradiction.

By Proposition 6.7.1 the web composition of G; + F; with Go + Fy along

P is a web, proving that G has a web completion in the form of F; U Fy,
and as a consequence of Theorem 6.4.1 that C is crossless.
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* Suppose C is crossless.

Consider a component D of G—P containing vertices of neither P nor Ps.
It is incident to at most two vertices of P and those must be consecutive.
Indeed, if that was not the case then D would induce an x-y path @
between non-consecutive vertices of P. Let z be an inner vertex of xPy.
As z is on both P-sides, there are 131 -z ad Z-Isg paths R and S inner
disjoint with C, P, and . The pair (PxQyP, RS) is a crossing of C in
G, a contradiction.

The same method works if D is replaced with an edge between non-
consecutive vertices of P.

In particular, P is induced in G.

Let D be the set of all components of G — P containing vertices of neither
P nor P,. C is crossless in G — D, so by Theorem 6.4.1 we let F be an
associated web completion. As edges between non-consecutive vertices
of P make C be crossed, P remains induced in (G — D) + F. Hence P’s
vertices are all in the rib of (G — D)+ F. This gives webs H; with frames
P;P such that (G — D) + F is their web composition along P. Obviously
H; is a web containing G; — D. For each component D of 9 incident to,
say, an edge xy of P, if its vertices are in G; then we make them all into
a clique, and adjacent to all vertices of the triangle of H;’s rib containing
xy as well as to all vertices of the clique of this triangle.

This construction provides a web completion of both G; and G4 proving
that P, and P are crossless, respectively in G1P and GoP. O

The example of Figure 6.9 proves that for some graphs no C-path P may
be used to apply this proposition and get two subinstances.

Given a C-path P of G we call P-completion a safe set of edges F for C
such that P + F contains a C-path P’ whose vertices are all on both P’-sides
inG+F.

Proposition 6.14.3. Let G be a graph with a cycle C. For any C-path P be-
tween non-consecutive vertices of C there exists a P-completion.

Proof. Assume P = yq...y;. If C is crossed in G then y1y; is a P-completion.
If instead C is crossless, then by Theorem 6.4.1 there is a set F' of edges such
that G + F is a web. Any C-path of G + F which is induced and contained in
P + F can then be used to prove that F' is a P-completion (see Claim 6.11.2 for
details on proving that vertices of P’ lie on both P’-sides). |

We now introduce our general method in Algorithm 1. We assume that
a call to P_completion(G, C, P) computes a P-completion F, the associated
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C-path P’, and returns the pair (G + F, P’). Up-to some implementation of
P_completion, by Proposition 6.14.2 and induction on the size of the recur-
sive instances, the method is both correct and terminating. A brutal com-
putation of P-completions amounts to solving directly the two disjoint paths
problem. This algorithm is only of interest if P-completions can be computed
efficiently. This is the topic of the next section.

Algorithm 1 General method for the two disjoint paths decision problem.
: procedure 2DP(G, C) > decides if C is crossed in G or not
if no C-paths between non-consecutive vertices of C exist then
return False
else
P «— a C-path between non-consecutive vertices of C
if P does not separate C in GG then
return True
else
G,P «— P_completion(G,C, P)
Gi,C; <« two subinstances induced by G, P and C
return (2DP(G1,Cq) vV 2DP(G4,C5))

[
e

[
=

6.15 Computing P-completions efficiently. Recall that we are working
with a graph G with a cycle C and a C-path P between non-consecutive ver-
tices of C. The goal is to compute a P-completion efficiently. As before we let
P4, Py be the two distinct subpaths of C with the same endpoints as P and
such that C = P1Ps.

The core idea behind computing a P-completion is to determine which P-
sides each vertex of P lies on. This reveals some gaps as in the left-hand
side graph shape of Figure 6.10. The outer cycle is C, the central path with
explicit vertices is P. Roughly, the corresponding red dotted edges form a P-
completion. The issue is that the red dotted edges may not be well-defined,
because there might be components of G — P intersecting neither P nor By,
and also because the gaps may not intersect on vertices which are on both P-
sides. The right-hand side graphs of Figure 6.10 depicts two possible choices
for the red dotted vertices of a graph (where P is the dashed path and C is the
outer cycle). In the top part one red dotted edge is unsafe, and in the bottom
part, the two red dotted edges cannot both be used in a C-path. The solution,
described in Lemma 6.15.1, is to add red edges one after the other, computing
the next red edge at each step.

Write y1...y; for P. Since P connects non-consecutive vertices of C, both
P and P, are non-empty. As y; (resp. y;) is adjacent to a vertex of both Py



CHAPTER 6. TWO-PATHS THEOREM 158

Figure 6.10: Intuition on how P-completions are computed

and P, y1 (resp. y;) is on both P-sides. Hence the following are well-defined:
1. the largest prefix Py of P whose vertices are all on both P-sides; 2. the first
vertex z on P found after y which is on a given P-side.

Lemma 6.15.1. Assume that not all vertices of P are on both P-sides. Let the
following be defined:

* jwith 1 < j < [ the greatest index such that all vertices of Py; are on
both P-sides,

* rwith j < r <1 the lowest index such that y, is on at least one P-side,
and,

e swithr < s <leither:

- s =rifrison both P-sides, or

— the lowest index such that y; lies on the P-side r does not lie on.

Then the edge y jys is safe, and in the graph G +yys, all vertices of Py;y; lie
on both Py ;y,P-sides.

