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Abstract. A new two-phasdheoryemplgying a nonequilibriumrelationbetween
interfacial surfaceenepy, pressureandviscousdeformation[Bercovici et al.,
2000]providesa modelfor damaggvoid generatiorandmicrocracking) andthus
a continuumdescriptionof wealening, failure and shearocalization. Here,we
demonstratapplicationsof thetheoryto shearocalizationwith simplesheasflow
calculationsn which onephase- the matrix, representingfor example,silicate—
is muchstronger(moreviscous)thanthe otherphase- thefluid. This calculation
is motivatedas a simple model of plate boundaryformationin a shearzone.
Evenwithout shearthetwo phasesventuallyseparatelueto gradientsn surface
tension.However, theinfluenceof shearon phaseseparations manifestin several
ways. As shearvelocity increaseshe separatiorrate of the phasesncreases,
demonstratinga basicfeedbackmechanism:accumulationof the fluid phase
causedocussedveakzoneson which shearconcentrates;ausingmoredamage
andvoid generatiorandthusgreateraccumulatiorof fluid. Beyondacritical shear
velocity, phaseseparatiorundegoesintenseacceleratiorandfocussing,leading
to a ‘tear localization’in which the porositybecomesearlysingularin spaceand
growsrapidly like atearor crack. At anevenhighervalueof sheawelocity, phase
separations inhibited suchthat shearlocalizationgivesway to defocussingof
weakzonessuggestre of uniform microcrackingandfailure throughouthe layer.
Our two-phasedamageheorythus predictsa wide variety of sheatlocalization
and failure behaior with a continuummodel. Applicationsof the theoryto
variousfields, suchasgranulardynamicsmetallugy, andtectonicplateboundary
formationarenumerous.

1. Intr oduction

A wide varietyof solid materialsdisplaystronglynonlin-
earrheologicalbehaior in thatthey undego severeweak-
eningunderdeformation. Suchwealeningoften leadsto a
feedbackmechanisnwhereindeformationor shearconcen-
tratesonthe weakzone(beingmosteasilydeformed) caus-
ing further wealening, and thus more focussingof shear
This phenomenoiis widely referredto asshearlocalization
andis apparenin mary field of physics,including, for ex-
ample, metallugy [Lemondsand Needelman,1986], rock

mechanicgPoirier, 1980; Jin et al., 1998 and references
therein], granulardynamics[e.g., Scott, 1996; Géminard
et al., 1999 and referencegherein], and glaciology [e.g.,
Yuen and Schubert,1979]. One of the most fundamen-
tal manifestation®f shearocalizationarisesfrom the cou-
pling of viscousheatingandtemperature-dependeviscos-
ity whereinthe zoneof dissipatve heatingwealensandthus
focussegleformation leadingto further heatingandweak-
ening; this mechanicsnis thoughtapplicableto problems
in metalwealening,glacial surges,andlithospheredynam-
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ics [Schubertand Turcotte,1972; YuenandSchubert,1979;
Poirier, 1980; Balachandaet al., 1995; Bercovici, 1996;
Thatcherand England, 1998]. In granularmedia, local-
ization is due to dilation of the mediumleadingto effec-
tively wealer rarifed zonesthat concentratedeformation,
which in turn agitatesthe mediumcausingfurther dilation
[Géminardet al., 1999 and referencegherein]; this phe-
nomenoris of potentialimportancan earthquak dynamics
[Scott,1996;Marone,1998;seealsoSegall andRice, 1995;
Sleep1995,1997]. Anothershearlocalizationmechanism
arisesfrom the reductionof grainsizeunderstressn solid-
state creep mechanismswhich have grain-size-dependent
viscosities(i.e., grain reductionleadsto zonesof weak-
nesswhich concentrateleformation,increasingstress,and
thus further reducing grain size and enhancingwealen-
ing); this mechanisnis thoughtto be a basicingredientof
crustaland lithosphericdeformation[Karato, 1989; Jin et
al., 1998;Kameyamaetal., 1997]. Finally, materialthatun-
demoesbrittle or combinedbrittle-ductile deformationcan,
with large strain, experienceconcentrationof microcrack
andvoid populationsdevelopingweak bandson which de-
formationfocussesl|eadingto further cracking,wealening
andinvariablyshealocalization;this phenomenowccursin
the processf dilatantplasticity [LemondsandNeedelman,
1986; Mathur et al., 1996] and possiblythrough much of
the crustandlithosphergKohlstedtet al., 1995; Evansand
Kohlstedt,1995;Lockner, 1995;Regenaueilieb, 1998].

At the largestscale,shearlocalizationis proposedo be
crucial for the generationof tectonic platesfrom a con-
vecting mantle, for which mary of the mechanismdisted
above are potentiallyimportant[Bercovici, 1993,1995a,b;
1996; 1998; Tackley, 1998,1999; seereview by Bercovici
etal., 1999]. The longevity of plate boundariegGurnis et
al., 1999], and the inferencethat much of the lithosphere
undegoescombinedbrittle-ductile behaior [Kohlstedtet
al., 1995,EvansandKohlstedt,1995] have motivatedsome
[Bercovici, 1998; Tackley, 1998] to considerthat the pri-
mary wealening mechanismthat leadsto plate boundary
formationis dueto damagepr void andmicrocrackforma-
tion. Suchdamageis assumedo be excited or controlled
by the stressstateor deformationalenegy of the system
[e.g., Lemondsand Needleman1986; Povirk et al., 1994;
Lyakhovsky etal., 1997;Bercovici, 1998].In mary damage
treatmentsthe physicsof fractureand defectformationis
parameterizety aninternalstructuralguantity e.g.,density
of defectsthat representshe stateof damageof the mate-
rial, andis henceoftenreferredto asthe damaye parameter
This quantityis assumedn additionalthermodynamictate
variable[Ashby and Sammis,1990; Hansenand Schreyer,
1992; Lemaitre,1992; Lockner, 1995; Lyakhovsky, 1997]
thatcontrolswealeningof the material.

In our approachratherthan assumethe existenceof a
structuralor damage variable we employ two-phaseghysics
and interface thermodynamicgo incorporatethe essential
underlying physicsof void and microcrackformation into
continuumtheory At a mostfundamentalevel, the enegy
involvedin damageopr, in particular the generatiorof mi-

crocracksandvoids, is associatedvith surfacefree enegy
createdbntheboundarybetweerthevoid andthehostmate-
rial [Griffith, 1921;JagerandCook,1979;Atkinson,1987;
Atkinson and Meredith, 1987]. At a minimum, a material
with voids is a two-phasemixture (assumingthe host ma-
terial andthe substancdilling the voids are both homoge-
neousmatter), hencethe surfaceenepgy in questionis the
free enegy existing at the interfacebetweenphases.n the
first paperof this seriegBercovici, Ricard,Schubert2000],
henceforttreferredto asBRS1,we establisheé continuum
theoryto treattwo phasemotionaccountingor the creation
of interfacial surfaceenepy. In the secondpaper[Ricard,
Bercovici and Schubert,2000], henceforthreferredto as
RBS2,we examinedapplicationsof this modelto problems
of deformationandcompactionandto gravity-inducedset-
tling whensurfacetensionis significant. In this final paper
we examineapplicationsf the BRS1theoryto damageand
shearlocalization. In particular the theorytreatsthe gen-
erationof interfacial surfaceenegy throughdeformational
work, leadingto formation of interfacial areaby void nu-
cleationandgrowth. Theinducedvoid densityor porosity
is thusthe expressionof damageandregionsof high void
densityare structurallywealened,leadingto concentration
of deformation further damage(void generation)wealen-
ing and,invariably, sheadocalization.

