HIGHER HIDA AND COLEMAN THEORY ON THE MODULAR
CURVE

GEORGE BOXER AND VINCENT PILLONI

AssTrRACT. We construct Hida and Coleman families for the degree 0 and
degree 1 cohomology of automorphic line bundles on the modular curve and
we define a p-adic duality pairing between the theories in degree 0 and degree
1.

1. INTRODUCTION

In the 80’s, Hida introduced an ordinary projector on the space of modular forms
and he constructed p-adic families of ordinary modular forms ([Hid86]). In the
90’s, Coleman developed the finite slope theory (JCol97]) and Coleman and Mazur
constructed the eigencurve (JCM9§|). These theories have now been extended to
higher dimensional Shimura varieties.

Hida and Coleman theories combine two ideas. The first one is to restrict modu-
lar forms from the full modular curve to the ordinary locus and its neighborhoods.
The additional structure on the universal p-divisible group on and near the ordi-
nary locus (the canonical subgroups) is used to p-adically interpolate the sheaves
of modular forms, and their cohomology. The second idea is to use the Hecke op-
erators at p to detect when a section of the sheaf of modular forms defined on (a
neighborhood of) the ordinary locus comes from a classical modular form.

Until recently, Hida and Coleman theories had only been used for degree 0 coher-
ent cohomology groups. In the recent works [Pil17], [BCGPI8| we began to develop
them further in order to study higher coherent cohomology of vector bundle on the
Shimura varieties for the group GSp,, and we are now convinced that Hida and
Coleman theories should exist in all cohomological degrees for any Shimura variety.

The purpose of the current work is to confirm this prediction in the simple setting
of modular curves and to construct Hida and Coleman theories for the degree 1
cohomology groups. We actually construct in parallel the theories for degree 0 and
degree 1 cohomology, as this sheds some new light on the usual degree 0 theory.
We also prove a p-adic Serre duality, which gives a perfect pairing between the
theories in cohomological degree 0 and 1, but our constructions are independent of
this pairing.

Let us describe the results we prove. Let X — SpecZ, be the compactified
modular curve of level T'1(N), where N > 3 is an integer prime to p, and let D
be the boundary divisor. Let X; — SpeckF, be the special fiber and X974 be the
ordinary locus.
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Theorem 1.1 (Hida’s control theorem). There is a Hecke operator T,, acting on
the cohomology groups RT(X1,w*), RT.(X¢™4, w*) and RT(X{4 wk), and an as-
sociated ordinary projector e(T),). Moreover, we have quasi-isomorphisms

e(T,)RT (X1, wk) — e(T,)RT(X{7, WF) if k>3

and
e(T,)RL (X774, wF) — e(T,)RT(X1,w") if k < —1.

The proof of this theorem relies on a local analysis of the cohomological corre-
spondence T, at supersingular points. The above theorem implies also a vanishing
theorem: e(7,)RI'(X1,w") is concentrated in degree 0 if k¥ > 3, and degree 1 if
k < —1, because the ordinary locus is affine. Of course, this vanishing theorem
holds true for the entire cohomology from the Riemann-Roch theorem and the
Kodaira-Spencer isomorphism, but the argument above is independent and gener-
alizes.

Let A = Z,[[Z)]] be the Iwaswa algebra. Each integer k € Z defines a character
of Z), and a morphism k : A — Z,,.

Theorem 1.2. There are two projective A-modules M and N carrying an action
of the Hecke algebra of level prime to p, and there are canonical, Hecke-equivariant
isomorphisms for allk > 3 :
(1) M Nk Lp = e(TP)HO(Xv wk)’
(2) N @k Zp = e(T,)H (X, w*~*(~D)),
Moreover, there is a perfect pairing M x N — A which interpolates the classical
Serre duality pairing.

The modules M and N are obtained by considering the ordinary factor of the
cohomology and cohomology with compact support of the ordinary locus with value
in an interpolation sheaf of A-modules.

Let Xo(p) — Spa(Qyp,Z,) be the adic modular curve of level I'1(N) N Ty (p).
We have two quasi-compact opens Xo(p)™ and Xo(p)® inside Xo(p) which are
respectively the loci where the universal subgroup of order p has multiplicative and
étale reduction. We let X¢(p)™T and Xo(p)®*' be the corresponding dagger spaces
(these are the inductive limit over all strict neighborhoods of X¢(p)™ and Xo(p)“').

Theorem 1.3 (Coleman’s classicality theorem). For all k € Z, there is a well de-
fined Hecke operator U, which is compact and has non negative slopes on H (X (p), w*),
H(Xo(p)™1,wk) and H:.(Xo(p)*tT,w"). Moreover, the natural maps (where the su-
perscript < x means slope less than x for Up) :

(1> Hi(Xo(p),wk)<k_1 — Hi(Xo(p)m’T,wk)<k_1,

(2) Hi(Xo(p)*T, wk)<17F — H'(Xo(p),w*)<'F
are isomorphisms.

The proof of this theorem is based on some simple estimates for the operator
U, on the ordinary locus, reminiscent of [Kas06]. We can again derive from this
theorem a vanishing theorem for the small slope classical cohomology (without
appealing to Riemann-Roch theorem).

Coleman and Mazur constructed the eigencurve C of tame level I’y (N). It carries
a weight morphism w : C — W where W is the analytic adic space over Spa(Q,, Zj)
associated with the Iwasawa algebra A.
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Theorem 1.4. The eigencurve carries two coherent sheaves M and N interpolating
the degree O and 1 finite slope cohomology. For any k € Z, we have

(1) M;kfl _ HO(Xo(p)7wk)<k_1,

(2) Nt~ = HY(Xo(p),w* F(—=D)) <k,
and a there is a perfect pairing between M and N, interpolating the usual Serre
duality pairing.

1.1. Aknowledgements. We would like to thank David Loeffler for his comments.
This research is supported by the ERC-2018-COG-818856-HiCoShiVa.

2. PRELIMINARIES
2.1. Finite flat cohomological correspondences.

2.1.1. The functors f., f* and f'. Let f : X — Y be a finite flat morphism of
schemes. We have a functor f, : Coh(X) — Coh(Y). It induces an equivalence of
categories between Coh(X) and the category of coherent sheaves of f, &x-modules
over Y.

The functor f, has a left adjoint f* : Coh(Y) — Coh(X), given by F —
Z e, fOx, as well as a right adjoint f' : Coh(Y) — Coh(X) defined by
f'F = Hom, (f.Ox,Z). For any F € Coh(X), we have an isomorphism
['F =[f0x ®6, Z.

A finite flat morphism f : X — Y has a trace map tr¢ : f,0x — Oy. This trace
is by definition a global section of f'@y or equivalently a morphism f*0y — f'Ox.
It follows that the trace map provides a natural transformation f* = f'.

A finite flat morphism f : X — Y is called Gorenstein if f'@x is an invertible
sheaf. If f : X — Y if a local complete intersection morphism, then it is Gorenstein
(see [Eis95], coro. 21.19).

2.1.2. Cohomological correspondences.

Definition 2.1. A finite flat correspondence over a scheme X is a scheme C
equipped with two finite flat morphisms X & C % X.

Definition 2.2. Let .F be a coherent sheaf on X. A finite flat cohomological corre-
spondence for F is the data of a pair (C,T) consisting of a finite flat correspondence
C and a map T : ps.F — p'\.F.

Given a finite flat cohomological correspondence (C,T') on %, we get a morphism
in cohomology that we also denote by T,

T : RT(X,.Z) - RI(C,p3.F) 5 RT(C, p|.F) — RT(X, .F).

2.1.3. Composition. It is possible to compose finite flat cohomological correspon-
dences. Assume we have a diagram of finite flat correspondences C' and D:

C D
N
X X X

We can form E = C Xy, x4, D :
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E
B
C D
AN
X X X
If we are given p5.# — p}.% and ¢5.F — ¢|.%, we can consider the following
maps :
thpsF — t5p).F and 5. F — t1¢|.F
moreover we claim that there is a natural transformation t5p} = t}¢3 so that we
can compose and get the cohomological correspondence :
5057 = a1 7.
It remains to check the claim. Equivalently (by adjunction) it suffices to find a
natural transformation (t;),t5p} = tiq5. We have a base change isomorphism
(t1)«t5 = (g2)*(p1)«, and by adjunction (p;).p} = Id, there is a natural transfor-
mation (g2)*(p1)«P} = ¢5.
2.1.4. Restriction. Let X is a scheme and Y < X is a closed subscheme defined
by an ideal .# < Ox. For any quasi-coherent sheaf .# over X, we let
I'v(#) =Ker(¥ — Hom(5, %))
be the subsheaf of sections with support in Y.

Proposition 2.1. Consider a commutative diagram of schemes :

Yy s X

N

where i is a closed immersion and g, f are finite flat morphisms. Let F be a
coherent sheaf on Z. Then i,g'F =Ly f'.Z.

Proof. Let us denote by .# the ideal sheaf of Y in X. This follows from the exact
sequence :

0 — Hom(g, Oy, #) — Hom(f,Ox, ) — Hom(f,.¥, F).
[

2.2. Local finiteness. Let R be an artinian local ring with finite residue field.

Lemma 2.1. Suppose M is a finite type R-module and T € Endg (M) is an endo-
morphism of M. The sequence (T™)nen € (Endg(M))N is eventually constant and
converges to an idempotent denoted e(T) € Endr(M).

Proof. We have a decreasing sequence of sub-modules 7™ (M) of M which is
eventually stationary since M is artinian. Let M, be the limit. For all n large
enough 7™ induces a permutation of the finite set My, and therefore, for all N
large enough, this permutation is trivial. It follows that for all n large enough, 7™
is a projector from M to Mj. ([l
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Definition 2.3. Let M be an R-module and let T € Endgr(M). We say that T is
locally finite on M if M is a union of finite type R-modules which are stable under
T.

Remark 2.1. This condition is equivalent to the claim that for any finite type
submodule V- C M, > _,T"V is a finite type submodule. It is also equivalent to

the claim that for some n > 1, T"V C Z?;ol TiV.

