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Abstract. We study Mallows random permutations conditioned to avoid a given pattern α
of length 3. When the bias parameter is of the form eβ/n, we prove that these permutations
converge to a non-trivial explicit deterministic permuton that depends on the pattern α and
on the parameter β. Along the way, we provide parametrizations for α-avoiding permutons,
and establish a large deviation principle for uniform α-avoiding permutations. As a byproduct
of the proof, we also obtain asymptotic estimates of two versions of q-Catalan numbers in the
regime q = eβ/n.
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Figure 1. Top line: simulations of 321-avoiding Mallows permutations with
size 600 and bias parameter q = eβ/n, for β ∈ {1, 3, 12}. Bottom line: likewise
with 231-avoiding Mallows permutations. Here, and throughout the paper, a
permutation σ is represented graphically by the set {(i, σ(i)), 1 ≤ i ≤ n}.
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1. Introduction

1.1. Overview. Mallows/pattern-avoiding random permutations. Random permutations are
among the most standard objects studied in combinatorial theory, with notable applications in
statistics, analysis of algorithms, and statistical physics. While earlier works have focused on
uniform random permutations of a given size, some non-uniform models have become popular,
in particular the so-called Mallows model, introducing a bias depending on the number of in-
versions of the permutations. This model has been introduced by Mallows in 1957 [Mal57] in
the context of statistical rankings, and has been studied under many aspects in the last twenty
years, see e.g. [Dub26] for references. In another direction, a number of recent research works an-
alyze uniform random permutations subject to some constraints. The most common constraints
consist in fixing the cycle type (see e.g. [FK24, Dub25, HR25]), or in avoiding some patterns.
The latter line of research originates from articles of Madras, Pak and co-authors and has grown
significantly in recent years; see e.g. [ML10, MP14, HRS19, BBF+22, Bor22].

Our first motivation for this work is to combine both points of view, i.e., to study Mallows
random permutations constrained to avoid some patterns. In this paper, we focus on avoiding
a fixed pattern of length 3, and refer to this as constrained Mallows permutations. We focus
on 321 (resp. 231)-avoiding permutations, since the study of α-avoiding permutations for other
patterns α of size 3 can be reduced to one of these two cases by symmetry. We recall that a
permutation σ avoids 321 if it does not contain any decreasing subsequence of length 3, and it
avoids 231 if there are no indices i < j < k such that σ(k) < σ(i) < σ(j). Also, we denote by
inv(σ) the number of inversions of σ. For β ∈ R, α in {231, 321} and n ≥ 1, we let τβ,αn be a
random permutation of size n such that, for any α-avoiding permutation σ:

(1) P(τβ,αn = σ) =
e
β
n
inv(σ)

Zβ,αn
,

where Zβ,αn :=
∑

σ e
β
n
inv(σ) is the appropriate normalization factor (the sum is taken over all α-

avoiding permutation σ). This is the Mallows distribution with parameter qn = eβ/n conditioned
to avoid α. The reason why we chose this scaling for qn will be explained after the statements of
the main results. Figure 1 shows samples of τβ,231n and τβ,321n which were obtained by simulating
an appropriate Markov chain, as explained in Appendix A. Upon looking at these simulations,
one might guess that a non-trivial permuton limit exists for this model; see Section 1.4 for precise
statements to that regard.

As far as we are aware of, this question has not yet been investigated, although related models
and questions have appeared in the literature. First, let us mention the work [GK25] of Gorin and
Kenyon, motivated by the six vertex model of statistical physics, who analyzed random Mallows
permutations with a different type of constraints, namely that the diagram of the permutation
avoids some designated regions. In another direction, Chelikavada and Pranzo [CP26], and more
recently Park and Rizzolo [PR25], studied pattern-avoiding permutations biased by their number
of fixed points. Lastly, in [Pin21], Pinsky gives a number of results regarding the probability that
a Mallows random permutations avoids a pattern of size 3, but he does not study the resulting
conditional model as we do here.

Permutons, and large deviation principles. Among many aspects of random Mallows permu-
tations avoiding some patterns, we focus here on finding the scaling limit of such objects, in
the sense of permutons (see Section 2.2 for background on permutons). A good tool for this are
large deviation principles (LDPs), which are useful when looking for the limit shapes of random
objects distributed according to biased distributions, such as random Mallows permutations.
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It indeed transforms the probabilistic problem into some optimization problem on a space of
analytic objects (in our case, permutons). See [Sta09, Muk16, KKRW20] for applications of this
principle to some random permutation models, in particular to (unconditioned) Mallows random
permutations. The space of permutons, which are probability measures on [0, 1]2, is known to
be a natural framework to state an LDP for uniform random permutations [Tra08, KKRW20].
However, this “classical” LDP cannot be used to study models of pattern-avoiding permutations,
since the rate function is equal to ∞ on all permutons avoiding a given pattern1.

Our contributions. We overcome this problem by deriving specific LDPs for uniform 321

(resp. 231)-avoiding permutations. A first step in this direction is to find appropriate parametriza-
tions of 321 (resp. 231)-avoiding permutons. Once we have found these parametrizations and
established the associated LDPs, we can translate the problem of finding the scaling limit of
321 (resp. 231)-avoiding Mallows permutations to an analytic optimization. It turns out that,
in both cases, this optimization problem can be solved explicitly, yielding an explicit description
of the limit shapes. In addition to the limit shape results, solving these optimization prob-
lems also yields asymptotic estimates for the partition functions Zβ,αn (both for α = 321 and
231). This complements previous results of Pinsky in the regime where the bias parameter q is
constant [Pin21] (recall that for us, q = exp(β/n)).

In the remaining part of the introduction, we provide more details on these three steps
(parametrization of pattern-avoiding permutations, LDPs, and limit shapes for constrained Mal-
lows permutations), which we believe are all interesting in their own right.

Remark 1. The normalization constant Zβ,αn appearing in (1) is the generating polynomial
of inversions for 231, resp. 321, avoiding permutations. In the 231-avoiding case, the classical
decomposition of 231-avoiding permutations around their maxima yields the following recurrence

Zβ,231n+1 =
n∑
i=0

qiZβ,231i Zβ,231n−i ,

where q = eβ/n as usual. This is the same recurrence as the q-Catalan numbers defined as the
area generating function for Dyck paths; see, e.g., [Hag08, Chapter 1] (see also Proposition 24
for a direct connection between inversions in 231-avoiding permutations and Dyck path area).
Moving on now to α = 321, the quantity Zβ,321n also satisfies some recurrence equation, though
this is harder to prove, see [CEKS13]. We shall not need these recurrences in this paper.

1.2. First main results: parametrizations of 231 or 321-avoiding permutons. We recall
that a permuton is a probability measure on the square [0, 1]2 with both marginals equal to the
Lebesgue measure on [0, 1]. We refer to Section 2.2 below for related precise definitions. While
there are many works studying the structure of the set of α-avoiding permutations (see, e.g.,
[Vat15]), it seems that the question of describing α-avoiding permutons has not been looked up
so far. We open the way here by giving natural parametrizations of 231 (resp. 321)-avoiding
permutons. Given a pattern α and a permuton µ, we say that µ is α-avoiding if the density of
α in µ is equal to 0. Equivalently, µ is α-avoiding if and only if it is the limit of a sequence of
α-avoiding permutations.

Before stating our results, let us mention some related literature. In the realm of graphs, a se-
ries of papers find natural parametrizations of graphons that are limits of graphs in some specific
classes, namely threshold graphs [DHJ08], interval graphs [DHJ13], and string graphs [JU17].

1This should not come as a surprise, since the number of permutations avoiding a given pattern behaves as
O(Cn)/n! by the Stanley–Wilf–Marcus–Tardös theorem (see, e.g., [Bón12, Chapter 4]).
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In some sense, we are looking at the analogue problems for permutations. In another direction,
in a recent paper [GHKP24], Garbe, Hladký, Kun and Pekárková have looked at some general
properties of pattern-avoiding permutations, but were not interested in a complete parametriza-
tion of them as we are. Finally, a number of papers consider permuton limits of uniform random
permutations avoiding some fixed patterns (see, e.g., [BBF+22, Bor22, HS25] and references in
these papers). While these limits necessarily are pattern-avoiding permutons, this is of course a
different question than trying to describe the set of all permutons avoiding given patterns.

We first state our parametrization for 231-avoiding permutons, as it may seem more natural
to readers familiar with pattern-avoiding permutations. Indeed, it is standard that 231-avoiding
permutations are entirely determined by the positions and values of their right-to-left minima
(abbreviated “RLM” from here on out); see, e.g., [Bón12, Chapter 4]. Let us define the RLM
curve of a permuton µ by

fµ : x ∈ [0, 1] 7→ max{y ∈ [0, 1] : µ([x, 1]× [0, y]) = 0} .

Necessarily, fµ is a càdlàg nondecreasing function with fµ(x) ≤ x and fµ(1) = 1. From there, it
will be convenient to define ϕµ as the function whose graph is obtained by rotating the graph of
fµ by −π/4, flipping it and scaling it down by a factor

√
2 and call it the RLM-excursion of the

permuton µ (see Figure 2, left). The function ϕµ belongs to the space of excursions, defined as

(2) E :=
{
ϕ : [0, 1]→ R+ : ϕ is 1-Lipschitz and ϕ(0) = ϕ(1) = 0

}
.

Our first main result for 231 is the following:

Proposition 2. The map sending a 231-avoiding permuton to its RLM-excursion is one-to-one
and bicontinuous.

We prove this result in Section 6 (see Lemmas 26 and 30) by constructing explicitly the in-
verse map, i.e., by explaining how to reconstruct a 231-avoiding permuton given its RLM-curve.
Interestingly, this reconstruction procedure does not mimic the standard procedure to recon-
struct 231-avoiding permutations from their RLM. Indeed, the latter is recursive and difficult
to imitate in the continuous setting. Instead we provide a direct formula for the cumulative
distribution function of the permuton, see Lemma 25.

We now turn our attention to the pattern 321. Again, it is well-known that 321-avoiding
permutations are determined by the positions and values of their RLM (see e.g. [Bón12, Chapter
4]). However, it is not the case for permutons: it turns out that there are multiple 321-avoiding
permutons with the same RLM-curve, as illustrated by Figure 5, and that the map sending
a 321-permutons to its RLM-curve is not continuous. This prevents from encoding the set of
321-avoiding permutons by the set E of (2).

Instead, we will show that 321-avoiding permutons can be parametrized by pairs (π1, π2) of
measures living on the space

(3) D :=

{
(π1, π2) ∈M([0, 1])2 :

π1 ≤ Leb, π2 ≤ Leb, π1([0, 1]) = π2([0, 1])

and ∀x ∈ [0, 1], π1([0, x]) ≤ π2([0, x])

}
,

where M([0, 1]) is the space of finite measures on [0, 1], equipped with the topology of weak
convergence. In other words, D is the space of pairs of measures on [0, 1] with the same total
mass, both subuniform2, and such that π1([0, x]) ≤ π2([0, x]) for all x in [0, 1]. Informally, π1
and π2 are the projections on the horizontal and vertical axes of the subdiagonal part of the
321-avoiding permuton µ; this is a continuous analogue of the counting measure of the positions
and values of the right-to-left minima of a 321-avoiding permutation σ (see Figure 2, right).

2A measure π on [0, 1] is said to be subuniform if, for any measurable A ⊆ [0, 1], one has π(A) ≤ Leb(A).
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Figure 2. Illustration of the parametrizations of 231- and 321-avoiding per-
mutons. 321-avoiding permutons are in bijection with excursions, obtained by
rotating and flipping their RLM curves (in red on the figure). On the other hand,
there is a continuous surjection from pairs of measures to 231-avoiding permutons
(the measures π1 and π2 are here represented by the graphs of their densities);
informally, these measures are the x- and y-projections of the lower-diagonal part
of the permuton (in blue on the figure).

We shall prove the following statement, which is a simplified version of Proposition 18.

Proposition 3. There exists an explicit continuous surjection Ψ from D to the set of 321-
avoiding permutons.

The description of Ψ can be found in Section 3. We note that, unlike in the 231-avoiding case,
the parametrization by D is not one-to-one. Nevertheless, we will provide an explicit description
of the fibers Ψ−1(π1, π2) (Proposition 18), and show that they are reduced to singletons whenever
µ does not put any mass on the main diagonal of the unit square.

The above parametrizations of 231- and 321-avoiding permutons are illustrated on Figure 2.
For further discussion on the differences between the two parametrizations, we refer the reader
to Section 1.5.

1.3. Second main results: large deviation principles for uniform 231 or 321-avoiding
permutations. As explained in Section 1.1, an important step will be to establish LDPs for
the random objects we are interested in, in the uniform case.

Roughly speaking, a sequence of random variables (Xn) taking values in a Polish space E
satisfies an LDP at speed an with rate function I if for any x ∈ E, the probability P(Xn ' x)

that Xn is close to x behaves as exp(−anI(x)), where (an) is a sequence of real numbers going
to infinity and I is a lower semicontinuous nonnegative function (see Section 2.1 for proper
definitions).

An LDP for uniform random permutations in the space of permutons has been given and
used in [Tra08, Muk16, KKRW20]. An LDP for Mallows random permutations follows directly
by a standard result of large deviation theory, known as Varadhan’s lemma; see, e.g., [AGZ10,
Theorem D.8]. More recently, Borga, Das, Mukherjee and Winkler [BDMW24] have given an
LDP for a large family of random permutations, obtained by sampling i.i.d. random points
from a probability measure in the plane. In the present paper, we provide LDPs at speed n for
uniform 231 (resp. 321)-avoiding permutations. These LDPs take place respectively in the spaces
E and D parametrizing 231 and 321-avoiding permutons introduced in the previous sections, and
involve explicit rate functions. An LDP for random Mallows permutations conditioned to avoid
231 (resp. 321) follows immediately (see Corollaries 19 and 31).