2. Basictheory

SinceBRS1alreadyderivedthe completetwo-phasehe-
ory we briefly presenthe governingequationgor the pur-
poseof referencing. Subscriptsf andm referto fluid and
matrix phasesrespectiely. All dependenvariablesarenot
in facttrue microscopicquantitiesbut areaveragedoverthe
fluid or matrix spacewithin small but not necessarilyin-
finitesimalcontrolvolumegseeBRS1]. Moreover, all equa-
tions areinvariantto a permutationof subscriptsf andm,
andimplicitly a switchof ¢ and1 — ¢, where¢ is void or
fluid volumefraction,or porosity;this propertyis calledma-
terial invariance[BRS1].

e Consenrationof massyieldstwo equationgnvolving
transporf thefluid andmatrix phases

0 _

o5 TV levsl=0. (3
ol — @) _
—— +V-[1-¢)vy]=0. 2

wherev; andandv,, arethefluid andmatrix veloc-
ities. Alternatively, (1) and (2) can be combinedto
yield equationghatdescribdransporof porosity and
continuity of averagevelocity, respectiely

¢

ot +v-Vop=V_[¢(1 - ¢)Av]
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wherethe averageanddifferenceof ary quantityq are
definedas

q=¢q; + (1 - ¢)gm and Agq=gn, —q; (5)
respectiely.

The momentumor force balanceequationsalsoyield
equationglescribinghe dynamicsof thetwo phases

0 = —¢[VPs+psgz]+ V- [¢If]
+ cAv+ ¢[APV ¢+ V(ca)] (6)

0 = —(1-9)[VPn+pngz] +V-[(1-9¢)1,,]
— ¢cAv+ (1—¢)[APVH+ V(sa)] (7)

where Py and P,,, arethefluid andmatrix pressures;
ps andpy, arethefluid andmatrix densitiespothas-
sumedo be constant;

t_ 2

Ty =y (V"f +IVv ] = 3(V 'Vf)l) ®)

and
T = i (V¥ + (V0] = 3V v)T) . )

arethe fluid andmatrix deviatoric stresses is a co-
efficient of proportionalityfor the viscousinteraction
forces betweenthe phases;s is the surfacetension
whichis possiblytemperature-dependenaid

a = a1 —¢)’ (10)

is the porosity-dependerinterfacialareaper unit vol-

umein which a, is a constantwith unitsof m—!, a

andb are constants< 1, andda/d¢ is the average
interfacecurvature(seeBRS1for a discussiorof the

propertiesof the interfacedensity). Theseequations
also can be combinedinto a mixture and difference
set

0=-VP+V-7—pgz+ V(ca) (11)

0 = —¢(1-¢)[VAP + Apgz]
+ V-[p(1-¢)AT] -7 -V¢—cAv (12)

e The enepgy equationis separatednto two coupled
equationsrepresentingl) the evolution of thermal
(entropy-related)enegy, and2) therateof work done
on the interfaceby pressuresurfacetensionandvis-
cousdeformationalvork:
DT D (do
"o ~ T (d_Ta) =Q0-V-a

2

+ B(%‘f) +(1-HT (13
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— — — .2
D¢ Da D¢
APDt+aDt_ftI! B(Dt) (14)
whereT is thetemperaturdassumedhe samein both
phases)( is anintrinsic heatsource,q is anenegy
flux vector(accountingor heatdiffusionandpossibly
enegy dispersionseeBRS1)and

U = cAv? + ¢Vvi T+ (1—-¢)Vvy, 11,
(15)

(whereAv? = Av - Av) is theviscousdeformational
work, a fraction f of which is partitionedinto stored
work — in this model storedas interface surfaceen-
ergy — while the remainingpart goestoward dissipa-
tive heating[Taylor andQuinney, 1934;Chrysochoos
andMartin, 1989;BRS1]; seeBRS1for a discussion
of thepatrtitioningfraction f. Thequantity B hasunits
of viscosityandthetermassociatedvith it represents
irreversibleviscouswork doneon poresandgrainsby
the pressureifferenceA P during compactionor di-
lation [see BRS1; RBS2]. Simple micromechanical
models[BRS1]suggesthat

(B + py)
B =Ky————- 16
" 51— ) (o
where K, is a dimensionlesdactor accountingfor
poreor graingeometryijt istypically O(1) (seeBRS1).
The averageheatcapacityper volumeof the mixture
is

pc = ¢pscs + (1 — @)pmem (17)

(wherecy andc,, arethe heatcapacitiesof the fluid
and matrix) and the materialderivativesin (13) and

(14) aredefinedas
D o
—=_—+V- 18
otV (18)
D 1 Dy D,,
Y T 1- mCm —~
Di = <¢Pf0f o T A= P)pme Dt)

(19)

inwhich2L = & +v;.Vandla =2 +v,,-V.
The relation (14) can be considereda non-equilibrium,
mixture proxy for the stress-jumpcondition acrossthe in-
terface betweenphasegseeBRS1 for further discussion),
given that the interfacelocation and orientationcannotbe
known in a mixture theory However, this relation with
f¥ > 0 also describesthe depositionof deformational
work assurfaceenegy; asmoredeformationawork is im-
posed,more interfacial surfaceareais createdto storethe
enegy, generallyieadingto growth in void densityor poros-
ity. Throughoutthis paper for the sale of brevity, we re-
fer to the applicationof viscousdeformationalWwork to the
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generatiorof surfaceeneny (i.e., caseswith f > 0), thus
leadingto growth in interfaceareaandvoid density asdam-
age, althoughstrictly speakingthis may not be the same
definition of damageas usedelsevhere[Ashby and Sam-
mis, 1990; Lyakhovsky 1997; seeLemaitre,1992; Hansen
and Schreer, 1992 and referencegherein]. We will ex-
amineafew simpleone-dimensiona|1-D), time-dependent
scenariogto illustrate the basic physicsof shearlocaliza-
tion throughthe damageprocessaspredictedoy thistheory
Presentlyvewill assumehato is constansuchthattemper
atureT hasno influenceon the dynamics.We will consider
thermaleffectsin laterpapers.

We will first examinethesimplestpossiblephysicsof un-
forcedphaseseparatiornin theabsencef damagd f¥ ~ 0),
a processhencecalledself-sepaation. Although this prob-
lemdoesnotexplicitly pertainto damageandsheatocaliza-
tion, it is importantto examineasa startingpoint for under
standingdamageprocesses.

Lastly, we will examinethe influenceof shearanddam-
ageor deformationawork (f¥ > 0) which leadsto highly
acceleratedeparatiorof the phasesresultingin wealening
and enhancedshearover concentration®f the fluid phase
andthusarunavay sheardocalization— termedatearlocal-
ization— suggestie of crackformation.

3. General one-dimensionalequations

Our modellayer is infinitely long in the z directionand
is 2L wide, goingfromy = —L to +L (Figurel). The
boundariesare impermeableand no slip, and move in the
z-directionwith equalandoppositevelocitiesof magnitude
Veithus,aty = L, vy, = vy, = £V, andvy,, = vy, =
0. (For self-separationthe z-componentof the boundary
velocitiesis irrelevant.) In someinstancesve consideran
infinite domain(L — oo) for which theseboundarycondi-
tionsrequiresomeadjustmentthesecasewwill bediscussed
asneeded.We specifythat all dependenvariablesdepend
only ony andtimet.

Becausethe systemis one-dimensionahnd the bound-
ariesaty = +L arerigid (i.e. v,,, = vy, = 0 atthebound-
aries,or asy — =+00), the continuity equation(4) becomes

+Vx

A 4

y=+L :

L

X

y=L |

-~

-Vx

Figure 1. Sketchof modelgeometryfor one-dimensional
shearand self-separatiorcalculations. Dimensionalvari-
ablesare shavn. After nondimensionalizatioy = +L is
replacedoy y = +100 and+V,, is replacedby +U.

pvs, + (1 — @)vm, = 0;if ¢ # 0, thenwe obtain

vy, = — 1 ; ¢vmy and Avy = vy, /¢ . (20)
Massconsenration(2) (or (3)) yields
0¢ _ 0 1y _
5 = ayltt = Pvm,] (21)

Our layer is assumedo be in the horizontalz-y plane
suchthatgravity doesnot appeaiin therelevantforce equa-
tions. We alsoassumethat uy < p,n,, andthat the fluid
macroscopicstressesare nggligible relative to other fluid
forces;thuswe neglect £ but retaininterface-forceterms
proportionalto cAv. Given the formulafor ¢ in the limit
pr < py (seeBRS1and McKenzie, 1984; Spiggelman,
1993a,b,c)we obtain

o= H?

koo™

wherek, is areferencgpermeability;adoptingthe common

andsimplifying assumptiorthatn = 2 (whichis really only
valid for smallporositiesthenc = u¢/k, is aconstant.