Proposition 2.2. If M is an R-module and T is locally finite on M, there is an
idempotent e(T') attached to T such that T is an isomorphism on e(T)M and T is
locally nilpotent on (1 —e(T))M.

By locally nilpotent, we mean that for each m € (1 — e(T))M, there exists N
such that TVm = 0.

Proof. This follows from lemma [2.1] O

Lemma 2.2. If f : M — N is an R-linear morphism and T is an R-linear operator
acting equivariantly and locally finitely on M and N, then f(e(T)M) C e(T)N and
f(L=e(T)M) C (1 —e(T))N.

Proposition 2.3. Let 0 - M — N — L — 0 be a short exact sequence of R-
modules and let T be an R-linear operator acting equivariantly on M, N and L.

(1) T is locally finite on N if and only if T is locally finite on M and L.
(2) IfT islocally finite on M, N and L, the sequence : 0 — e(T)M — e(T)N —
e(T)L — 0 is ezxact.

Proof. We prove the first point. The direct implication is trivial. Let us prove the
reverse implication. Let V' C N be a finite submodule. Since T is locally finite on
L, we deduce that there exists n > 1 and a finite submodule W C M such that :
n—1
V) C Y TV 4+ W.
i=0
Since T is locally finite on M, there exists m > 1 such that :

m—1

(W) C Y T'W.
1=0

We finally conclude that 7" (V+W) C S TH(V W), so that 314"~ TH(V +
W) is a finite R-module, stable by 7', containing V. The second point follows easily.
|

We will actually need to work with certain topological R-modules that we call
profinite R-modules and are in a certain sense duals of (discrete) R-modules. A
profinite R-module M is a topological R-module which is homeomorphic to a pro-
jective limit lim;e; M; of finite R-modules (I is a filtered ordered set).

In other words, a topological R-module M is a profinite R-module if it is sep-
arated and complete and if there is a basis of neighborhoods of 0 € M, {N,};er
consisting of cofinite submodules. In such a case, we have M = lim; M /N;.

Definition 2.4. Let M be a profinite R-module, and let T € Endg(M) be a con-
tinuous endomorphism. We say that T is locally finite on M if M has a basis of
neighborhoods of 0 consisting of submodules {N;} such that T(N;) C N;.
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Remark 2.2. We observe that the first condition in the definition is equivalent to the
condition that for any open submodule V' C M, the submodule Ny,>o7' ™"V is open.
Since M/Np>oT "V if a finite module and therefore an artinian module, we deduce
that the condition is also equivalent to the condition that ﬁ?:_olT*iV CT "V for
some N > 1.

Proposition 2.4. If M is a profinite R-module and T is locally finite on M, there
is an idempotent e(T') attached to T such that T is an isomorphism on e(T)M and
T is topologically nilpotent on (1 —e(T))M.

By topologically nilpotent, we mean that for each m € (1 — e(T))M, TNm — 0
when N — +oo.

Proof. This follows from lemma 2.1] O

Lemma 2.3. If f: M — N s a continuous R-linear morphism and T is a locally
finite operator acting equivariantly on M and N, then f(e(T)M) C e(T)N and
(L —e(T))M) € (1 —e(T))N.

We say that an exact sequence of profinite R-modules 0 — M ANBL S0
strict if s is is open. We remark that this forces s to be continuous, and M to be a
closed subspace of N (so that d is continuous and closed).

Proposition 2.5. Let 0 - M — N — L — 0 be a strict short exact sequence of
profinite R-modules and let T be a continuous R-linear operator acting equivariantly
on M,N and L.

(1) T is locally finite on N if and only if T is locally finite on M and L.
(2) If T is locally finite on M, N and L, the sequence : 0 — e(T)M — e(T)N —
e(T)L — 0 is exact.

Proof. We prove the first point. The direct implication is trivial. Let us prove the
reverse implication. Let V' C N be an open submodule. Since T is locally finite on
M, we deduce that there is n > 1 such that N} T4V N M) C T~(V N M). It
follows that :

(T7"V + M) (N TH(V) S T(V).

To shorten notations, let us denote by W = T""V + M. Since W is open in N,
its image W in L is open. Since T is locally finite on L, there is m > 0 such that
NPGI T4 (W) € T=™(W). We deduce that N/;'T~H(W) c T-™(W). It follows
that :

T (v A W) T="™(T~"V) N T~ ()

> TTWNL T V) (N T W

> TTW) (N T (V) (NS T W
o NETITT V)N T W

O AT vV A w)

Therefore, ﬂ;’ﬂ;”_lT*i(V N W) is an open submodule of V' which is stable under
T. The rest of the properties are easy. O
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3. THE COHOMOLOGICAL CORRESPONDENCE 7T},

Let N be an integer N > 3. Let p be a prime number. Let X — SpecZ, be

the compactified modular curve of level I'1 (N) (J[DR73]). This is a proper smooth
relative curve. Denote by D the boundary divisor, and by ' — X the semi-abelian
scheme which extends the universal elliptic curve and denote by e the unit section.
We let wp = e*Q}E/X. For any k € Z, we denote by wk = w%k.
3.1. The cohomological correspondences T,,. We denote by p1,ps2 : Xo(p) —
X the Hecke correspondence which parametrizes an isogeny 7 : piE — piE of
degree p. We denote by Dy(p) the boundary divisor in Xo(p) (which is reduced,
so that Do(p) = (p; 'D)™*?). We let my : p5w® --» piwF the rational map which
is deduced from the pull-back map on differentials pjwr — pfwg (this map is well
defined if k£ > 0, and is an isomorphism over Q, for all k). We also denote by 7r,;1 :
prwP ——» piw” the inverse of 7. We also have a dual isogeny 7V : p§E — ptE and
we denote by 7}/ : prwP -—» piw” the rational map which is deduced from the pull-
back map on differentials pjwg — p5wp. We also denote by ()1 : pfw” --» piw”
the inverse of w). We have the following formula relating 7, and 7’ :

e oy = pFId.

We have natural trace maps try, : Ox ) — Py Ox and trp, 1 Oxo(p) — p!QﬁX.
Note that since p; and p, are local complete intersection morphisms, p} @y and
phOx are invertible sheaves. We can restrict the map try, to Ox, ) (—Do(p)) and :

Lemma 3.1. We have factorizations : try, : Ox, ) (—Do(p)) = p}(Ox(—D)) and
tps * Oxo(p) (—Do(p)) = Pr(Ox (~D)).

Proof. The boundary divisors in X and Xy (p) are reduced. The lemma boils down
to the statement that the trace of function vanishing along the boundary on Xy (p)
vanishes on the boundary on X. [

We have a "naive" cohomological correspondence :
T;t%ive :pgwk s p!lwk

which is defined by taking the tensor product of the map pjw* --» ptw” and the map

trp, © Ox,) — P1Ox, and similarly a map e p5(wWF(—=D)) —-» p (W*(—D)).

We finally denote by T}, = p~ "Lk maive,

Proposition 3.1. T}, ;. is a cohomological correspondence : piwk — pluwk.

Proof. The map T}, is a rational map between invertible sheaves over the regular
scheme Xg(p). To check that it is well defined, it is enough to work in codimen-
sion 1. Since the map is well defined over QQ,, we can thus localize at a generic
points & of the special fiber and we are left to prove that it is well defined lo-
cally at these points. There are two types of generic points corresponding for the
possibility of the isogeny piE — p5E to be either multiplicative or étale. Let us
first assume that £ is étale. The differential map (piw)e—=(pjw)e is an isomor-
phism and the map (trp,)e : (p;0x)e — (PiOx)¢ factors into an isomorphism:
(trp.)e + (PTOX)ep(p1Ox e Tt follows that (T;'4")¢ + (psw*)e=p(piw*)e. Let
us next assume that ¢ is multiplicative. The differential map (p5w)e—(pjw)¢ factors
into an isomorphism (piw)e>p(piw)e and the map (trp, )e : (PFOx)e=(pLOx)¢ is
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an isomorphism. It follows that (T7'¢¢)¢ : (psw")e=p"(pjw¥)e. We deduce that
Tp. is indeed a well defined map and that it is optimally integral. O

When the weight is clear, we often write 7},. The map 7}, induces a map on
cohomology :

T, € EndRI'(X,w"*) and EndRT(X,w"(—D))
obtained by composing the maps :

tr

RT(X,w*) 3 RD(Xo(p), phw™) 23 RI(Xo(p), pheo®) ™3 RI(X, wh)

and similarly for cuspidal cohomology.

Remark 3.1. The proposition[3.1]is a particular instance of constructions performed
in [FP19], where the problem of constructing Hecke operators on the integral co-
herent cohomology of more general Shimura varieties is considered.

Remark 3.2. One can check that our map 7}, has the following effect on g¢-
expansions (of given Nebentypus y : Z/NZ* — Z:) it maps ) ang” to Y anpg"+
PP Ix(p) Y ang™ if k> 1 and to p'=F Y anpg™ + x(p) D ang™ if k < 1.

Remark 3.3. Our normalization is consistant with standard conjectures on the ex-
istence and properties of Galois representations associated to automorphic forms
([BG14]). The cohomology groups H*(X,w*) ® C can be computed using automor-
phic forms and for any m = m,,®@7; contributing to the cohomology, we find that the

1o
infinitesimal character of 7o, is given by (t1,t2) > t7 tg ? and is indeed C-algebraic.

By the Satake isomorphism, we know that T;'*"*¢|r, = pl/zTrace(Frobgl|rec(7rp))
(because T corresponds to the co-character ¢t — (1,¢7') [FP19], rem. 5.6 !). It
is convenient to introduce the twist 7 ® |.|’% which is L-algebraic, for which we find
that the infinitesimal character of o ®|.| 2 is (£1,22) — t5~1. We make the follow-
ing normalizations : the Hodge-Tate weight of the cyclotomic character is —1, and
we normalize the reciprocity law by using geometric Frobenii. With these conven-
tions, the Hodge cocharacter is ¢ +— (1,#'~%) and the corresponding Hodge polygon
has slopes 1 — k and 0. We find that 77%"¢|m, = pTrace(Frob, '|rec(r, ® H—%))
The Katz-Mazur inequality predicts that the Newton polygon (which has slopes
the p-adic valuations of two eigenvalues of Frob,) is above the Hodge polygon with
same ending and inital point, from which we find that v(7;**¢|m,) > inf{1, k} and
that 7), is indeed optimally integral.

