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Abstract. A new two-phasetheoryemploying a nonequilibriumrelationbetween
interfacial surfaceenergy, pressureandviscousdeformation[Bercovici et al.,
2000]providesa modelfor damage(void generationandmicrocracking),andthus
a continuumdescriptionof weakening,failure andshearlocalization. Here,we
demonstrateapplicationsof thetheoryto shearlocalizationwith simpleshear-flow
calculationsin which onephase– thematrix, representing,for example,silicate–
is muchstronger(moreviscous)thantheotherphase– thefluid. This calculation
is motivatedasa simple modelof plate boundaryformation in a shearzone.
Evenwithout shearthetwo phaseseventuallyseparatedueto gradientsin surface
tension.However, theinfluenceof shearon phaseseparationis manifestin several
ways. As shearvelocity increasesthe separationrateof the phasesincreases,
demonstratinga basicfeedbackmechanism:accumulationof the fluid phase
causesfocussedweakzoneson which shearconcentrates,causingmoredamage
andvoid generationandthusgreateraccumulationof fluid. Beyondacritical shear
velocity, phaseseparationundergoesintenseaccelerationandfocussing,leading
to a ‘tear localization’ in which theporositybecomesnearlysingularin spaceand
growsrapidly likea tearor crack.At anevenhighervalueof shearvelocity, phase
separationis inhibited suchthat shearlocalizationgivesway to defocussingof
weakzonessuggestiveof uniform microcrackingandfailurethroughoutthelayer.
Our two-phasedamagetheorythuspredictsa wide varietyof shear-localization
and failure behavior with a continuummodel. Applicationsof the theory to
variousfields,suchasgranulardynamics,metallurgy, andtectonicplateboundary
formationarenumerous.

1. Intr oduction

A widevarietyof solidmaterialsdisplaystronglynonlin-
earrheologicalbehavior in that they undergo severeweak-
eningunderdeformation.Suchweakeningoften leadsto a
feedbackmechanismwhereindeformationor shearconcen-
trateson theweakzone(beingmosteasilydeformed),caus-
ing further weakening, and thus more focussingof shear.
Thisphenomenonis widely referredto asshearlocalization
andis apparentin many field of physics,including, for ex-
ample,metallurgy [LemondsandNeedelman,1986], rock

mechanics[Poirier, 1980; Jin et al., 1998 and references
therein], granulardynamics[e.g., Scott, 1996; Géminard
et al., 1999 and referencestherein], and glaciology [e.g.,
Yuen and Schubert,1979]. One of the most fundamen-
tal manifestationsof shearlocalizationarisesfrom thecou-
pling of viscousheatingandtemperature-dependentviscos-
ity whereinthezoneof dissipativeheatingweakensandthus
focussesdeformation,leadingto further heatingandweak-
ening; this mechanicsmis thoughtapplicableto problems
in metalweakening,glacialsurges,andlithospheredynam-
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ics [SchubertandTurcotte,1972;YuenandSchubert,1979;
Poirier, 1980; Balachandaret al., 1995; Bercovici, 1996;
Thatcherand England,1998]. In granularmedia, local-
ization is due to dilation of the mediumleadingto effec-
tively weaker rarifed zonesthat concentratedeformation,
which in turn agitatesthe mediumcausingfurther dilation
[Géminardet al., 1999 and referencestherein]; this phe-
nomenonis of potentialimportancein earthquakedynamics
[Scott,1996;Marone,1998;seealsoSegall andRice,1995;
Sleep1995,1997]. Anothershearlocalizationmechanism
arisesfrom thereductionof grainsizeunderstressin solid-
state creepmechanismswhich have grain-size-dependent
viscosities(i.e., grain reduction leads to zonesof weak-
nesswhich concentratedeformation,increasingstress,and
thus further reducing grain size and enhancingweaken-
ing); this mechanismis thoughtto be a basicingredientof
crustaland lithosphericdeformation[Karato, 1989; Jin et
al., 1998;Kameyamaet al., 1997].Finally, materialthatun-
dergoesbrittle or combinedbrittle-ductiledeformationcan,
with large strain, experienceconcentrationof microcrack
andvoid populationsdevelopingweakbandson which de-
formationfocusses,leadingto further cracking,weakening
andinvariablyshearlocalization;thisphenomenonoccursin
theprocessof dilatantplasticity [LemondsandNeedelman,
1986; Mathur et al., 1996] and possiblythroughmuch of
thecrustandlithosphere[Kohlstedtet al., 1995;Evansand
Kohlstedt,1995;Lockner, 1995;Regenauer-Lieb,1998].

