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Fluctuations of injected and dissipated power 
in a harmonic oscillator.

Mechanical properties of nanotubes 

Micro Electro Mechanical Devices 

Dynamics of AFM tips 

Thermal rheometer
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The system of interest

Torsion pendulum
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The torsion pendulum
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The torsion pendulum

brass 
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The torsion pendulum

gold mirror

8 mm

brass 
wire
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Polarisation 
interferometer
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Experimental set up and the interferometer
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Typical fluctuation spectrum
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External Forcing  

Typical applied torque < 50pN m
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External Forcing  

Typical applied torque < 50pN m
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In Fourier space

The thermal fluctuation power spectral density is given by FDT

Equation of motion
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Typical Fluctuation spectra
Spectrum of the torsion  
pendulum made by  a brass 
wire  and  a mirror

Spectrum of the torsion  pendulum  
inside a viscous oil
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Fluid

Instrumental noise
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Fluctuation Spectrum

 from  χ and FDT
 measured o
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Fluctuation Spectrum

viscoelasticity
viscous

 from  χ and FDT
 measured o
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Work during periodic  forcing
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PDF of the work
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Energy Balance (I)
Sekimoto K,  Progress of Theoretical Phys. supplement (130), 17 (1998).
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Energy Balance (II)
Sekimoto K,  Progress of Theoretical Phys. supplement (130), 17 (1998).
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Energy Balance (II)
Sekimoto K,  Progress of Theoretical Phys. supplement (130), 17 (1998).
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PDF of  heat
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PDF of the work and of the heat
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Stationary State Fluctuation Theorem (SSFT)

The Fluctuation Theorem fixes the symmetry of P(X)  around zero

(stochastic systems)
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Stationary State Fluctuation Theorem (SSFT)

The Fluctuation Theorem fixes the symmetry of P(X)  around zero

Transient Fluctuation Theorem (TFT)

(stochastic systems)
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The Fluctuation Theorem (FT)

  1993 First numercial evidence of fluctuations relations
               D. Evans, E.D.G. Cohen and G. P. Morris.  

  1994  Proof of the transient fluctuation theorem (TFT)  
        D. Evans  and D.J.Searles 

 1995  Proof of the Stationary State Fluctuation Theorem (SSFT) for  
    dynamical systems.  G. Gallavotti and E.D.G. Cohen.

 1997   Later proofs of FT for systems with stochastic dynamics were given by 
           J. Kurchan, J. Lebowitz and E. Spohn, J. Farago.

 2003  R. van Zon  and E.G.D. Cohen extended the results  
                     to the heat fluctuations in stochastic systems  

   New kinds of relations for suitably defined entropies have been proposed for    
 stochastic system. 
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Short comment on FT for Gaussian P(Xτ)

FT imposes that: 

if

then  from  FT  

   

and
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SSFT periodic  forcing: W

k B
T 
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SSFT periodic forcing: Σ for  W
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SSFT periodic forcing: Σ for  W

Analytically computed  from the Langevin equation 
using   two experimental observations

  The statistical properties of the bath are not modified by the driving

  The fluctuations of the work are Gaussian 

S. Joubaud, N. B. Garnier, S. Ciliberto, J. Stat. Mech., P09018 (2007)
mardi 11 février 2014



SSFT periodic forcing: Σ

mardi 11 février 2014



SSFT periodic forcing: Q 

Energy disipated in a time τ

S. Joubaud, N. B. Garnier, S. Ciliberto, J. Stat. Mech., P09018 (2007)
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SSFT periodic forcing: Q 

Energy disipated in a time τ

S. Joubaud, N. B. Garnier, S. Ciliberto, J. Stat. Mech., P09018 (2007)
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SSFT periodic forcing: Σ for  Q

k B
T
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Linear forcing
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Transient and Steady State Fluctuation Theorem

τ

TFT

τ

ti

SSFT
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TFT
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SSFT 
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Σ(τ) for the SSFT
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Theoretical description
What are the fluctuations of Θ when the system is out of equilibrium  ?

 Linear ramp torque
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Theoretical description
Langevin Equation
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Theoretical description: Fluctuation Theorem for W
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Theoretical description: Fluctuation Theorem for Q
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Theoretical description: Fluctuation Theorem for Q

Ref: Journal Stat. Mech.: Theory and experiment P09018
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Trajectory dependent entropy
  U. Seifert, Phys. Rev. Lett., 95, 040602, (2005),                                for Langevin dynamics
  A. Puglisi et al. 
    J. Stat. Mech.: Theory and Experiment, P08010,(2006)                        for Markov process 
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Trajectory dependent entropy

mardi 11 février 2014



Trajectory dependent entropy
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Tajectoires and averages
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Tajectoires and averages
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Fluctuations of the total entropy 
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FT for total entropy

FT for total entropy
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Conclusions harmonic oscillator
   We have experimentally perturbed an harmonic oscillator very 

 close to equilibrium. 

  We have computed and measured the finite time corrections for 
SSFT and TFT.

  The ‘’ trajectory dependent entropy ‘’ has been computed

 We have checked that for the total entropy SSFT is verified for all 
times.