3.2. Duality. We let Dz, = RHom(-,Z,) be the dualizing functor on the category
of bounded complexes of finite type Z,-modules ([Har66|, chap V). We denote by
f:X —Z,,and by f'Z, = wx/z,- This is a dualizing complex on X ([Har66], chap
V, thm. 8.3) . We recall that wx,z, = Q%{/me (see [Har66], chap. III, sect. 8).
We denote by g : Xo(p) — Zy, and by wx,(py/z, = 97, = p!lwx/zp. This is also a
dualizing complex on Xo(p). We also recall that wx,(y)/z, = Q%(O(p)/zp (log(S9))[1]
where SS is the reduced closed subscheme of supersingular points in Xo(p). We
let Dx = RHom(:,wx/z,) and Dx,p) = RHom(:,wx,(),z,) the corresponding
dualizing functors on the derived category of (say) bounded complexes of coherent
sheaves on X and Xy (p). When the context is clear we only write D for the dualizing
functor.
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We have the following Serre duality isomorphism ([Har66], chap III, thm. 11.1):
DR fw") = Rf, D(w")

and similarly for cuspidal cohomology.
We now want to understand how this duality isomorphism behaves with respect
to Hecke operators. The Hecke operator

trpy

RT(X,w*) 2 RD(Xo(p), p3ec”) % RI(Xo(p), phe’) ¥ RD(X, "),
dualizes to an operator :

try

D(RT(X,w¥)) 23 DRI (Xo(p), phw*)) "5 DRI (X0 (p), pieo)) ™5 D(RT(X, wF)).
‘We have
D(RT(Xo(p), piw")) = RO((Xo(p), p;D(w")),

D(RT(Xo(p), psw”)) = RT((Xo(p), pD(w")),

by [Har66], chap. III, thm 11.1 and chap V, prop. 8.5, and it remains to understand
what is D(T,) : piD(w*) — phD(w*). We first recall that we have the Kodaira-
Spencer isomorphism over X ([Kat73|, A.1.3.17) :

KS:w*(=D) = Qg -

We consider the correspondence T}, : piwP — piw®. Applying the functor D Xo(p)
yields a map : D(T},) : pj(w™* ® wy/z,) — Ph(w™*® wxyz,). If we use the
Kodaira-Spencer isomorphism on both sides and make a [—1]-shift, we obtain a
map : D(T,) : pf(w™**2(=D)) — ph(w™**2(=D)). The correspondence Xo(p) is
isomorphic to its transpose, by the automorphism sending the isogeny piE — p3 E
to the dual isogeny. We can therefore think of D(T},) as a map p3(w=*+2(—D)) —
P} (w™*+2(=D)) by applying this isomorphism. The main result of this section is
the following :

Proposition 3.2. D(T},) =1T,.

Lemma 3.2. The following diagram is commutative :

QY ()2, 108(SS + D))

50, (logD) P5Q ;. (logD)
P§1(57T p{l(é?T
p§w2 T2 pfw2

Proof. Over Xo(p) we have a map 7* : p5(H:n(E/X), V) — pi(Hig(E/X),V)
which induces a commutative diagram :



10 GEORGE BOXER AND VINCENT PILLONI

(e .
Qﬁ(o(p)/zp (log(SS + D)) ® psw ™! ————— Qﬁ(o(p)/zp (log(SS + D)) ® pfw™?

trp, T trp, T

ngk/Zp (logD) ® pw™! PTQﬁg/ZP (logD) @ pjw™!

p;KST pIKST
* 1 *, 2
paw nw

or equivalently

%, ()2, (108(SS + D))

P35 (logD) P35 (logD)
2 KST Py KS’T

m@(my) " .
2
pw

*x, 2
baw

It remains to observe that mym = p.

Lemma 3.3. D(T;aive) — pk—lT;Laive.

Proof. The dual of the map piw® —-» pfw* — plw* writes pi(w™* ® wx/z,) —
pi(w™F Qwx/z,) ~—* ph(w™F ®wx/z,)- The first map prwk ®piwx/z, = pw ke
WxXo(p)/Zp is just 1 ® trp,.

The second map p}(w™* ® wx/z,) — Ph(w™* ® wx/z,) Writes also prlw Tk ®
WXo(p)/Z, = pgw_k ® wx,(p)/z, and is W:i ® 1.

On the other hand, wx,(p)/z, = P Ox ® piwx/z, = p1Ox @ piwa(—D)[1] using
Kodaira-Spencer and similarly wx, )z, = PyOx Rprwx/z, = PhOx @piwa(—D)[1]
using again Kodaira-Spencer. The identity map : p}Ox ® pjwa(—D) — phox @
pywa(—D) decomposes into :

trp, try,! @ (m) @ (m1) ™)

according to lemma[3.2] We get that D(T%¥¢) : pt(w=*+2(=D)) --» ph(w**+2(~D))

is trp,try P otr,, @ (1) @ (m1)™!) @ (m_) "', It remains to observe that m_pmy_ =
1-k

p . (]

Corollary 3.1. D(T},) =1T,.
Proof. This follows from the identity :

—inf{1,k} +k—1=—inf{1,2 — k}.
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4. HIGHER HIDA THEORY

4.1. The mod p theory. Let X be the p-adic completion of X and X,, — SpecZ/p"Z
be the scheme obtained by reduction modulo p”. Let X2"¢ be the ordinary locus
in X,, and X°"¢ the ordinary locus in X.

We recall that Xo(p); = Xo(p)¥ UXo(p)Y is the union of the Frobenius and Ver-
shiebung correspondences. We let pf” and p! be the restrictions of the projections
p; to these components. The projection p¥ : Xo(p)Y — X; is an isomorphism (and
Xo(p)Y parametrizes the Vershiebung isogeny (p})*E ~ (py)*E® — (p¥)*E).
The projection pf' : Xo(p)f — X; is an isomorphism (and Xo(p)f parametrizes
the Frobenius isogeny (pf')*E — (p§)*E ~ (pf)*E®). We denote by i* and "
the inclusions Xo(p)f" < Xo(p)1 and Xo(p)! < Xo(p)1.

Lemma 4.1. If k > 2, we have a factorization :

* Kk P !k
PoW” —> 1w

| |

i (Y ) wh ——i) (p})'w"
If k <0, we have a factorization :

TP !
* .
bW ————— W

| |

i (py ) wt —— i (pf)'w

k k

k

Proof. By proposition [2.I] this amounts to check that the cohomological corre-
spondence T, : piwP — piw” vanishes at any generic point of multiplicative type
in Xo(p)1 if k£ > 2, and at any generic point of étale type in Xo(p); if ¥ < 0. This
follows from the normalization of the correspondence as explained in the proof of
proposition [3.1] O

Remark 4.1. We can informally rephrase this lemma by saying that we have con-
gruences : 1, = U, mod p if £ > 2 and T}, = Frob mod p if k¥ < 0, see remark

Proposition 4.1. For all k > 2, the cohomological correspondence T, induces a
map:
P3 & (np + & — 2)88)) = ph(wF (nSS)).

For all k <0, the cohomological correspondence T, induces a map :
p3(W*(=nSS)) = pi(W*((—np + &)SS)).

Proof. We first prove the first claim (when k > 2). The cohomological corre-
spondence is supported on Xo(p)Y. The map p} is totally ramified of degree p
and the map py is an isomorphism. It follows that we have an equality of divisors
(pY)*(SS) = p(p¥)*(SS). Let us simply denote by SS = (p¥)*(SS) (this is the
reduced supersingular locus divisor).

In particular, we deduce that the map (py )*w? — (p})'w? induces (after twisting
by Ox,(pyy (npSS) a morphism : (pY)* (W2 (npSS)) — (p})} (w?(nSS9)).
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This proves the claim for k£ = 2. For k > 3, we remark that the cohomological
correspondence (py )*w® — (p¥)'w” is the tensor product of the map (py )*w? —
(pY)'w? and the map (p3')*w"~* — (py')*w" . But (p)*wp =~ ((p} )*wr)” and the
differential of the isogeny (p¥ )*wr — (p} )*wg identifies with the Hasse invariant
and induces an isomorphism : (p¥ )*wg(SS) — (p})*wr. We deduce that there is
therefore a map : p4(w*((np + k — 2)99)) — p} (w*(nSS)).

We now prove the second claim (for ¥ < 0). The cohomological correspon-
dence is supported on Xo(p)¥'. The map pk is totally ramified of degree p and
the map p!” is an isomorphism. It follows that we have an equality of divisors
(PE)*(SS) = p(pf)*(SS). Let us simply denote by SS = (pf')*(SS) (this is the
reduced supersingular locus divisor).

In particular, we deduce that the map (pd)*@x — (pf)' Ox induces (after twist-
ing by Ox, v (—npSS) an morphism : (pE)*Ox (—nSS) — (p¥)' Ox (—npSS).

This proves the claim for k = 0. For k£ < —1, we remark that the cohomological
correspondence (pf)*w* — (pI")'w* is the tensor product of the map (p)*Ox —
(p¥)'Ox (the cohomological correspondence for k = 0) and a map (pf)*w* —
(pf)*w* that we now describe. Unformally, this map is deduced from the differential
of the isogeny (pi')*E — (pf)*E, after normalizing by a factor p~! (one can give
sense of this over the formal scheme ordinary locus). Equivalently, it is deduced from
the differential of the isogeny of the dual map (p}')*E — (p¥')*E (the Vershiebung
map).

We observe that (pf)*wg ~ ((p¥)*wg)P and there is a natural isomorphism:

Fy\x a—l
() *we ()" 5 (pF)*wE(SS), and therefore, for all & < 0, an isomorphism:

Fyx, ,k (1) Ha" gy, k S9 ich f Fyx, k (1) Ha" gy k
(p3 )*w" =" (p7 )*w*(—kSS) which factors the map (p5 )*w = (p7 )w".