With theaboreassumptionghez-componenof thefluid

force equation(6) yields cAv, = 0, which implies that

Vg, = Um, throughoutthe medium. The z-componenif

thematrix force equation(7) becomes

0 OV,
Ozuma_y |:(1_¢) dy :|

(22)

(23)

Theonly equatiomecessario describeheforcebalance
in they directionis (12), which,with theaboseassumptions,
becomes

OAP 4 0 Ov, 'm
0=—¢(1— ¢)6—y + gﬂnﬂﬁa—y [(1 — ) gyy] - CU(;
(24)

Assumingthato is constantthefinal necessargquation
is (14),which,with ourassumptionsofar, becomes

Km

do 0 8¢_
where
U, om, \*> 4 (Ovm,\’
II;:CWJFM”(I_@[( dy > +5( dy )]
(26)

We must also considerthe specialsituationof ¢ = 0
(sincethe above equationsarevalid for 0 < ¢ < 1). In
this case,and given our assumptionso far, (4) becomes
Avy0¢/0y = Ovp,/0y. However, since¢ = 0 is the
minimum value of ¢, then 9¢/8y = 0 when¢ = 0,
andthus, dv,,, /0y = 0; also, with the rigid boundaries,
Um, = 0 wheng¢ = 0. Thesetwo constraint®onv,,, leadto
0¢/0t = 0 (from (21)). Theserelationswould thenreplace
(21) and(24) asthe relevant equationdor the caseg = 0.
Similar conditionsexist for the case¢ = 1, assuminghat
our basicapproximationge.g.,that ; is negligible) areap-
plicablein this limit.
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3.1. Nondimensionalization

To nondimensionaliz¢he governingequationsve usea
lengthscaleR thatis characteristiof the width of the fluid
zoneuponcompletephaseseparatiorfor the sumof all fluid
zonewidths if thereare multiple regions of phasesepara-
tion). We do not choosethe layer width L asour length
scalesince we considersome casesinvolving infinite do-
mains,i.e., L — oo; in thesesituationswe assumethat a
finite amountof fluid is presentand thus the width of the
zoneof separateduid is finite. We alsodo notusethe com-
pactionlength /4u,,/(3c) (seeRBS2)asour lengthscale
sincewe wishto varytheresistancéo Darcy flow character
izedby the coeficientc. We thusassignR to be characteris-
tic of the half-width of thefluid zone,andthereforeconsider
two possiblecases:

1. If thelayeris finite, then the half-width of the fluid
zoneis
1 [+

2/, pdy = L{¢) (27)

2

where (¢) is the volume-areragedporosity Rather
than prescribe(¢), we assumeit is typically of or-
der10~2 andthatthe characteristiscalefor the half-
width of the fluid zoneis R = 10~2L. This length
scalewill beappliedto mostof our cases.

2. Whenthelayeris infinite (L. — oco) we mustalterthe
definition of R slightly. In this situationwe assume
that¢(y) is well-behavedasy — +oo, i.e.,it decays
over a finite width § which we refer to asthe scale-
width of ¢. The scale-widthd canchangein time as
the peakporositygrows or decays.The half-width of
thefluid zoneis then

1 [t

5 ¢dy = nsmin

3/ (28)

wheren is a dimensionlesgonstantz 1 (anddeter

minedby the shapeof the function ¢(y); seeSection
4.3.1in which one obtainsy = =/2) while i IS

theminimumallowableporosityscale-widthobtained
whenthe peakporosityreached. ; 4,,, is thereforeap-
proximatelyequalto the half-width of the fluid zone.
Thus,in this situationwe chooseR = 4.

In bothof theabove casesthelengthscaleR is characteristic
of the fluid zonehalf-width, andthusall modelsituations,
whetherthe domainsare finite or infinite, are comparably
scaled.

With thenondimensionalizatioaf distanceby R, time by
4pm/(30a,), andpressurdy oa,, thegoverningequations
become

9 _ 0

& = 1= (29)
0 ou
0= 5 [a-o5] (30)

OAIl 0

ow w
0=—9(1—¢)— +o— |(1—)—| — A= (31
o= T g [1-95e] - 3% @D
do! _ k06\ 0% _ .,
(AH+d¢+¢(1—¢) 6t) at_f\I! (32)
where
41
w0) = g | o) @
arethedimensionlessnatrix velocities,
AIl = AP (34)
oaQ,
is thedimensionlespressuralifference,
, w? 3 (0u)’ ow\”
Y9 [Z(a—y) *(a—y)] %)
o =ala, = ¢*(1-¢)", (36)
k= 3K,/4 (37)
and
3cR?
A= ™ (38)

which containsinformation about the compactionlength
V4um/(3c) [RBS2; seealso McKenzie,1984]; seeTable
1 for summaryof dimensionlessariablesandparameters.

For finite layersin which R = 10~2L, thedimensionless
domainis givenby —100 < y < 100 andthe boundary
conditionson velocity arenow

Ay Ve

w=0 and u U 3Roa,

at y = £100. (39)
For infinite layers(L = co andR = Smm) we obtain—oo <
y < oo andw — 0 asy — +oo; theboundaryconditions
onw requireslightly morediscussiorwhich we deferto the
relevantsection(Section5.3.1).

4. Self-separation

In this papershearocalizationoccursbecausewith im-
poseddeformationthefluid andmatrix separatéom anini-
tially homogeneousmixture, andthe concentratiorof fluid
causesiweakzoneonwhich shearfocussesHowever, even
without imposedsheay the phasesundego unforcedself-
separationin the presenceof surfacetensionand porosity
gradients. For example, a positive porosity anomalyhas
a smaller averageinterface curvature da/d¢, and thus a
smallersurfacetensionforce actingon thefluid, thanin sur
roundingareasThiscausesfluid pressuréow in theporos-
ity anomalywhichtherebyattractamorefluid, causingnfla-
tion of the porosity anomalyand self-separationThe self-
separatioreffect is alwayspresentandin mary waysshear
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Table 1. Key dimensionlessariablesandparameterfor the
one-dimensionaiodel

Variableor Governingor
parameter definingeqgn.

10} porosity (29)

u x (along-channel) (30),(33)
velocity

w y (cross-channel)
velocity

AIl matrix-fluid pressure  (32),(34),
difference (58)

g’ rateof deform- (35)

ationalwork

interfacearea (36)

perunit volume

(da' /dp = sumof

interfacecurvatures)

coeficientfor (42)

surfacetension

force (proportional

to —d%a' /d¢?)

peake (for ampli- (46)

tudeanalysis)

peakw (for ampli- (49)

tudeanalysis)

porosityanomaly

half-width (for

amplitudeanalysis)

a,b interfaceareaand (36)
curvatureexponents
(controldependence
of &' on¢)

A Daroy resistance (38)
coeficient
(relatedto com-
pactionlength)

K coeficientfor
viscousresistance
to compaction/dilation

U imposedshearvelo- (39)
city in z direction

f partitioningfraction
of deformationaivork
appliedto interface

f* maximumpossible (57)
valueof f (57)

5y controlsdependence (57)
of fond¢/ot

v x U]y (61)
(scalingparameter
controllingthe
dependencef
damageateon
U, f* andvy)

Description

(31),(33)

(1)

Wo(t)

NOE
1/®(t)

(46),(48)

(16),(37)

(32),(57)

anddamagemerelyactto acceleratehis self-separationlt

is thereforeémportantto elucidatethe physicsof simpleself-

separation.However, it shouldbe understoodhat the self-

separationnstability describechereinis neitherdirectly re-

lated to, nor offsetsthe stabilizationof crack and bubble
nucleationby surfacetension;in the former casethe insta-
bility essentiallyinvolves coalescencef pre-eisting fluid

bubbles(or matrix grains)asoccursin oil andwater (sans
gravity), while the latter reflectsthe additionalwork neces-
saryto grow or nucleatenew bubblesor cracksbecausef

surfacetension(this effectis explicitly in thetheorythrough
(14)). Differentaspect®f self-separatioeffectarealsodis-

cussedn RBS2aspertinentfor percolationrandcompaction
problems.