 We have shown that in this specific example the ‘’total entropy’’ 
takes into account only the entropy produced by the external 
driving and does not take into account the entropy fluctuations at 
equilibrium. 
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The stochastic  resonance and 
Fluctuation Theorem

P.Jop. A. Petrosian, S. C. Eur. Phys. Lett. 81, 5 (2008) 50005 
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Camera rapide

AOD
75 MHz

Optical traps
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Camera rapide

AOD
75 MHz

Optical traps
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Examples of traps
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The stochastic  resonance and Fluctuation Theorem

Brownian particle trapped by two laser beams 
P.Jop. A. Petrosian, S. Ciliberto, Eur. Phys. Lett. 81, 50005 (2008) 
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The stochastic  resonance and Fluctuation Theorem

Brownian particle trapped by two laser beams 
P.Jop. A. Petrosian, S. Ciliberto, Eur. Phys. Lett. 81, 50005 (2008) 

mardi 11 février 2014



The non linear potential
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The non linear potential

 f=0.1Hz
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Stochastic Resonance
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Stochastic Resonance
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Fluctuations of W and Q at Stochastic Resonance 

 Stochastic work

 Classical  work

 Heat
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PDF of  the Work at various frequencies 

 f=0.05Hz

 f=2Hz f=0.375Hz

 f=0.1Hz
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Fluctuation Theorem for Ws
 f=0.25Hz
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PDF of  ΔU 
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Fluctuation Theorem for Q
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Slope at the origin
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Theoretical comparison I
A. Imparato, P. Jop, A. Petrosyan and S. Ciliberto, J. Stat. Mech. (2008) P10017 

PDF of the work computed on a single period :

 (initial phase=0) (averaged over different initial phases)

Experimental data
Theoretical prediction based on Fokker-Planck equation

mardi 11 février 2014



Theoretical comparison II
Symmetry function for the work  PDF of the work
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Theoretical comparison III
A. Imparato, P. Jop, A. Petrosyan and S. Ciliberto, J. Stat. Mech. (2008) P10017 

PDF of the heat computed on a single period :

 (initial phase=0) (averaged over different initial phases)

Experimental data
Theoretical prediction based on Fokker-Planck equation
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Conclusions

•We have experimentally investigated the power injected in a bistable colloidal 
system by an external oscillating force.
 
•We find that the injected power presents a maximum when the frequency of the 
driving force corresponds to half of the Kramers' rate. (stochastic resonance)

•SSFT is valid for a non-linear potential.

•We have shown that FT rapidly converge to the asymptotic value for rather 
small n. 

•The fact that for the total entropy FT is not satisfied exactly for small n is  due 
to statistical and numerical inaccuracy. 

• A theoretical description based on Fokker-Planck equation is in perfect 
agreeement with the experimental results
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What is FT useful for ? 

•  Several interesting consequences of FT such as the Jarzinsky and Crooks 
 equalities are useful to compute the free energy difference bewteen two 
 equilibrium states using any kind of transformation

•  Hatano-Sasa relation and the fluctuation dissipation theorem for non 
 equilibrium steady states(NESS).  These  are  useful to compute the 
 response function of NESS

•  FT allows the measure of tiny amount of heat exchange bewteen the system 
 and its heat bath.  (example: application to aging and biological systems)

•  Measure of the offset of a variable

•  Measure of the mean injected power.  
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Jarzynski equality
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Crooks identity
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Crooks identity

The derivation has been argued by Cohen and Mauzerall cond-mat/0406128
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The Jarzynski work
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The Jarzynski work

 What is the meaning of  λ  in a real experiment ?
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The Jarzynski work

 What is the meaning of  λ  in a real experiment ?
   Connections between the macroscopic  variables and the microscopic ones
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The Jarzynski work

 What is the meaning of  λ  in a real experiment ?
   

 What is the quantity wich is  controlled in an experiment ?

Connections between the macroscopic  variables and the microscopic ones

If   λ  is a displacement x  then:

If   λ   is a force F  then:
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The classical work
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Typical driving 
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The Free Energy for the torsion pendulum 
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Pf(-WJ)
Pb(WJ)

Jarzynski Work PDF

-
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Pf(-WJ)
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Jarzynski Work PDF

Pf(-WJ)
Pb(WJ)

-
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Pb(-W)
Pf(W)

Classical Work PDF
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Pb(-W)
Pf(W)

Classical Work PDF

Pb(-W)
Pf(W)
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Crossing point of work Gaussian PDF 

mardi 11 février 2014



Large driving 
amplitude
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Conclusions
   We have experimentally perturbed an harmonic oscillator very 

 close to equilibrium. 

  We have computed and measured the finite time corrections for 
SSFT and TFT.

   Different methods to measure the reversible part of the work 
 done    by an external force has been checked. 

   The Jarzynski equality gives reliable results within 
 experimental errors in the case when work fluctuations are 
Gaussian and FDT is still valid. 

   The crossing point of the ‘classical work PDF’  gives the  b e s t   
estimation of ΔF when the Wcl PDF are Gaussian. 
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JE and Langevin dynamics

If one considers the experimental observations that:
The thermal noise amplitude and statistics are not modified by the presence of 
the large forcing 
Then it is easy to  show that:
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TFT and JE
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TFT and JE
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TFT and JE
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PDF  of  θ with and without driving
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Langevin Equation for the mechanical experiment
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θ =
Mm

τ C

�
t+ τ0 exp

�
− t

τ0

�
− τ0

�
for 0 < t < τTexte

The overdamped case

θ =
Mm

τ C

�
t+ τ0 exp

�
− t

τ0

�
− τ0

�
for 0 < t < τ

U(θ) =
1

2
C θ2 − M θ
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The same result is obtained when the inertial term is not negligible
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Biological systems
Bustamante-Ritort
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Kramer Kroening
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