Proof. To prove that all vertices of Py ;y, are on both Py;y,P-sidesin G+y;ys
we only need proving that y; is on both Py;y,P-sides. The remainder follows
from the assumption that all vertices of Py lie on both P-sides in G.
Without loss of generality, we assume that y, is on P-side 1 in G. The
vertex y, is on P-side 2 (we may have r = s). These two facts provide a P°1-yr
path @ inner disjoint with PUC and a Po-ys path R inner disjoint with PUC.
The paths R and Qy, Py, prove that y, is on both Py;y,P-sides in G + y;y;.
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We now prove that y;y; is safe.

If C is crossed in G then it remains crossed in G + y ;.

Otherwise, C is crossless in G and we prove that it is crossless in G + y ;s
too.

By Theorem 6.4.1, G has a web completion F. Below, we modify F' to get
a P-completion that contains y;y,, proving this edge is safe for C. In G + F,
we consider an induced C-path P’ extracted from P + F. We first prove four
claims relating P’ with P:

Claim 6.15.2. The edge y;y, is safe in G.

Claim proof. For the sake of contradiction, let (@, R) be a crossing of C
inG+yjyr

Since C is crossless in G, (@, R) is not a crossing of C in G and (without
loss of generality) @ contains the edge y;y,. As vertices y, with j <t < r
have no P-sides, {y;,y} separates them from C. Since R has its endpoints
on C, R does not intersect y jPy,. The pair (Qy;Py,Q, R) is a crossing of C in
GG, a contradiction. <

Claim 6.15.3. If some vertex z has P-side i in G then it has P’-side i in G+ F.

Claim proof. Indeed, as V(P’) € V(P), a C U P-path from z to P;in G is
aC U P’-path from z to P, in G+ F. <

Claim 6.15.4. All vertices y; with 1 < ¢ < j are on P’. In particular, the prefix
of P’ of length j — 1is Py;.

Claim proof. For the sake of contradiction, let y; with 1 < ¢ < j be a
vertex which is not on P’. Since y; is on both P-sides, let @1 and @2 be P U C-
paths in G, respectively from P; to y; and from y, to Ps. The pair (Q1Qz, P’)
is a crossing of C in G + F, a contradiction.

We prove that the prefix of P’ of length j — 1is Py;.

For the sake of contradiction, assume that the prefix of P’ of length j — 1
is not Py; and let y, be the first vertex on P’ such that P’ = Py,y, P’ with
a’ # a+ 1. As yu41 1s on both P-sides, we can consider P U C-paths @ and R
respectively from P°1 to y4+1 and from y,.1 to P°2. The pair (Q1Q2, Py, P)
is a crossing of C in G + F, a contradiction. <

Claim 6.15.5. The j + 1th vertex of P’ is a vertex y; with j < ¢ < s.

Claim proof. For the sake of contradiction, assume not. By Claim 6.15.4,
the j + 1th vertex of P’ is y; for t > s. Since y, and y, are respectively on, say,
P-sides 1 and 2, we can consider P U C-paths @ and R respectively from P
to y, and from P, to ¥s. The pair (Qy,Pys;R, Py;y;P) is then a crossing of C
in G + F, a contradiction. <
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We are now back to proving that y;y, is safe. By Claim 6.15.2 we can
assume r # s, implying, by definition of r and s, that r is on exactly one
P-side in G. Without loss of generality, assume y, is on P-side 1 but not 2
in G. This implies that ys is on P-side 2 in G and is the only such vertex
among yj.1,...,Ys. Claims 6.15.4 and 6.15.5 prove that P’ = Py;y,y, P’ with
J<t<s.

We prove the safeness of y ;y; by induction on the length of P’. If s = ¢ then
obviously F' contains y;ys and this edge is safe. Assume s — ¢ > 0. It implies
that y; is not on P-side 2 in G.

The idea is using the fact that none of the vertices in y;.1,...,y; lie on
P-side 2 in G to “cut” some edges of F' between these vertices and P-side 2,
and replace them by an edge closer to y;y;:

P-side 2 P-side =2

J
\ >

Since this illustration takes the planar embedding of the rib of G into account,
adding y;y; is safe after the removal of the other edges.

This illustration works when P’ = P and the vertices in yj,1,...,Ys—1 are
directly connected to vertices on P-side 2 (and hence the edges we remove are
all incident to vertices in yj,1,...,ys-1). Neither one of these assumptions
hold in general. Instead we prove that y;z is safe, for z a vertex appearing
after y; on P’, allowing us to apply the induction hypothesis on P’y ;zP’.

By Proposition 6.3.3, in G + F, y; and neighbours of y; that are on P’-side
2 and on the rib of G + F describe a fan graph:

P-side 2

Y Yt Yy
P-side 1
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In this figure, the green triangles correspond to the clique vertices of the web
G+F. The path of this fan graph is a y ;-y» path @. In what follows we assume
we have a plane drawing of G + F which induces a plane embedding of its rib,
and such that clique vertices and associated edges of a given triangle of the
rib are restricted to the area of the plane bounded by the said triangle.

Let z be an inner vertex of @ on P-side 2 in G. We prove zy; € F \ E(G).

Write u and v for the predecessor and successor of z on @, respectively. The
edge y;z must be in F'\ E(G) (zy; is an edge we want to remove, as explained
above). Together with a P-path from z to Po, having zy; € E(G) proves that
y: 1s on P-side 2, which is a contradiction in G.