Let us first describe the LDP that will be the cornerstone for the analysis of Mallows permu-
tations avoiding 231. In view of Proposition 2, it is natural to establish an LDP in the space
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of 1-Lipschitz functions. For a permutation σ of size n, let us denote by fσ its normalized
RLM-curve, defined as follows:

fσ(x) :=
1

n
(min{σ(c) : c > nx} − 1)

and by ϕσ the excursion obtained by rotating and flipping around the graph of fσ as on Figure 7.
By construction, ϕσ is a continuous function on [0, 1], which is differentiable almost everywhere
with ‖ϕ′‖ ≤ 1. We endow the space E defined in (2) with the topology of the supremum norm,
which makes it a compact space. Our LDP for uniform 231-avoiding permutations reads as
follows. For any y ∈ [−1, 1], we write

(4) J(y) :=
1

2
(y + 1) log(y + 1) +

1

2
(1− y) log(1− y).

Proposition 4. Let H231 : E → [0,∞] defined by

H231(ϕ) := 2

∫
[0,1]

J(ϕ′(t))dt.

For all n ≥ 1, let σn,231 be a uniform random 231-avoiding permutation of size n. Then the
random variables (ϕσn,231) satisfy a large deviation principle at speed n with rate function H231.

We now state our result for 321. As explained above and illustrated in more details in Section
1.5 below, we cannot use the excursion ϕσ to characterize 321-avoiding permutons. At the level
of LDPs, this will require establishing a different LDP in this case, although the underlying
discrete objects are related to Dyck paths in both cases. For a 321-avoiding permutation σ, we
let (πσ1 , π

σ
2 ) be the rescaled occupation measures of positions and values of its strict right-to-left

minima, see Section 3.1 for a precise definition. The pair (πσ1 , π
σ
2 ) is an element of the space D

parametrizing 321-avoiding permutons, which we defined in (3). Then, the following holds.

Proposition 5. Let H321 : D → [0,∞] be defined as follows:

H321(π1, π2) :=

∫ 1

0
(ρ1 log ρ1 + (1−ρ1) log(1−ρ1) + ρ2 log ρ2 + (1−ρ2) log(1−ρ2) + 2 log 2) d Leb ,

where ρ1 and ρ2 are the densities of π1 and π2 with respect to the Lebesgue measure3.
For all n ≥ 1, let σn,321 be a random permutation chosen uniformly among 321-avoiding

permutations of size n. Then, the associated pairs
(
π
σn,321
1 , π

σn,321
2

)
n≥1 of measures satisfy a

large deviation principle on D at speed n with rate function H321.

Note that in both cases, the rate functions H231 and H321 are explicit and simple, so that
their analysis will be possible. In particular, H231 (resp. H321) attains its unique minimum at
ϕ∗ = 0 (resp. π∗1 = π∗2 = 1

2Leb|[0,1]), corresponding in both cases to the diagonal permuton. We
retrieve the already known convergence of the uniform 231 (resp. 321)-avoiding permutations
to this diagonal permuton. The fluctuations around this limit have been described in [HRS17]
and the LDPs that we provide here complement these results naturally.

Also, the decay rate of single points probabilities, namely, P(σn(i) = j) when i and j are
both of order n, have been studied in depth; see [MP14, AM14]. Such results are neither weaker
nor stronger than our LDPs. On the one hand, we look at deviation probabilities of the whole
object rather than the image of a single element, so it might seem that our results contain more
information. However, on the other hand, the topology on the space of permutons is too weak
for the image of a specific element to be a continuous functional, so one can not deduce deviation
of single point probabilities from our LDPs.

3These densities do exist since elements of D are pairs of subuniform measures.
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To conclude this section, let us say a few words of the proof. As pointed above, we do
need to establish two LDPs respectively in the spaces E and D. In both cases, the underlying
random objects are Dyck paths, that is random excursions conditioned to stay nonnegative.
LDPs for random walks have been essentially known since the work of Mogulskii in the 70’s
[Mog76]. This involves a rate function which coincides with H231 when it is finite and we need
to prove that the result can be transferred to the conditioned models. Note that LDPs for
continuous-time processes conditioned to return near zero have been obtained in the literature
by [MPY14, DGM24], but up to our knowledge, there are no known LDPs for Dyck paths.
The scheme of proof is similar for Propositions 4 and 5, respectively. The upper bound is easy
as it follows immediately from the LDP for the unconditioned model, and the fact that the
conditioning event has a polynomially small probability (and not an exponentially small one).
More work is needed on the lower bound: we need to perform small transformations on our
objects that force the conditioning event to hold, while not changing the probability too much.
This kind of transformation arguments is standard in the large deviation literature.

1.4. Third main results: explicit limit shapes and asymptotic partition functions
for Mallows random permutations conditioned to avoid 321 or 231. We now come
back to our original motivation of studying constrained Mallows permutations. Recall that
for α ∈ {321, 231} and n ≥ 1, we let τβ,αn denote a Mallows permutation of size n with bias
parameter qn = eβ/n conditioned to avoid α; see (1).

Our main theorems say that the random permutations τβ,αn converge to a deterministic per-
muton µαβ which depends on β. To describe the limit permutons, it is useful to use the language
of push-forward measures. If g : E → F is a measurable function and µ a measure on E, then
the push-forward measure g#µ is the measure defined by g#µ(A) = µ(g−1(A)) for all measur-
able A ⊆ F . In the following, we implicitly use X as the argument of g, i.e. we write g(X) for
the function x 7→ g(x). Lastly, g# is seen as an operator on measures so that (g# + h#)µ is
simply equal to g#µ+h#µ. In the results below, almost sure convergences hold for any coupling
between the objects τβ,αn for n ≥ 1.

Theorem 6. For β > 0, we let

f231β (x) := 1− 1

β
log
(

1 + eβ − eβx
)
.

Then, the random permutations τβ,231n converge almost surely in the sense of permutons to the
deterministic permuton

µ231β :=
(
X, f231β (X)

)
#

min
(
1, (f231β )′(x)

)
dx+

(
X, 1−X

)
#

max
(
0, 1− (f231β )′(x)

)
dx

if β > 0, and to the diagonal permuton if β ≤ 0.

Theorem 7. For β > 0, we let

f321β (x) :=
1

2
+

1

β
log

(
eβx + eβ/2

1 + eβ/2 + eβ − eβx

)
.

Then, the random permutations τβ,321n converge almost surely in the sense of permutons to the
deterministic permuton

µ321β :=
(
(X, f321β (X))# + (f321β (X), X)#

) dx
1 + exp

(
β(12 − x)

)
if β > 0, and to the diagonal permuton if β ≤ 0.
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Figure 3. Black dots: simulations of τβ,αn with n = 600 and β ∈ {1, 3, 6, 12}.
Red curves: support of the limit permutons µαβ , again for β ∈ {1, 3, 6, 12}. Left:
α = 321. Right: α = 231.

In particular, we see that µ231β is supported on the union of an increasing curve and a part
of the decreasing diagonal, namely {(x, 1 − x) : 0 ≤ x ≤ x∗β}, where x∗β fulfills (f231β )′(x∗β) = 1

(explicitly, x∗β = (log(1+eβ)−log(2))/β). On the other hand, µ321β is supported on two increasing
curves, symmetric of each other. Figure 3 shows realizations of τβ,321n and τβ,231n for various values
of β, together with the support of their limit permutons.

To finish this section, let us briefly discuss the proof strategy. These results are obtained by
using our LDPs for uniform α-avoiding permutations, and then solving optimization problems.
Informally speaking, our LDPs state that the probability that a uniform α-avoiding permutation
is close to a point x in the permuton space is close to exp(−nIα(x)). Since all these permutations
have roughly 1

2n
2dens (21, x) inversions (where dens (21, x) is the density of pattern 21 in x, see

Section 2.2), the probability that the Mallows random permutation τβ,αn is close to x is roughly
proportional to

qn
2dens(21,x)/2
n exp(−nIα(x)) = en(βdens(21,x)/2−I

α(x)) .

The limit permuton will be the one that makes this quantity as large as possible, i.e., that
maximizes βdens (21, x) /2 − Iα(x). Note that these heuristics explain why qn = eβ/n was the
right order of magnitude to have a nontrivial permuton limit. Our proofs follow this heuristic,
except that we formulate and solve the optimization problems in the parameter spaces (namely,
on excursions in the 231-avoiding case and on pairs of measures in the 321-avoiding case).
Remarkably, the density of inversions has a very simple expression in terms of these parameters,
which eases the analysis. In particular, the functions that we need to maximize are strictly
convex, and finding the optimum is a standard computation (even though the objects live in an
infinite-dimensional space). This demonstrates the applicability of our LDPs.

As mentioned earlier, solving the above optimization problems also yield asymptotic estimates
for the underlying partition functions. We now state these results.

Proposition 8. For any β > 0, we have

lim
n→∞

1

n
log(Zβ,231n ) = 2 log

(
1 + eβ

)
− β − 1

β

∫ eβ

e−β

log y

1 + y
dy;(5)

lim
n→∞

1

n
log(Zβ,321n ) =

2

β

∫ eβ/2

e−β/2

log(1 + y)

y
dy.(6)

For β ≤ 0, we have limn→∞
1
n log(Zβ,231n ) = limn→∞

1
n log(Zβ,321n ) = log 4.

8



We conclude this section with several comments.

Remark 9. The last claim of Proposition 8, in the case β ≤ 0, is easy to prove. Indeed, let
Cn = 1

n+1

(
2n
n

)
be the n-th Catalan number. Since most of the Cn many α-avoiding permutations

of size n have o(n2) inversions, we have

Cn (1− o(1)) e−|β|o(n) ≤ Zβ,231n ≤ Cn,

implying limn→∞
1
n log(Zβ,321n ) = log 4.

Remark 10. When β → 0, the permutons µαβ converge to the diagonal permuton which is the
limit of uniform α-avoiding permutations as recalled above. On the other hand, when β → ∞,
the permutons µ231β and µ321β converge respectively to the anti-diagonal permuton (in the 231-
avoiding case), and to the union of two increasing segments from (0, 1/2) to (1/2, 1) and from
(1/2, 0) to (1, 1/2) (in the 321-avoiding case). In both cases, it is easy to see that these are the
α-avoiding permutons maximizing the density of inversions, as expected.

Remark 11. Our results extend to all other patterns of size 3 by symmetry. For instance,
123-avoiding permutations are in one-to-one correspondance with 321-avoiding permutations
via σ 7→ σrev := σ(n), . . . , σ(1). Through this map, right-to-left minima become left-to-right
minima and inversions are swapped with non-inversions. Furthermore, the random permutations
τβ,123n converge to the permuton µ123β obtained by flipping the permuton µ321β horizontally. In
a similar way, 213-avoiding permutations are in one-to-one correspondance with 231-avoiding
permutations via σ 7→ σcomp := n+1−σ(1), . . . , n+1−σ(n), and thus, the random permutations
τβ,213n converge to the permuton µ213β obtained by flipping the permuton µ231β vertically. That
way, we get limit shapes for τβ,αn for all patterns α of size 3.

1.5. Comparing 231 and 321-avoiding permutations with given RLM. In this section,
we provide a few examples illustrating the differences between the 321-avoiding and 231-avoiding
cases.

In our first family of examples, we consider two sets of right-to-left minima which differ by a
single point. The associated pairs (π1, π2) of measures are then very close to each other, but the
difference in the sets of right-to-left minima have been chosen so that the associated RLM curves
are far from each other. In this case, the corresponding 321-avoiding permutations converge to
the same permuton, while the corresponding 231-avoiding have different permuton limits — see
Figure 4.

Our second family of examples illustrates the opposite situation. Here, we choose two sets
of right-to-left minima such that the associated RLM curves are close to each other, but the
associated pairs of measures are very different (because one contains twice as many RLMs as
the other). In this case, the corresponding 231-avoiding permutations converge to the same
permuton, but not the corresponding 321-avoiding permutations — see Figure 5.

These two families of examples illustrate that the RLM curve is a continuous parametrization
for 231-avoiding permutons, while the description via pair of measures is more appropriate for
321-avoiding objects.

1.6. Outline of the paper. We end this introduction with a brief description of the organiza-
tion of the paper. In the next section, we gather some notations and preliminaries on the various
objects (LDPs, permutons, etc) that we use. The rest of the paper, from Section 3 on, will be
split in two parts, respectively devoted to the study of 321 and of 231-avoiding permutations.
Unlike in the introduction, in the core of the paper, we shall start with the 321-avoiding case,
since the proof of our parametrization result for α-avoiding permutation is more involved in the
231-avoiding permutation.
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Figure 4. Examples of α-avoiding permutations of size 120 with given right-to-
left minima on the left, and their limit permutons on the right. In red, we plot
the RLM curves of the permutations/permutons (slightly shifted so that they do
not hide the points). In the top line α = 321, while in the bottom line α = 231.
First column: RLMs are the points (2i, i) for i < 1

4n, (12n,
1
2n), and (n− i, n−2i)

for i < 1
4n. Second column: we have the same RLMs except that (12n,

1
2n) is

replaced by (34n,
1
4n)

1/2

1/2

1/4
1/4

1/4

1/4

1/2

1/2

Figure 5. Further examples of α-avoiding permutations of size 120 with given
right-to-left minima on the left, and their limit permutons on the right. In the
top line α = 321, while in the bottom line α = 231. First column: RLMs are the
points (12n + i, i) for i ≤ 1

2n. Second column: we keep only half of the RLMs,
namely the RLMs are the points (12n+ 2i, 2i) for i ≤ 1

4n.
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2. Notation and preliminaries

For a compact Polish space X equipped with its Borel σ-algebra, we letM(X) be the space
of measures with finite mass on X, endowed with the topology of weak convergence.

For two measures µ1 and µ2, we write µ1 ≤ µ2 to mean that µ1(A) ≤ µ2(A) for any Borel set
A. Also, we write f#µ for the push-forward measure of µ by f , defined by f#µ(A) = µ(f−1(A))

for any Borel set A.

2.1. Large deviation principles. In this subsection, we give a short introduction to large
deviation principles (LDP). This is standard material. We refer the reader to Appendix D
in [AGZ10] for a concise introduction of useful tools on LDPs, and to [DZ98] for a thorough
reference.

Let E be a Polish space, (Xn) a sequence of E-valued random variables, and (an) a sequence
of positive real numbers tending to ∞. Let I be a nonnegative lower semicontinuous function
on E, possibly taking value ∞. We say that the sequence (Xn) satisfies an LDP4 at speed an
with rate function I if, for any closed set F ⊆ E, one has

(7) lim sup
n→∞

1
an

logP(Xn ∈ F ) ≤ − inf
x∈F

I(x),

and for any open set O ⊆ E, one has

(8) lim inf
n→∞

1
an

logP(Xn ∈ O) ≥ − inf
x∈O

I(x).