4.1. Specificequations

For simple self-separatiorwe assumedamageor defor
mationalwork on the interfaceis negligible comparedto
surfacetensionandpressuravork, (f ¥’ ~ 0), in whichcase
(32) becomes

_dd k99
dp — ¢(1—¢) ot

(assumingthat (32) holds for all 9¢/dt); notethatin the
limit of static equilibrium 8¢/0t — 0, (40) recoversthe
Laplaceequilibrium condition for surfacetensionAIl =
—dao' /d¢ wherethe da' /d¢ representsnterfacecurvature.
Since f¥' is neglected,the x-componenbf velocity u has
no influenceon the dynamicsof separatiorandthusthereis
no externalforcing of phaseseparationit is thusunneces-
saryto solve (30) andall solutionsarethereforeindependent
of theboundaryelocity U.

Apartfrom themassconserationequation(29),theonly
relevantequationis obtainedby usingtheforcebalancg40)
to eliminate AII from (31), (and multiplying the resulting
equatiorby ¢(1 — ¢)), to yield

09 9 0 ow
0= -G +#a- o (a9 ]
zi[_J__éﬁ_
9y [o(1— ¢) Oyot

Al = (40)

+ kB (- 9) ]—Au—¢mjmn

where
G(¢) = ¢*(1—¢)"{a(l —a)
+ (a+b—1[2a—(a+b)glp}. (42)
As notedby RBS2,the quantityG(¢) is positive for all a, b
and¢, given0 < a,b, ¢ < 1.
4.2. Linear stability analysis

We next examinetheinitiation of self separatiorirom an
infinitesimal perturbation. We prescribethe mediumto be
finite (—100 < y < 100) andto have a static basicstate
(w = we = 0) with constaniporosity¢,. Including pertur
bationsto this basicstate we write porosityandvelocity as
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¢ = ¢o + €¢1, andw = ew;, respectiely, wheree < 1.
Thus(29) and(41) becometo ordere!,

6¢1 _ 6’11]1
o (1- ¢0)6—y (43)
2
0= ~Gagt + dolie+ du)(1 = do)? 5+ = A1 = du)un
(a4)

whereGy = G(¢o), andwe have used(29) to eliminate
0¢/0t from (41). Assumingboth¢; andw; go ase?v+st,
we arrive ata dispersiorrelationfor thegrowth rate

L Gok?
ok + do)(1 — do)k? + A

Given that G is greaterthan 0, the growth rates > 0

andthusall perturbationsare unstable. However, thereis

no one maximumagrowth rate s at a finite value of £ and
thusno leaststablemode. Neverthelessthereis somescale
selectionbecausehe function s(k) actsasa high passfil-

ter; i.e., all modeswith k& > +/A/[¢o(k + ¢0)(1 — ¢o)]

arepreferredsincethey grow at the maximumgrowth rate

Go/lpo(k + ¢0)(1 — ¢o)], while modes with

kE < v/A/l¢o(k+ ¢o)(1 — ¢o)] grow much more slowly

andwill be effectively “filtered out”. Thus,if A < ¢o(k +

$0)(1 — ¢o) essentiallyall modeswill grow equallyfastat
the maximumrate;in this casethereis effectively no resis-
tanceto Darcy flow andfluid canbe dravn from ary dis-
tance(i.e., thecompactionengthis effectively infinite). An

increasean thevalueof A causesongerwavelength(smaller
k) perturbationdo be filtered out relative to shorterwave-
lengthfeaturesthis procesgeflectsthe factthatthe greater
resistancedo Darcy flow precludesmigration of fluid over
large distancessuchthat fluid is only drawvn from within a
finite compactionlength /4., /(3¢). (SeeRBS2for fur-

therdetailsaboutcaseswith finite A.)

(45)

4.3. Nonlinear solutions

In this sectionwe seeknonlinearsolutionsto our one-
dimensionalsystemof self-separation. We first examine
somesimple analytical relationshipsfor the amplitude of
nonlinearsolutions,andtheninvestigatesomenumericalso-
lutionsto thefull equations.

4.3.1. Amplitude analysis An approximatesolutionfor
the growth in amplitudeof a porosity anomalycan be ob-
tainedby assumingormsof solutionswith the propersym-
metryaboutthemidplaney = 0. In particular If ¢ isaneven
function of y andmaximumaty = 0, thenself-separation
will occur suchthat matrix material flows away from the
planeaty = 0, while fluid flows toward it; in this casew
would beanoddfunctionof y (positive for y > 0 andnega-
tivefor y < 0). We assumehatthe porosityanomalyvaries
in y only overthe (dimensionless3cale-widthd with a self-
similar shapefor simplicity we assume

6= P,(t)

= T+ 2/80) (46)

althoughothersymmetridunctionswouldalsosufice. Since
we prescribeg(y) to be self similar, varying over only one
lengthscaled, we mustprecludetheinfluenceof otherlength
scales. To this end, we assumean infinite domain, i.e.,
—o0 < y < oo, andan infinite compactionlength, i.e.,
A = 0, suchthatno additionalscaleselectionoccursat the
onsetof the self-separationnstability (seeSection4.2 on
linear stability). The scale-widthd is not constant,i.e., as
the porosityamplitude®, grows, § mustshrinkin orderto
consere massjndeed by fluid massconsenration

+oo

d(y)dy = 7®,(t)d(t) = a constant. 47)

The maximumallowablevalueof @, is 1 atwhich pointthe
minimumJ obtainedis also1 (having, with our infinite do-
main, nondimensionalizetengthsby the dimensionalmin-
imum scale-widthd,,,; seeSection3.1). Therefore by (47)
®,(t)o(t) =1, or

(48)

We assumehatthedependencef w ony/é alsofollows
a self-similarshapethatvanishesaty = +oo; however, the
shapeof w may be slightly more complex thanthat of ¢.
In the simplestexample, if the fluid momentumequation
reducedto Dargy’s law (correspondingo the assumptions
of uy < pm andweakcompaction/dilationg¢/0t < 1),
thenin our 1-D systemw ~ ¢?3I1; /dy wherell; is thedi-
mensionlessluid pressure.If we crudely assumehat the
fluid pressureanomalymirrors the porosity anomaly i.e.,
Iy ~ (14 y?/6%)~! thenwe canwrite

Woy/o
Y= Tt g2/ (49)
suggestinghat|w| decayswith |y| morerapidly thandoesg.
With signficantcompaction/dilatior{non-negligible 8¢/ dt)
therelationfor w is only slightly morecomplicatedthusfor
the sale of simplicity we continueto employ (49).

If we substitute(46) and(49) into (29) andinto 0/dy of
(41) (wherethey derivativeis takensothatthetermsin (41)
areevenabouty = 0) andevaluatetheresultingtermsatthe
centerliney = 0, we obtain

0%,
ot - (I)o(l - @o)Wo (50)

0=G(@,) — &,(1—,) [<I>o(12 —138,)
+ k(11— 13@0)] w, (51)

wherewe have usedd = 1/®,. If otherself-similartrial
functionsarechoserfor ¢ andw, then,insteadof thefactors
12 — 13%, or 11 — 13%, in (51), one obtainstermsof the
form M — N®, in which M =~ N ~ O(10). Therefore,
given the approximatenatureof the presumedshapef ¢
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andw, we assumdor simplicity thatthedistinctionbetween
12-13%, (or11-13%,) and12(1 - ®,) is notmeaningful;
thuswe write

_ G(®,)
Wo = 120,(k + ®,)(1 — ®,)2

(52)

which,whencombinedwith (50), yieldsa singledifferential
equationfor ®, thathastheimplicit solution

t(®,) = 12/ (5 + (502;((1(1):)(1)0)61(1)0-

(53)

Analytic solutionsto this integral exist for only afew select
a andb = a:

e If @ = b = 0 the surfaceenegy is independenbof
¢ andtherewill be no self separation;in this case
G(®,) = 0 andthe time to causecompletesepara-
tion (i.e.,togofrom &, ~ 0 to ®, = 1) isinfinite.

e If a = b =1, we obtainanimplicit solution

1 zo) - @i] &9

t—to=6[(n+1)ln(

wheret, is an integration constant. Although sepa-
ration doesoccur, the time to causecompletesepa-
ration (i.e., to go entirely from &, ~ 0 to &, = 1)
is infinite also. This asymptoticseparatiorcanbein-
terpretedto occur becausewith a = b = 1 thein-
terfacecurvatureda/d¢ is finite evenwhen¢ = 0,
while the resistanceo Darcy flow throughthe matrix
becomesnfinite (i.e., permeabilityk,¢™ vanishesps
¢ — 0. Thus,as porescollapsethe surfacetension
driving forceremainsfinite, while resistancéo drain-
ing fluid from the poresbecomesnfinite, implying
thatthe porescannotbe entirely collapsed.

e Whena andb areneither0 nor 1, theinterfacecurva-
turegoesto infinity as¢ — 0. Thusevenastheresis-
tanceto Dargy flow becomesnfinite as¢ approaches
0, thedriving force behinddrainingthe poresi.e., the
surfacetension,also becomesdnfinite. In effect, the
surfacetensioncancompletelypinchthe poresclosed
andthusthe porescanbe drained,andcompletesep-
arationattained,in a finite amountof time. For ex-
ample, one implicit analytic solutionto (53) canbe
obtainedora =b = 1, i.e.,

t—t, = 6(1+4k)arcsin(2®, — 1)

+ 12(4k + 28, — 1)1/, (1 — ®,) (55)

In all calculationsshowvn in this paperwe assume
k = 1, in which casethetime to go from &, ~ 0
to®, = 1iStymar = 307.