We describe a process modifying F' to remove z from y,’s neighbours. Re-
move y;z from F as well as the edges between clique vertices of the triangles
uzy; and zy;v of G + F’s rib linking a vertex on no P-side and one on P-side
2 in G. Add the edge uv and fill back the cliques in a compatible way with
respect to the new triangles uzv and uy;v. The whole process is represented
as follows:

P-side 2 P-side 2 P-side 2
z v z v z v
U > U > U
yj ye o Yy y; ye o Tye Y ye o Tye
P-side 1 P-side 1 P-side 1

In this figure, the grey loops are the clique vertices on no P-sides in G, and
the blue thick arcs the ones that have P-side 2 in G.

The graph obtained at the end of this process is a web. Its rib is induced
by the same vertices as the rib of G + F. The only possible issue would be
that uwv is already an edge in G + F. That cannot be as then in the drawing of
G + F fixed above, uvy; would have been a triangle of the rib while not being
an inner face.

We distinguish several cases depending on which P-sides in G the inner
vertices of @ are on. In the first case, we are able to remove edges in a way
close to the illustration provided above, and hence we obtain that y;y; is safe.
In the second case, more edges needs to be removed to prove that y;y is safe.

¢ All the inner vertices of @ are on P-side 2 in G; after applying the
process above |@| — 2 times, we get a web containing G as well as the
edge vy, proving its safeness. In this web the path P’y ;y, P’ is smaller
in length than P’ allowing us to conclude by induction hypothesis.
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* There exists an inner vertex of @ on no P-side in G; by applying
the process above repeatedly, we can assume that all inner vertices of @
have no P-side in G.

Consider H the subgraph of G+F induced by the vertices that are CUP’-
connected to y;, on P’-side 2 in G + F, as well as on no P-side in G. All
inner vertices of @ are in H. Hence, H is connected.

The first vertex of P’ that is adjacent to a vertex of H is y;. Indeed, if it
was a vertex y, with a < j, then we could consider P-paths @1 and @9 in
G from P; to y; and from y; to P, respectively and R a y,-y; path in H,
and (Q1Q2, Py,Ry;P) would be a crossing of C in G+ F, a contradiction.

Let y;» be the last vertex of P’ that is adjacent to some vertex of H.

We prove that y ;y;~ is safe by modifying F' in order to add y;y;~. In G+F,
we remove all edges between vertices of H and vertices of G+ F that are
not on P’. Those are edges between vertices having no P-side and on
P-side 2 in G: they are all in F' \ E(G). Next we add the edge y;y,.
In the plane drawing of G + F we do that close enough to H making it
clear that the cycle y;P’y; y; separates vertices of H from the rest of
the graph:

YiYe

Yi Yt Yv Y

Let G’ be the obtained graph. It is clear that G is a spanning subgraph
of G’. We prove that C is crossless in G’. By contradiction, assume that
(R, S) is a crossing of C in G’. One of the paths, say R, must contain
¥;y¢. The path S must contain some vertices of y;P’y;» as otherwise
(Ry;P’yR,S) would be a crossing of C in G + F. Let y, and y; be
the first and last inner vertices of y ;P’y,» appearing on S. As the cycle
y;P'yy separates H from the rest of G’, and from C in particular, and
as the endpoints of S are on C, the path Sy,P’y;S intersect H. As H is
connected we consider a y;-y;» path @ such that Q' isa path in H. The
pair (Ry;Q’y:R,Sy.P’ysS) is a crossing of C in G + F, a contradiction.
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Take a web completion of G’ and replace the path P’ by P’y ;y, P’. The
latter is smaller in length than P’, allowing us to conclude by induction
hypothesis. O

We can compute P-completions inductively using Algorithm 2. Its termi-
nation is ensured by the fact that, in the while loop, the length of P is non-
increasing while the longest prefix Py of P whose vertices are all on both P-
sides sees its length increase at each step, as a consequence of Lemma 6.15.1.
Its correctness is a direct consequence of this lemma.

Algorithm 2 Computing P-completions.
1: procedure P_compLETION(G, C, P)
P, Py — the two subpaths of C separated by P with C = P{Ps
y « first vertex of P
while y is not the last vertex of P do
z « first vertex of P strictly after y that is on some P-side i
u « first vertex of P after z on P-side j # 1
G—G+yu
P «— PyuP
y « first vertex of P after y whose successor is not on both P-sides

return G, P

[
e

6.16 Extracting crossings and web completions. In the previous two
sections we have shown how to decide the 2-DissoinT Patas anp WEB Com-
PLETIONS problem. Now, we show how Algorithm 1 can be refined to compute
crossings or web completions explicitly. We use the same notations G, C, P, P;,
G;,C; as above.

When Algorithm 1 returns True we compute a crossing of C as follows:

¢ ifthe C-path P chosen in G does not separate C then we compute a P;-Ps
path P’ in G — P and return (P, P’).

¢ if some recursive call 2DP(G;, C;) returns True, and hence returns a
crossing (@, R) of C; in G, its shape must fall into one of the five cases
of Figure 6.7. The solutions presented in this figure to build a crossing
of C in G still work here thanks to vertices of P being all on both P-
sides. Returning this crossing then reduces to computing appropriate
C U P-paths from @ or R to 1—31 and/or 132.