Moreover, we say that the sequence (Xn) satisfies a weak LDP if (8) holds for open sets and
if the upper bound (7) holds for compact sets [AGZ10, Definition D.2]. Note that if E is a
compact set, weak and full LDP are equivalent. If moreover d is a metric on E (giving the
required topology), and B(x, δ) := {y ∈ E : d(x, y) ≤ δ}, then weak LDPs follow from the two
following bounds (see [AGZ10, Corollary D.6]):

lim
δ→0

lim sup
n→∞

1
an

logP(Xn ∈ B(x, δ)) ≤ −I(x),

and

lim
δ→0

lim inf
n→∞

1
an

logP(Xn ∈ B(x, δ)) ≥ −I(x).

The following property, known as the contraction principle, is a useful tool to transfer LDPs,
see e.g. [DZ98, Theorem 4.2.1].

Proposition 12. Assume that (Xn) satisfies an LDP at speed an with good5 rate function I on
some space E. Let F : E → G be a bounded continuous function. Then, the sequence of random
variables Yn = F (Xn) satisfies an LDP at speed an with good rate function J given, for any
y ∈ G, by

J(y) = inf{I(x) : F (x) = y}.

We will also use the following lemma, that can be seen as a corollary of Varadhan’s lemma
(see [DZ98, Theorem 4.3.1] and [AGZ10, Theorem D.8]).

4In the standard references [DZ98] and [AGZ10], LDPs are defined for sequences of probability measures and
not of random variables. However, as often in probability theory, we shall identify random variables with their
distribution, and say that a sequence of random variables satisfies an LDP when their distributions do.

5A rate function is said to be good if its level sets {x ∈ E : I(x) ≤M} are compact.
11



Lemma 13. For any n ≥ 1, let µn denote the distribution of Xn and assume that (Xn) satisfies
an LDP at speed an with good rate function I. Let F : E → R be a bounded continuous function.
Let the distribution νn be defined as follows:

dνn(x) :=
1

Zn
eanF (x)dµn(x),

where Zn is a normalizing constant such that νn is a probability measure. Then we have

lim
n→∞

1

an
logZn = − inf

y∈E
(I(y)− F (y)).

Moreover, if we let Yn have distribution νn, the sequence (Yn) satisfies an LDP at speed an with
good rate function J given by

∀x ∈ E, J(x) = I(x)− F (x)− inf
y∈E

(I(y)− F (y)).

The last point explains how to deduce almost sure convergence from an LDP. It is an easy
consequence of the Borel–Cantelli lemma.

Lemma 14. Assume that (Xn) satisfies an LDP at speed n with good rate function I and that
I has a unique minimizer x∗. Then (Xn) converges almost surely to x∗.

2.2. Permutons. Let P be the set of permutons, that is, of probability measures µ on [0, 1]2

satisfying
µ([0, x]× [0, 1]) = µ([0, 1]× [0, x]) = x

for every x in [0, 1] (i.e., µ has uniform marginals). We endow the set of permutons with the
topology of weak convergence. If σ is a permutation of size n, we associate with it a permuton
µσ which attributes mass 1/n uniformly to each cell

Cσi := [(i− 1)/n, i/n]× [(σ(i)− 1)/n, σ(i)/n] , 1 ≤ i ≤ n .

We say that a sequence (σn) of permutations, converges to a permuton µ if µσn converges to
µ weakly. It is sometimes useful to define slight variations of µσ: we let µ�σ (resp. µ�σ ) be the
permuton which attributes mass 1/n uniformly on the diagonal (resp. antidiagonal) of each cell
Cσi . Since the Kolmogorov–Smirnov distances between these three permutons are bounded by
O(1/n), convergence results and large deviation principles hold for all three simultaneously.

If σ is a permutation of size n and α a permutation of size k ≤ n, the number of occurrences
of α in σ is

occ(α, σ) :=
∣∣{(i1, . . . , ik) : 1 ≤ i1 < · · · < ik ≤ n and σ(iα−1(1)) < · · · < σ(iα−1(k))

}∣∣
and the density of the pattern α in σ is

dens (α, σ) :=

(
n

k

)−1
occ(α, σ) .

We say that the permutation σ is α-avoiding if dens (α, σ) = 0.
Similarly, if α is again a permutation of given size k, we define the density of the pattern α

in a permuton µ as

dens (α, µ) :=

∫
k!1x1<···<xk1yα−1(1)<···<yα−1(k)

dµ(x1, y1) . . . dµ(xk, yk) ,

and we say that the permuton µ is α-avoiding if dens (α, µ) = 0. Note that if µσ is the permuton
associated to the permutation σ, we have in general dens (α, σ) 6= dens (α, µσ). Nonetheless,
it is easy to see that dens (321, σ) = dens

(
321, µ�σ

)
and that dens (231, σ) = dens

(
231, µ�σ

)
.

In particular, a permutation σ is 321-avoiding if and only if µ�σ is 321-avoiding, and σ is 231-
avoiding if and only if µ�σ is 231-avoiding. Moreover, we know from [HKM+13] that the weak

12



convergence of permutons is equivalent to the convergence of all pattern densities. Standard
arguments show that a permuton µ is α-avoiding if and only if there exists a sequence (σn) of
α-avoiding permutations which converges to µ.

2.3. Nondecreasing subsets and coupling. A subset S of R2 will be called nondecreasing if
one has (x1 − x2)(y1 − y2) ≥ 0 for any (x1, y1) and (x2, y2) in S. A coupling of two real-valued
random variables X and Y is called nondecreasing if the support of (X,Y ) is nondecreasing.
Given distributions µ and ν on R, there is a unique nondecreasing coupling (X,Y ) of X with
law µ and Y with law ν. Let us denote by µ↗ ν the corresponding distribution of (X,Y ).

More precisely, if we define

(9) Gµ : u ∈ (0, 1) 7→ sup{x ∈ R : µ([0, x]) ≤ u}

the quantile function of µ and similarly Gν the quantile function of ν, we can write

µ↗ ν = (Gµ, Gν)#Leb[0,1].

We extend the notation to finite measures with the same total mass M by setting

µ↗ ν := M ·
(( µ

M

)
↗
( ν
M

))
.

Finally if µ is a measure on [0, 1]2, we denote by proj(µ) the pair (µ1, µ2), where µ1 and µ2 are
the projections of µ on the horizontal and vertical axes, respectively. By construction it holds
that proj(µ1 ↗ µ2) = (µ1, µ2) and conversely if proj(π) = (µ1, µ2) and if π has a nondecreasing
support, then necessarily π = µ1 ↗ µ2.

Part 1. Avoiding 321

The goal of this part is to study the limit shape of 321-avoiding random Mallows permuta-
tions with parameter qn = e

β
n . As explained in the introduction, we will successively establish

Proposition 3, Proposition 5, Equation 6 and Theorem 7. To ease the notations, we will drop
the superscript 321 in all the notation in this part.

3. Permutations and permutons avoiding 321

3.1. A classical bijection for finite objects. We say that a pair (a, b) is a strict right-to-left
(RL) minimum of a permutation σ if b = σ(a) < a and for any c > a, we have σ(c) > b . In
the literature, RL minimum sometimes refers to the position a, or to the value b; here we chose
to call RL minimum the pair (a, b). In 321-avoiding permutations, a pair (a, b) is a strict RL
minimum if and only if b = σ(a) < a.

For any permutation σ of size n, we denote by ((a1, b1), . . . , (ak, bk)) the set of its RL minima
in increasing order, that is

(10) 1 < a1 < · · · < ak ≤ n, 1 ≤ b1 < · · · < bk < n, and ai > bi for all 1 ≤ i ≤ k.

We also define

Dyckn :=
{

(A,B) ∈ P2
n : |A| = |B| and ∀i ≤ |A|, ai > bi

}
,

where Pn is the set of all subsets of [n] = {1, . . . , n} and ai (resp. bi) is the ith smallest element
of A (resp. B). Note that the choice of the notation Dyckn is related to the fact that this set is
also in bijection with Dyck paths with 2n steps.

The following lemma holds, see e.g. [Cal07, Section 4].

Lemma 15. The application σ 7→ ((a1, b1), . . . , (ak, bk)) which maps a permutation σ to its
list of strict RL minima in increasing order is a one-to-one correspondence between the set of
321-avoiding permutations of size n and the set Dyckn.

13



2

2

4 7 8

1

6

7

x

y

Figure 6. Left: a 321-avoiding permutation σ, with its strict RL minima in
red. The corresponding list encoding is ((2, 1), (4, 2), (7, 6), (8, 7)). Note that the
element (5, 5) is a weak RL minimum (in the sense that it is a fixed point of
the permutation) and does not appear in the list. Right: the support of a 321-
avoiding permuton µ = Ψ(π1, π2). The support of π1 ↗ π2 is in red. A point
(x, y) on the red curve should satisfy π1([0, x]) = π2([0, y]). For (π1, π2) in D, we
assume π1([0, x]) ≤ π2([0, x]), which forces x ≥ y, i.e. the support of π1 ↗ π2 lies
in the closed lower-right triangle {(x, y) : x ≥ y}.

Indeed, given the positions and values of the strict RL minima, which need to form an in-
creasing subsequence below the diagonal, one can complete the permutation in a unique way by
a second increasing subsequence weakly above the diagonal. See the left part of Figure 6.

For our purposes, it will be useful to encode these two lists as two measures, namely, if
((a1, b1), . . . , (ak, bk)) is the list of RL minima of the permutation σ of size n, we define

πσ1 :=
k∑
j=1

Leb[aj−1

n
,
aj
n

], πσ2 :=

k∑
j=1

Leb[ bj−1

n
,
bj
n

] .
This encoding turns out to be handy to compute the number of inversions of the permutation.
In the following, we write inv(σ) for the number of inversions of a permutation σ.

Lemma 16. Let σ be a 321-avoiding permutation, and ((a1, b1), . . . , (ak, bk)) be its list of strict
RL minima. Let also πσ1 and πσ2 be the associated measures on [0, 1], and ρσ1 and ρσ2 be their
densities. We have:

inv(σ) =

k∑
i=1

(ai − bi) = n2
∫ 1

0
x (ρσ1 (x)− ρσ2 (x)) dx .

Proof. Since σ is 321-avoiding, the elements in σ that are not RL minima necessarily form an
increasing subsequence. It follows that, in each inversion of σ, the lower right element is an
RL minimum. We claim that the number of inversions whose lower right element is a given RL
minimum (ai, bi) is (ai − bi). Indeed, since (ai, bi) is an RL minimum, the number of elements
above and on the left of it is equal to the number ai−1 of elements on its left, minus the number
bi − 1 of elements below it. Hence the total number of inversions in σ is

∑
(ai − bi), where the

sum is taken over RL minima of σ, or equivalently over strict RL minima (since fixed points
contribute 0 to the sum). This justifies the first equality.

For the second equality, we simply observe that∫ 1

0
xρσ1 (x)dx =

∫ 1

0
xπσ1 (dx) =

1

n

k∑
i=1

ai − 1/2

n
,
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and a similar equality holds replacing ρσ1 and πσ1 by ρσ2 and πσ2 , and ai by bi. �

3.2. Parametrization of 321-avoiding permutons. The goal of this section is to give a
concrete parametrization of 321-avoiding permutons, extending in some sense the bijection of
Lemma 15. For this it is useful to decompose permutons as follows: given a permuton µ in
P, we denote by µ , µ and µ� the restrictions of µ respectively to the lower-right triangle
{(x, y) : x > y}, to the upper-left triangle {(x, y) : x < y}, and to the diagonal {(x, y) : x = y}.
We start with a lemma.

Lemma 17. Let µ be a 321-avoiding permuton. The supports of µ + µ� and µ + µ� are
nondecreasing subsets of [0, 1]2.

Proof. Assume for the sake of contradiction that there exist (x1, y1) and (x2, y2) in the support
of µ + µ� that satisfy x1 < x2, but y1 > y2. By construction, this support is a subset of the
closed triangle {(x, y) : x ≥ y}, so we also have x1 ≥ y1 (and x2 ≥ y2). Since µ is a permuton,
it holds that

µ([0, x1]× [0, 1]) = x1 ≥ y1 = µ([0, 1]× [0, y1]) .

Subtracting µ([0, x1]× [0, y1]) to both sides, we have

µ([0, x1]× [y1, 1]) ≥ µ([x1, 1]× [0, y1]) .

But the right-hand side is nonzero, since (x2, y2) is in the support of µ. Therefore there exists a
point (x0, y0) satisfying x0 < x1 and y0 > y1 in the support of µ. The existence of three points
(x0, y0), (x1, y1) and (x2, y2) in decreasing position in the support of µ contradicts the fact that
µ is 321-avoiding. This proves that the support of µ + µ� is nondecreasing. The proof that
the support of µ + µ� is nondecreasing is similar. �

We recall that the space D has been defined in (3). Note that D is a compact and convex
subset of M([0, 1])2. It is straightforward to check that, for any 321-avoiding permutation σ,
the pair (πσ1 , π

σ
2 ) defined above is in D. For any (π1, π2) in D, the measure

Ψ(π1, π2) := π1 ↗ π2 + (Leb[0,1]−π1)↗ (Leb[0,1]−π2) ,

where the operation ↗ has been defined in Section 2.3, is a permuton supported on a union of
two nondecreasing sets and is thus 321-avoiding. See the right part of Figure 6.

Proposition 18. The map Ψ is a continuous surjective map from D to the set PAv(321) of 321-
avoiding permutons. Moreover, considering a 321-avoiding permuton µ and its decomposition
µ = µ + µ + µ� as above, we have

(11) Ψ−1(µ) =
{

proj(µ + ν) : 0 ≤ ν ≤ µ�
}
,

where we recall that proj(π) is the pair of measures given by the projections of π on the horizontal
and vertical axes respectively.