Somesamplecurvesof ¢,,,,, (timefor completeseparation)
versusa (with b = a), and®, versust areshowvn in Figure
2 for numericalsolutionsof (53). For a andb closeto 1 sep-
arationstartsgradually accelerateandthentapersoff again

1000

0.8

0.6

0.4

0.2

—

L
0 50 100 150 200 250 300 350 400 450

t

Figure 2. Time for total separatiorof phases,,,, versusa
(framea); andpeakporosity®, versustimet for selectval-
uesof a (frameb), for theamplitudeanalysisof the surface-
tension-dwenselfseparationFor all cased = a andx = 1
andwe useaninitial condition®, = 1073.

toward completion. As a andb approach).4, this separa-
tion styleis reversed,.e., separationis very rapid initially,
taperingto a slowerratelater, andacceleratingagaintoward
completion;this illustratesthe influenceof the surfaceten-
sion “pinching” effect whenthe magnitudeof the interface
cunaturereachesnfinity as¢ approache8 or 1. Asa andb
approach) the surfacetensionforcewealensandseparation
becomeslower.

4.3.2. Numerical experiments We next examinesolu-
tions of equationg29) and(41) usingbasic2nd orderfinite
differenceswith atridiagonalmatrix solutionfor thefinite-
differenceversionof (41), and an explicit time integration
(with atime-stepconstrainedo belessthanor equalto 10~2
of the Couranttime step)for (29). Solutionsaretestedon
variousfinite differencegrids which have betweenl01 and
501 points;we find that201 grid pointsaresufficient to sat-
isfy corvergenceests.

The mediumis of finite width (—100 < y < +100) and
theboundaryconditionsare,again thatw = 0 aty = +100.
We assumehat¢ obeys (29) atthe boundariesaswell asin
theinterior (since¢ hasno boundaryconstraint®of its own).
For all caseswe keep ~ 0 (actually 10~20); numerical
solutionsto the self-separatioproblemwith finite \ aredis-
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cussedn RBS2.Finally, aswith all othercalculationsn this
papemwe prescribes = 1. Weinvestigateonly aselectnum-
berof solutionsto illustratethe basiceffect of varyinga (for
all caseswe keepb = a). All solutionsareinitiated with a
singlelong-wavelengthperturbation

¢(t=0) = 0.05 + 0.001 cos(my/100). (56)
Numericalsolutionsshow thefluid concentratingoward
the centerliney = 0 (Figure 3), althoughthis tendeny is
dictatedby the simpleinitial condition(56). The effect of
decreasing from 1is to causeamorerapiddrainingof fluid
away from the wall regions(becausef the surface-tension
“pinching” effect), andthusa sharperslopealongtheflanks
of the porosityanomalyalongwith a flatter maximum(Fig-
ure 3a,b). However, thetime for ¢,,,,, = max(¢) to reach
valuesof order1 (Figure3c) is shortesfor someintermedi-
atevalueof a betweerD andl, aspredictedby theamplitude
analysis(seeFigure2). Thefunction ¢4, (t) alsochanges
curvaturewith decreasing (i.e.,asa decreasethe surface-
tensionpinchingeffect causesnorerapidseparatiorwheng
is near0 and1) aspredictedby theamplitudeanalysigcom-
pareFigure3c with Figure2b, notingthatthetimesarenot
thesamebecausef differentinitial conditions).

5. Damageand shearlocalization

We next considershearocalizationandthe influenceof
damagepr viscousdeformationalwork on the interface,by
allowing for f¥' > 0. In this case,therelevantequations
are(29)-(32)subjectto the boundaryconditions(39).

5.1. Specificequations

As notedin BRS1,the partitioningfraction f is unlikely
to be constantWe candeduceoneof the mostbasicdepen-
denceof f onthestateof thesystemby consideringhein-
terfacework equation(32),andthecaseof d¢/0t = 0 which
canoccurin threeinstanceswhen¢ = 0, when¢ = 1, and
attheboundarybetweerregionswherethematrixis dilating
andcollapsing. When¢ = 0 or 1 thereis no interfaceand
thus(32)isirrelevant. Whend¢ /ot = 0 in theboundarybe-
tweendilationandcollapsey is neither0 nor 1 andthus(32)
applies.Moreover, in this case da’ /d¢ is finite andwe can
thussafelyassumehat ATl is finite aswell. In this bound-
ary region theleft sideof (32) is therefore0, which dictates
that f¥' = 0 aswell. However, since¥’ > 0 whensheaiis
imposed(regardlesof ¢), thenthe conditionthat f ¥’ = 0
canonly besatisfiedf f = 0whend¢/ot = 0.

The exactdependencef f on d¢/dt cannotbeinferred
from theoryalone.However, we canuseknown constraints
on f to estimatea simpleform of this dependencen partic-
ular,

e fis positive definiteandboundbetweer) and1;

e fisinvariantto aswitchof ¢ and1 — ¢ (seeBRS1for
discussiorof symmetryrequirements);

100

T
a=b=0.1

50 - bl

Figure 3. Numericalexperimentsfor two differentvalues
of a (framesa andb); andtime seriesof ¢,,,,, for three
differentvaluesof a (framec). Valuesof a, b andtime ¢ are
indicated.In all case$ = a, A = 0 andk = 1.

e and,asindicatedabove, f = 0 whend¢/0t = 0.

Thus,if f is to be nonzeroat all it mustincreasefrom its
valueof 0 atd¢/dt = 0 as|0¢/0t| increasesHowever, we
cannotarbitrarily assumean unusuaffunctionalform for f,
e.g.,aform where f equalszeroor reachesan extremumat
somevalueof d¢/0t otherthand¢/dt = 0. Thus,giventhe
aboveconstraintswe assumehat f increasesonotonically
with (6¢>/6hf)2 (or someothereven power of 9¢/dt which
are all positive definite and invariantto a switch of ¢ and
1 — ¢), while beingboundbetween0 and 1. We therefore
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estimatea simplemonotonicrelationof theform
()

T N2

v+ (%)

where f* < 1 andis themaximumpossiblevalueof f, and
v is a constanthatgovernsthe value of (a¢/at)2 atwhich
f approacheg™. Clearlythereareotherfunctionsthatcan
satisfythe minimumrequirement®n f, howeverthey must
all have similar form, while the rational function given by
(57) is analyticallysimplest.Moreover, f certainlymayde-
pendon otherparameterge.g.,temperature)however such
dependenciesannotbe deducedrom the above consider
ationsand mostlikely needto be inferredempirically. In-
terestingly however, forced-sheaexperimentson layersof
granularmediahave demonstratedhat the frictional resis-
tance(relatedto deformationalwork absorbedby the sys-
tem)doesindeedincreasawith total dilation rateratherthan
dilation itself, wherethe total dilation rateis relatedto the
across-layeintegral of 9¢/0t [Géminardetal., 1999].