At the largestscale,shearlocalizationis proposedto be
crucial for the generationof tectonic plates from a con-
vecting mantle, for which many of the mechanismslisted
above arepotentially important[Bercovici, 1993,1995a,b;
1996; 1998;Tackley, 1998,1999; seereview by Bercovici
et al., 1999]. The longevity of plateboundaries[Gurnis et
al., 1999], and the inferencethat much of the lithosphere
undergoescombinedbrittle-ductile behavior [Kohlstedtet
al., 1995,EvansandKohlstedt,1995]have motivatedsome
[Bercovici, 1998; Tackley, 1998] to considerthat the pri-
mary weakening mechanismthat leadsto plate boundary
formationis dueto damage,or void andmicrocrackforma-
tion. Suchdamageis assumedto be excited or controlled
by the stressstateor deformationalenergy of the system
[e.g., LemondsandNeedleman,1986; Povirk et al., 1994;
Lyakhovsky et al., 1997;Bercovici, 1998]. In many damage
treatments,the physicsof fractureanddefectformation is
parameterizedby aninternalstructuralquantity, e.g.,density
of defects,that representsthe stateof damageof the mate-
rial, andis henceoftenreferredto asthedamageparameter.
This quantityis assumedanadditionalthermodynamicstate
variable[Ashby andSammis,1990; HansenandSchreyer,
1992; Lemaitre,1992; Lockner, 1995; Lyakhovsky, 1997]
thatcontrolsweakeningof thematerial.

In our approach,rather than assumethe existenceof a
structuralor damagevariable,weemploy two-phasephysics
and interfacethermodynamicsto incorporatethe essential
underlyingphysicsof void and microcrackformation into
continuumtheory. At a mostfundamentallevel, theenergy
involved in damage,or, in particular, the generationof mi-

crocracksandvoids, is associatedwith surfacefree energy
createdontheboundarybetweenthevoid andthehostmate-
rial [Griffith, 1921;JaegerandCook,1979;Atkinson,1987;
Atkinson andMeredith,1987]. At a minimum, a material
with voids is a two-phasemixture (assumingthe hostma-
terial andthe substancefilling the voids areboth homoge-
neousmatter),hencethe surfaceenergy in questionis the
freeenergy existing at the interfacebetweenphases.In the
first paperof thisseries[Bercovici, Ricard,Schubert,2000],
henceforthreferredto asBRS1,weestablishedacontinuum
theoryto treattwo phasemotionaccountingfor thecreation
of interfacial surfaceenergy. In the secondpaper[Ricard,
Bercovici and Schubert,2000], henceforthreferredto as
RBS2,we examinedapplicationsof this modelto problems
of deformationandcompaction,andto gravity-inducedset-
tling whensurfacetensionis significant. In this final paper
we examineapplicationsof theBRS1theoryto damageand
shearlocalization. In particular, the theory treatsthe gen-
erationof interfacial surfaceenergy throughdeformational
work, leadingto formation of interfacial areaby void nu-
cleationandgrowth. The inducedvoid densityor porosity
is thusthe expressionof damage,andregionsof high void
densityarestructurallyweakened,leadingto concentration
of deformation,further damage(void generation),weaken-
ing and,invariably, shearlocalization.