Proof. We first prove that Ψ is a continuous mapping. Consider a sequence (πn1 , π
n
2 ) converging

weakly to (π1, π2). Formally, we can write

πn1 ↗ πn2 = (Gn1 , G
n
2 )# Leb[0,Mn],

where Gn1 and Gn2 are the quantile functions of πn1 and πn2 , and Leb([0,Mn]) is the Lebesgue
measure on the interval [0,Mn] (of total mass Mn). If M = π1([0, 1]) = π2([0, 1]), the weak
convergence of πn1 to π1 implies that Mn = πn1 ([0, 1]) tends to M , and consequently Leb[0,Mn]

converges in total variation distance to Leb[0,M ]. Moreover, we have the convergence of the quan-
tile functions Gn1 , Gn2 to the quantile functions G1 and G2 of π1 and π2, at least at continuity
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points of G1, G2. Since G1, G2 have at most countably many discontinuity points, Lemma 34 ap-
plies, and πn1 ↗ πn2 converges weakly to π1 ↗ π2. Similarly, (Leb−πn1 )↗ (Leb−πn2 ) converges
weakly to (Leb−π1)↗ (Leb−π2), which proves continuity.

We now prove (11), which will imply the surjectivity of Ψ, since the right-hand side is always
nonempty. Let µ be a 321-avoiding permuton, and (π1, π2) a pair in D such that Ψ(π1, π2) = µ.
The condition “π1([0, x]) ≤ π2([0, x]) for all x” implies that π1 ↗ π2 is supported on the closed
lower-right triangle {(x, y) : x ≥ y} (see Figure 6), while (Leb−π1) ↗ (Leb−π2) is supported
on the closed upper-left triangle {(x, y) : x ≤ y}. Hence we have

µ ≤ π1 ↗ π2 ≤ µ + µ�.

Hence, there is a measure ν ≤ µ such that π1 ↗ π2 = µ + ν, so (π1, π2) = proj(µ + ν).
It remains to prove the reverse inclusion. Let ν ≤ µ�, and set (π1, π2) = proj(µ + ν).

By Lemma 17, the support of µ + µ� is nondecreasing, and this also holds for µ + ν. By
uniqueness of the nondecreasing coupling, we have

(12) µ + ν = π1 ↗ π2.

Similarly, we have (Leb−π1,Leb−π2) = proj(µ + (µ� − ν)), and µ + (µ� − ν) has a nonde-
creasing support, so

(13) µ + (µ� − ν) = (Leb−π1)↗ (Leb−π2).

Combining equations (12) and (13) gives µ = Ψ(π1, π2), as wanted. �

4. Large deviation principle for 321-avoiding permutations

We recall that

D :=

{
(π1, π2) ∈M([0, 1])2 :

π1 ≤ Leb, π2 ≤ Leb, π1([0, 1]) = π2([0, 1])

and ∀x ∈ [0, 1], π1([0, x]) ≤ π2([0, x])

}
and define

S := {π ∈M([0, 1]) : π ≤ Leb}
the space of subuniform measures on [0, 1]. The space S can be endowed with the Kolmogorov
distance

d(π1, ν1) := sup
x∈[0,1]

|π1([0, x])− ν1([0, x])|,

which induces the topology of weak convergence (since measures in S have no atoms). We
extend this to S2 (and thus D) by taking the maximum of the distances between coordinates.
For π ∈ S2 and ε > 0, we denote by

B(π, ε) := {ν ∈ S2 : d(π, ν) ≤ ε}

the ball of center π and radius ε.
Our goal is to prove the LDP for 321-avoiding permutations, that is, Proposition 5. We start

by introducing some notation. In the following, if (σn) is a sequence of permutations, we write
(πn1 , π

n
2 ) instead of (πσn1 , πσn2 ) . Let Pn be the set of subsets of {1, . . . , n}. For A ∈ Pn, we let νAn

be the measure
∑

a∈A Leb[a−1
n
, a
n
), which lives in S.

By Lemma 15, the set Dyckn is in bijection with 321-avoiding permutations of size n. There-
fore, if σn is a uniform random 321-avoiding permutation of size n, then (πn1 , π

n
2 ) has the same

distribution as (νAn , ν
B
n ), where (A,B) is taken uniformly at random in Dyckn. We will compare

this model with a related but simpler model: let A′ and B′ be two uniform random subsets of
{1, . . . , n}, independent from each other. Note that (νA

′
n , ν

B′
n ) belongs to S2 but not necessarily

to D.
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We define the continuous function FA′n which is affine on each interval [a−1n , an ] and such that

FA
′

n (x) =
1

n

nx∑
i=1

1[i ∈ A′]

when xn is an integer. Then FA′n is a normalized nondecreasing random walk with Bernoulli(1/2)

steps. From [DZ98, Theorem 5.1.2], it follows that FA′n satisfies a large deviation principle6 at
speed n with rate function H1(f) =

∫ 1
0 I(f ′(x))dx, where

I(y) :=

{
y log(y) + (1− y) log(1− y) + log(2) if 0 ≤ y ≤ 1;

∞ otherwise

is the Fenchel–Legendre transform of the moment generating function of a Bernoulli(1/2) random
variable. Note that H1(f) = ∞ unless f ′ takes its values in [0, 1] almost everywhere. But a
function f with 0 ≤ f ′ ≤ 1 a.e. can be identified with the measure f ′d Leb, and the L∞ topology
on such functions coincides with the Kolmogorov distance on the set S of subuniform measures.
Hence the above large deviation principle can be rephrased as a large deviation principle on
measures: if A′ is chosen uniformly at random in Pn, then the sequence (νA

′
n ) satisfies a large

deviation principle on the set S at speed n with rate function H1 where

H1(π) =

∫ 1

0
ρ log(ρ) + (1− ρ) log(1− ρ) + log(2)

if π has density ρ.
Since νB′n is an independent copy of νA′n , it follows that the pair

(
νA
′

n , ν
B′
n

)
n≥1

satisfies a large

deviation principle on S2 at speed n with rate function H(π′1, π
′
2) = H1(π

′
1) + H1(π

′
2), which

coincides with the definition given in Proposition 5. We note for later use that the same large
deviation principle holds if we take A′ and B′ to be uniform random subsets of {1, . . . , n − 1}
(indeed, the two models are exponentially equivalent in the sense of [DZ98, Definition 4.2.12]).

Proof of Proposition 5. As explained in Section 2.1, as D is compact, it is enough to show that,
for any π ∈ D,

(14) lim
ε→0

lim sup
n→∞

1

n
logP

(
(πn1 , π

n
2 ) ∈ B(π, ε)

)
≤ −H(π),

and

(15) lim
ε→0

lim inf
n→∞

1

n
logP

(
(πn1 , π

n
2 ) ∈ B(π, ε)

)
≥ −H(π).

We start with the upper bound (14), which is easy to establish. The number of Dyck paths of
length 2n is the Catalan number Cn = 1

n+1

(
2n
n

)
. From the Stirling formula, it is easy to show

that Cn = 1√
π
n−3/24n(1 + o(1)). Consequently, for any π ∈ D, we have

P
(

(πn1 , π
n
2 ) ∈ B(π, ε)

)
=

1

Cn
#
{

(A,B) ∈ Dyckn : (νAn , ν
B
n ) ∈ B(π, ε)

}
≤

#
{

(A′, B′) ∈ P2
n : (νA

′
n , ν

B′
n ) ∈ B(π, ε)

}
4n

4n

Cn

≤ P
((
νA
′

n , ν
B′
n

)
∈ B(π, ε)

)
n3/2 (

√
π + o(1)).

6[DZ98, Theorem 5.1.2] is in fact stated for a càdlàg version of Fn, but both versions are exponentially equiv-
alent [DZ98, Lemma 5.1.4]. Hence, large deviation principles for both versions are equivalent [DZ98, Theorem
4.2.13].
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Therefore,

lim
ε→0

lim sup
n→∞

1

n
logP ((πn1 , π

n
2 ) ∈ B(π, ε)) ≤ lim

ε→0
lim sup
n→∞

1

n
logP

((
νA
′

n , ν
B′
n

)
∈ B(π, ε)

)
≤ −H(π),

where the second inequality is given by the large deviation principle for (νA
′

n , ν
B′
n ). If π ∈ S2 \D,

for ε small enough B(π, ε) ∩ D = ∅ so that P ((πn1 , π
n
2 ) ∈ B(π, ε)) = 0.

We now prove the lower bound. Let π = (π1, π2) ∈ D. We denote by F1(x) = π1([0, x]) and
F2(x) = π2([0, x]) the respective cumulative distribution functions of π1 and π2. By definition
of D, for all x ∈ [0, 1], we have 0 ≤ F1(x) ≤ F2(x) ≤ x and F1(1) = F2(1). Consider a pair
(A′, B′) in P2

n−1 (note the shift of index, in particular n /∈ B′) such that (νA
′

n , ν
B′
n ) is in B(π, ε).

The goal is to associate with it a pair (A,B) in Dyckn such that (νAn , ν
B
n ) is also close to π.

First observe that (νA
′

n , ν
B′
n ) ∈ B(π, ε) implies that, for all 1 ≤ k ≤ n,∣∣∣∣∣ 1n ∑

a∈A′
1[a ≤ k]− F1

(
k

n

)∣∣∣∣∣ ≤ ε,
and ∣∣∣∣∣ 1n ∑

b∈B′
1[b ≤ k]− F2

(
k

n

)∣∣∣∣∣ ≤ ε.
Hence, using F1

(
k
n

)
≤ F2

(
k
n

)
, we get that

(16) min
1≤k≤n

(∑
b∈B′

1[b < k]−
∑
a∈A′

1[a < k]

)
≥ −2εn.

Also, since F1(1) = F2(1), setting δ = |B′|−|A′|, we have |δ| ≤ 2εn. We now define A as follows:

• If |A′| > 2εn, we first let A′′ be obtained from A′ by removing its b2εnc + 1 smallest
elements. Then we let A be obtained from A′′ by adding the b2εnc + δ + 1 largest
elements of {1, . . . , n} which are not in A′′.
• If |A′| ≤ 2εn, we let A = {n− |B′|+ 1, . . . , n}.

Finally simply set B = B′. We claim that (A,B) is in Dyckn. Let us prove it in the first case
above, the second case being easier. That |A| = |B| holds by construction. To check that ai > bi
for all i ≤ |A|, we verify the equivalent assertion: for all k ≤ n

(17)
∑
b∈B

1[b < k] ≥
∑
a∈A

1[a < k],

with a strict inequality whenever k ∈ A. We set ā = max(A′ \ A′′) and ã = min(A \ A′′),
i.e. these are respectively the largest element that has been removed and the smallest element
that has been added to go from A′ to A. If ā ≥ ã, then A consists of the |B| largest elements
in {1, . . . , n}, and ai > bi holds trivially for all i ≤ |A| (recall that n /∈ B by construction). So
assume ā < ã, and let us prove (17).

• If k ≤ ā, then
∑

a∈A 1[a ≤ k] = 0 and (17) holds trivially.
• If k ≥ ã, then A contains every element larger than k. Consequently, we have∑

a∈A
1[a ≥ k] = n− k + 1 >

∑
b∈B

1[b ≥ k],

since n /∈ B. Since |A| = |B|, this implies (17) with a strict inequality.
• Finally, if ā < k < ã, then we have∑

a∈A
1[a ≤ k] =

∑
a∈A′

1[a ≤ k]− b2εnc − 1.

18



Indeed, the b2εnc+ 1 elements of the set difference A′ \ A are all smaller than k, while
the elements of the set difference A \ A′ are all larger than k. The strict version of
inequality (17) then follows from (16).

Thus (17) holds for all k (with a strict inequality when k ∈ A), and (A,B) lies in Dyckn as
claimed.

Moreover, since we have transformed A′ into A by removing at most 2εn + 1 and adding at
most 2εn+ δ + 1 elements, we have

d(νAn , ν
A′
n ) ≤ 4ε+ δ+2

n ≤ 7ε

for n sufficiently large since δ ≤ 2εn. Let us call T the map associating (A,B) with (A′, B′). A
preimage (A′, B′) of (A,B) is determined by the set of k ≤ 7εn elements that have been added
to or removed from A′ to obtain A. Choose ε small enough so that 7ε < 1/2. Then, for a given
(A,B) ∈ Dyckn, the number of its preimages by T is at most∑

k≤7εn

(
n

k

)
≤ 7εn

(
n

7εn

)
≤ e

√
7εn

2π
√

1− 7ε
((7ε)7ε(1− 7ε)1−7ε)−n,

where we used that k 7→
(
n
k

)
is increasing if k < n/2 and k!ekk−k−1/2 ∈ [

√
2π, e] for all k ≥ 1.

Since T maps any (A′, B′) in P2
n−1 with (νA

′
n , ν

B′
n ) ∈ B(π, ε) to a pair (A,B) in Dyckn with

(νAn , ν
B
n ) ∈ B(π, 8ε), we have

(18) #{(A,B) ∈ Dyckn : (νAn , ν
B
n ) ∈ B(π, 8ε)} ≥ 2π

√
1− 7ε

e
√

7εn
((7ε)7ε(1− 7ε)1−7ε)n

·#{(A′, B′) ∈ P2
n−1 : (νA

′
n , ν

B′
n ) ∈ B(π, ε)}.

Therefore, if (A,B) and (A′, B′) are uniformly distributed in Dyckn and P2
n−1 respectively,

lim inf
n→∞

1

n
logP

(
(νAn , ν

B
n ) ∈ B(π, 8ε)

)
≥ 7ε log(7ε) + (1− 7ε) log(1− 7ε)

+ lim inf
n→∞

1

n
logP

(
(νA

′
n , ν

B′
n ) ∈ B(π, ε)

)
.

Letting ε go to 0 and using the large deviation principle for (νA
′

n , ν
B′
n ) give (15). This concludes

the proof of Proposition 5. �

From there, it is straightforward to deduce the corresponding LDP for the pair of measures
associated with a random Mallows permutation, conditioned to avoid 321. Omitting the super-
script 321, let us denote by τβn a 321-avoiding Mallows random permutation with parameters
n ≥ 1 and qn = e

β
n . To lighten notation, we write (π

[n,β]
1 , π

[n,β]
2 ) :=

(
πτ

β
n

1 , πτ
β
n

2

)
. Finally, for

β ∈ R, we define the action Aβ(π1, π2) on D by

(19) Aβ(π1, π2) := H(π1, π2)− β
∫ 1

0
x (ρ1(x)− ρ2(x)) dx,

where ρ1 and ρ2 are the respective densities of π1 and π2. Then, we have the following LDP.