With the adoptionof (57), we can rewrite (32) in the
tractableform

f= (57)

do! Kk O f*%—(f ,
Am=_% o9 o (58)
dp (1 —9¢) ot 7+(%)2

Note that in limit of static equilibrium d¢/0t — 0, (58)
recoversthe equilibrium surface tensioncondition ATl =

—da' /d¢ (seeBRS1andRBS2).For aconstant, theargu-
mentsleadingto (57) and (58) canbe generalizedo three-
dimensionsn which caseonewould substituteD ¢/ Dt for

0¢ /0t in theseequations.In the end, our governingequa-
tionsfor one-dimensionalamageandshearare (29)—(31)
and(58).

5.2. Linear stability analysis

Again we examine the stability of a finite layer (with
—100 < y < +100) of constantporosityundegoing shear
andassuméhatg = ¢g+e€pr, w = ewy, u = ug+euy wWhere
€ < 1. Theonly equationthathasanO(e®) contrikutionis
the z-componentof the matrix force balance(30), which,
with the boundaryconditionthatu = +U aty = +100
leadsto u, = Qy whereQ? = U/100, andwe requirethat
the perturbationu; = 0 at the boundaries.The equations
thatareO(e!) arethelinearizedmassconserationequation
(43), which is unchangedrom the self-separatiorstability
problem,andtwo linearizedforce-balancequations

_ 82U1 6(,251
0—(1—¢0)6—y2—96—y (59)
404 g O
0 = GO ay V¢0(1 ¢0)at6y

2 82“}1
Oy?

+ ok + ¢o)(1 — ¢o) = A(1 = ¢o)w; (60)

where(60) resultsafter substitutionof (58) into (31), Gy =
G(¢o), and
3f*

v="21 (1 g)202%

s (61)

Equation(59) only governshow v; is influencedby ¢,, but
doesnot affect growth of porosity and thereforedoesnot
warranta solution. We againassumethat ¢; andw; ~
etkytst which leadsto thedispersiorrelation

s = Gok” (62)
[£ + do(1 —v)]do(1 — ¢o)k* + A
Thus,shearanddamageclearlyacceleratéhegrowth rateof
the instability; e.g.,for casesn which A « 1, the growth
rategoesas[x + ¢o(1 — v)]~! which approachesfinity as
v = 1+ KZ/¢0.

If v exceedd +x/ ¢y it is possiblehatthegrowthratecan
becomesingularatk = /A/[(k + ¢o[v — 1])¢o(1 — ¢o)]
and negative for larger wavenumbers,in which casethe
function s(k) actsasalow-pasdfilter, i.e., only modeswith
sufiiciently small £ (large wavelength)grow, while others
decay Interpretatiorof this effectwill bedeferredo discus-
sionof thenonlineamumericalsolutions(Section5.3.2).

5.3. Nonlinear solutions

5.3.1. Amplitude analysis As with the self-separation
problem (Section4.3.1), we derive equationsfor the non-
linearevolution of a self-similarly shapedorosityanomaly
in an infinite medium. For consistenyg, we usethe same
shapedor ¢ andw employed in the self-separatiorprob-
lem,i.e., (46)and(49), respectiely, in which case¢hemass-
consenationequation(29) againleadsto (50). As with the
self-separatioramplitudeanalysis(Section4.3.1), the do-
mainis infinite (—oo < y < o0), andthusthe relevant di-
mensionalengthscaleis definedsuchthatthe half-width §
of the porosityanomalywith amplitude®, atary timet is
6(t) = 1/®o(t).

Althoughthelayerhasinfinite width, we canonly impose
finite sheary insistingthatu = £U at somefinite valueof
y = xL'. For consisteng with the linear and numerical
analysesve assignLZ’ = 100. With theseboundarycondi-
tions, the equationgoverning velocity alongthe layer (30)
hasananalyticalsolution:

e U yv/1 — &g + arctan(yPo//1 — D)
- L'T =& + arctan(L/® /+/T — @)

We eliminate ATl between(58) and(31) andthensubstitute
(46),(49)and(63) into theresultingequationand(aftertak-

(63)
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ing 8/dy of this equation)evaluateit aty = 0 to obtain

0 = G(®o)—12®0(k+ Do) (1 — B0)*Wo

3f*®%(1 — &) Wy
(7 + BZ(1 — Bo)2WR)*

{3 - w30 - 20wy (%)

T 88 [y + 81— 90)* W2 W&'} (64)

where
L= Ll(l — @0) + 1-— q>0 arctan(L'q)O/\/ 1-— q>0)
(65)

In deriving (64) we have assumedhat sincethe shapef
¢ andw areapproximatethenfactorsof the form N £
My(t) (where N and M areinteger constantsyy is some
constantgenerallyeitherl or v, andy(t) is somedependent
variable generallyeither®, or d®,/dt) arenotsignificantly
differentfrom Ny + 9 (t)] or (VN + M)[1po + 9 (¢t)] (de-
pendingon which yields simplerfactors)aslong as N and
M areapproximatelyequal(i.e., differ by nomorethan33%
from eachother);for example,seeSection4.3.1in the dis-
cussionleadingfrom (51) to (52). Equation(64) is a 5t*
order polynomialin W, which canbe solved to yield the
functionWy(®) (in fact,of the 5 possibleroots,we choose
thesmallestpurelyreal,positive onesuchthat(52)is recov-
eredin thelimit f* — 0). This functionis thensubstituted
into (50) to determinghe nonlinearevolution andgrowth of
.

In fact, the exact evolution of @ with time differs little
in appearanc&om that of the self-separatiomproblemdis-
cussedn Section4.3.1(seeFigure 2). However, the time
scalefor separatiorand shearlocalizationare affectedsig-
nificantly by shearinganddamage.This time scaleis again
representedy thetotal time ¢,,,,,, for ®; togofrom0to 1
andwe considetherehow t,,,. is influencedoy theparame-
terswhichrepresenshearincanddamageseeTablel), i.e.,
U, f* andy (Figure4).

WhenU = 0, all casegegardlesf f* have t,,.. very
closeto the pureself-separatiof,, ., (with f* = 0) which
impliesthatdamagehaslittle effect withoutimposedshear
We referto this self-separatiot,, ., astss whichis only a
functionof a andb (seeFigure2a).

As U — oo theleadingtermin (64)yields

3 2 21172 U ?
7 [7 = 251 = o) W] (7) =0  (66)
which leadsto the asymptoticsolution
% = Bo(1 — Bo)Wo — /7 (67)
independentf f*; this yields an asymptotict, ., = %

(seeFigured). ThusasU increasedrom 0, the separation

100 @
= 720 =
80 - h
60 [ b
tmax |- 0.1 7
40 - 0.5 7
L 0.9 B
20~ b
0 | | | | I
0 500 1000 1500 2000 2500 3000
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1
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t+1

L I . oY v sl
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Figure 4. Time for completeseparatiorof phases, ., ver

susshearingvelocity U: for (a) several different f* (indi-

catedon the figure) with a = b = 0.5 andy = 1; and
(b) several different (indicated)with a = b = f* = 0.9.

Total separation,,,,, versusshearingvelocity U collapse
to single curves(c) thatdependonly on a (andb) whenwe

plott* = (\/Vtmaz — 1)/(/7tss — 1) versusv (using(61)

with ¢g = 0) wheret,, is thet,, . for self-separatiomvhen
f* = 0 (seeFig. 2); plottedaret* + 1 andv + 1 in order
to emphasizealetailson log-log axes. Curvesfor 27 cases
areshavn in (c): for eacha (andb = a) indicated,are9

curvescorrespondingo all permutationof v = 0.25,1,4

with f* = 0.1,0.5,0.9. For all calculationsx = 1 andthe
initial conditionis ®, = 1073.

time t,,4, goesfrom ¢,, to 1/,/7; giventhatthe minimum
tss is approximatelyl0? for k = 1 (seeFigure2a),thenas
longasy > 10, anincreasén damageandshear(i.e., an
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increasein U for f* > 0) will causea reductionin t,,,,
i.e.,anacceleratiorin the separatiorof phases.

The value of U at which t,,,, reacheshe asymptotic
valueof 1/,/7 dependson f* aswell asv itself. An in-
creasen f* causeghet,,,, to reachits asymptoticvalue
at smallerU, i.e., increasingf* enhanceshe influenceof
damagethusallowing shearto be moreeffective at acceler
atingphaseseparatiorfFigure4). While anincreasen ~y de-
creasesheasymptoticvalueof ¢,,,, (i.e.,allowsfor greater
possibleacceleratiorof phaseseparation)t alsoincreases
thevalueof U atwhichthist,,,. is attained(i.e., decreases
the effectivenesof damagendshear).

