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Stochastic Processes V. Issa & E. Jacob

TDS8 : Construction of the Brownian Motion

Exercise 1 — Constructing a Brownian motion indexed by R .
Let (B™), be a sequence of independent Brownian motions defined on [0,1]. For every
t > 0, define
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Show that (B;)>¢ is a Brownian motion.

Exercise 2 — Lévy’s construction of the Brownian motion.
Let H = L*([0, 1]) with the usual inner product. For ¢t > 0 let I, = 1y € H. We also set
(€;)ien to be an orthonormal basis of H.

(1) Check that (I, I;) = s A t.
(2) Assume that there exists a H-valued standard Gaussian random variable. That is,
a random variable £ € H, such that for every x € H, (z,&) ~ N(0,|z|?).
(a) Using the random variable £ and the functions (1;);>o, build a Gaussian process
(Bt)iefo,1) such that Cov(Bs, B;) = s A t.
(b) Let Z; = (£, e;), so that & = > . Zse;. Show that the (Z;) are indepen-
dent standard Gaussians (Hint: Compute the characteristic function of finite
subvectors.). Deduce that the process of the previous question would satisfy,

(1) B, = ZZH/O ei(s)ds

(c) By computing [£]?, show that £ cannot exist.
(3) Define hg =0 and for n > 0 and 0 < k < 2™,
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We admit (or recall) that (hgn)k, is an orthonormal basis of H called the Haar
wavelet basis. Let (Z, x)nr be a family of independent standard Gaussian random
variables. For every ¢ > 0 set

(1) Bi=tZ+) Fu(t)
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where F,(t) = i o Zunfap(t) and fnk fo nk(



a) Using the inequality P(|Y| > \) < ¥ 2T =N for A > 0and Y ~ N(0,1), show
)
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(b) Show that P (||F,||s < -5 for n large enough ) = 1.
(c) Show that almost surely, the sum of functions in (1) converges uniformly on
[0, 1] to a (random) continuous function.
(4) (%) Prove the same result than in the previous question when we use the Fourier
basis ey = 1, and e, (t) = /2 cos(mmt) in (1) rather than the Haar wavelet basis.

Exercise 3 — Time inversion.
Let (B;)i>0 be a Brownian motion. Set X; = tB, for t > 0 and X, = 0.

(1) Show that X has the finite-dimensional marginals of a Brownian motion.

(2) Show that the set U = {f € R%+ lim; 040 f; = 0} C R%+ is measurable.

(3) Deduce that (X;); is continuous almost surely, hence may be modified on a negligible
event to form a Brownian motion.

Exercise 4 — Brownian bridges.
For z,y € R, we define the Brownian bridge of length one between = and y as follows: let
B be a standard Brownian motion and set 8;"Y = x + B; — tB; + t(y — x) for t € [0, 1].

(1) Show that if X is a Brownian motion started from z, then the conditional distri-
bution of the process X 1) given X, € dy is Y.

(2) For 0 < a < 1, what expression does the Markov property applied at a give for
the joint distribution of (Xjjq, X1) 7 Deduce an expression for the conditional
distribution of X4 given X; € dy. Deduce a second expression from the previous
question.

(3) Show that the distribution of ﬁﬁ&’a] is absolutely continuous with regard to that of
X\[O,a} where a < 1.

Hint: use the fact that the conditional distributions are a.e. uniquely defined, along
with some continuity argument.