2. Basictheory

SinceBRS1alreadyderivedthecompletetwo-phasethe-
ory we briefly presentthe governingequationsfor the pur-
poseof referencing.Subscripts

�
and � refer to fluid and

matrix phases,respectively. All dependentvariablesarenot
in fact truemicroscopicquantitiesbut areaveragedover the
fluid or matrix spacewithin small but not necessarilyin-
finitesimalcontrolvolumes[seeBRS1].Moreover, all equa-
tions areinvariantto a permutationof subscripts

�
and � ,

andimplicitly a switchof � and ����� , where � is void or
fluid volumefraction,or porosity;thispropertyis calledma-
terial invariance[BRS1].� Conservationof massyields two equationsinvolving

transportof thefluid andmatrixphases� ��
	������� ������������� (1)��� � �!��"�
	 ������ � � �#�
"$�&%'���(��� (2)

where ��� andand �&% arethefluid andmatrix veloc-
ities. Alternatively, (1) and (2) can be combinedto
yield equationsthatdescribetransportof porosity, and
continuityof averagevelocity, respectively� ��
	 �*)� �+ �,� ���� � � �-�#��"/.0�1� (3)

�� )�2��� (4)
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wheretheaverageanddifferenceof any quantity 3 are
definedas)34�5�637� � � � �#��"$38% 9;:�<=.>3���38%��?37� (5)

respectively.� Themomentumor forcebalanceequationsalsoyield
equationsdescribingthedynamicsof thetwo phases� � �@� �ACB � �#D �FE&GH � ������ �6I � ��KJ .0� � � � . BL � �� �NM1O "P� (6)

�Q� � � � �#��" �A?B % �#D %-E GH � ����R� � � �#��"SI % �� J .0� � � � �#��" � . BL � �T �UM1O "S� (7)

where B � and B % arethefluid andmatrix pressures;D � and D % arethefluid andmatrix densities,bothas-
sumedto beconstant;I � �(V � W  � � �X�A � � �ZY��\[] � �� � � "$^ _ (8)

andI % �XV % W  � % ���A � % � Y � [] � �� � % "/^ _ � (9)

arethefluid andmatrix deviatoric stresses;J is a co-
efficient of proportionalityfor theviscousinteraction
forcesbetweenthe phases;

M
is the surfacetension

which is possiblytemperature-dependent,andO � Oa` ��b � �-�!��"dc (10)

is theporosity-dependentinterfacialareaperunit vol-
umein which

O `
is a constantwith units of e,f1g , h

and i are constantsjk� , and l Oam ln� is the average
interfacecurvature(seeBRS1for a discussionof the
propertiesof the interfacedensity). Theseequations
also can be combinedinto a mixture and difference
set �4�o�  )BX���� )I � )D E GH �� �NM1O " (11)

� � �@� � � �#�
" �A . BX� . D E GH �� p�R� � � �@�!��"/.0I �
� )I �7 �q� J .0� (12)� The energy equationis separatedinto two coupled
equationsrepresenting1) the evolution of thermal
(entropy-related)energy, and2) therateof work done
on the interfaceby pressure,surfacetensionandvis-
cousdeformationalwork:DnJ rtsr 	 � s rr 	 W l Ml s O _5�5u5� ��8v

� w W r �r 	 _yx � � � � � "{z (13)

. B r �r 	 � M r Or 	 � � z(� w W r �r 	 _ x (14)

wheres is thetemperature(assumedthesamein both
phases),u is an intrinsic heatsource,v is an energy
flux vector(accountingfor heatdiffusionandpossibly
energy dispersion;seeBRS1)andz5� J .0| x � �  ���t};I � � � � �!��"  �&%~};I %

(15)

(where.0| x �X.0� � .0� ) is theviscousdeformational
work, a fraction

�
of which is partitionedinto stored

work – in this model storedas interfacesurfaceen-
ergy – while the remainingpart goestoward dissipa-
tive heating[Taylor andQuinney, 1934;Chrysochoos
andMartin, 1989;BRS1]; seeBRS1for a discussion
of thepartitioningfraction