In the case Algorithm 1 returns False, we compute web completions as
follows:
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¢ if there are no C-paths in G between non-consecutive vertices of C, then
each component of G — C is incident to either one or two vertices of C,
and in the latter case the two vertices must be consecutive in C. We
choose xy € V(C) and let be F = {xqy | ¥ € V(C), y # xo} UC. The
graph R = (V(C), F) is a rib compatible with G. For each component of
G — C we choose a triangle of R it is incident to. For each triangle T' of
R we turn the components of G — C we associated with T into a clique
on T'. This provides a web completion of G.

e if both calls 2DP(G;, C;) returned False, and hence a web completion of
the graph G; with respect to C; for i € {1, 2}, then their union is a web
completion of G with respect to C.

6.17 Complexity. Let G be a graph with a cycle C and a C-path P be-
tween non-consecutive vertices of C. To analyse the complexity of the whole
algorithm, we need to be more precise about:

* how do we compute paths,
* how do we decide whether a path separates C, and

* how do we decide P-connectedness and in particular which P-sides a
given vertex belongs to.

All of these can be done using a search algorithm (e.g. depth- or breadth-
first searches) forbidding the traversal of some vertices X C V(G). We call
X-searches such searches.

Whereas a usual search algorithm allows one to compute the connected
components of a graph, X-searches allow for the computation of components
of G — X as well as the subsets of X these components are incident to.

In other words, X-searches allow us to compute the prime components of
(G, X).

Let n = |V(G)| and m = |[E(G)|.

Proposition 6.17.1. There exists an implementation of Algorithm 1 that runs
in O(nm) time on connected graphs.

Proof. Let (G,C) be an instance of 2DP such that G is connected. An X-
search can be done in O(m) assuming that the relation — € X is an attribute
of vertices of G accessible in constant time. Indeed, this is a simple variation
of usual search algorithms.
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Beside the call to P_completion(G, C, P) the complexity of one recursive
call to Algorithm 1 lies in four lines: the two if statements, the first compu-
tation of P, and the computation of the two subinstances. Each can be done
in O(m) time by using either a C-search or a P-search.

Hence, if p is the number of recursive calls made to 2DP and K the com-
plexity of all calls to P_completion, Algorithm 1 runs in O(pm + K). Each
time a new call to 2DP 1s made, it means an instance has been divided in
two subinstances by finding a C-paths P separating C. It is not difficult to
see that the union C of all cycles passed as arguments of 2DP is a planar
graph: following the recursive calls, we start with a cycle and we add paths
separating inner faces recursively:

)

In the figure, the outer cycle is the first cycle C, while inner C-paths are the
recursive separating paths P computed in the different calls of 2DP. The
thinner the line the deeper the recursive call.

The number p of calls to 2DP is bounded by the number of edges of this
planar graph, meaning p = O(n). Hence the complexity of Algorithm 1 is
O(nm + K).

Finally we look at Algorithm 2. It requires one P-search at the beginning
to compute P; and Ps, as well as one (C U P)-search for each step of the while
loop to compute the P-sides each vertex is on. The number of such searches
among all calls to P_completion in a run of 2DP is bounded by the sum of p
with the number of edges added by P_completion. Both are bounded by the
number of edges in C whichis a O(n). Hence, K = O(nm) and the complexity
of Algorithm 1 is O(nm). O

To compute crossings or web completions as described in §6.16, the overall
complexity is not modified. We have to be careful about how to represent web
completions, however.

Indeed, imagine that most vertices of G are in a component D of G —C that
is incident to exactly one vertex of C (n = |G| = O(|D|)). If G — D is a rib, then
in any web completion of G, all vertices of D are in the clique of some triangle
of G — D. This clique contains Q(|D|?) = Q(n?) edges. If D is sparse, say it is
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a tree, then G takes only O(n) space in memory to be stored using adjacency
lists while all its web completions have Q(n?) edges.

To avoid this problem, instead of representing a web using adjacency lists,
we distinguish between rib and clique vertices. The adjacencies between rib
vertices are kept in the form of adjacency lists, while the adjacencies of clique
vertices are held in the form of the three rib vertices forming their corre-
sponding triangle. As ribs are planar they have O(n) edges. This yields for a
O(n)-space representation of webs in memory.



7

Towards an axiomatisation at
treewidth at most four

7.1 Introduction. Proposition 5.7.31s a key lemma in our analysis of hard
graphs of treewidth at most three. It describes the only two shapes of graphs
of arity three without K3 as a sourced minor. To solve the treewidth axioma-
tisation conjecture for graphs of treewidth at most four, we aim to analyse
the hard graphs of treewidth at most four. A natural direction is to seek a
characterisation to Proposition 5.7.3, but in the case of graphs of arity four
(excluding K4 as a sourced minor instead of K3).

Such a characterisation is provided by Fabila-Monroy and Wood in [29].
Its proof relies heavily on the two path theorem.

In the second section, we refine the result of Fabila-Monroy and Wood for
graphs of treewidth at most four (§7.4 to §7.6). We begin, in the first section,
by lifting the two paths theorem to hypergraphs (§7.2 and §7.3).

In the third and final section, we use our refinement of the result of Fabila-
Monroy and Wood to sketch the beginning of an analysis of hard graphs of
treewidth at most four (§7.7 and §7.8) in which the definition of XG;, and its
use in the proof of incompleteness of C find their origin.

167
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Figure 7.1: Hyperwebs corresponding to the webs in Figure 6.1

We conclude the thesis in §7.9.