We deduce that there is therefore a map : p%(w*(—nSS)) — p (wW*((—np+k)SS)).
([

Corollary 4.1. (1) The T, operator acts on RI(X1,w"(nSS)) for all n >
0 and k > 2, and the maps R[(X1,w*(nSS)) — RI(X1,w"(n'SS)) are
equivariant for 0 < n < n/,

(2) We have commutative diagrams for allm >0 and k > 2 :

RI(X1, 0k ((np + k — 2)S5)) —2> RT(X1, wk ((np + k — 2)SS))

| T

RI(X,,w*(nSS)) T RI(X1,wk(nS5S))

(3) The T, operator acts on RI'(X1,w"®(nSS)) for alln <0 and k <0, and the
maps RI(X1,w*(nSS)) — RI(Xy,wk(n'SS)) are equivariant for 0 > n' >
n?

(4) We have commutative diagrams for alln <0 and k <0 :

RI(X1, 0k (~nSS)) ———= RI(X,, " (—nS5S))

T

RI(X1, 0k ((—np + k)SS)) —2> RT(X1, 0" ((—np + k)SS))
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For any k, we define as usual H:(X¢", w*) = lim,, H (X1, w*(—nSS)) following
[Har72]. This is a profinite F,-vector space. We also recall that H!(X{"4, w*) =
colim,, H! (X, wk(nSS)).

Corollary 4.2. (1) If k > 2, T, is locally finite on H(X{"4, w").
(2) If k <0, T, is locally finite on HL(X {4, wk).
(3) If k > 3, we have e(T,)H!(X{™ wh) = e(T,)H (X1, wk).
(4) If k = 2, we have e(T,)H (X{™, w?) = e(T,)H! (X1, w?(99)).
(5) If k < —1, we have e(T,)HL (X wk) = e(T,)H! (X1, w").
(6) If k =0, we have e(T,)HL(X{™, Ox) = e(T,)H (X1, Ox(—99)).

Corollary 4.3. (1) If k < -1, e(T,)RI'(X1,w") is concentrated in degree 1,
(2) If k >3, e(T,)RI(X1,w") is concentrated in degree 0.

Proof. This follows from H!(X?" w*) = 0 and HY(X{"4, wk) = 0 because X¢7¢ is
affine O

Remark 4.2. Of course, this last corollary is obvious from the Riemann-Roch the-
orem, but the given proof is not using this theorem.

4.2. The p-adic theory.

4.2.1. The Igusa tower. Recall that the principal G,-torsor wg has a Z; -reduction
(in the pro-étale topology) over X°¢ given by T,(FE)* and the Hodge-Tate map :

HT : T,(E)*" — wg
which induces an isomorphism :
HT®1: Tp(E)et ®Zp ﬁxord — WE.

We can form 7 : 36 = Isom(Z,, T,(E)®) — X°"¢, the Igusa tower. This is a p-adic
formal scheme, and a pro-finite étale cover of X°7.

Let A = Z,[[Z,]]. Let "™ : Z5 — A be the universal character. For any k € Z,
we have an algebraic character Z) — Z,, given by z z* and we also denote

n

by k : A — Z, the corresponding algebra morphism. We let W = (Osre @ A)ZS
where the invariants are taken for the diagonal action.

Lemma 4.2. The sheaf w*"" is an invertible sheaf of AQOxyora-modules and for
any k € Z, there is a canonical isomorphism of invertible sheaves over X°T%:

un
wk — wh QA k Zp.

4.2.2. Cohomology of the ordinary locus. We may now consider the following A-
modules :

un

HO(xord, W )
and

HE (0, w™).
Let us give the definition of the second module. Let mp be the kernel of the reduc-
tion map A — F,[FX]. We first define H! (X7, w*"" /(mp)") = HL (X, w""" /(my)")
as follows : we can take any extension of w®" " /(my)" to a coherent sheaf .Z over
X,, ( this means that 1£g : X2r4 — X, is the inclusion, then j*.Z = w""" /(m)")

and we let HL(X 24, w~™" /(my)") = lim; HY(X,,, #1.%) for .# the ideal of the com-
plement of X2 in X,,. We remark that this is a profinite A/(my)"-module. The
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pro-finite module H! (X%, w*"" /(my)") is well-defined (it does not depend on the
choice of .# as a topological module) following [Har72| section 2. We then define

un u

HL(xomd, W) = lim,, HL (X7 W™ /(mp)™).

4.2.3. U, and Frobenius. We now define a Up-operator and Frobenius operator on
these cohomologies.

There is a Frobenius morphism F : X°"¢ — X°74 which is given by E — E/H{™"
where H{*" C Elp| is the multiplicative subgroup.

This map extends to the Igusa tower into a map: F : J& — J&, which is given
by (E,¢ : Zy = T,(E)*) — (E/H{"™ ' : Ly ~ T,(E/H{*")") where 1’ is defined
by Zp % Ty(E)e ST, (E/Hm)et,

We deduce that there are two maps, the natural pull-back map on functions :
F*0Or¢ — 056 and the trace map trg : F, 06 — Or.

Lemma 4.3. We have trp(FyOs8) C pOse.

Proof. We have trp(F,Oxora) C pOxora. Since F' X 7 : JSTS X yora xord,
we deduce that trp(FOs8) C pOse. O

n

Corollary 4.4. There are two maps F : Fror"" = W and U, : Fowt" — ",

Proof. The maps F*05¢s — 056 and %trp : F,O056 — 056 are Z,-equivariant.
We can tensor with A and take the invariants. a

4.2.4. Uy, Frobenius and T,. We now describe the specialization of these maps
at classical weight k& € Z in the spirit of section Let F : F*wF — W* be
the specialization of the map constructed in corollary [f.4] The universal isogeny
m: E — E/H{*" has a differential 7* : F*wg — wg.

Lemma 4.4. F = p~F(7%)F . F*wk — Wk,
Proof. We have a commutative diagram :

T,(E)* ——T,(E/H{"™)"!

||

[09) 5} %wE/H{‘“"

from which it follows easily that F*w* — w* is given by ((7P)*)~% = p~k(x*)*. O
By duality, there is an étale isogeny 7 : E/H{*" — E with differential (77)* :
wgp — F*wg, and we can construct a map :
Pk O g 75 k.
Lemma 4.5. The above map coincides with the map Up, : Fwh — Wk,
Proof. Similar to lemma [£4] and left to the reader. O
In section we constructed a cohomological correspondence T, over X (p) :
T, :piwh — phwk.

We can consider the completion Xo(p) and its ordinary part Xo(p)°"® which is the
disjoint union of two types of irreducible components :

X (p)ord _ :{O(p)ord,F H X (p)ord,V’
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where on the first components the universal isogeny is not étale, and where it is
étale on the other components.

On Xo(p)°"®F | the map p; is an isomorphism and the map p, identifies with
the Frobenius map F. On X(p)°"®V, the map py is an isomorphism and the
map p; identifies with the Frobenius map F. We therefore can think of U, and

F has cohomological correspondences : pjw® — pjw* supported respectively on

xo(p>ord,V and :{0(p)ord,F.

One can also restrict T}, to a cohomological correspondence over Xo(p)°"® and
project it on the components Xo(p)°"**" and Xo(p)°"*". We denote by T}f" and T}’
the two projections of the correspondence T,.

Lemma 4.6. (1) We have Tlf’ _ powp{0h-1}
(2) W@ have TI}/ = psup{o,lfk}Up.
(3) If k> 1, we have T, = U, + p*~'F,
(4) If k <1, we have T, = F+p1_kUp.

Proof. This follows from the definitions, compare also with remark |

We end up this discussion with duality.
Lemma 4.7. We have D(F) = U,.
Proof. Compare with proposition [3.2 ]
4.2.5. Higher Hida theory.

Theorem 4.1. (1) F is locally finite on HL(X°7%, w*"") and e(F)HL (X7 w ")
is a finite projective A-module. Moreover,

un

e(F)H (X7, w™") @11 Zp = e(Tp)H' (X, w")
ifk < —1.
(2) U, is locally finite on HO(X"%, w*"") and e(U,)HO (X" w="") is a finite
projective A-module. Moreover,

e(Up)HO (X7 w"™"") @4 & Zpy = e(T,)HO (X, W)
if k> 3.

Proof. We first need to justify why F is acting on HL(%°¢ w*""). We exhibit a
continuous action on HL (X2 w*"" /(mp)™), compatible for all n. Let Xo(p)2"® —
Xo(p)n be the ordinary locus. We have Xo(p)2¢ = Xo(p)or ¥ [T Xo(p)2" %", where
Xo(p)2"®F is the component where the universal isogeny has connected kernel,
and Xo(p)2®"V the component where the universal isogeny has étale kernel. The

graph of the map F : X2 — X is Xo(p)o®¥. We can therefore think of

F: F*w*"" — w*"" has a cohomological correspondence on Xg(p)2™® :
o™/ (ma)" = phw /(ma)"

ord:F and by 0 on the com-

which is precisely given by F' on the component X, (p)
ponent Xo(p)ord:V .

We take a coherent sheaf .7 over X,, extending w”® " /(ma)™. If we denote by .
the ideal of the complement of X" in X,, and by j : X2"? — X, the inclusion. We
have j,w"® " /(mp)™ = colim .# ~".Z and we therefore have a cohomological corre-

spondence : p3(colim;.# ~\.#) — p (colim; .# ~'.%) and it follows that there exists [
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such that this map induces : p5(.#) — p (£ ~L.%) and there also exists m such that
ps.S™ C pt.#. Therefore, we have maps : p5(I*"F) — pi (L ~IHF.F) for all k >
0. This provides a map F : H!(X,,, #*™7) — H!(X,,, # "k F). Passing to the
projective limit over k, we finally get a continuous map F € End(HL (X2 4, w*"" /m})).
We now need to prove that F' is locally finite. We first deal with n = 1. In
that case, H(X ¢ w*"" /my) = @gz_p_i_QH}:(Xfrd,wk) (in this last formula, we
can let k go through any set of representatives of F in Z) and the isomorphism
is equivariant for the action of F' on the LHS, and 7, on the RHS by lemma
It follows from corollary that F' is locally finite for n = 1, and also that
e(F)HL(X¢m w*"" /my) is a finite F,-vector space. We deal with the general case
by induction, using the short exact sequences in cohomology (X°7¢ is affine) and
proposition [2.5] :
0 — HAX G, w0 @(my /ma)" ™)) = Hy (X7, 0" /my ™) — HU(XP, 0™ /mit) = 0
It follows that F is locally finite and that e(F)HL (X", w*"") is a finite projective
A-module.