Corollary 19. Let β ∈ R. The pair (π
[n,β]
1 , π

[n,β]
2 ) satisfies a large deviation principle on D at

speed n with rate function
Aβ(π1, π2)− inf(Aβ).

Proof. By Lemma 16, the law of (π
[n,β]
1 , π

[n,β]
2 ) is absolutely continuous with respect to the law

of (π
[n,0]
1 , π

[n,0]
2 ), with Radon–Nikodym derivative given by

Z0
n

Zβn
exp

(
β

n
inv(σ)

)
=
Z0
n

Zβn
exp

(
βn

∫ 1

0
x(ρ1(x)− ρ2(x))

)
dx,
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where ρ1 and ρ2 are the respective densities of π1 and π2 with respect to the Lebesgue measure.
The corollary now follows from Proposition 5 and Varadhan’s Lemma 13. �

The limit shape will be determined by minimizing the function Aβ ; this is detailed in the
next section. Before getting there, we make a remark on these LDPs. For this, we observe that,
by construction, for any 321-avoiding permutation σ, we have µ�σ = Ψ(πσ1 , π

σ
2 ). Since Ψ is a

continuous mapping, using the contraction principle for large deviations (Proposition 12), it is
possible to deduce from Proposition 5 an LDP in the space of permutons. Although we won’t
use it in the sequel, we think it may be interesting per se.

Corollary 20. For all n ≥ 1, let σn be a uniform random 321-avoiding permutation of size n.
Then, the permutons µ�σn satisfy a large deviation principle at speed n with rate function

H(µ) :=

{
inf0≤ν≤µ� H(proj(µ + ν)) if µ ∈ PAv(321),

∞ otherwise.

The same LDP holds for the permutons µσn .

The last statement holds because the laws of µσn and µ�σn are exponentially equivalent to
each other in the sense of [DZ98, Definition 4.2.10].

5. An optimization problem for pairs of measures

Our goal is now to minimize the action Aβ appearing in Corollary 19.

Proposition 21. For any β ∈ R, the action Aβ has a unique minimizer (π
(β)
1 , π

(β)
2 ) in D. For

β ≤ 0, we have π(β)1 = π
(β)
2 = 1

2 Leb. For β > 0, the densities of π(β)1 and π(β)2 on [0, 1] are given
by

(20) ρ
(β)
1 (x) :=

1

1 + exp
(
β(12 − x)

) , ρ
(β)
2 (x) :=

1

1 + exp
(
β(x− 1

2)
) .

In particular, both π(β)1 and π(β)2 have total mass 1
2 .

Proof of Proposition 21. We will rely on differential calculus on the space D (see Proposition 36
in Appendix B for a precise statement). We first note that the domain D is convex and compact
for the topology of weak convergence of measures. Moreover, the action Aβ is a lower semicon-
tinuous function of (π1, π2). Finally, the entropy H is a strictly convex function of (π1, π2) and
the additional term in the action is affine, so Aβ is strictly convex, which shows the existence and
uniqueness of the minimizer. For β ≤ 0, the term H has a unique minimum at π1 = π2 = 1

2 Leb,
and the second term of (19) is always nonnegative and is 0 for π1 = π2, which identifies the
minimum.

We now assume β > 0. By Proposition 36, to ensure that the minimizer of Aβ is given by the
(π

(β)
1 , π

(β)
2 ) of (20), it is now sufficient to show that the differential of Aβ vanishes at (π

(β)
1 , π

(β)
2 ).

To this end, we define the set of directions

V(
π
(β)
1 ,π

(β)
2

)(D) :=
{

(µ1, µ2) : (π
(β)
1 + tµ1, π

(β)
2 + tµ2) ∈ D for t > 0 small enough

}
in which the derivative could make sense. We first check that any (µ1, µ2) ∈ V(π(β)

1 ,π
(β)
2

)(D) is

a pair of signed measures withµ1([0, 1]) = µ2([0, 1]) and such that there is a constant C such
that |µ1|, |µ2| ≤ C Leb. Indeed, one must have µ1([0, 1]) = µ2([0, 1]) to ensure that π(β)1 ([0, 1]) +

tµ1([0, 1]) = π
(β)
2 ([0, 1]) + tµ2([0, 1]) for t small enough. Moreover, for i ∈ {1, 2}, the condition

|µi| ≤ C Leb is necessary to ensure that 0 ≤ π(β)i + tµi ≤ Leb for t small enough.
20



We now differentiate the action Aβ . For any direction (µ1, µ2) ∈ V(π(β)
1 ,π

(β)
2 )

(D), writing α1, α2

for the densities of µ1, µ2, we have

d

dt

∣∣∣
t=0+

H
(
π
(β)
1 + tµ1, π

(β)
2 + tµ2

)
=

∫ 1

0
α1 log

ρ
(β)
1

1− ρ(β)1

+ α2 log
ρ
(β)
2

1− ρ(β)2

.

Note that differentiating inside the integral sign is indeed legit since the densities ρ(β)1 and ρ(β)2

are bounded away from 0 and 1, and hence everything is uniformly bounded for t small enough.
On the other hand, the second term of the action Aβ is a linear function so we can easily
differentiate it. We obtain:

(21)
d

dt

∣∣∣
t=0+

Aβ

(
π
(β)
1 + tµ1, π

(β)
2 + tµ2

)
=

∫ 1

0
α1 log

ρ
(β)
1

1− ρ(β)1

+ α2 log
ρ
(β)
2

1− ρ(β)2

− β
∫ 1

0
x (α1(x)− α2(x)) dx.

Replacing ρ(β)1 and ρ(β)2 by their explicit expressions, this becomes∫ 1

0

(
α1(x)β

(
x− 1

2

)
+ α2(x)β

(
1

2
− x
)
− βxα1(x) + βxα2(x)

)
dx

=
β

2

∫ 1

0
(α2(x)− α1(x)) dx = 0,

since µ1([0, 1]) = µ2([0, 1]).
Finally, the fact that π(β)1 and π(β)2 both have mass 1

2 follows from ρ
(β)
1 + ρ

(β)
2 = 1. �

Remark 22. The above proof may look like a “guess-and-check”, but we could also find the
formulas (20) from the condition in Proposition 36. Indeed, we look for densities ρ1 and ρ2 such
that the right-hand side of (21) vanishes for any α1, α2 with

∫
α1 =

∫
α2. In particular, the case

α2 = 0 implies that one should have
∫
α1

(
log ρ1

1−ρ1 − βx
)

= 0 whenever
∫
α1 = 0. Therefore

log ρ1
1−ρ1 − βx must be equal a.e. to a constant c1, which means that ρ1(x) = 1

1+e−βx−c1 a.e.,
and similarly for ρ2 with another constant c2. Then taking α1(x) = α2(x) = 1 for all x in [0, 1]

in (21) shows c1 = c2. Finally, for the minimizer to live in D, we need to have
∫ 1
0 ρ1 =

∫ 1
0 ρ2,

which happens only for c1 = c2 = −β/2.

Before going to the proof of Theorem 7, let us use the minimisation result that we have just
obtained to study the partition function of the model.

Proof of the estimate (6). By the first estimate in Lemma 13, Corollary 19 and Proposition 21,
we have that

lim
n→∞

1

n
log

Zβn
Z0
n

= − inf Aβ = −Aβ(π
(β)
1 , π

(β)
2 ).

Recalling that limn→∞
1
n log(Z0

n) = 2 log(2) (since Z0
n is the n-th Catalan number Cn), it suffices

to evaluate Aβ(π
(β)
1 , π

(β)
2 ). The latter can be (almost) explicitly computed: using the change of

variable y = eβ(x−
1
2), we have dy = βydx, and ρ(β)1 = y/(1 + y), so that∫ 1

0
ρ
(β)
1 (x) log

(
ρ
(β)
1 (x)

1− ρ(β)1 (x)

)
dx = β−1

∫ eβ/2

e−β/2

log y

1 + y
dy,

while ∫ 1

0
log
(

1− ρ(β)1 (x)
)

dx = −β−1
∫ eβ/2

e−β/2
log(1 + y)

dy
y
.
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By symmetry the integral with ρ(β)2 have the same values and we get

(22) H(π
(β)
1 , π

(β)
2 ) =

2

β

∫ eβ/2

e−β/2

(
log y

1 + y
− log(1 + y)

y

)
dy + 2 log 2.

We now compute, using that ρ(β)1 and ρ(β)2 both have integral 1/2,

β

∫ 1

0
x
(
ρ
(β)
1 (x)− ρ(β)2 (x)

)
dx = β

∫ 1

0

(
x− 1

2

)(
ρ
(β)
1 (x)− ρ(β)2 (x)

)
dx =

∫ eβ/2

e−β/2

(
1
β log(y)

)y − 1

y + 1

dy
y
.

Now, rewriting (y − 1)/(y + 1) as 1− 2/(y + 1) and observing that∫ eβ/2

e−β/2

log(y)

y
dy = 1

2(log(eβ/2)2 − log(e−β/2)2) = 0,

we get

β

∫ 1

0
x
(
ρ
(β)
1 (x)− ρ(β)2 (x)

)
dx = −2β−1

∫ eβ/2

e−β/2

log(y)

y(y + 1)
dy

= 2β−1
∫ eβ/2

e−β/2
log(y)( 1

y+1 −
1
y )dy = 2β−1

∫ eβ/2

e−β/2

log(y)

y + 1
dy.

Removing this quantity from (22) leads to the asymptotic formula anounced in Equation (6). �

We can now conclude the proof of Theorem 7.

Proof of Theorem 7. We recall from Corollary 19 that (π
[n,β]
1 , π

[n,β]
2 ) satisfies an LDP at speed

n with rate function Aβ(π1, π2) − inf(Aβ). In particular, since Aβ has a unique minimizer
(π

(β)
1 , π

(β)
2 ) by Proposition 21, the sequence (π

[n,β]
1 , π

[n,β]
2 ) converges a.s. to (π

(β)
1 , π

(β)
2 ). Since

the mapping Ψ : D → PAv(321) is continuous by Proposition 18, it follows that the sequence

τβn = Ψ
(
π
[n,β]
1 , π

[n,β]
2

)
converges a.s. to the permuton Ψ

(
π
(β)
1 , π

(β)
2

)
.

To conclude the proof, we only need to check that Ψ
(
π
(β)
1 , π

(β)
2

)
is indeed the permuton

described by Theorem 7. We will drop the dependency in β for ease of notation. We denote by
G1 = G2π1 and G2 = G2π2 : [0, 1] → [0, 1] the respective quantile functions of the probability
measures 2π1 and 2π2 as defined in (9). Note that π1, π2 have positive densities, so G1 and G2

are both increasing bijections. We can write

π1 ↗ π2 =
1

2
(G1, G2)# Leb[0,1]

=
1

2

(
X,G2 ◦G−11 (X)

)
#

(
(G1)# Leb[0,1]

)
=
(
X,G2 ◦G−11 (X)

)
#
π1.(23)

We now write f = G2 ◦ G−11 and check that this coincides with the function fβ appearing in
Theorem 7. By definition of quantile functions, for any u ∈ [0, 1], we have

2π1 ([0, G1(u)]) = u = 2π2 ([0, G2(u)]) ,

so π1([0, x]) = π2([0, f(x)]). Since the density ρ2 is continuous and positive, this identity implies
that f is C1 as well. Differentiating yields ρ1(x) = f ′(x)ρ2(f(x)), and therefore:

f ′(x) =
ρ1(x)

ρ2(f(x))
=

1 + eβ(f(x)−1/2)

1 + eβ(1/2−x)
.

Substituting g := eβ(f−1/2), we find that

g′ = qg(1 + g)
22



30

Figure 7. Left: a 231-avoiding permutation σ of size 15. Its set of RL minima,
and the associated curve Fσ, are shown in red. Right: the Dyck path Φσ of
length 30 obtained by rotating and flipping the RLM curve.

where q(x) := β
1+eβ(1/2−x) . This is a simple Riccati equation, which can be solved7 by

g(x) = −eβx + eβ/2

eβx + c

for c ∈ R (the only other solution is g = 0). Using g(0) = e−β/2 yields c = −(1 + eβ/2 + eβ), and
the identification of f follows. Combined with (23) and the same computation for (Leb−π1)↗
(Leb−π2), this shows that Ψ(π1, π2) is indeed as described by Theorem 7. �

Part 2. Avoiding 231

We now consider permutations and permutons avoiding 231. Again, in this part we will omit
the superscript 231 in all the notations.

6. 231-avoiding permutations and permutons

6.1. A classical bijection for 231-avoiding permutations. If σ avoids 231, let

Fσ : x ∈ [0, n) 7→ min {σ(c) : c > x} − 1 .

This defines a càdlàg, piecewise constant, nondecreasing function8. We can let Fσ(n) := n, so
that Fσ starts at 0 and ends at n. Also define Φσ as the Dyck path of size 2n obtained by
rotating Fσ by −π/4, flipping it, and scaling it up by

√
2. See Figure 7 for an illustration. The

following lemma can e.g. be found in [Bón12, Proof of Lemma 4.3]:

Lemma 23. The application σ 7→ Φσ is one-to-one, from 231-avoiding permutations to Dyck
paths of length 2n.

In particular, if σn is a uniformly random 231-avoiding permutation with size n then Φσn is
a uniformly random Dyck path of length 2n. Finally, we define the normalized RLM curve of σ
as fσ := 1

nFσ(n ·) and its normalized excursion as ϕσ := 1
2nΦσ(2n ·) on [0, 1].

7To solve g′ = qg(1 + g), consider u := aeβx + b for abitrary a 6= 0 and b ∈ R. The latter solves u′′ = Ru′

where R := q+ q′

q
= β. It can then be checked that g := −u′

qu
solves the desired equation, and finally, c is defined

as b/a.
8For readers familiar with the notion of right-to-left minima of a permutation, Fσ is the largest integer-valued

function whose graph stays below the right-to-left minima of σ. In particular, it is completely determined by,
and completely determines, the positions and values of the right-to-left minima of σ.
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Proposition 24. If σ is a 231-avoiding permutation then

inv(σ) =

(
n

2

)
−
n−1∑
x=0

Fσ(x).

