ENS de Lyon — Math Department Master 1 — Spring 2024
Stochastic Processes V. Issa & E. Jacob

TD10 : Continuous Time Martingales

Exercise 1 — Hitting time of a line.
Let a > 0 and b € R, define 7" = inf{t > 0, B; = at + b}. Compute P(T" < 00).

Exercise 2 — All hypotheses matter.
Let B be a Brownian motion and S, 7T two stopping times such that S < T < oo almost
surely.

(1) Show that if E[S] < oo and E[T] < oo, then E[B%] < E[Bz].

(2) Find two stopping times S and T with E[S] < oo, such that E[B2] > E[B2].

Exercise 3 — Brownian gambler’s ruin.
For any c € R, we let

T.:=inf{t >0 : B, =c}
be the hitting time of ¢ by (B;):>o. Let a,b > 0, we let T := T_, A T}, be the hitting time
Of {—(l, b} by (Bt)tZO‘

(1) What is the law of Bp?
(2) Compute E[T.

Exercise 4 — Ezponential martingale and computations.
Let B be a Brownian motion, we recall that for every A € R, the process (
a martingale, called the exponential martingale. We let for any a > 0,

ABi—tA2/2 :
et / )tZO 1S

Toy :=inf{t >0 : By >a}

(1) For every a > 0 and u > 0, compute the Laplace transform E[e #Tat+]. (Hint: use
the exponential martingale).
(2) Let (B, B?) be a two-dimensional Brownian motion. For every a > 0, we let

C, = B%)E
(a) Show that for any b > 0, the process C® = (Cjyy — Cy)aso is independent
of Fr,, and has the same law as (C,),>0. Deduce that (C,)q>0 is a Markov
process and give its transition kernel.
(b) Show that (e’\(Bgl)”Bf)))tzo is a complex martingale, and deduce the charac-
teristic function of C, for a > 0 fixed.
(¢) Compute the distribution of C,.
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Exercise 5 — Ezponential Martingale.
Show that if (X;)i>0 is a process such that for any A € R, (e*Xt=%2*/2),; is a continuous
martingale, then (X});>¢ has the law of a Brownian motion.

Exercise 6 — Martingales derived from B.
Let B be a Brownian motion. For n > 0, we define the n-th Hermite polynomial H,, by,

dr 2
H,(z) = (—1)"e**?——¢ 7.
() = (1) e
We equip the vector space R[X]| of real polynomials with the scalar product,

22

e 2
P-Q= [ Plx)Qz
Q- [ P@o@ =
(1) Show that (H,)n>o is an orthogonal family in R[X].
2
(2) Show that for every A\, b € R, M=% = > om0 H:;Eb) A"

(3) Show that for every n > 0, the process (t"/*H,, <

dz.

)i>0 1s a martingale.
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