The influenceof damageon the rate of phaseseparation
canbemostsuccinctlysummarizedy notingthatt,,,,, ver
susU curvesfor differentf*, and~y (butwith thesames and
b) canbe very nearly collapsedon to the samecurve if we
assumehat

tmaz = % + (tss(aa b) - %) F(”a a, b) (68)
(Figure4c). However, sincethe amplitudeanalysisassumes
a single self-similar shapefor ¢ that narrons with time, it
cannotaccounfor thelow-pasdilter effectof v > 1+ /¢
predictedin thelinear stability analysis.Overall, the ampli-
tude analysispredictsa considerableacceleratiorof phase
separatiorby the additionof shearanddamage.

5.3.2. Numerical experiments We finally explore nu-
mericalsolutionsof (29)—(31)and(58), using,aswith the
self-separatioproblem,afinite differencescheme As with
the linear stability problemand previous numericalexperi-
mentsourdimensionlesgomainis —100 < y < +100. We
employ thesameinitial andboundaryconditionsasstatedn
Section4.3.2,with the additionalconditionthatu = +U at
y = £100.

For simplicity we donotfully exploreall parametespace
(whichisin fact7-dimensionali.e.,definedbya, b, U, v, f*,
k and\, notincludinginitial conditions)andthuskeepcer
tain parameterdixed. As with all previous calculationswe
setA = 0 (actually10-2%), k = 1 andb = a. In theend,
theparametespacene exploreis 4-dimensionalpvera, f*,
U, and~; however, it is oftenmorecorvenientto referto v
insteadof U (using¢o = 0.05 in (61); alsoseeTablel).

Thenumericalsolutionsrevealthreebasicregimeswhich
essentiallydependnly onv, asdisplayedn Figure5. These
regimesareasfollows:

1. For“low” valuesof v (v < 2), the porosityfield col-
lapsesessentiallyin the samemannerasthe surface-
tension-dwenself-separatioproblem(seeFigure3).
Only thegrowth rateof ¢,,,..., thepeakporosityvalue,
appearso beaffectedby changesn U (orv), f* and
~v, as predictedby the stability and amplitudeanaly-
ses(Figure6). Thus,in this regime, changesn the
shearanddamageparameterd/, f* and+y thatcause
an increasein v induceonly an accelerationof the
self-separatioreffect. We refer to this regime asthe

1.0
@ OO O +AAAAMAAAM X X
0.8
OOOO+AM M A A X X
0.6
f* A M A M A M | x
0.4
A A AAAMA A A X X
0.2
AAM A M |X X
0.0 & I I ()()
2 3 4 21 22

vV

Figure 5. Reggime diagramof the differenttypesof numer
ical solutionsof the 1-D flow problemwith shearanddam-
age. Threedifferenttypesof solutionsexist dependinges-
sentiallyonly onthevaluev. Thefigure shavs theregimes
of solutionsn v- f* parametespaceseparatethy solidlines.
Symbolsshav thelocationin parametespaceat which so-
lutionswerefound. Circlesindicatesimpleacceleatedself-
sepaation; filled trianglesindicate solutionsexperiencing
the tear localization crossesndicatesolutionsundegoing
inhibition of phaseseparatioror distributeddamage. Thedi-
agramdisplays243solutionsthathave variouspermutations
of e = 0.1,0.5,0.9, andy = 0.25,1,25 over the ranges
0 < f*<09and0 < U < 2000. SeeSection5.3.2for
furtherdiscussion.

acceleatedsepaation regime of solutions.As v ex-
ceedsl andapproache® the porosity profile gradu-
ally displaysincreasedharpeningleadingto the next
regimediscussedbelow.

2. Forintermediatevaluesof v (i.e.,2 < v < 1+k/¢g =
21 givenk = 1 and¢y = 0.05) the porosityfield un-
demgoesa sereremorphologicalchangeafter somefi-
nite time. In particular profilesof ¢ becomeconcae
above and below the centerlineof y = 0, develop-
ing cuspsor sharppeaks(Figure 7); soonafter this
sharpenegeakformsthe growth of ¢,,,, accelerates
dramatically(Figure 6). At a certainpoint, the peak
becomesso sharpandthe growth ratesso steepthat
furthernumericalsolutionsareuntenablej.e., the so-
lution becomesumericallyunstableasit appeargso
approactasingularity We referto this effectasatear
localization which is predictedby neitherthe linear
stability nor amplitudeanalyses.As v exceeds5 the
narron tearlocalizationinitiates soonerin the calcu-
lationandasv — 1 + &/¢9 = 21 the localization
occursalmostimmediatelyafter the calculationcom-
mencesand barely progressedefore approachinga
singularityandthusendingthe calculation.
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Figure 6. Maximum porosity ¢,,,... Vs time ¢t for different
valuesof U aslabelled,for two differentsetsof parameters
(aandb) indicatedin thelower right cornersof eachframe.
Exceptionalgrowth ratesassociatedvith the tearlocaliza-
tion occuratU = 800 in (a),andU = 1000 in (b).

3. Whenv > 1+ k/¢o (again,1 + /g9 = 21 in
thesecases}he separatiorand concentratiorof fluid
into a narrov zoneis precluded;the initial porosity
anomalyundegoessomeslight initial collapseto a
square-shapeprofile (Figure 8) andthenceasesry
further evolution. This effect correlateswith the ex-
clusion of small wavelength(high wavenumber)in-
stabilities— i.e., the low-passfilter effect — predicted
by the linear stability analysis(Section5.2); i.e., for
v > 1+ k/¢o the porosityanomalycannotcollapse
to lessthan a certain width (or wavelength). For
casesof A = 0 this minimum width is extremely
large, thuseffectively precludingsignificantcollapse.
We interpretthe regimev > 1 + /¢ as a state
whereinsheamanddamageverwhelmsurface-tension
driven self-separatiorand causevoid generatiorand
growth throughoutthe layer, over large wavelengths
and thus nearly uniformly. In other words, when
v > 1+ k/¢o damagss so effective that insteadof
causingshealocalizationit effectively induceamicro-
crackingthroughouthelayer. We referto this regime
asthedistributeddamage regime (Figure5).
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Figure 7. Porosityfields at differenttimes (as indicated)
to illustrate the onsetof the tearlocalizationfor different
parametewalues(indicatedin thelower right cornerof each
frame). Thesesolutionscanbe comparedo thoseof Figures
3a,bwhichusethe samevaluesof a andb asshavn here, but
without shearanddamage Growth of the peakporosityfor
the casesabove areshavn in Figure6.

6. Discussionand Conclusion

6.1. Summary

A two-phasemodelwhich accountdor both surfaceten-
sion and viscousdeformationalwork on the interface be-
tweenphasedasbeenusedto examinedamageand shear
localization. Even without shearand damagethe two vis-
cousphasesvould naturallyseparatelueto gradientsn sur
facetension. However, shearand damagecan affect phase
separationn avariety of ways;the mainparametecontrol-
ling this behaior is v, asdefinedin (61) (seealsoTablel),
which combinesinformation aboutimposedshearvelocity
(or shearstrainrate)with the damagepartitioning(i.e., the
fractionof deformationaivork storedontheinterfaceassur
faceenegy). Thethreebasichehaiors or regimesarising
from shearanddamageare:

1. For relatively small valuesof the parametew (0 <
v < 2 for thecasesshawn in this study)the combina-
tion of shearanddamageessentiallyonly accelerates
the naturalself-separation.

2. With largerv (2 < v < 21 for the parametersised
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Figure 8. Porosityfields at differenttimes(asindicated)to

illustratethedistributeddamageegimewhenv > 1+ /¢

which for the given parametesetmeansy > 21. With the
parameter®f the above calculation(indicatedin the upper
right cornerof thefigure) v = 27.4. The porosityfield un-
demgoesonly slight collapsefrom a nearlyconstantalue of

¢ = 0.05 to ananomalywith peakporosity¢ = 0.075, af-
terwhich thefield cease®volution andthe calculationgoes
numericallyunstable. Even during this slight collapsethe
porosityfield assumes broadenedquare-shapmdicating
the exclusionof small-wavelengthfeatures(i.e., no narrov
or evenroundedpeaksasin Figures3 and7).

here)sheamnddamagéhave a dramaticeffect,in par
ticularinducingatearlocalizationin whichtheporos-
ity concentratiotbecomesearlysingularin spaceand
grows very rapidly.