Therefore,

inv(σ) =

(
n

2

)
− n2

∫ 1

0
fσ(x)dx =

−n
2

+ 2n2
∫ 1

0
ϕσ(x)dx.

Proof. Let noninv(σ) :=
∣∣{(x, y) ∈ [n]2 : x < y, σ(x) < σ(y)

}∣∣ be the number of noninversions of
σ. Since inv(σ) + noninv(σ) =

(
n
2

)
, we may as well compute noninv(σ). For this, we enumerate

noninversions by their north-east point. Let c ∈ [n] be fixed. We claim that

(24) {x ∈ [n] : x < c, σ(x) < σ(c)} =
{
σ−1(y) : y ≤ Fσ(c− 1)

}
,

and thus
|{x ∈ [n] : x < c, σ(x) < σ(c)}| = Fσ(c− 1) ,

so that noninv(σ) =
∑n−1

x=0 Fσ(x).

Indeed, for c ∈ [n], by definition of Fσ, for any y ≤ Fσ(c− 1), we have σ−1(y) < c since there
is no point under the RLM curve.

Moreover, by construction σ(c) ≥ Fσ(c − 1) + 1. If σ(c) = Fσ(c − 1) + 1, then the previous
remark directly gives (24). Now, if σ(c) > Fσ(c−1)+1, then there exists c′ > c such that σ(c′) =

Fσ(c−1)+1 (intuitively, c′ is the first RL minimum at the right of c). Let Fσ(c−1) < y < σ(c).

If σ−1(y) < c, then the permutation σ is not 231-avoiding because we have σ−1(y) < c < c′ and
σ(c′) < y < σ(c). Therefore, (24) holds in both cases and this concludes the proof of the first
formula.

Finally, since the non-normalized RLM curve Fσ is locally constant and jumps at integer
positions,

∑n−1
x=0 Fσ(x) =

∫ n
0 Fσ(x)dx. Using

∫ 1
0 fσ(x)dx = 1

n2

∫ n
0 Fσ(x)dx and 1

2 =
∫ 1
0 fσ(x)dx+

2
∫ 1
0 ϕσ(x)dx, the rest of the Proposition follows. �

6.2. 231-avoiding permutons. We write PAv(231) for the set of 231-avoiding permutons. Given
µ ∈ PAv(231), we define its RLM curve as

fµ : x ∈ [0, 1] 7→ max {y ∈ [0, 1] : µ ([x, 1]× [0, y]) = 0} .

The function fµ is càdlàg, nondecreasing and satisfies fµ(1) = 1 and fµ(x) ≤ x for x in [0, 1]

(using the fact that permutons have uniform marginals).
Conversely, let f be a nondecreasing càdlàg function from [0, 1] to [0, 1] satisfying f(x) ≤ x

and f(1) = 1. We let F denote the space of such functions. We want to construct a 231-avoiding
permuton µf whose RLM-curve is f . The standard way to proceed for 231-avoiding permutations
is a recursive construction from right to left, which is hard to transpose to continuous objects.
Instead, we construct µf by specifying the area of lower-right rectangles [x, 1]× [0, y].

For this, we let Hf := {(x, y) ∈ [0, 1]2 : y ≥ f(x)} be the region above the graph of f ,
Gf = {(x, y) : f(x−) ≤ y ≤ f(x)} be the completed graph of f , and for (x, y) in [0, 1]2 we let
Gf (x, y) = Gf ∩ ([x, 1] × [0, y]) be the part of the graph which lies below and to the right of
(x, y). Finally, we define Pf : [0, 1]2 → [0, 1] as follows:

(25) Pf (x, y) =

{
y − x+ min(x′,y′)∈Gf (x,y)(x

′ − y′) if (x, y) ∈ Hf ;

0 if y < f(x).

Note that Pf (x, y) = min(x′,y′)∈Gf ||(x, y)− (x′, y′)||1 if (x, y) ∈ Hf . In particular, Pf (x, y) = 0

if (x, y) ∈ Gf , and Pf is continuous. See Figure 8 for an illustration of (25).
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(x, y)

(x′, y′)

(x, y)

(x′, y′)

Figure 8. Illustration of (25). Left: the point (x′, y′) is one of the closest to the
diagonal of [0, 1]2 in Gf (x, y). Right: It can actually be shown that the permuton
with RLM-curve f has support contained in the shaded area (see the proof of
Lemma 26), explaining the formula (25).

Lemma 25. Let f ∈ F . There exists a unique 231-avoiding permuton µf such that

(26) for all (x, y) ∈ [0, 1]2, µf ([x, 1]× [0, y]) = Pf (x, y).

Moreover, the RLM-curve of µf is f .

Proof. The uniqueness is straightforward. It remains to construct a measure µf satisfying (26)
and to verify that it is a permuton, that it is 231-avoiding, and that its RLM-curve is f .

We first check that for any pair (x1, y1), (x2, y2) in Hf with x1 < x2 and y1 > y2, we have

(27) Pf (x1, y1)− Pf (x1, y2)− Pf (x2, y1) + Pf (x2, y2) ≥ 0.

It is equivalent to check that

min
(x′,y′)∈Gf (x1,y1)

(x′−y′)− min
(x′,y′)∈Gf (x1,y2)

(x′−y′)− min
(x′,y′)∈Gf (x2,y1)

(x′−y′)+ min
(x′,y′)∈Gf (x2,y2)

(x′−y′) ≥ 0.

But the above follows from Lemma 35 since Gf (x1, y2)∩Gf (x2, y1) = Gf (x2, y2) and Gf (x1, y2)∪
Gf (x2, y1) = Gf (x1, y1). For the latter equality, it is important to note that (x2, y2) ∈ Hf .
Hence (27) is proved.

We now define a pre-measure µf on finite unions of semi-open rectangles included in Hf by

µf ([x1, x2)× (y2, y1]) = Pf (x1, y1)− Pf (x1, y2)− Pf (x2, y1) + Pf (x2, y2).

By Carathéodory’s extension theorem, we can extend µf to a Borel measure on the set Hf that
we still denote µf . This measure µf can be further extended to a measure on [0, 1]2 by putting
no mass on the complement set {(x, y) ∈ [0, 1]2 : y < f(x)}. Note that µf indeed satisfies (26).
Let us prove that it is a permuton: for y ∈ [0, 1], we have

µf ([0, 1]× [0, y]) = Pf (0, y) = y − min
(x′,y′)∈Gf (0,y)

(x′ − y′).

But since f(0) = 0 and f(x) ≤ x, the minimum is reached for x′ = y′ = 0, and we get
µf ([0, 1]× [0, y]) = y. Similarly, µf ([x, 1]× [0, 1]) = 1− x (in this case, the minimum is reached
for x′ = y′ = 1), proving that µf is a permuton.

The next step is to prove that µf is 231-avoiding. The proof will be illustrated by Figure 9.
Assume for the sake of contradiction that we have three points (x1, y1), (x2, y2) and (x3, y3) in
the support of µf such that x1 < x2 < x3 and y3 < y1 < y2. Since (x3, y3) is both the lowermost
and rightmost point of the three, the points (x1, y1), (x2, y2) cannot lie on the curve Gf , and we
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Gf

m1

(x1, y1)

(x2, y2)

m2

p1

p2

Figure 9. Illustration of the proof of Lemma 25. Left: we consider two hypo-
thetical points (x1, y1) and (x2, y2) with y1 < y2 and x1 < x2 < f−1(y1). The
minimum of x′−y′ on the curve Gf below and on the right of p1 := (x1+ε, y1+ε)

is reached somewhere in the horizontal light gray band, namely in m1. On the
other hand, the minimum of x′ − y′ on the curve Gf below and on the right of
p2 := (x2 − ε, y2 − ε) is reached in the vertical light gray band, resp. m2. This is
impossible, since m1 would need to be at the same time closer and further from
the main diagonal than m2.

necessarily have yi > f(xi) for i ∈ {1, 2}. Moreover, since (x3, y3) lies weakly above Gf , we can
write

(28) x2 < x3 ≤ f−1(y3) ≤ f−1(y1).

For small ε > 0, we have µf ([x1−ε, x1+ε)×(y1−ε, y1+ε]) > 0. Looking at the strict inequality
case in (27) and in Lemma 35, this implies that the minimum of x′ − y′ over Gf (x1 + ε, y1 + ε)

is reached only on the horizontal band

[x1 + ε, 1]× [y1 − ε, y1 + ε].

Let m1 be a point in this band where the minimum is attained, as on Figure 9. Similarly, the
minimum of x′ − y′ over Gf (x2 − ε, y2 − ε) is reached only on the vertical band

[x2 − ε, x2 + ε]× [0, y2 − ε]

and it is reached at a point m2. By (28), we have x1 < x2 < f−1(y1) so for ε small enough, the
intersection of Gf with the band [x1 + ε, 1] × [y1 − ε, y1 + ε] is included in Gf (x2 − ε, y2 − ε),
so m1 ∈ Gf (x2 − ε, y2 − ε). But the definition of m2 implies that m2 is strictly closer than m1

to the main diagonal. Vice-versa, we also have m2 ∈ Gf (x1 + ε, y1 + ε), so by definition m1 is
strictly closer than m2 to the main diagonal, and we get a contradiction (see Figure 9). This
proves that µf is 231-avoiding.

Finally, we verify that the RLM-curve of µf is f . Let us call g this RLM-curve. That
g(x) ≥ f(x) is trivial since for any y < f(x), one has µf ([x, 1] × [0, y]) = 0. Let us prove the
reverse inequality. Fix x in [0, 1], and consider y > f(x). Since f is càdlàg, there exists ε > 0

such that for x′ ∈ [x, x + ε], we have f(x′) ≤ y − ε. This implies that all points (x′, y′) on
Gf (x, y) are at L1-distance at least ε from (x, y) (either they satisfy x′ ≥ x + ε or y′ ≤ y − ε),
so that µf ([x, 1]× [0, y]) ≥ ε > 0, so g(x) ≤ y. We conclude by letting y → f(x). �

Our next goal is to prove that the map µ 7→ fµ is one-to-one on the space of 231-avoiding
permutons.

Lemma 26. Let f ∈ F . Then, the above construted permuton µf is the unique 231-avoiding
permuton whose RLM-curve is equal to f .
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Proof. Let ν be a 231-avoiding permuton whose RLM-curve is equal to f . A point (x, y) in
[0, 1]2 with y ≥ f(x) will be called an excursion corner of f if the minimum of x′ − y′ on
Gf (x, y) is attained both at (x, f(x)) and at (f−1(y), y). We let Sx,y be the corresponding
square [x, f−1(y)] × [f(x), y]. We claim that necessarily ν(Sx,y) = f−1(y) − x = y − f(x),
i.e. that there is no mass on the left, on the right, below or above this square.

That there is no mass below and on the right of Sx,y is trivial since f is the RLM-curve
of ν. Assume that there is some mass on the left, then we can find a point (x1, y1) in the
support of ν, verifying x1 < x and f(x) < y1 < y and ν([0, x] × [f(x), y1]) > 0. Consider
the square S = [x, x + y1 − f(x)] × [f(x), y1]; see Figure 10, left. Since ν is a permuton with
ν([0, x]× [f(x), y1]) > 0, we have

ν(S) < ν([0, 1]× [f(x), y1]) = y1 − f(x).

Thus there is some mass of ν above S (since f is the RLM curve of ν, there cannot be any mass
of ν below S), i.e. there exists a point (x2, y2) in the support of ν with x < x2 < x+y1−f(x) and
y2 > y1. Since (x, y) is an excursion corner, the restriction of the curve Gf to [x, x+ y1 − f(x)]

lies inside S and we can find (x3, y3) on Gf ∩ (x2, x + y1 − f(x)] × [f(x), y1). The next step
is to let x′3 be maximal such that (x′3, y3) is on Gf ; note that (x′3, y3) might be outside S, but
this ensures that (x′3, y3) is in the support of ν (while (x3, y3) might not be). Finally, we have
constructed three points (x1, y1), (x2, y2) and (x′3, y3) which are in the support of ν and satisfy
x1 < x < x2 < x3 ≤ x′3 and y3 < y1 < y2, i.e. form a 231 pattern. This is in contradiction with
the assumption that ν is 231-avoiding. We have proved that, for any excursion corner (x, y)

there is no mass on the left of Sx,y. A similar argument ensures that there is no mass above Sx,y
either.

We now consider any point (x, y) ∈ (0, 1)2 (not necessarily an excursion corner) weakly above
the RLM-curve f and we let (x′, y′) minimizing the quantity x′ − y′ on the set Gf (x, y). We
denote by (xl, yl) the rightmost point on Gf for which xl < x and xl − yl = x′ − y′. By
construction (xl, y

′) is an excursion corner of f . See Figure 10, right. Similarly, let (xr, yr) be
the leftmost point on Gf satisfying yr ≥ y and xr − yr = x′ − y′. Again (x′, yr) is an excursion
corner of f . Using that ν has no mass below Gf , nor on the left of or above excursion squares,
we can write

ν([x, 1]× [0, y]) = ν([x, x′]× [yl, y
′]) + ν([x′, xr]× [y′, y]) = x′ − x+ y − y′.

Hence ν coincides with the permuton µf introduced in Lemma 25. �

We end this section with a more satisfying description of the permuton µf in a special case:
if the RLM curve is strictly convex and symmetric, then the support of µf is the union of its
graph with a piece of the antidiagonal, with explicit densities. This special case will be the case
of interest for us later.

Proposition 27. Let f ∈ F , and let µf be the unique permuton with RLM curve f . Assume
the following:

(1) f is increasing and continuous on [0, 1]. In particular, there is a unique x∗ ∈ (0, 1) such
that f(x∗) = 1− x∗.

(2) The graph Gf of f is invariant under the symmetry (x, y) 7→ (1− y, 1− x), that is:

for all x ∈ [0, 1], f(1− f(x)) = 1− x.

(3) f is strictly convex.

