
From Wiener-Khinchin theorem

< x(τ)x(0) >= C(τ) =
1

2π

∫ ∞
−∞

S(ω) exp(−iωτ) dω (1)

thus

∂τC(τ) = − 1

2π

∫ ∞
−∞

iω S(ω) exp(−iωτ) dω (2)

and ∫ ∞
−∞

∂τC(τ) exp(iωτ) dτ = −iω S(ω) (3)

As a consequence we may write

S(ω) = − 1

iω

∫ ∞
−∞

∂τC(τ) exp(iωτ) dτ (4)

=
i

ω

[∫ 0

−∞
∂τC(τ) exp(iωτ) dτ +

∫ ∞
0

∂τC(τ) exp(iωτ) dτ

]
(5)

Let us consider
∫ 0

−∞ ∂τC(τ) exp(−iωτ) dτ and change τ → −τ ′

∫ 0

−∞
∂τC(τ) exp(iωτ) dτ =

∫ 0

∞
∂τ ′C(−τ ′) exp(−iωτ ′) dτ ′ (6)

= −
∫ ∞
0

∂τ ′C(−τ ′) exp(−iωτ ′) dτ ′ (7)

= −
∫ ∞
0

∂τ ′C(τ ′) exp(−iωτ ′) dτ ′ (8)

= −
[∫ ∞

0

∂τ ′C(τ ′) exp(iωτ ′) dτ ′
]∗

(9)

where we used C(−τ ′) = C(τ ′) and [·]∗ stands for complex conjugate
Thus replacing this result in eq.5

S(ω) =
i

ω

[
−
(∫ ∞

0

∂τC(τ) exp(iωτ) dτ

)∗
+

∫ ∞
0

∂τC(τ) exp(iωτ) dτ

]
(10)

=
−2

ω
Imag

[∫ ∞
0

∂τC(τ) exp(iωτ) dτ

]
(11)

Now we know that FDT imposes that for τ > 0

∂τC(τ) = −KB TR(τ)

thus

S(ω) =
2KBT

ω
Imag

[∫ ∞
0

R(τ) exp(iωτ) dτ

]
(12)

=
2KBT

ω
Imag [R(ω)] (13)
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Furthermore as S(ω) = S(−ω) then

< x2 > =
1

2π

∫ ∞
−∞

S(ω)dω (14)

=
1

2π

∫ ∞
0

2S(ω)dω (15)

=

∫ ∞
0

Sx(f)df (16)

where we have defined Sx(f) = 2S(ω) and 2πf = ω. Finally we get

Sx(f) =
4KBT

ω
Imag [R(ω)] (17)
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