Finally, for all k < —1, we have an isomorphism : N ®x ; Z, = e(F)HL(X°"?, wk)
and there is a canonical map:

H (X7, ") — HY (X, w")
and by applying projectors on both side we get a map:
e(F)Hg (X774, 0") = e(T,) H' (X, w")

of finite free Z,-modules, which is an isomorphism modulo p by corollary[d.2} There-
fore this map is an isomorphism. The proof of the second point of the theorem
follows along similar lines. O

4.3. Serre duality. Recall that we have a residue map res : H* (X, Qﬁ(/zp) — L.

Therefore, there is a natural map : H.(X°"¢ w?(—D) ® A) — A which is obtained
as the composite

HL (%" w?(-D)® A) — HY(X,w?(-D) ® A) — H(X,w?(-D)) ® A

Ksﬁl Hl(Xﬂﬂﬁ(/Zp) ®Ar@>1 A

Let us denote by w? """ (=D) = w?@Hom(w"" ", A® Oxora). This is an invertible
sheaf of A ® Oyora-modules over X°7%.

Remark 4.3. The following character ZX — A*, t — t*(s*"(t))"" induces an
automorphism d : A — A. We have an isomorphism of Oyora®A-modules :

un

(U2_K'un(_D) — Wk L(_D) ®A,d A
We can therefore define a pairing :

() HOxo W) x HE(X W (= D)) — HE(X", w?(=D) @z, A) — A

_eun

Proposition 4.2. For any (f,g) € HO(Xo"® w*"") x HL(X",w?~*"" (~D)), we
have (Uyp f,9) = (f, Fg).
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Proof. We have a commutative diagram :

HO(}:ord7 wm“”) % H}: (:{ord’ w27/1“" (—D)) A

|

erZ HO(%OTd7wk) X H}:(xm‘de2ik(_D))

erZ Z

where the vertical maps are injective. It suffices therefore to prove the identity for
the pairing (, )5 : HO(X°"4, w") x HL(X°"Y,w?~*(-D)) — HL (X", w?(-D)) — Z,
We work modulo p™ and let .# be the ideal of the complement of X274,
We have HL(X?2, w?~%(—D)) = lim H*(X,,, #"w?* ¥(—D)) and the cohomolog-
ical correspondence over Xg(p)y,

F: P jmk 2— k( D)—)p! ﬂ*l+kw2fk(7D)

Its dual is a map : D(F) = p{.# F+lwk — phs~mkyF which equals, on the limit
over k, to the cohomological correspondence U, by lemma @
O
This pairing restricts to a pairing :

un

() e(Uy)HO (074, W™ ) x e(F)HL(X°, w? """ (=D)) — A.
Theorem 4.2. (1) The pairing {,) is a perfect pairing,

u

(2) For any (f,g) € e(U,)HO(X4,w""") x e(F)HL(X4, w?~"

<Upfvg> = <f7Fg>7

(3) The pairing (,) is compatible with the classical pairing in the sense that for
any k € Z, we have a commutative diagram, where the bottom pairing is
the one deduced from Serre duality on X :

un

(7D))7

e(Up)HO(:{OTdek) X e(F)H‘lj(xord7WQk(D))/ Ly
e(T,)HO (X, w") X e(T,)H (X, w?*(~D))

Proof. The second point follows from proposition The first point will follow
from the third point, since the map ¢ and j are isomorphisms for integers k > 3
and the bottom pairing is perfect. Let us prove the last point. First, we consider
the diagram without applying projectors :

HO(xord7wk) X Hl(%OTd, 2—k /Zp
HO(X,wk) X HY (X, w?F(—

which is commutative by construction. For any f € HO(X, wk)and g € HL (X" w?~*(-D)),
we have (i(f),g) = (f,j(g)). If we now assume that f € e(7T,)H(X,w*) and
g € e(F)HL(X°md w?~*(—D)), we have that
(e(Up)i(f), 9) = (i(f), e(F)g) = (i(f), 9)
and

(f,e(Tp)i(9)) = (e(Tp) f,3(9)) = (f:3(9))

and the conlusion follows. O
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5. HIGHER COLEMAN THEORY

5.1. Cohomology with support in a closed subspace. We recall the notion
of cohomology of an abelian sheaf on a topological space, with support in a closed
subspace. A reference for this material is [Gro05], chapter I. Let X be a topological
space. Let i : Z < X be a closed subspace. We denote by C'z and C'x the categories
of sheaves of abelian groups on Z and X respectively.

We have the pushforward functor i, : Cz — Cx and the extension by zero
functor 4, : C; — Cx. The functor i, has a left adjoint i* : Cx — Cy. For
an abelian sheaf .7 over X, we let I'z(X,.7) = H(X,i,i".#). By definition this
is the subgroup of H(X,.%) of sections whose support is included in Z. We let
RT'z(X, —) be the derived functor of T'z (X, —).

Let U = X\ Z and let .%# be an object of C'x. We have an exact triangle (|[Gro05],
I, corollaire 2.9):

RT,(X,Z) — RI(X, F) - RI(U,Z) 5
Some properties of the cohomology with support are :

(1) (change of support)[[Gro05], I, Proposition 1.8] If Z C Z’, there is a map
er(X,y) — RFZ/(X,E).
(2) (pull-back) If we have a cartesian diagram :

Z——X

)

Z/H'X/

and a sheaf # on X', there is a map Rz (X', %) — RI'z(X, f*F),

(3) (Change of ambient space)|[Gro05], I, Proposition 2.2] If we have Z C U C
X for some open U of X, then the pull back map RI'z(X, %) — RI['z(U, %)
is a quasi-isomorphism.

We now discuss the construction of the trace map in the context of adic spaces
and finite flat morphisms.

Lemma 5.1. Consider a commutative diagram of topological spaces:

Z——X

L)

7 —— X'

with X and X' adic spaces, [ a finite flat morphism of adic spaces, Z' and Z are
closed subspaces of X' and X respectively. Let F be a sheaf of Ox-modules. Then
there is a map RT'z(X, f*%#) — Rl z.(X', 7).

Proof. We first recall that the category of sheaves of &r-modules on a ringed space
(T, Or) has enough injectives ([Stal3|, Tag 01DH). It follows that it is enough to
construct a functorial map I'z(X, f*#) — I'z/(X',.#) for sheaves .# of Ox-
modules. We have a map I'z(X, f[*%) — T'y-15/(X, f*#). Therefore, it suffices
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to consider the case where Z = f~1(Z’). We have a trace map T : f,f*F — Z.
Let us complete the above diagram into :

J——X~<~—U

Lok

Z/HX/éU/

where U/ = X'\ Z' and U = X \ Z. We have a commutative diagram :

[ F —= 99" (J')F
-
T G
Taking global sections and the induced map on the kernel of the two horizontal
morphisms, we deduce that there is a map I'z (X, f*%) — I'z/(X', ). O

5.2. The modular curve Xy(p). We let Xo(p) be the compactified modular curve
of level I'g(p) and tame level I'y (IV) for some prime to p integer N > 3, viewed as
an adic space over Spa(Q,,Z,). We let H; C E[p| be the universal subgroup of
order p.

5.2.1. Parametrization by the degree. Let Xo(p)™! be the subset of rank one points
of Xo(p). We define a map deg : Xo(p)™* — [0, 1], which sends x € X,(p)™! to
deg Hy € [0,1] (see [Farl0], section 4, def. 3). For any rational interval [a,b] C
[0, 1], there is a unique quasi-compact open Xo(p)(q,;) of X such that deg™a,b] =

Xo(p)ixh- We let Xo(p)jo,aiujon] = (Xo(P)fa,p)) -

Remark 5.1. We remark that in this parametrization, the two extremal points 0
(resp. 1) correspond to ordinary semi-abelian schemes equipped with an étale (resp.
multiplicative) subgroup Hj.

5.2.2. The canonical subgroup. We let X be the compactified modular curve of
degree prime to p. We have an Hasse invariant Ha and we can define the Hodge
height :
Hdg : X™ — [0, 1]
obtained by sending z to inf{v,(Ha), 1} for any local lift Ha of the Hasse invariant.
For any v € [0,1], we let X, = {z € X,Hdg(x) < v} (more correctly, X, is the
quasi-compact open whose rank one points are those described as above).
We recall the following theorems :

Theorem 5.1 ([Kat73], thm. 3.1). If v < ;F5, then over X, we have a canonical

subgroup H{*™ C E[p] which is locally isomorphic to Z/pZ in the étale topology.

Theorem 5.2. (1) For any rank one point of Xo(p), we have the identity
ZHCE[p] deg H = 1. Moreover, either all the degrees are equal or there ex-
ists a canonical subgroup H{*" and for all H # H{*", deg H = %

(2) Ifa < p—il, Xo(p)[o,q) carries a canonical subgroup H{*" # Hy and deg(H,) =
Hdg
o5

3) If a > p%, Xo(p)[a,1) carries a canonical subgroup H{*™ = Hi, and

deg(H;) = 1 — Hdg.
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Proof. Voir [Pilll], section A.2 and [Farll], thm. 6. O

5.3. The correspondence U,. We let C be the correspondence underlying U,.

It parametrizes isogenies of degree p : (E — E',H; = H}). We denote by
H = Ker(E — E’). We have two projections py((F,Hy,E’,Hy)) = (E,Hy),
pQ((E’HhE/vHi)) = (E/7Hi)

There is actually an isomorphism Xg(p?) — C (where Xo(p?) parametrizes
(E,Hy C E[p?%]), with Hy locally isomorphic to Z/p?Z), mapping (E, Hs) to
(E/Hy,Hs/Hy,E, Hy) where Hy = Hs[p|, and the isogeny E/H; — FE is dual
to B — E/H,.