TWO PATHS THEOREM FOR HYPERGRAPHS

The two paths theorem as presented in the previous chapter states that webs
are precisely the maximally (edge-wise) crossless graphs (with regard to their
frame). Hypergraphs allow parallel hyperedges. Hence, the notion of “edge
maximal” graphs is not defined for hypergraphs. Instead, to prove a two paths
theorem for hypergraphs, we introduce hyperwebs, a generalisation of webs
to hypergraphs, and use them as canonical shapes, replacing the maximality
condition.

In this chapter, by “graph”, we mean a hypergraph as introduced in Defi-
nition 3.2.1.

7.2 Sourced webs. We call sourced rib (resp. sourced web) a rib (resp. a
web) in which the frame vertices are promoted to sources, the interface order
respecting that of the frame as a cycle.

We call Ayperweb a graph H obtained from a sourced rib R by replacing
the triangles of R with edges of arity three.

Examples of hyperwebs are depicted in Figure 7.1.
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Proposition 7.2.1. A graph has a hyperweb shape if and only if its footprint
1s a spanning subgraph of a sourced web.

Proof. Let G be a graph.

Suppose that G has the shape of a hyperweb W and let o be a graph sub-
stitution such that G ~ o(H). Let W’ be the sourced web defined by filling
each triangle T of the footprint of W (which is a rib by definition) correspond-
ing to the edge a of W with a clique on |0 (a)| vertices. The footprint of G is a
spanning subgraph of W’.

Suppose that the footprint of G is a spanning subgraph of a sourced web
W. Let W’ be the hyperweb associated to W’s rib. Then G has a W’-shape via
the substitution mapping a variable a label of an edge of W’ corresponding to
a triangle T of W to the subgraph of G corresponding to the clique of W filling
T. O

7.3 Two paths theorem with shapes. Given a graph G of arity n with
interface (s1,...,Sk), we say that G is crossed when there exists two vertex-
disjoint paths in G, one from s; to s; and the other from s, to s;, withi < r <
J < s. We refer to the corresponding pair of paths as a crossing.

Observe that the paths of a crossing may use common edges, though via
distinct pairs of incident vertices. For example, in the atomic graph of arity
four with interface (s, s, s3, s4), the pair of paths (s1s3, s3s4) 1s a crossing,
and both paths use the unique edge of the graph.

Theorem 7.3.1 (Two paths theorem for hypergraphs).
A graph is either crossed or has a hyperweb shape, one statement excluding
the other.

Moreover, if u and v are non-adjacent vertices in a hyperweb W, then W +uv
is crossed.

Proof. Direct consequences of Proposition 7.2.1, Theorem 6.4.1, and of the fact
that two vertices of a graph are connected by a paths if and only if they are
connected in the footprint of the graph. |

SOURCED MINORS AND K4

7.4 K4 sourced minors and shapes.

Theorem 7.4.1. Every graph of arity four has either K4 as a sourced minor,
or one of the following six shapes:
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where the 4-edges labelled W are 4-hyperwebs.
Moreover, none of these shapes has K4 as a sourced minor.

Proof. The statement is a translation of [29, Theorem 15] obtained via a (di-
rect) generalisation of Proposition 7.2.1 for the obstructions appearing in [29,
Theorem 15]. O

To obtain the completeness of F3, in the proof of Theorem 5.2.1, we used
the characterisation of graphs of arity three without K3 as a sourced minor
(Proposition 5.7.3) to refine the shapes combining separation pairs in hard
graphs of treewidth at most three (Lemma 5.5.1).

An important property of the two shapes of graphs of arity three without
K3 as sourced minor given in Proposition 5.7.3 is that they have treewidth at
most three.

Theorem 7.4.1, which characterises graphs of arity four without K as a
sourced minor via some shapes, can be seen as a generalisation of Proposi-
tion 5.7.3. A limitation of the theorem is that the shapes appearing in its
statement do not have bounded treewidth. For example, the £ X & grid in
which the four corners are promoted to sources has treewidth 2 while it is a
spanning subgraph of a 4-rib (by adding the diagonals of each square as well
as a few edges at the sides of grid). An example is provided in Figure 7.2 when
k = 5. In the remainder of the current section we refine Theorem 7.4.1 for
graphs of treewidth at most four. First, we study the structure of hyperwebs
at treewidth at most four.

7.5 Hyperwebs of treewidth at most four.

Proposition 7.5.1. The 4-forget points of 4-hyperwebs of treewidth at most
four are all anchors of the first kind.
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Figure 7.2: A 5 X 5 grid whose corners have been promoted to sources and a
4-web it 1s a spanning subgraph of.

Proof. Let W be a 4-hyperweb of treewidth at most four
By Proposition 4.18.2, all forget points of W are clique points or anchors.
As W is not crossed, it does not contain edges of arity five incident to all
sources. Hence W does not contain clique points. By Proposition 4.2.4, the
series remainder of W at any inner vertex is empty. Hence, anchors of W are
of the first kind. O

Proposition 7.5.2. The 4-hyperwebs of treewidth at most four have one of the
following two shapes:

where the edges of arity four are again 4-hyperwebs of treewidth at most four.

Proof. The only 4-hyperweb without inner vertices is the one on the left-hand
side in the statement.

Otherwise, let W be a 4-hyperweb of treewidth at most four with an in-
ner vertex. By Lemma 4.4.2, W has a forget point, which is an anchor by
Proposition 7.5.1.