Then µf equals µ↗ + µ↘ where:
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(x, y)

(x, f(x))

(x′, y)

Gf

(x, y)

(x1, y1)

(x2, y2)

(x3, y3)

(x′
3
, y3)

S

∅

∅∅

∅
(x, y)

(x′, y′)

(xr, yr)

(xl, yl)

Gf

Figure 10. Illustration of the proof of Lemma 26. The black curve is the graph
Gf of f , and gray fat squares represent excursions of f . The black disks with
some gray zones around are points of the support of ν with some zone having
a positive mass around them. The crosses are points that are not necessarily in
the support. Left: we assume by contradiction that there is some mass below
a point (x1, y1) on the left of the excursion square. Then there must be some
mass around (x2, y2) which is above the light-gray square S (notation from the
proof), and around a point (x′3, y3) on Gf , which creates the forbidden pattern
231. Right: We want to compute the ν([x, 1]×[0, y]). Empty set symbols indicate
zones where ν does not have any mass. The mass ν([x, 1]× [0, y]) is obtained by
summing the contributions of the two light gray rectangles.

• µ↗ is the pushforward of the measure with cumulative distribution function (CDF)

F↗ : x ∈ [0, 1] 7→
{
f(x) if x ≤ x∗ ;

1 + x− 2x∗ if x ≥ x∗ ;

via x 7→ (x, f(x));
• µ↘ is the pushforward of the measure with CDF

F↘ : x ∈ [0, 1] 7→
{
x− f(x) if x ≤ x∗ ;

2x∗ − 1 if x ≥ x∗ ;

via x 7→ (x, 1− x).

The support of µ↗ is the graph Gf of f , and the support of µ↘ is the antidiagonal line from
(1, 0) to (x∗, f(x∗)).

Proof. Let µ := µ↗ + µ↘ be the measure defined by the proposed formulas. First, let us check
that these measures are well-defined. By (1), the functions F↗ and F↘ are continuous and the
function F↗ is increasing. Then, by (2) and (3), the function x 7→ x − f(x) is increasing on
[0, x∗] and decreasing on [x∗, 1], and so F↘ is monotonous. Thus, these functions are indeed the
CDFs of two measures on [0, 1].

The claim about the supports of µ↗ and µ↘ is a direct consequence of the assumptions made
on f . Note that the support of µ↘ can be described as

{(x, 1− x) : x ≤ x∗} = {(x, 1− x) : 1− x ≥ f(x∗)} .

In particular, it is immediate from the description of the support of µ that this measure is
231-avoiding and that its RLM curve is f .

Now, let us check that µ is a permuton. Since F↗(x) + F↘(x) = x for all x ∈ [0, 1], the first
marginal of µ is indeed uniform. It remains to check that the second marginal is uniform as
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well. Fix 0 ≤ y ≤ z ≤ 1, and let us check that µ([0, 1]× [y, z]) = z − y. It suffices to check this
in the two cases z ≤ f(x∗) and y ≥ f(x∗).

First, assume z ≤ f(x∗). The support of µ↘ does not intersect the band [0, 1]× [y, z]. Also,
f−1(z) ≤ x∗. Hence:

µ([0, 1]× [y, z]) = F↗
(
f−1(z)

)
− F↗

(
f−1(y)

)
= z − y .

as desired.
Now, assume y ≥ f(x∗). Since f−1(y) ≥ x∗, we have that:

µ([0, 1]× [y, z]) = F↘(1− y)− F↘(1− z) + F↗
(
f−1(z)

)
− F↗

(
f−1(y)

)
= (1− y − f(1− y))− (1− z − f(1− z)) + (f−1(z)− f−1(y)) .

By the symmetry of f , it holds that f−1(x) = 1 − f(1 − x) for all x ∈ [0, 1]. Therefore,
µ([0, 1]× [y, z]) = z − y as desired.

In conclusion, we have shown that µ is a 231-avoiding permuton with RLM curve f . By
Lemma 26, this shows that µf = µ. �

6.3. Bicontinuity of the RLM curve parametrization. Recall that F is the space of non-
decreasing càdlàg functions from [0, 1] to [0, 1] such that f(1) = 1 and f(x) ≤ x for all x ∈ [0, 1].
For a permuton µ, its RLM-curve fµ lives in F . To discuss continuity properties (and for large de-
viation principles later), it is convenient to introduce also ϕµ as the 1-Lipschitz function on [0, 1]

whose graph is obtained by rotating Gfµ by −π/4, flipping it, and scaling it down by
√

2 (as on
Figures 2 and 7). The function ϕµ is 1-Lipschitz, nonnegative, and satisfies ϕµ(0) = ϕµ(1) = 0.
We recall that we denote by E the space of such functions, endowed with the uniform norm.

Finally, we will also consider the (completed) graph Gf of f as living in the space of compact
subsets of [0, 1]2, endowed with the Hausdorff distance dH . Namely for compact sets G1 and G2,

dH(G1, G2) = inf{ε > 0 : G1 ⊆ Gε2 and G2 ⊆ Gε1},

where for a compact set G and ε > 0, the ε-halo Gε of G is the set of points at distance at most
ε from G. This notion depends on an underlying metric on the ambient space, here [0, 1]2, and
we will use the supremum norm on [0, 1]2 in the sequel.

Lemma 28. Let f and fn, n ≥ 1, be functions in F . Let ϕ and ϕn, n ≥ 1, be the corresponding
functions in E. The following assertions are equivalent:

(i) fn(x)→ f(x) for all continuity points x of f ;
(ii) Gfn → Gf for the Hausdorff distance;
(iii) ϕn → ϕ for the uniform distance.

Proof. (i) =⇒ (ii). Assume that fn → f pointwise at continuity points of f . Fix ε > 0. Since
f is nondecreasing, almost every point is a continuity point and we can construct a sequence
0 = x0 < x1 < · · · < x`−1 < x` = 1 of continuity points (except maybe x`, but this does not
matter in the following) which is a subdivision of [0, 1] with steps bounded by ε. For each k < `,
Gf ∩((xk, xk+1]× [0, 1]) is a continuous nondecreasing curve from (xk, f(xk)) to (xk+1, f(xk+1)),
and thus its ε-halo covers the rectangle [xk, xk+1]× [f(xk)− ε, f(xk+1) + ε].

For large enough n, we have |fn(xk)− f(xk)| < ε for all k ∈ [0, `]. Therefore Gfn ∩
((xk, xk+1]× [0, 1]) is contained in the rectangle [xk, xk+1] × [f(xk) − ε, f(xk+1) + ε]. Since
this holds for each k < `, this proves that for large enough n, the graph Gfn is contained within
the ε-halo of Gf . The reverse inclusion is proved with the same reasoning. This proves the
Hausdorff convergence of completed graphs.

(ii) =⇒ (iii). Assume that Gfn → Gf for the Hausdorff distance, and let Gϕ and Gϕn , n ≥ 1,
be their rotated-flipped-rescaled analogs. Obviously, Gϕn → Gϕ for the Hausdorff distance as
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(x, f(x))

(y, φ(y))

(yn, φn(yn))

(x, fn(x))

Figure 11. Construction of the sequence (yn) in the proof of Lemma 28, (iii) =⇒ (i).

well. Now let ε > 0. For large enough n, the graph Gϕ is contained within the ε-halo of
Gϕn . Consequently, for any x in [0, 1], there exists xn ∈ [0, 1] such that |xn − x| < ε and
|ϕn(xn)− ϕ(x)| < ε. Since ϕn is 1-Lipschitz, we deduce that |ϕn(x)− ϕ(x)| < 2ε. This proves
that ϕn → ϕ uniformly.

(iii) =⇒ (i). Assume that ϕn → ϕ uniformly, and let x ∈ [0, 1] be a continuity point of f .
Let y ∈ [0, 1] be such that the point (y, ϕ(y)) corresponds to the point (x, f(x)) after rotation,
flip, and rescaling, see Figure 11. Likewise, let yn ∈ [0, 1] be such that the point (yn, ϕn(yn))

corresponds to the point (x, fn(x)).
Let us consider a subsequence ynk of yn which converges to a limit point y∞. Since ϕn →

ϕ uniformly, we get that (ynk , ϕnk(ynk)) → (y∞, ϕ(y∞)). Let (x∞, z∞) ∈ Gf be the point
corresponding to (y∞, ϕ(y∞)), and note that f(x−∞) ≤ z∞ ≤ f(x∞). By continuity of scaling
operations, we have (x, fnk(x))→ (x∞, z∞). Therefore x∞ = x, and since f is continuous at x,
we deduce that z∞ = f(x). In particular, y∞ = y, i.e. y is the only possible limit point of the
sequence yn. This implies yn → y so (yn, ϕn(yn))→ (y, ϕ(y)) and finally (x, fn(x)) converges to
(x, f(x)). �

Remark 29. The equivalence (Gϕn → Gϕ) ⇐⇒ (ϕn → ϕ) is a special case of a general result
relating convergence of functions and convergence of their graphs, see e.g. [Wat76].

Lemma 30. The correspondence µ ∈ PAv(231) 7→ ϕµ ∈ E is bicontinuous.

Proof. Since E is compact, it is sufficient to check the continuity of the reverse mapping. There-
fore, let (ϕn) be a sequence in E converging towards ϕ, and let (µn) and µ be the corresponding
231-avoiding permutons. Let (Gn) and G be the completed graphs of their RLM curves, and let
(Hn) and H be the parts of [0, 1]2 weakly above (Gn) and G. Thanks to Lemma 28, it holds
that Gn → G for the Hausdorff distance, and therefore [0, 1]2 \Hn → [0, 1]2 \H as well. For
any x, y ∈ [0, 1], let Pn(x, y) = µn ([x, 1]× [0, y]). We recall from (25) that

(29) Pn(x, y) = distL1

(
(x, y) , [0, 1]2 \Hn

)
Since the map distL1

(
(x, y), ·

)
is continuous on closed subsets of [0, 1]2 for the Hausdorff distance,

we get that

Pn(x, y) = distL1

(
(x, y) , [0, 1]2 \Hn

)
→ distL1

(
(x, y) , [0, 1]2 \H

)
= P (x, y) .

Since this holds for all (x, y) ∈ [0, 1]2, this proves that µn → µ.
�
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7. Large deviation principle for 231-avoiding permutations

The goal of this section is to provide a proof of Proposition 4, that is, to establish a large
deviation principle for ϕσn when σn is a uniform random 231-avoiding permutation of size n.
As pointed out in the previous section, ϕσn is a uniform Dyck path of length 2n. The proof will
be similar to the proof of Proposition 5 but we again emphasize that, although the underlying
discrete objects are the same, the topology in which we work is different in both cases. As in
Part I, our strategy will consist in comparing our random objects with a simpler model.

Let (εi)i≥1 be i.i.d. Rademacher random variables, Sk :=
∑k

i=1 εi,

Zn : t ∈ [0, 1] 7→ 1

2n
Sb2ntc,

and Wn its continuous polygonal interpolation. We recall that the function J is defined in (4).
We will write C = C([0, 1]), and we recall from (2) the definition of the compact subset E ⊂ C.
By Mogulskii’s theorem (see [Mog76], or [DZ98, Theorem 5.1.2]), (Wn)n≥1 satisfies an LDP on
C at speed n with good rate function

H(ϕ) =

{
2
∫ 1
0 J(ϕ′(t))dt if ϕ is 1-Lipschitz and ϕ(0) = 0;

∞ otherwise.

The random variables ϕσn can be written as Wn conditioned on {S2n = 0, mink≤2n Sk ≥ 0}.

Proof of Proposition 4. For ϕ ∈ C and ε > 0, we denote by

B(ϕ, ε) := {f ∈ C : ‖ϕ− f‖∞ ≤ ε}

the ball of radius ε for the uniform norm. By construction, for n ≥ 1, both ϕσn and Wn belong
to the ball B(0, 1) ⊂ C, which is compact, so it suffices to establish a weak LDP in B(0, 1). As
ϕσn ∈ E , which is closed, Proposition 4 is obtained by restriction. More precisely, we have to
show the following upper and lower bounds:

lim
ε↓0

lim sup
n→∞

1

n
logP(ϕσn ∈ B(ϕ, ε)) ≤ −H(ϕ)

and

lim
ε↓0

lim inf
n→∞

1

n
logP(ϕσn ∈ B(ϕ, ε)) ≥ −H(ϕ),

for any ϕ ∈ E . Indeed, if ϕ /∈ E , for ε small enough and n large enough, the event {ϕσn ∈ B(ϕ, ε)}
is empty and the bounds are trivial.

The upper bound is easy to show. For any Borel set B in C([0, 1]), counting paths gives

P
[
ϕσn ∈ B

]
=

#{Dyck paths of length 2n in B}
Cn

≤ #{walks of length 2n in B}
Cn

=
4n

Cn
P
[
Wn ∈ B

]
,

where we recall that Cn is the Catalan number and 4n/Cn = Θ(n3/2) is subexponential. This is
the same counting argument as in the proof of Proposition 5. Now, if we choose B = B(ϕ, ε)∩E ,
which is a closed subset of C, and we use the LDP for (Wn), we get the upper bound.

We now go to the proof of the lower bound. Fix ϕ ∈ E with H231(ϕ) < ∞ and ε > 0. Note
that ϕ is nonnegative and that ϕ(0) = ϕ(1) = 0.

For any possible path Wn, we denote by (Sk)0≤k≤2n the corresponding walk. We introduce
mn := −mink≤2n Sk ≥ 0 and an := S2n and note that an + 2mn ≥ 0. If Wn ∈ B(ϕ, ε), we have
mn ≤ 2εn and |an| ≤ 2εn since ϕ is nonnegative on [0, 1] and ϕ(1) = 0. The scheme of the proof
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of the lower bound is very similar to the proof of Proposition 5. We define a map T from paths
to Dyck paths as follows:

• Flip the first mn negative steps of the path to +1 (this lifts the minimum to 0).
• If an + 2mn > 0, flip the last an+2mn

2 positive steps to −1; if an + 2mn = 0, do nothing.
After the first item, the path is nonnegative and ends at height an + 2mn, and the quantity
|an+2mn|

2 is an integer since an is even. The second item then brings the endpoint to 0 without
creating negative heights. The resulting path T (Wn) is therefore a Dyck path of length 2n.
Moreover, since at most mn + |an+2mn|

2 ≤ 5εn steps are flipped, the sup norm changes by at
most 5ε.