Let us denote by Cj,p = 7 H(Xo(p) [a.5)- Ifa> +17 then we have a canonical
subgroup of order 1 over Xo(p)jq,1, H{*" = Hi. If a < ﬁ, we also have a

canonical subgroup of order 1 over Xo(p)jo,o) and Hy # H{*". The map p; :
Clo,a) = Xo(p)[0,q] has a section given by H{*". Let C[“O“"] be the image of this
section and let C[eot,a] be its complement, so that Cjg q = 0 a] 11 C[o a]’

Proposition 5.1. (1) Ifa> zﬁ’ 2(Cay) = Xo(p){prl_k%}.
(2) Ifa < 37, we have that p2(C{ey) = Xo(p) (pay, and p2(Cly) = Xo(p) {1 -a}-
(3) If a €]0,1[, we have p2(Clq,1)) € Xia,1)-
Proof. We do the case by case argument to check the first two points :
(1) We have H; = H{*". If H C E[p|] satisfies H # H{*", then deg H =
% and deg E[p]/H = ijl + degprl.
(2) On Cloa)» the isogeny E — E/H is the canonical isogeny and deg E[p]/H =
1 —deg H where deg H =1 — pdeg H;. On C“a we have H # H{*" and
deg H = deg H;. Therefore deg F[p|/H =1 — deng.
We deduce that if a €]0, 1], there exists b > a such that p2(Ciq,1)) € Xpp,17, and the
last point follows. (I
We now give a similar analysis for the transpose of U,. It is useful to use the
isomorphism C ~ Xg(p?), for which we have po(E, Hs) = (E, Hy) and pi(E, Hy) =
(E/Hl,Hz/Hl). We let C@8 = p3 (Xo(p)[a0))-
If deg Hy < we deduce that deg E[p] / H1 > is the canonical subgroup.
If deg H; > +1 ,
but that F'/H; admits a canonical subgroup. We denote by Cla1lcan the component
where Hy/H; is the canonical subgroup and by Cl®1)¢t its complement.

Proposition 5.2. (1) Ifa < ﬁ, pr(Cled) = Xo(p){%}.
(2) Ifa > 527, we have that py (C1OHm) = Xo(p) (1-p(1-ay). and py (CLohet)) =
Xo(P){1-a}-
(3) For any 0 < a < 1, we have that p,(C1%l) C Xo(p)[0,a]-

g
we deduce that deg E[p|/H; < — is not the canonical subgroup,

Proof. We do the case by case argument for the first two points :

(1) We have deg E[p]/H; = 1 — deg Hy. This is the canonical subgroup. We
deduce that deg Ho/Hy = %.

(2) We have deg E[p]/H; = 1 — deg Hy, is not the canonical subgroup. In case
(E,Hy) € Cloleon e deduce that deg Ho/H; = 1 — p(1 — deg Hy). If
(B, Hy) € Clelet we deduce that deg Hy/Hy = 1 — deg H;.
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We deduce that if 0 < a < 1, there exists b > a such that p, (C[*2l) C Xo(p)jo,p;- O

5.4. The U,-operator. We work over Xy(p). Let a €]0,1[NQ. The cohomologies
of interest are :

(1) RL(Xo(p),w"),

(2) R’F(XO(p)[a,l]awk)7

(3) RFXU(p)[O,a[(Xo(P)Mk)

The category of perfect Banach complexes is the homotopy category of the cat-
egory of bounded complexes of Banach spaces over Q.

Lemma 5.2. These cohomologies are objects of the category of perfect Banach
complezes.

Proof. In case (1) and (2) we can take a finite affinoid covering to represent the
cohomology. In case (3), the cohomology fits in an exact triangle :

RIx;, , (Xo(p),w") = RI(Xo(p), w*) = RT(Xo(p)(a,1)w"*) =

since the two right objects belong to the category of perfect Banach complexes, so
is the last one. O

5.4.1. Constructing the action. We define a naive cohomological correspondence
U, ¢ has follows. The two ingredients are the differential map pswr — pjwg and
the trace map (p1).0c — Ox, (). Putting all this together, we obtain

i . k k
U;,“””e D (p1)paw” — W".

Proposition 5.3. We have an action of the Ul’;“i“e—opemtor on RI(Xo(p),w"),
RI(Xo(p){a],w") and RFXO(p)[Oﬂa[(XO(p),wk) for any 0 < a < 1. The UJ}*e-
operator is compact. Moreover, the Ul’f‘”“e operator acts equivariantly on the trian-
gle :

RT ) (p);0.0 (Xo0(p), &) = RT(Xo(p), ") = RO(Xo(p)fa,1,w*) 5

[0,a

Proof. The operator UJ**¢ is compact on RI'(Xo(p),w*) because this later com-
plex is a perfect complex of finite dimensional QQ,-vector spaces. By proposition

BT L
p2(Cla,11) € Xo(P)[a,1)-

Therefore, we have a map :

RT(Xo(p)fa,11,@") = RL(p2(Cla,1)), %) ™ RT(Cpy 11, ")
= RT(Cla, pi’) "5 RT (X0 (p) a1, w")-
Therefore, Ug“””e acts and is compact on RF(Xo(p)[a’l],wk) because the first

map RF(XO(p)[aJ],wk) — RF(pQ(C[aJ]),UJk) is. Similarly, by proposition

p(Cl) € Xo(p)jo,ar-

The operator U;m“’e acts like the composite of the following maps :

RFX[O)HV[(XO(p),wk) L&Y RT 0.0 (C, piw®) = R gpo.ar (C, piw™)

-\ trace
= BRI, 0.y (CoP1w®) "7 RE ooty (Ko (), ) = R, () 0,0 (X0(p), w").
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We claim that the map RI',, (c0,qp) (Xo(p), whk) — R X, () 0.1 (Xo(p),w") is com-

pact. This will follow if we prove that the map RI'x, (), ,;(Xo(p), wk) — RI'x, (p) 0.0 (Xo(p), w

for 0 < b < a <1 is compact. To see this, we observe that there is a map of exact
triangles :

RFXO(p)[O,b[(XO(p)7wk) > RF(XU(p)aW ) > RT’ X() p)[b

| |

RFXo(p)[o,a[(XU(p)vwk) > RF(XO(p)awk) RF(XO p)[a 1], W ) > +1

1] )*>+1

)

and since the two vertical maps on the right are compact, the first vertical map is
also compact.
O

We also note the following corollary of the proof :
Corollary 5.1. For any 0 < a < b < 1, the natural maps
RI(Xo(p){a,1], ") = RT(Xo(p)p,13 ")

and
R]‘—‘Xo(p)[o,a[ (XO (p)a wk) - RFXo(p)[o,b[ (XO (p)7 wk)

induce quasi-isomorphism on the finite slope part for U;m“’@,

5.4.2. U, and Frobenius. It is worth spelling out the action of U, on RI'x, D) (0. (Xo(p),w").

Ifa< +1, we have a correspondence
Cloa
pgan pean
XO(p)[O,pa] XO(p)[O,a]
where p{®" is actually an isomorphism. We can think of this correspondence

as the graph of the Frobenius map Xo(p)o,pa) — Xo0(P)[0,q], sending (E, Hy) to
(E/H{"™, E[p]/H{*"). We claim that there is an associated operator :

U;awe,oan . RFXo(p)[o,a[(X(J(p)’ wk) — RFXO(p)[O@[(XO(p)a wk).

We first observe that RFXD(p)[O,a[(XO(p)vwk) = RFXO(p)[O,a[(Xo(p)[07a]7wk)'
We now construct Up®***““" as the composite :

Can)*

(ZD can
RT x, () 0.0 (X0 (D), ") = RT x ()00 (X0 (D), ) "5 RTcgen (Gl (05 YWk

— RFCC“" (C[CO al’ , (P can)*wk)%RrXo(P)[o,a[(Xo(p)’wk)'

Proposition 5.4. Fora < we have UJ!*ecan = Unaive on RE x () 0.0 (X0 (p),w").

P

Proof. This amounts to compare the construction of U;}“”e (given in the proof of
proposition i and of U}**ve:ca”  We see that p; (C9aly ¢ Xo(p) [0,q] and therefore,

pflpl(c[o’a[) = (p1 ';1 (C ) N Cloal ) H(p1 p1(C[ ’ [) N C[o a])

")
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Moreover, ps((py *p1(CI**)NCEL 1)) € Xo(p)[1-a,q) and therefore, C0el < (prp,(Cl)y

Cloa))- We have

Rrp;lpl(c[o,a[)(C,prk) =
i k
Rf(pflpl(C[o,a[)mc{bjg])(C',pfw ) ® RF(pl—lpl(c[O’a[)nCﬁf,a])(C’piw )-

Therefore the map RT ¢(0.a((C, pfw*) — Rprlpl(C[o,a[)(C, piw”) factors through
the direct factor Rr(pflpl(C[Ova[)mc[coffg])(ca prwk). O

5.4.3. Slopes estimates and the control theorem. The following lemma is the key
technical input to proving Coleman’s classicality theorem.

Lemma 5.3. For any a €]0,1[NQ,
(1) the slopes of Ur*¢ on RI(Xo(p){a,1j,w") are > 1.

(2) the slopes of U}*" on RFXD(p)[OYa[(XO(p),wk) are > k.

Proof. We first observe that the finite slope part of the cohomology RT'(X¢(p)q,1], wk)fs
is independent of a €]0,1[ and is therefore supported in degree 0 by affiness for a
close to 1. It follows that we are left to prove that U;“”“E has slopes at least

1 and this is a g-expansion computation. Namely, U;}‘””e O ang™) =Y anpg™
For the second cohomology, we again observe that the cohomology is indepen-
dent of a €]0,1]. We may therefore suppose that @ is small enough and use that
U;“““ = U;‘””e’ca" (proposition .