Hence, W has the following shape:
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As W is a web, two consecutive edges (clock-wise) of arity four in this shape
cannot both contain full prime components. Indeed, that would provide paths
forming a crossing of C in W, a contradiction with Proposition 6.8.1.

Hence W has one of the following two shapes:

O

Proposition 7.5.3. Every graph of treewidth at most four which has a 4-
hyperweb shape has the shape of a 4-hyperweb of treewidth at most four.

Proof. The proof works by induction using the same structure as in the proof
of Proposition 7.5.2. O

7.6 K, sourced minors and shapes at treewidth at most four. We
refine Theorem 7.4.1 for graphs of treewidth at most four. To this end, we
introduce a class of hypergraphs of arity four which intuitively correspond
to thickened versions of the star with three branches. We call them star-like
graphs. Examples are provided in Figure 7.3.

Star-like graphs are built by stacking triangles, i.e. edges of arity three,
on top of the following graph:
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Figure 7.3: Examples of star-like graphs. The sources called c are the centres
of the star-like graphs.

where, each time a triangle is added, it is incident to two sources, one of which
is removed from the interface, and the third source of the triangle is added to
the interface.

Looking at a star-like graph from above, we see the shape of a star of arity
four with three branches:

The source of the star-like graph corresponding to the centre of the star with
three branches in this picture is called the centre of the star-like graph.

We now introduce star-like graphs formally.

Let G be a graph and s; and sy two adjacent sources in G. We call triangle
lift of G on s1 and s9 the following graph:

S2
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where the red triangular source represents sources of G distinct from s; and
S9.

Observe that each triangle lift replaces a source incident to the triangle
by a new source.

We call a graph star-like if it is built by repeated triangle lifts, starting
with the following graph:

In the base case of star-like graphs, one source s is adjacent to the three
other sources. During the construction of a star-like graph, until a triangle
lift replaces s by another source, this fact remains true.

There might be several ways to construct a star-like graph. For example,
the star-like graph on the left part of Figure 7.3 can be constructed by adding
in any order the three triangles which are incident to two sources on top of
the base case. Nonetheless, in any construction of a star-like graph, the se-
quence of sources replacing the source incident to all sources in the base case
is identical. This fact justifies that the notion of centre of a star-like graph as
introduced below is well-defined.

The centre of a star-like graph G is defined recursively as follows:

* in the base case, it is the source adjacent to all other sources, and,

* when G is obtained via a triangle lift of a star-like graph H, either the
centre cz of H is a source of G or it has been replaced in G by another
source cg. In the former case cy is the centre of G, and in the latter case
cg 18 the centre of G.

Let a be a variable of arity three. Up to adding appropriate permutations,
the triangle lift of a graph G can be defined as the derived operation f(la || 1G).
As a consequence, since the base case has treewidth four and the maximal
arity of a subterm of this expression is five, star-like graphs have treewidth
four.

Theorem 7.6.1. Every graph of arity four and treewidth at most four has
either K4 as a sourced minor, or a 4-hyperweb shape, or a star-like shape, or a
shape obtained via successive edge or triangle lifts of the following:
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The proof of this theorem consists in a succession of case analyses and is
very long. To simplify it, we introduce a last graph operation which can be
seen as a triangle lift in which the triangle is replaced by an edge of arity two.

Let G be a graph with a source s. We call edge lift of G on s the following
graph:

where the red triangular vertex represents all sources of G distinct from s.
Lemma 7.6.2. The edge lift of a star-like graph has a star-like shape.
Proof. By induction on the definition of star-like graphs. O

Proof of Theorem 7.6.1. Let G be a graph of arity four and treewidth at most
four, which does not have K, as a sourced minor.

We distinguish four cases according to Theorem 7.4.1 (excluding the two
leftmost shapes which are either star-like or a web).

In each of these cases, G contains inner vertices. According to Proposi-
tion 4.18.2, G contains a clique point or an anchor of the first kind x. Since
G does not have K4 as a sourced minor, the series remainder at x, which can
only contain atomic components of arity five by Proposition 4.2.4, is empty.
Hence x is an anchor of the first kind.

Edges in shapes of G are labelled with the subgraphs substituting the
edges to get G. In each case, we rely on the fact that, x being an anchor of the
first kind, there is no full prime component in G — x.

¢ Assume G has the following shape:
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We prove by induction on |G| that G has the following shape:

which has a star-like shape.

If some H;, say Hq, does not contain paths from either u or v to s;, then
G has exactly the wanted shape.

For the sake of contradiction, assume that every H; contains paths be-
tween the source it is incident with and both u and v, then G — u and
G — v contain a full prime component. Hence x ¢ {u,v}. If x is an inner
vertex in H;, then u and v must be disconnected from source s; in G — x.
Thus x is a checkpoint between s and u, and between s and v, in H;. In
other words, G has the following shape (here with i = 1):

By induction hypothesis, (G — F — s;,x), and by extension G, have the
wanted shape.

¢ Assume G has the following shape:

If K does not contain a path from u to v, then G has the following shape:
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which has a 4-hyperweb shape.
Henceforth, assume that K contains a path from u to v.

We prove by induction on |G| that G has one of the two following shapes:

which have star-like shapes.

If some H; does not contain paths from either u, v, or w to s;, then G has
exactly one of the wanted shape.

For the sake of contradiction, assume that every H; contains paths from
s; to both u (resp. v) and w.