�
. Thequantityw hasunits

of viscosityandthetermassociatedwith it represents
irreversibleviscouswork doneonporesandgrainsby
thepressuredifference. B duringcompactionor di-
lation [seeBRS1; RBS2]. Simple micromechanical
models[BRS1] suggestthatw �X��� � V % � V � "� � �-�!��" (16)

where �t� is a dimensionlessfactor accountingfor
poreorgraingeometry;it is typically � � �+" (seeBRS1).
Theaverageheatcapacityper volumeof the mixture
is DnJ �5� D � J � � � �-�#��" D % J % (17)

(where J � and J % arethe heatcapacitiesof the fluid
andmatrix) and the materialderivatives in (13) and
(14)aredefinedasrr 	 � ��6	 �*)� �+ (18)

rr 	 � �DnJ W � D � J � r �r 	 � � � �#��" D % J % r %r 	 _
(19)

in which ���� Y ���� Y � ��� �/ and �a�� Y ���� Y � �&% �/ .

The relation (14) can be considereda non-equilibrium,
mixture proxy for the stress-jumpcondition acrossthe in-
terfacebetweenphases(seeBRS1 for further discussion),
given that the interfacelocation andorientationcannotbe
known in a mixture theory. However, this relation with� z���� also describesthe depositionof deformational
work assurfaceenergy; asmoredeformationalwork is im-
posed,more interfacial surfaceareais createdto storethe
energy, generallyleadingto growth in void densityor poros-
ity. Throughoutthis paper, for the sake of brevity, we re-
fer to the applicationof viscousdeformationalwork to the
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generationof surfaceenergy (i.e., caseswith
� ��� ), thus

leadingto growth in interfaceareaandvoid density, asdam-
age, althoughstrictly speakingthis may not be the same
definition of damageas usedelsewhere[Ashby and Sam-
mis, 1990; Lyakhovsky 1997; seeLemaitre,1992; Hansen
and Schreyer, 1992 and referencestherein]. We will ex-
aminea few simpleone-dimensional(1-D), time-dependent
scenariosto illustrate the basicphysicsof shearlocaliza-
tion throughthedamageprocessaspredictedby this theory.
Presentlywewill assumethat

M
is constantsuchthattemper-

ature s hasno influenceon thedynamics.We will consider
thermaleffectsin laterpapers.

Wewill first examinethesimplestpossiblephysicsof un-
forcedphaseseparationin theabsenceof damage(

� zX�X� ),
a processhencecalledself-separation. Althoughthis prob-
lemdoesnotexplicitly pertainto damageandshearlocaliza-
tion, it is importantto examineasa startingpoint for under-
standingdamageprocesses.

Lastly, we will examinethe influenceof shearanddam-
ageor deformationalwork (

� z��\� ) which leadsto highly
acceleratedseparationof thephases,resultingin weakening
andenhancedshearover concentrationsof the fluid phase
andthusa runawayshearlocalization– termeda tear local-
ization– suggestiveof crackformation.

3. Generalone-dimensionalequations

Our modellayer is infinitely long in the � directionand
is [�� wide, going from �\��� � to � � (Figure 1). The
boundariesare impermeableand no slip, and move in the� -directionwith equalandoppositevelocitiesof magnitude�6�

; thus,at �q�o� � , |;% �0�\|��/���*� ��� and |;%��>��|��$�0�� . (For self-separation,the � -componentof the boundary
velocitiesis irrelevant.) In someinstanceswe consideran
infinite domain( ����� ) for which theseboundarycondi-
tionsrequiresomeadjustment;thesecaseswill bediscussed
asneeded.We specifythat all dependentvariablesdepend
only on � andtime

	
.

Becausethe systemis one-dimensionaland the bound-
ariesat �t��� � arerigid (i.e. |;%��4�X|��$�L��� at thebound-
aries,or as � � � � ), thecontinuityequation(4) becomes

y

y=-L

y=+L

x

-V

+Vx

x

Figure 1. Sketchof modelgeometryfor one-dimensional
shearand self-separationcalculations. Dimensionalvari-
ablesareshown. After nondimensionalization�T��� � is
replacedby �>���0���R� and � � � is replacedby �4  .