We first claim that for any s € Q,

im(Hon(lJ)[o,a[(Xo(p)’wk7+) — H&O(p)[o’a[(Xo(p),wk):s)

(where the supscript = s means the slope s part for the action of U;}“i”e) defines
a lattice in Hg(o(p)[O,a[(X(J(p)’wk):S (an open and bounded sub-module). We can
indeed represent the cohomology RFXO(p)[UYa[(XO(p),wk) by the Cech complex C*®
relative to some open covering U, and we can lift the U,-operator to a compact

operator f]p on the complex. Note that C*® is a complex of Banach modules.
The map from Cech cohomology with respect to U to cohomology

HZ,XU(F)[o,a[(XO(p)’wk’+) - Hg{o(p)[o,a[(Xo(p)’wk’+)

has kernel and cokernel of bounded torsion by [Pill7], lemma 3.2.2. It suffices to
prove that

im(Hy x, ()0, (Xo(P), %) = Hig ), (Xo(p), w*)™*)

defines an open and bounded sub-module in Hg(o(p)[o a[(Xo(p),wk):S. The Cech

cohomology ﬁb Xo(P)o [(XO (p),w*) is obtained by taking the cohomology of and

open and bounded sub-complex C** C C®. The image of C™® in C*~* under the
continuous projection C* — C'*=* (the target is now a complex of finite dimensional
vector spaces) is again open and bounded and the claim follows.

Moreover, over C[CO"Z[, we have a universal isogeny which gives an isomorphism,
piw — piw, for which ppiw™ C piwt C p' "7 prwt. We deduce that Upeve induces
a map

k k(1—2) k
RT o (p)y0, (X0(P): 1) = R x, () (X0 (p), P07 9T
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if k>0, and
RT X, (5) 0.0 (X0 (D), 0™ F) = RTx, (1) 0.0, (X0 (p), PP )

if £ < 0. We deduce that p_k(l_%)U;}‘””e if Kk > 0 and ;D_’“U];““'”e if k < 0 stabilize a
lattice in the cohomology, and therefore have only non-negative slope. The lemma
follows. 0

Remark 5.2. The lemma 3.2.2 in [Pill7] depends on the main result of [Bar7§|,
which in turn is a key technical ingredient in [Kas06].

We now define U, = p~ inf{l’k}Ugai“e and we get :

Theorem 5.3. (1) U, has slopes > 0 on RI'(Xo(p),w"),
(2) For anya €]0,1[NQ, the map RT'(Xo(p), w*)<k—1 — RF(Xo(p)[a)l],wk)<k71
18 a quasi-isomorphism,
(3) For anya €]0,1[NQ, the map IZ{I‘X[M[(XO(;D),(,uk)<1*’C — RI(Xo(p), wk)<t=*
18 a quasi-isomorphism.

Proof. We consider the triangle

+1

RFXo(p) (XO(p)awk) — RF(Xo(p)7wk) — RF(XO(p)[a,1]7wk) —

[0,
on which U, acts equivariantly and apply the slope estimates of lemma @ ([
1
pEs g
is an isomorphism and therefore the pull back map RI'(X;_q,w") — RT'(Xo(p)(q,1), ")
is a quasi-isomorphism. There is a analogue statement for the cohomology with sup-
port that we now explain. Let a < zﬁ We have a Frobenius map F' : Xo(p)o,a] —
Xo(p)jo,pa) given by (E, Hy) — (E/H{*", Elp]/H{*"). There is similarly a Frobe-
nius map F': Xo — X, given by E — E/H{*".
The Frobenius map fits into the following diagram :

5.4.4. Going down to spherical level. For a > the map p1 : Xo(P)[a,1] = X1-a

F
Xo(P)0,a — Xo(P)[0,pa]

Xo — =X,

where the diagonal map is given by E — (E/H{*", E[p]/H{*").
Proposition 5.5. The pull back map RT x, (X,w*) — R x0 ()10 a[(Xo(p),wk) n-
" ,
duces a quasi-isomorphism on the finite slope part.

5.5. p-adic variation. We now consider the problem of interpolation of these co-
homologies.

5.5.1. Reduction of the torsor wg. We recall here a construction from [Pill3] and
[AIS14]. We let T = {w € wg, w # 0} be the G,,-torsor associated to wg. We
let GI = Spa(Qu(T),Z,(T)) be the unit ball, with its additive analytic group
structure. We fix a positive integer n. We have an analytic subgroup Z;(l +

—p 2
" FIGE) < G
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Proposition 5.6. Letv < m 1 The G,,-torsor T x x X, — X, has a natural

T
reduction to a Z, (1 + PV G})-torsor denoted T,.

Proof. We denote by wg C wg the locally free sheaf of integral relative differential

forms. For v < m’ there is a canonical subgroup of level n, HS*" over X,,.

The isogeny E — E/HE*™ yields a map wg/Hcm — wg, with cokernel w;}n. The

surjective map r : wy — w can induces an isomorphism :
E H
n

WE DTV S 0T
There is a Hodge-Tate map : HT : (H2™)P — wf ... (of sheaves on the étale
site), and its linearization : HT ® 1 : (H¢)P ® ﬁ;v — Wrean has cokernel killed

by p7 1. We have a diagram :

wp
s
(HeemP s o

We now introduce a modification of wj, : let w% = {w € W}, r(w) € im(HT ®
1)} C wj. This is a locally free sheaf of 0’;“—modules on the étale site. The
Hodge-Tate map induces an isomorphism :

HT, : (H:Lan)D ® ﬁ;u/pn—v% N wﬁE/pn—v%.
We let 7, be the torsor under the group Z, (1 + p" VPTG defined by

Ty = {wewh, AP e (H™P, p"~'P #0,HT,(P) =w mod p" 71}

We have a natural map 7, < T, equivariant for the analytic group map : Z; (1 +
PUTURIGH) = Gy O

5.5.2. Interpolation of the sheaf. We let W = Spa(A, A) xSpa(Q,, Z,) be the weight
space. We let " : Z — Oy, be the universal character.

We can write VW as an increasing union of affinoids W = Ug<,<1 W, where
r € QN]0,1[ and each W, is a finite union of balls of radius r. Over each W,
there is t(r) € Qs such that the universal character extends to a character K" :
ZX(1+ptM o)) — o).

We now fix r and we choose v small enough and n large enough such that
t(ry<n-— vppfnl and we define a locally free sheaf w""" over X, x W, :

s

P
un X nN=VLTT ot
W = (O, @ O, )5 O TR ),

Since T, — X, is an étale torsor, the sheaf w*"" is a locally free sheaf of Ox, xw,-
modules in the étale topology. It is actually a locally free sheaf of O'x, xyy,-modules
in the Zariski topology by the main result of [BG9S].
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5.5.3. Interpolation of the cohomology. For a €]0, %}, we have a map p1 : Xo(p)jo,a] —
X, and we can therefore pull back the sheaf w" " to an invertible sheaf over
Xo(p)jo,a] X W

If a € [1 —v,1[, we have a map p; : Xo(p)[a,1] — X and we can pull back the
sheaf w*"" to an invertible sheaf over X(p) [a,1] X Wi

We consider the cohomologies :
(1> RFXO(P)[O,G[(Xo(p)ﬂ’unu”)
(2) RI(Xo(p)[a,1],w" ).
Note that the first cohomology group is well defined because RT x, ), . (Xo(p), W) =
RT x4 (p) 0.0 (X0 (D) 0,0, @™ )-
These cohomologies belong to the category of perfect complexes of Banach spaces
over Oy, which is the homotopy category of the category of bounded complexes of
projective Banach modules over Oyy,..

5.5.4. The Uy-operator on RI'(Xo(p)(a,1]s w"®""). We need to consider the Up,-correspondence
on Xo(p)[q,1] Where it reduces to a correspondence

Cla]

P
Xo(p)i2,1 Xo(P)(a,1)
Lemma 5.4. There is a natural isomorphism p§w”un — p{w"m, and we can define

a cohomological correspondence U, :pl*pé‘w”u" — Wt which specializes in weight
k>1toU,.

Proof. Over (Y, 1), the universal isogeny 7 : pi E' — p3 E/ induces an isomorphism
on canonical subgroups py HS*" ~ p5 HS*™ and therefore there is a canonical iso-
morphism :

#

* *
bWy ——————— = DN1w

l l

n
nN—uv-—5

piwh,/p" TR —— piwh, TR

p3(H")P ——— pi(H}*")P

#
E

This clearly induces an isomorphism pi7, — p57, and from this we get an
isomorphism :
which specializes to the natural isomorphism pjw® — piw* at weight k.

1
un p Trp 1 un

We now define U, CpLpsWt T = prpiwt T S W

Corollary 5.2. The operator U, is compact on RF(XO(p)[aJ],w”“")_
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Proof. The operator U, factors as :

un un un

RI(Xo(p)ja,1p,w™ ) = RI(Xo(p)jz 1y, 0™ ) = RI(Xo(p)ja,1p, 0™ ).
U

5.5.5. The Up-operator on RI'x, (), a[(XO(p),w"un). We need to consider the Up-
correspondence on Xo(p)jo,q] Where actually only the canonical part of the corre-
spondance is relevant and therefore, it reduces to a correspondence :

can

[0,a]
p5" %
Xo(P)(0,pa) Xo(p)[0,a]

Lemma 5.5. There is a natural isomorphism (pse™)*w®"" — (p$**)*w™"", and a
cohomological correspondence U, : (p§™™),(ps*™)*w""" — w""" specializes in weight
k<1 toUg™.

Proof. Over Cg'}), the dual universal isogeny 7P (p§P)*E — (p{*")*E induces
an isomorphism on canonical subgroups (p§®™)* HS*™ ~ (p§®™)* H" and therefore
there is a canonical isomorphism :

can)

(p§

(x?)
i)

l l

() el "7 —— (o)

(D) (Hem) P — s (p)* (HE)

*, 8
Wg

This clearly induces an isomorphism (p§*™*)*7T, — (p§*™*)*T, and from this we

get an isomorphism :

can\*, K“" can\*, K“"
(p3"")"w™ = (pi"")w
or rather more naturally its inverse :

can)* KU can)* KU

(PT")w™ = (5™ w
which specializes to the natural isomorphism (p§*")*w® — (ps")*w* given by
(7P)*, and its inverse (p5e™)*wk — (p§*m)*w* is p~k(7*). .
Recall that p; is an isomorphism, and we therefore get U, : (p§*™)«(p5*™)*w™  —
w®"" which specializes in weight & < 1 to p*kUz‘f“”’”“”e =Uym.
(]

Remark 5.3. We therefore find that this is really U, and not U™ that can be
interpolated over the weight space.