Thanks to K containing a path from u tov, allof G—u, G-v,and G —w
contain a full prime component. Hence, x ¢ {u,v, w}.

Similarly, for any inner vertex y of K, G — y contains a full prime com-
ponent. Hence x is not an inner vertex in K.
So x is inner in H; for some i € {1, 2, 3,4}, say in H;.

Since there are no full prime components in G—x, x must be a checkpoint
in H; between u and s; and between u and sy. In other words, G has
the following shape:

By induction hypothesis, (G —s; — F, x) has the wanted shape. This is a
contradiction with the fact that all H; contain paths from both u (resp.
v) and w to s;.
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¢ Assume G has the following shape:

u
S9 S3

S4
S
1 v

We prove, by induction on |G|, that G has either a 4-hyperweb shape, a
star-like shape in which s3 and s4 are adjacent, or has a shape in which
sg and s4 are adjacent, obtained by successive edge and triangle lifts
from the graph drawn in the statement of the theorem.

If W does not contain paths between a pair of vertices in {u,v, s3, s4},
then, up to swapping u and v or s3 and s4, G must have one of the fol-
lowing three shapes:

S2

u u

S3

S4

83

S4

S9 u s3

S4

The leftmost and rightmost shapes are star-like.

In the other case, having that W is a web ensures that ussgssvu is not
crossed in W. Up to swapping v and v, that ensures that G has the
following shape:

S3

S1 54

v

which has a star-like shape, and in which s3 and s4 are adjacent.

Henceforth we assume that W contains paths between any pair of ver-
tices in {u, v, 83, S4}.

If in H; there are no paths between s; and either u or v (say u), then G
has the following shape:
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S9 S3

S4
S1 v

Any crossing of s1s9s3s481 in G induces a crossing of usgsqvu in W. As
W has a 4-hyperweb shape, such crossings do not exist, and G has a
4-hyperweb shape.

Henceforth, we assume that H; contains paths from s; to both © and v.

The graphs G —u and G — v both contain a full prime component. Hence
x ¢ {u,v}.
We distinguish two cases depending on whether x is in W or in H;.

x is in H;; Without loss of generality, assume that x is in H;. Then x
is a checkpoint in H; between s; and u and between s; and v. In other
words, G has the following shape:

S9 S3

X
S4

S1

By induction hypothesis, (G — s; — F, x) has either a 4-hyperweb shape,
in which case G does too, or a star-like shape in which s3 and s4 are
adjacent, and, by Lemma 7.6.2, G has a star-like shape in which s3 and
s4 are adjacent, or has a shape obtained by successive edge and triangle
lifts from the graph drawn in the statement, in which case G does too.

x is in W; as G — x does not contain full prime components, x must
be a checkpoint in W between either u or v, and either s3 or s4. By
symmetry, we can assume that x is a checkpoint between u and s4 and
either between v and s3 or between v and s4,. Hence G has one of the
following two shapes:

S9 U
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In the left shape, by induction hypothesis (this shape being a triangle
lift of the case under study).

The right shape can be refined further to ensure x is an anchor of the
first kind by looking at the existence of paths in Fi, Fo, and F3, from u
to v, u to s3, and v to s4, respectively:

S9

S3 S3

S4
v v

S1 S4

The left shape is a star-like graph and the right one is the drawn shape
in the statement of the theorem, in which s3 and s4 are adjacent.

Assume that G has the following shape:

u w
S2 S3

S
1 " 0 S4

We prove by induction on |G| that G has either a 4-hyperweb shape, or
a star-like shape, or a shape obtained by successive edge and triangle
lifts from the graph drawn in the statement of the theorem.

Assume that in H;, say H1, there is no paths between s; and u or v, say
v. In other words, G has shape:

u w
S9 S3

S1 S4

v (0]

We prove that, in (G—s3—s4—Hs—Hy,0,w), s1Sawos1 is not crossed. In-
deed, since v is a checkpoint between s; and w, a corresponding crossing
would imply a crossing of vuwov in W, a contradiction with W having a
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4-hyperweb shape. Hence G has the shape of the previous item, and we
proceed as we did there.

Assume next that all H; contain paths between s; and each of the two
other vertices H; is incident with.

If W does not contain a path from u or v, say v, to either w or o, then G
has the following shape:

S2

Fo

S1 Sy

v (0]

The cycle s1s9s35451 1s crossless in G; hence G has a 4-hyperweb shape.

Henceforth, we assume that W contains a path from either u or v to
either w or o.

In particular, since G contains a full prime component and H; contains
paths between s; and each of the two vertices H; is incident with (i €
{1,2,3,4}), all of G — u, G — v, G — w, and G — o contain a full prime
component, and x ¢ {u,v,w,o}.

We distinguish two cases depending on whether x is in H; or W.

x is in H;; say i = 1. Then x is a checkpoint in H; between s; and both
u and v; G has shape

S1

and by induction hypothesis, (G—s1—F, x) either is a spanning subgraph
of a 4-hyperweb, in which case so is G, or has a star-like shape, in which
case G does as well, or has a shape obtained by successive edge and
triangle lifts on the graph drawn in the statement of the theorem, in
which case G does as well.

x is in W; x is a checkpoint between {u,v} and {w, 0}, and G has the
following shape:
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proving that sisesssssi is crossless in G; hence G has a 4-hyperweb
shape. |

HARD GRAPHS OF TREEWIDTH AT MOST FOUR

7.7 Method. Our positive answer to the treewidth axiomatisation conjec-
ture for graphs of treewidth at most three relied on a thorough analysis of
hard graphs of treewidth three, which can be summarised as follows.