3. Excessie amountsof shearanddamaggr > 21 for
this study)caninhibit the separatiorof phasesinduc-
ing uniform void or microcrackgeneratiorin lieu of
focussedaindweakshearzones.

Thetheoryandcalculationspresentedherearestill fairly
idealized. Neverthelessthe threeregimeslisted above are
suggestre of somebasicbehaior of failure and cracking
(with the caveatthatthatthetheoryis basedn viscousflow
while brittle and brittle-ductile failure involves damagein
elasticand plastic materials). For low stressand deforma-
tion ratesbrittle and brittle-ductile materialsare known to
experiencalistributedmicrocrackingwhich, especiallywith
increasedstressand deformation,leadsto focussingof mi-
crocracksalongnarron sheamlanes/Lockner, 1995;Evans
andKohlstedt,1995; Mathur et al., 1996; RegenaueiLieb,
1998]. This behaior is suggestedy the first two regimes
presentedhere. The third regime of distributedvoid gener
ation andinhibition of localizationat high shearratessug-
geststhat at a critical deformationrate,the damagearound
the shearocalizationcanno longeraccomodat¢he enegy
input by the imposeddeformationalwork, thus leadingto
depositionof enegy in the form of damagehroughoutthe
volume of the material. In termsof damagepermeating
the medium insteadof becominglocalized, this behaior
is suggestie (againkeepingin mind all the theory'sinher

entsimplifications)of crackbranchinginstabilitieswherein
at a critical crack speedsmoothly propagatingcracksgive
way to branchingandextensie distributeddamagingf the
surroundingmaterialandretardationof the original crack’s
propagatioriBoudetetal., 1995;Sharoretal., 1995;Marder
and Finebeg, 1996; Finebeg and Marder, 1999; Adda-
Bediaetal., 1999;SanderandGhaisas1999].

6.2. Applications to plate boundary formation

Givenits underlyingviscous-flav formalism,the present
theory is clearly more applicableto long-time-scalegeo-
dynamical processeshan to fracture and earthquak me-
chanics. Indeed, one of our primary motivationsfor this
studyis understandinghe generatiorof tectonicplatesfrom
a corvecting mantle, in particularthe focussingof litho-
sphericweak zonesinto plate boundariegseeBercovici et
al., 1999]. Thus, althoughthe theory and model calcula-
tions presentedare ratheridealized,we will venturesome
speculatiorandevaluatethevariousmodelparameterasap-
plicableto the Earth’s lithosphere.In this case we assume
thatthe matrix is lithosphericsilicate (i, ~ 10%® Pas; see
Beaumont1976;Wattsetal., 1982),while thefluid is water
(1y ~ 1073 Pas; Furbish,1997). The Darcy resistancea-
rameter) in this situationis negligibly small;i.e., giventhat
¢ = py/ko (wherek, is areferencepermeability),we can
choosethe smallestpossiblek, ~ 10~°m? [Spiegelman,
1993ajanda maximumfluid zonewidth R of 1-10km (typ-
ical of tectonic magin width), to obtainthe largestlikely
A of approximately1l0~1°. Therefore the assumptiorthat
A is negligible in mary of the casesshaown in this paperis
valid for the caseof lithosphericdeformation.The valuesof
boththe dimensionlesselocity U andtime ¢ dependon the
guantityoag. Onecanestimater accordingo thevaluesof
surfacetensionin silicates[e.g., Spry, 1983;Lasaga,1998;
seeBRS1and RBS2] or from true fracturesurfaceenegy
[Atkinson and Meredith, 1987] which indicatevaluesof ¢
betweer0.1and10J/n?; however, it is generallyrecognized
thatthe effective surfaceenepy of fracturesis muchhigher,
i.e., between100 and 1000 J/n? [Jagyer and Cook, 1979;
Atkinson, 1987; Atkinson and Meredith, 1987]. The scale
for ag is determinedby grainsized, andis typically of or-
derof d—! [seeBRS1andRBS2]. With grainsbetweerl and
10 um [Spry, 1983],we assumehatrepresentatie valuesof
oay for fractureandmicrocrackingrangebetween1 07 and
10° J/m?, which areindeedof the sameorderaspeaklitho-
sphericstrengthgK ohlstedtetal., 1995]. Usingtectonicve-
locities1 cm/yr < V, < 10 cm/yr, andthevaluesof R and
Lm alreadylisted,we thusarriveat10? < U < 10°.

In orderto generateplate boundariesby shearlocaliza-
tion, our modellithospheremusthave, accordingto our 1-D
analysisy < 1+ k/¢g (Wherek is O(1)), and,if the nar
row tearlocalizationis to play arole in boundaryformation,
thenry > O(1). Theseconditionscanbe metfor a wide
rangeof valuesof the maximumpartitioning f*, imposed
shearvelocity U, andotherparametergontainedn v; i.e.,
localizationcanoccurat the upperendof the velocity range
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(U = 10%) with little partitioning(a few fractionsof a per
cent),andat the lower endof the velocity range(U = 10?)
with partitioning on the order of severaltensof a percent.
Wheretherangeof platetectonicvelocities(whichvary over
only oneorderof magnitudegctuallyresideswithin the full
rangeof 102 < U < 10° isunclearbutit is apparenthatlo-
calizationcanoccurwith plausiblefractionsof enegy parti-
tioning. (For comparisonlaboratoryexperimentswith met-
alsshaw partitioningof deformationalvork towarddamage
is typically 15-20%,andasmuchas60%[Chrysochoosind
Martin 1989;Chrysochoogtal., 1989,1996].)

Finally, thetime scaledy,, / (30ayo) for lithosphericpro-
cessesvould be of the order of 100 Myrs, which is also
representatie of thelocalizationtime in themodel(i.e., the
dimensionlesgime intervals for the shearlocalizationcal-
culationsare of order1-10; seeFigure6). Althoughthisis
aplausibletime scalefor slow tectonicprocesseqge.g.,it is
typical of acorvectivetime scale)jt is probablytoolargefor
plateboundaryformation,andcertainlytoo largeto accom-
modaterapidboundaryre-omganizationsHowever, giventhe
simplicity of boththetheoryandmodelcalculationspbtain-
ing time scales,velocities,and partitioning valuesthat are
tectonically and mechanicallyplausibleis a positive step.
Neverthelessthereis no doubt that further sophistication
andrealismmustbeincorporatednto thetheorybeforeeven
moderatelyprecisepredictionscanbe ventured.

6.3. Futur edir ections

Thetwo-phasanodelpresentedhereoffers a fundamen-
tal approachto treating damage;even with its simplifica-
tions, it predictsshearfocussing,a narrav, nearly singular
tear or crack-like localization, and even distributed dam-
age and defocussingof microcrackssuggestie of crack-
branchinginstabilities. Neverthelessthe modelhasconsid-
erableroomfor improvementandsophisticatione.g.,inclu-
sion of anisotroy to accountfor organizedinterconnected-
nessof poresat low porosity; viscoelasticityto accountfor
elasticstorageof deformationalenegy; thermomechanical
effects(e.g.,thermalexpansionof thefluid phasewhich af-
fects pore pressurethermaoviscousbehaior of matrix ma-
terial, andtemperaturesensitvity of surfacetension);phase
changesndmelting; phasereactionssuchashydrationand
annealing,to namea few. Moreover, this study hasbeen
confinedto one-dimensionatalculations.Thus,evenaside
from further sophisticationfuture studieswill usethe the-
ory to examinedamageand localizationin more comple
geometriessuchasin uniaxialcompressionfolding, slope-
failure, source-sinkdriven models, buoyang/ and corvec-
tively drivenflows, etc.. Invariably, the applicationsof the
two-phasalamageheoryto numeroudields,suchasgranu-
lar dynamicsearthquak dynamics structuralgeology and
generatiorof platetectonicsrom mantleflow, is potentially
endless.
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