��|��/� � � � �!��"$|;%��¡��� ; if �£¢�X� , thenwe obtain| � �¡�\� � �#�� | % �¤9;:6<5.0|;¥¡�T| % � m �,� (20)

Massconservation(2) (or (3)) yields� ��
	 � �� � � � �-�!��"$| % �F� (21)

Our layer is assumedto be in the horizontal � - � plane
suchthatgravity doesnot appearin therelevantforceequa-
tions. We also assumethat V ��¦ V % and that the fluid
macroscopicstressesare negligible relative to other fluid
forces;thuswe neglect I � , but retaininterface-forceterms
proportionalto J .L� . Given the formula for J in the limitV �5¦ V % (seeBRS1 and McKenzie,1984; Spiegelman,
1993a,b,c),we obtain J � V��n� x§ ` �
¨ (22)

where
§ `

is a referencepermeability;adoptingthecommon
andsimplifying assumptionthat ©ª� [ (which is reallyonly
valid for smallporosities)then J �XV � m § ` is a constant.

With theaboveassumptions,the � -componentof thefluid
force equation(6) yields J .L| � ��� , which implies that| � �£��| % � throughoutthe medium. The � -componentof
thematrix forceequation(7) becomes�¡�(V % �� �X« � � �#��" � |;% �� ��¬ (23)

Theonly equationnecessaryto describetheforcebalance
in the � directionis (12),which,with theaboveassumptions,
becomes�L�\�@� � � �£��" � . B� � �o] V % � �� �X« � �-�#��" � |;%��� �p¬ � J |;%���

(24)

Assumingthat
M

is constant,thefinal necessaryequation
is (14),which,with ourassumptionssofar, becomesW . BX� M l Ol®� � ��� V&%� � �-�#��" � ��
	 _ � ��
	 � � z (25)

wherez5� J | x% �� x � V&% � �-�#��"�¯ W � | % �� � _ x �  ] W � | % �� � _ x±°
(26)

We must also considerthe specialsituationof �²���
(sincethe above equationsare valid for ��³´��³µ� ). In
this case,and given our assumptionsso far, (4) becomes.L| ¥ � � mF� �¶� � |;%�� mF� � . However, since ���·� is the
minimum value of � , then

� � m;� �´�¸� when �k�¹� ,
and thus,

� |;%�� m;� �5�º� ; also, with the rigid boundaries,|;%��4��� when �,�X� . Thesetwo constraintson |;%�� leadto� � m;�6	 ��� (from (21)). Theserelationswould thenreplace
(21) and(24) asthe relevant equationsfor the case����� .
Similar conditionsexist for the case�X��� , assumingthat
ourbasicapproximations(e.g.,that I � is negligible) areap-
plicablein this limit.
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3.1. Nondimensionalization

To nondimensionalizethe governingequationswe usea
lengthscale» that is characteristicof thewidth of thefluid
zoneuponcompletephaseseparation(or thesumof all fluid
zonewidths if thereare multiple regionsof phasesepara-
tion). We do not choosethe layer width � as our length
scalesincewe considersomecasesinvolving infinite do-
mains,i.e., ���¹� ; in thesesituationswe assumethat a
finite amountof fluid is presentand thus the width of the
zoneof separatedfluid is finite. Wealsodonotusethecom-
pactionlength ¼  V % m�� ] J " (seeRBS2)asour lengthscale
sincewewishto varytheresistanceto Darcy flow character-
izedby thecoefficient J . We thusassign» to becharacteris-
tic of thehalf-widthof thefluid zone,andthereforeconsider
two possiblecases:

1. If the layer is finite, then the half-width of the fluid
zoneis �[¡½¤¾&¿f ¿

�
lR�t� �@À �
Á (27)

where À ��Á is the volume-averagedporosity. Rather
than prescribe À ��Á , we assumeit is typically of or-
der ����f x andthat thecharacteristicscalefor thehalf-
width of the fluid zoneis »Â�µ����f x � . This length
scalewill beappliedto mostof ourcases.