To obtain shapes of hard graphs to be analysed, we first proved the exis-
tence of (minimal) separation pairs (§4.26). Then, under the assumption that
a hard graph of treewidth three contains two distinct separation pairs, we
combined the two separation pairs, and proved that the graph has one of the
following shapes (§5.4):

Finally, we refined these two shapes using Proposition 5.7.3 to obtain the
structural property of hard graphs of treewidth at most three (Theorem 5.8.1).

Our goal in this section is to generalise this proof scheme to hard graphs
of treewidth at most four. It is false that hard graphs of treewidth four al-
ways contain separation pairs or tuples. On the other hand, Proposition 5.7.3,
which is used to refine the shapes of hard graphs combining separation pairs,
has a generalisation in the form of Theorem 7.6.1.

We use this generalisation to explore how we can combine separation tu-
ples in hard graphs of treewidth at most four. We chose specifically the case of
separation triples in hard graphs of arity two. The reason behind our choice
is that this particular case leads to a specific hard graph of treewidth at most
four, that is XG4, and the ideas behind the proof of incompleteness of C, when
k > 3 via XGy, have their origin in this incomplete exploration of hard graphs
of treewidth at most four.
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7.8 Retrieving XG;. Let G be a hard graph of treewidth at most four and
arity two. Suppose that G contains two disjoint minimal forget separation
triples (x,y,z) and (u,v,w):

u

S1 . S92

We aim to combine these two shapes. We perform only the part of the

analysis that leads us to XGy.
We distinguish several cases depending on where x, y and z are.

w V4

* x € Hy and y,z € H;; x must be a checkpoint in Hs between s; and
u, between s1 and v, and between s; and w. Hence G has the following

shape:

w

implying that x is an anchor of G, a contradiction.

* x,y and z are not all in the same graph H;; all such cases are sym-
metrical with the previous one.

* x,y and z are all in H; we only consider the case where x, y and z are
in distinct prime components Fy, F,, and F, of H;:
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Then x, y, and z are all checkpoints between sy and each vertex of
{u,v, w} in their respective prime components. In other words, G has
the following shape S:

The graphs (S,x,y,z) and (S, u,v,w) have respectively treewidth four
and five. According to Proposition 5.6.3, one of the k-edge in S cannot have
K} as a sourced minor.

Applying Theorem 7.6.1 and Proposition 7.5.2 repeatedly, each time re-
placing 4-edges by simple webs, and choosing the unique web with only four
vertices, yields the following shape S’:

u

w

The graph (S’, u,v,w) has treewidth five. Keep applying Proposition 5.6.3,
but with Proposition 5.7.3 and we get XGy:
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These ideas led to the general definition of XG;, and the proof of Proposi-
tion 4.21.2.

7.9 Conclusion. The starting point of this thesis is the treewidth axioma-
tisation conjecture as expressed by Courcelle and Engelfriet [12, p. 118].

Several problems occur: finding an appropriate syntax of terms for graphs
of bounded treewidth, finding interesting axioms sets, and then decomposing
graphs of bounded treewidth to prove the completeness of the axiom sets.

Our syntax, described in §3.9, has specificities that simplify basic graph
decompositions, such as in full prime components (§4.2). In contrast with
the syntax of Courcelle and Engelfriet, we only allow parallel compositions of
graphs of the same arities.

We are able to decompose graphs of bounded treewidth in full prime com-
ponents and along their anchors and to follow these decompositions on terms,
using axioms (see Chapter 4). This allows us to provide a positive answer to
the treewidth axiomatisation conjecture for graphs of treewidth at most %,
when & < 2. However, this is not sufficient in general, and our answer when
k = 3 uses a detailed study of hard graphs of treewidth at most three (see
Chapter 5).

Attempts to generalise from £ = 3 to £ = 4 led us to the study of the two
paths theorem [43, 38, 34, 24]. We have provided a new proof of this theorem
from which we extracted an algorithm for the two disjoint paths problem (see
Chapter 6). Our algorithm contrasts by its simplicity with the more efficient
but involved algorithms existing in the literature.

The two paths theorem is used in [29] to characterise graphs of arity four
without K4 as a sourced minor. In the current chapter, we generalised this re-
sult to general hypergraphs, and to hypergraphs of treewidth at most four. We
regard this result as a generalisation of Proposition 5.7.3 which is a corner-
stone in our analysis of hard graphs of treewidth at most three, and we regard
it as a promising starting point towards a positive answer to the treewidth
axiomatisation conjecture for graphs of treewidth at most four.
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However, this is not sufficient since we know that hard graphs of treewidth
at most four do not necessarily contain separation tuples (see Figure 4.10),
and even if they did, combining distinct separation pairs and/or triples in
hard graphs of treewidth four seems to require more case analysis than in the
already long proof combining separation pairs in hard graphs of treewidth at
most three (Proposition 5.4.1).

An interesting consequence of our structural property of hard graphs of
treewidth at most three (Theorem 5.8.1) is the well-known structural char-
acterisation of graphs of treewidth at most two as graphs without K4 as a
minor (§5.10). For any non-negative integer k£, we believe that the study of
hard graphs of treewidth at most £ + 1 in general could lead to a better un-
derstanding of the precise minimal excluded minors characterising graphs of
treewidth at most k.
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