Let us evaluate the number of preimages of T (Wn). The choice of flipped steps is determined by
which mn negative steps are turned positive and which |an+2mn|

2 steps are flipped by the second
item. As in the proof of Proposition 5, for ε such that 5ε < 1/2, the number of possibilities is
bounded by ∑

k≤5εn

(
2n

k

)
≤ 5εn

(
2n

5εn

)
≤ e

√
10εn

2π
√

1− 10ε

(
(10ε)10ε(1− 10ε)1−10ε

)−n
,

which is subexponential in n. Therefore

lim
ε↓0

lim inf
n→∞

1

n
logP(ϕσn ∈ B(ϕ, 5ε)) ≥ lim

ε↓0
lim inf
n→∞

1

n
logP(Wn ∈ B(ϕ, ε)) ≥ −H(ϕ) = −H231(ϕ),

where we used the lower bound of the LDP for (Wn) and the fact that H(ϕ) = H231(ϕ) whenever
they are both finite. �

As in Part I, the last step is to apply Lemma 13 to deduce an LDP for Mallows random
permutations. We define the action Aβ on E by

Aβ(ϕ) = H(ϕ)− 2β

∫ 1

0
ϕ(t)dt.

By the exact same argument as Corollary 19, we obtain the following.

Corollary 31. Let β ∈ R. Let τβn be a Mallows random permutation with parameter qn := eβ/n,
conditioned to avoid 231. Then the function ϕ

τβn
satisfies a large deviation principle on E at

speed n with rate function
ϕ 7→ Aβ(ϕ)− inf Aβ.

8. An optimization problem for excursions

We fix β ∈ R.

Proposition 32. The action Aβ has a unique minimizer ϕβ in E. Moreover, for β ≤ 0, we
have ϕβ(t) = 0 for all t ∈ [0, 1]. For β > 0, it is given by the formula

(30) ϕβ(t) =
1

β
log

(
1 + eβ

1 + eβ(1−2t)

)
− t.

Proof. We first note that the case β ≤ 0 is immediate since H231(ϕ) ≥ 0 for all ϕ ∈ E , with
equality if and only if ϕ ≡ 0. We now assume β > 0.

As in Part 1, we will rely on Proposition 36. We first note that E is compact for the topology
of uniform convergence, and that the action Aβ is strictly convex as the sum of a strictly convex
term and a linear one. We now define the subset

E ′ :=
{
ϕ ∈ C1([0, 1]) :

ϕ(0) = ϕ(1) = 0, ϕ(t) > 0 for all 0 < t < 1,

ϕ′(0) > 0, ϕ′(1) < 0, ‖ϕ′‖∞ < 1

}
,
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and the set of bridges
B :=

{
α ∈ C1([0, 1]) : α(0) = α(1) = 0

}
.

It is straightforward to check that ϕβ ∈ E ′ and that if ϕ ∈ E ′ then Vϕ(E) = B, where we recall
that Vϕ(K) is the set of directions α such that ϕ + tα ∈ K, for t small enough. Therefore, by
Proposition 36, it is sufficient to check, for all α ∈ B,

0 =
d

ds

∣∣∣
s=0+

Aβ (ϕ+ sα)

=

∫ 1

0

(
2α′(t)J ′(ϕ′β(t))− 2βα(t)

)
dt

=

∫ 1

0

(
2J ′(ϕ′β(t)) + 2βt

)
α′(t) dt .

Since
∫
α′ = 0, it is sufficient to check that J ′(ϕ′β(t)) +βt is constant, which is straightforward9.

�

We can now prove the asymptotic estimate (5) for the partition fonction of the model.

Proof of (5). The arguments are essentially the same as for equation (6). By Proposition 4 and
the first estimate in Lemma 13, we have that

lim
n→∞

1

n
log

Zβn
Z0
n

= − inf Aβ = −Aβ(ϕβ).

The latter can be (almost) explicitly computed. We have that

ϕ′β(t) =
eβ(1−2t) − 1

eβ(1−2t) + 1

and using the change of variable y = eβ(1−2t), we get that

H(ϕβ) = 2

∫ 1

0
J(ϕ′β(t))dt = 2 log 2 +

1

β

∫ eβ

e−β

(
log y

1 + y
− log(1 + y)

y

)
dy.

On the other hand,

2β

∫ 1

0
ϕβ(t)dt = 2 log(1 + eβ)− β − 1

β

∫ eβ

e−β

log(1 + y)

y
dy,

leading to the asymptotics anounced in equation (5). �

We now conclude by proving the limit shape for 231-avoiding Mallows permutations.

Proof of Theorem 6. It follows immediately from Corollary 31 and Proposition 32 that ϕ
τβn

con-
verges almost surely (for any coupling) to ϕβ . By Lemma 30, this implies the almost sure
convergence of τβn to the unique permuton µ231β such that ϕµ231β

= ϕβ . The only thing left to
check is that µ231β corresponds to the description given by Theorem 6. We first notice that for
β ≤ 0, we have ϕβ = 0, and the diagonal permuton µ� indeed satisfies fµ�(t) = t for 0 ≤ t ≤ 1,
so ϕµ� ≡ 0.

We now assume β > 0. Let fβ ∈ F be obtained from ϕβ ∈ E by flipping, rotating and
rescaling as described in Section 6.3. The graph of fβ is characterized by

{(x, fβ(x)) : x ∈ [0, 1]} = {(t+ ϕβ(t), t− ϕβ(t)) : t ∈ [0, 1]} .

9Alternatively, as in Remark 22, we could recover the formula for ϕβ by solving the differential equation
log

(
1+ϕ′

1−ϕ′

)
= −2βt+ c.
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Plugging in the definition (30) of ϕβ , we obtain

fβ(x) = 1− 1

β
log
(

1 + eβ − eβx
)
.

From here, we deduce an explicit description of µβ using Proposition 27. Indeed, ϕβ(1− t) =

ϕβ(t) for all t ∈ [0, 1], and thus the graph of fβ is symmetric with respect to the antidiagonal.
The other assumptions of Proposition 27 are easy to check, and we have

x∗β =
1

β
log

(
1 + eβ

2

)
, fβ(x∗β) = 1− 1

β
log

(
1 + eβ

2

)
.

Furthermore, for all x ∈ [0, 1], we have

f ′β(x) =
eβx

1 + eβ − eβx
.

Therefore, it follows from Proposition 27 that µβ is the permuton with densities 1∧ eβx
1+eβ−eβx on

{(x, fβ(x)) : x ∈ [0, 1]} and 0 ∨ 1+eβ−2eβx
1+eβ−eβx on {(x, 1− x) : x ∈ [0, 1]}. Note that the first density

(resp. the second) is equal to 1 (resp. to 0) if and only if x ≥ x∗β . This fits the formula given in
Theorem 6. �

Part 3. Appendix

Appendix A. Markov chain simulation

In this appendix, we explain how to generate the random permutations τβ,αn for α ∈ {321, 231},
explaining how we got the simulations of Figures 1 and 3. This relies on interpreting the law of
τβ,αn as the stationary measure of an adequate Markov chain on the set Avn(α) of α-avoiding
permutations. Specifically, we use a reversible Markov chain and the following standard lemma.

Lemma 33. Let X be a finite state space, q ≥ 1, and f : X → R+. Write µf for the (q, f)-tilted
measure on X, that is, µq,f (x) ∝ qf(x) for all x ∈ X. If p : X2 → [0, 1] is a transition kernel,
denote by p̃ the transition kernel characterized by:

∀(x, y) ∈ X2, p̃(x, y) =

{
p(x, y) if x 6= y and f(y) ≥ f(x) ;

p(x, y)qf(y)−f(x) if x 6= y and f(y) < f(x) ;

and p̃(x, x) is adjusted so that this defines a transition kernel. If p is reversible for the uniform
measure on X, then p̃ is reversible for the measure µq,f .

In words, the tilted transition kernel p̃ is constructed as follows: from x ∈ X, use p to find a
transition towards some y ∈ X. If f(y) ≥ f(x), accept this transition. If f(y) < f(x), accept
this transition with probability qf(y)−f(x); in case of reject, stay at x.

Proof. This is a straightforward formal check. Let (x, y) ∈ X, and assume w.l.o.g. that x 6= y and
f(y) ≤ f(x). Therefore p̃(x, y) = p(x, y)qf(y)−f(x) and p̃(y, x) = p(y, x), and thus qf(x)p̃(x, y) =

qf(y)p(x, y) = qf(y)p(y, x) = qf(y)p̃(y, x), where we used the reversibility of p in the second
equality. �

Finding a reversible Markov chain for τβ,αn then boils down to finding a reversible Markov
chain for the uniform measure on Avn(α), for which the inversion differential inv(τ) − inv(σ)

can be efficiently computed on the transitions σ 7→ τ .
Recall that Avn(α) is in one-to-one correspondence with the set Dyckn of Dyck paths of

length 2n, both for α = 321 and α = 231. If d : [0, 2n]→ R+ is a Dyck path and i ∈ [1, 2n− 1],
transform d into d(i) ∈ Dyckn as follows:
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• If i is a peak index for d, i.e. if d(i − 1) = d(i) − 1 = d(i + 1), and if d(i) ≥ 2, then
transform this peak into a valley in d(i). That is, let d(i)(j) := d(j) for all indices j 6= i,
and let d(i)(i) := d(i)− 2.
• If i is a valley index for d, i.e. if d(i − 1) = d(i) + 1 = d(i + 1), then transform this
valley into a peak in d(i). That is, let d(i)(j) := d(j) for all indices j 6= i, and let
d(i)(i) := d(i) + 2.
• In all other cases, let d(i) := d.

Then define a transition kernel on Dyckn via p(d, ·) = 1
2n−1

∑2n−1
i=1 δd(i) , that is, apply the above

transform at a uniformly random index. It is straightforward to check that this defines an
irreducible Markov chain on Dyckn that is reversible for the uniform measure.

Hence we can approximate the uniform measure on Avn(α) by running this Markov chain on
Dyckn for “a long time”, and then applying the one-to-one correspondence from Dyckn to Avn(α).
To approximate τβ,αn instead, it suffices to use the transition kernel p̃ given by Lemma 33. In
the case α = 321, inv(d(i)) − inv(d) can be computed in constant time thanks to Lemma 16.
This is even simpler for α = 231 thanks to Proposition 24: inv(d(i))− inv(d) is equal to +1 if a
valley was transformed into a peak, and to −1 if a peak was transformed into a valley.

Since we do not know the mixing time of the above Markov chains10, we use the following
standard heuristics. We start from two very different initial conditions (e.g., the Dyck paths with
minimal and maximal global heights respectively; the first one corresponds to the permutations
id, whereas the second one correpsonds to 2 3 . . . (n− 1)1 for α = 321 and to n (n− 1) . . . 1 for
α = 231), perform the Markov chain steps on both (using the same random index i on both at
each step), and compare the resulting pictures. If the two pictures look similar, it means that,
heuristically, the number of steps was large enough so that the chain forgets its initial condition.
In practice, we get satisfying results after 100 million steps; to be on the safe side, we used 300
million steps to generate the pictures of Figures 1 and 3.

Appendix B. Useful lemmas

Lemma 34. Let µn be a sequence of finite measures on a space Ω converging in total variation
to a finite measure µ, and fn a sequence of measurable functions on Ω converging µ-a.e. to a
function f . Then (fn)#µn converges weakly to f#µ.

Proof. The distance dTV((fn)#µn, (fn)#µ) is at most dTV(µn, µ), which tends to 0. Hence it is
enough to prove that (fn)#µ converges weakly to f#µ. Letting X be a random variable with
law µ/µ(Ω), it holds by assumption that fn(X) converges almost surely to f(X). Since almost
sure convergence implies convergence in distribution, the law (fn)#µ/µ(Ω) of fn(X) converges
weakly to that of f(X), which is f#µ/µ(Ω). �

Lemma 35. Let us consider two sets A and B and a function h on A ∪B. It holds that

(31) inf
z∈A∪B

h(z) + inf
z∈A∩B

h(z) ≥ inf
z∈A

h(z) + inf
z∈B

h(z).

Moreover, if the inequality is strict, then

(32) inf
z∈A

h(z) = inf
z∈A\B

h(z) < inf
z∈A∩B

h(z),

and the same holds if we switch the roles of A and B.

10It is known that the Markov chain p on Dyckn has mixing time O(n3 log(n)), see e.g. [MT99, Wil04], but
this does not give us an estimate for the mixing time of p̃.
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Proof. We can assume without loss of generality that infz∈A∪B h(z) = infz∈B h(z). Then (31)
follows from the trivial inequality infz∈A∩B h(z) ≥ infz∈A h(z). This inequality being strict
implies

inf
z∈A∩B

h(z) > inf
z∈A

h(z) ≥ inf
z∈A∪B

h(z) = inf
z∈B

h(z).

The first inequality implies (32), and the strict inequality between the first and last terms
implies (32) with A and B switched. �

Optimization on convex spaces. Let E be a topological vector space and K ⊂ E convex. We
say that f : K → R is strictly convex if for any x ∈ K and y ∈ E, the function t→ f(x+ ty) is
strictly convex on the interval where it is defined (with the convention that a function defined
on a singleton of R is strictly convex). For any x ∈ K, we denote by Vx(K) the set of directions
y ∈ E such that x+ ty ∈ K for t > 0 small enough.

Proposition 36. Let E be a topological vector space and K ⊂ E compact and convex, and
let f : K → R be lower semicontinuous and strictly convex. Then f has a minimum which is
attained at exactly one point x0 ∈ K. Moreover, if x ∈ K is such that for any y ∈ Vx(K), we
have

d

dt

∣∣∣
t=0+

f(x+ ty) = 0,

then x = x0.

Proof. The existence of the minimum is immediate by lower semicontinuity. Moreover, if f(x1) =

f(x2) with x1 6= x2, then the strict convexity of f implies f
(
x1+x2

2

)
< f(x1), which gives the

uniqueness of the minimum. Finally, if x satisfies the given condition and x′ ∈ K\{x}, then let
y = x′−x ∈ Vx(K). The function h : t 7→ f(x+ ty) has right-derivative 0 at t = 0 and is strictly
convex, so f(x′) = h(1) > h(0) = f(x). We conclude that x must be the unique minimum x0 of
f on K, as claimed. �
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