Corollary 5.3. The U,-operator is compact on RFXO(p)[Oﬁa[(XO(p),w"‘m).



28 GEORGE BOXER AND VINCENT PILLONI

Proof. The operator U, factors as :

un un un

RFXo(p)[O,a[(XO(p)aWK ) — ];:{I‘Xo(p)[oym[()(o(p),(4)"C ) — RFXO(p)[O,a[(XO(p)aWK )
([l

5.6. Construction of eigencurves. We use these cohomologies to construct the
eigencurve, following the method of [Col97].

5.6.1. First construction. The cohomology RI'(Xy(p) [aJ],w“un) is concentrated in
degree 0, and is represented by H(Xo(p) [a,l],w”w) which is a projective Banach
module over Oy, (see [Pill3], corollary 5.3).

The U,-operator acts compactly on this space. We let P € Oy, [[T]] be the
characteristic series of U,. This is an entire series. We let Z = V(P) C GZ' x W,.
We have a weight map w : Z — W, which is quasi-finite, partially proper, and
locally on the source and the target a finite flat map.

Over Z we have a coherent sheaf M which is the universal generalized eigenspace.
This is a locally free w=!0)y -module and for any z = (k,a) € Z, 2*M =
H0<Xo(p)[a’1],wn)Up=a*1.

We let 0z C Endz (M) be the subsheaf of z-modules generated by the Hecke
operators of level prime to Np, and we let C — Z be the associated analytic space.

The construction of (M,C, Z) is compatible when r changes (and does not de-
pend on auxiliary choices like a, v, n...). We now let r tend to 1, glue everything,
and with a slight abuse of notation we have C — Z — W and a coherent sheaf M
over C. This is the eigencurve of [CM9S].

5.6.2. Second construction. We can perform a similar construction, using instead
the cohomology RFXO(p)[O)a[(Xo(p),MQ_KM(—D)) where w2 """ (—=D) = (w*"" ) ®
w?(—D). The introduction of this twist is motivated by Serre duality. Recall that
the character ZX — A*, t — t*£""(t)~! induces an automorphism d : A — A, and
therefore:

un un

I%FXO(P)[O,Q[(‘Xo(p)7("}2_}‘i (_D)) = RFXO(P)[O,G[(XO(p)awK (_D)) ®%W7,,d ﬁWr'

This cohomology is a perfect complex of projective Banach modules over 0y,
and for any morphism Spa(A, AT) — W,, the cohomology RT'[g .{(Xo(p),w? """ (= D))®A)
is supported in degree 1.

We choose a representative N*® for this cohomology, as well as a compact repre-
sentative Up representing the action of U,. We let Q; be the characteristic series
of U, acting on N*. We let Q = [[Q; and we let X = V(Q) C G%* x W,. We
have a weight map w : X — W, which is quasi-finite locally on the source and the
target and a bounded complex of coherent sheaves "generalized eigenspaces" N
over X. This is a perfect complex of finite projective w~! )y, -modules. Moreover,
N* has cohomology only in degree 1, and we deduce that HY(N*®) = N is a locally
free w1 Oy, -module. We let Q = V([],(—1)?Q;) and we set X = V(Q) C X. The
module N is supported on X. We let &p C Endx(N') be the subsheaf generated
by the Hecke algebra of prime to Np level, and we let D — X be the associated
analytic space. We can now let r tend to 1, and we have D — X — W and the
sheaf N over D. This is a second eigencurve.
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5.7. The duality pairing. In this last section, we prove that Z and X are canon-
ically isomorphic, that M and A are canonically dual to each other and that C and
D are canonically identified under the pairing between M and N.

5.7.1. Preliminaries. We are going to use the theory of dagger spaces [GK00]. Let
X1 be a dagger space over Spa(Qy, Z,), smooth of pure relative dimension d. Let %
be a coherent sheaf on XT. Then one can define the cohomology groups H (X, .%)
and H:(XT,.#). Moreover, these cohomology groups carry canonical topologies
([vdP92], sect. 1.6).

By [GKO0Q], thm 4.4, there is a residue map :

resx : HY(XT, QX/@ ) = Q,.

This residue map has the following two important properties. Let f: YT — XT
be an open immersion. Then the diagram :

f*
HY(Y'T, Qdy/Q ) ——=H4(XT, le(/Q )
=
resx
Qp

is commutative. See [Bey97], coro. 4.2.12 (although the author is working here in
the "dual" setting of wide open spaces)).
Let f: YT — XT be a finite flat map. Then the diagram :

(1) HAYT, Qo ) — 2= HAXT, 04 )

\ lres
b

Qp

is commutative. See [Bey97], coro. 4.2.11 (although the author is working here
again in the "dual" setting of wide open spaces).

Let .# be a locally free sheaf of finite rank over X' which is assumed to be
affinoid, smooth of pure dimension d. We let D(#) = %V ® QX/Q

Then the residue map induces a perfect pairing (JGK00], thm. 4.4) :
H(XT, 7) x HY(XT, D(F)) = Q,
for which both spaces are strong duals of each other.

Remark 5.4. Since the topological vector space HO(XT,.%) is a compact inductive
limit of Banach spaces, we deduce from the theorem that the topological vector
space HY(XT, D(.%)) is a compact projective limit of Banach spaces.

5.7.2. The classical pairing. We denote by w the Atkin-Lehner involution over
Xo(p) and by (p) the diamond operator given by multiplication by p. We recall that
wow = (p). We recall that C is the Hecke correspondence underlying U,. We can
think of it as the moduli space of (E, H, Hy) where H, H; are distinct subgroups of
E[p]. We have the projection py(F, H,Hy) = (E, H;). We also have a projection
p2((E,H,H,) = (E/H, E[p|/H). Exchanging the roles of H and H; yields an auto-
morphism ¢ : C — C and we let ¢; = p; o t. Now one checks easily that wop; = ¢
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and wops = (p)oq;. We have a residue map H!(Xq(p), Qﬁ(o(p)/t@p) — Q, and there
is a perfect pairing:

(:)o : H'(Xo(p), ") x H' (Xo(p),w? *(=D)) = Q,

where we use the Kodaira-Spencer isomorphism Q% )/, = w?(—D). We modify
this pairing, and set :

()= w o
Lemma 5.6. For any (f,g9) € H°(X(p),w*) x H(Xo(p),w? *(—D)), we have:
(f.Upg) = (Upf.9)-

Proof. For any (f,g) € HO(Xo(p), «*) <! (Xo(p), w?~*(~ D)), we have: (U7 f, g)o =
(f, (Upeve)tg) where (U}*¥¢)" is the operator associated to the transpose of C', and
is obtained as follows:

RI(Xo(p), D(wh)) % RD(C, p{ D(wF)) — RI(C, ps D(w)) ™5 R (Xo(p), D(wh)).

We observe that the determination of the adjoint of U;‘””e as the operator associ-
ated to the transpose of C' uses the compatibility property of diagram [l We have
a commutative diagram :

RI(Xo(p), D(wF)) —2= RI(C, p} D(w)) —= RI(C, pD(w*)) —2 RT(Xo(p), D(w*))

w*T L*T L*T w*<p>1T

R(Xo(p), D)) 2 RI(C, g5 D(w*)) —= RD(C, qi (b)) — RI(Xo(p), D(w*))

We see that (U} f,wg)o = (f, w*U}***g)o. We now check that the normalizing
factors are correct so that (U, f,g) = (f, Up,g). O

5.7.3. The p-adic pairing. We now work again over Oy, . We let Xo(p)™! =
colimg—1 Xo(p)[a,1). We let Xo(p)**T = colimy—0Xo(p)p,q)- The Atkin-Lehner
map is an isomorphism w : Xo(p)™" — Xo(p)°>T and there is an isomorphism
w:w*w® " — W (compare with sections and .

Lemma 5.7. We have a canonical perfect pairing (,)o : HO(Xo(p)™ 1, w"™") x
HL(Xo(p)™T,w? " (=D)) = Oy,.. Moreover, H(Xo(p)"™,w*"") is a compact
inductive limit of projective Banach spaces over Oyy_, HL(Xo(p)™T,w?=*"" (=D))
is a compact projective limit of projective Banach spaces over Oy, , and both spaces
are strong duals of each other.

Proof. The pairing is obtained as follows:

HO (X (p)™ T, w"

un un

) x Hy(Xo(p)™,w* ™" (=D))

~ T m
— HY(Xo(p)™, 9k, (0,80, Ow,) """ 0
We prove the remaining claims. Let W be the connected component of the char-
acter i : x +> 2 for i =0,--- ,p — 2 in W. Then for all i, w“m|wi = wi®Qp Owy; is
an "isotrivial" sheaf. This follows from the existence of the Eisenstein family (see
[Pil13], the final discussion below proposition 6.2). Therefore, all the statements
of the lemma are reduced to similar statement for classical invertible sheaves, and
they follow from [GKO00], thm. 4.4. O

e
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We deduce form this lemma that there is a canonical pairing :
() HO(Xo(p)™ !, w™") x Hy(Xo(p) T, ™" (=D)) = O,

by putting (,) = (,w*.)o. For this pairing, (Up.,.) = (., U,.). We have by definition
that HO(Xo(p)™,w™") = colima—1H%(Xo(p) (0,1, ™).

un

Lemma 5.8. We have a canonical isomorphism : HL(Xo(p)ett, w?="""(=D)) =
limgo H ) (Xo(p),w? " (=D)).

Proof. We have a short exact sequence for 0 < a < b small enough :

0— HO(XO(p)[O,b]a w%nm(—D)) — HO(XO(p)[a,b]v w%nm(—D))

un

- Hﬁco(p)m,a[(xo(p)[o,bpw27” (—-D)) — 0.

Passing to the limit as a — 0 proves the lemma. ]

Therefore the operator U, is compact on both cohomology groups. We deduce
from the pairing that the characteristic series of U, are the same in degree 0 and de-
gree 1, so that X = Z. We have a canonical perfect pairing (,) : MxN — w™10y, ,
for which (zf, g) = (f,zg) for all (z, f,g) € Oz x M x N and (hf,g) = (f, hg) for
any Hecke operator h of level prime to Np. We deduce that the eigencurves C and
D are canonically isomorphic.
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