2. Whenthelayeris infinite ( �¤�Ã� ) we mustalter the
definition of » slightly. In this situationwe assume
that � � ��" is well-behavedas � � � � , i.e., it decays
over a finite width ÄÅ which we refer to as the scale-
width of � . The scale-width ÄÅ canchangein time as
thepeakporositygrows or decays.Thehalf-width of
thefluid zoneis then�[¡½¤¾�Æf Æ

�
l����TÇ ÄÅ min (28)

where Ç is a dimensionlessconstant�Â� (anddeter-
minedby theshapeof the function � � ��" ; seeSection
4.3.1 in which one obtains ÇÈ�ÊÉ m [ ) while ÄÅ min is
theminimumallowableporosityscale-widthobtained
whenthepeakporosityreaches1; ÄÅ min is thereforeap-
proximatelyequalto thehalf-width of thefluid zone.
Thus,in this situationwechoose»\�ËÄÅ min.

In bothof theabovecases,thelengthscale» is characteristic
of the fluid zonehalf-width, and thusall modelsituations,
whetherthe domainsare finite or infinite, are comparably
scaled.

With thenondimensionalizationof distanceby » , timeby V&% mÌ� ] M1Oa` " , andpressureby
M1O�`

, thegoverningequations
become � ��6	 � �� � � � � �!��"$Í � (29)

�¡� �� � « � � �!��" �6Î� � ¬ (30)

�L�o�@� � � �#�
" � .0Ï� � � � �� � « � � �!��" � Í� � ¬ �#Ð Í � (31)W .>Ï � l O�Ñl®� � Ò� � �-�#��" � ��
	 _ � ��6	 � � z Ñ (32)

where �ÓÎ�Ô Íy"Õ� «  V %] » M1Oa` ¬ � | % � Ô | % �;" (33)

arethedimensionlessmatrixvelocities,.0Ï�� . BM1O ` (34)

is thedimensionlesspressuredifference,

z Ñ �5Ð Í x� x � � � �!��"�¯
] W �
Î� � _ x � W � Í� � _ xÖ° (35)

O Ñ � O×mFO ` ����b � � �!��"dc Ô (36)

Ò � ] � � m  (37)

and ÐØ� ] J » x V&% (38)

which containsinformation about the compactionlength¼  V&% m�� ] J " [RBS2; seealsoMcKenzie,1984]; seeTable
1 for summaryof dimensionlessvariablesandparameters.

For finite layersin which »\�*�7�Ìf x � , thedimensionless
domainis given by �4���R�\jÂ�Ëj=���R� and the boundary
conditionsonvelocityarenowÍ5�X��9;:�< Î �5�4 ����  V % � �] » M1O�` 9FÙÚ���5�0���R��� (39)

For infinite layers( � � � and »Û�²ÄÅ min) we obtain � � j�#j � and Í � � as � � � � ; theboundaryconditions
on
Î

requireslightly morediscussionwhich we deferto the
relevantsection(Section5.3.1).

4. Self-separation

In this papershearlocalizationoccursbecause,with im-
poseddeformation,thefluid andmatrixseparatefrom anini-
tially homogeneousmixture, andthe concentrationof fluid
causesaweakzoneonwhichshearfocusses.However, even
without imposedshear, the phasesundergo unforcedself-
separationin the presenceof surfacetensionand porosity
gradients. For example, a positive porosity anomalyhas
a smaller averageinterface curvature l Oam ln� , and thus a
smallersurfacetensionforceactingon thefluid, thanin sur-
roundingareas.Thiscausesafluid pressurelow in theporos-
ity anomalywhich therebyattractsmorefluid, causinginfla-
tion of the porosityanomalyandself-separation.The self-
separationeffect is alwayspresentandin many waysshear
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Table1. Key dimensionlessvariablesandparametersfor the
one-dimensionalmodel

Variableor Description Governingor
parameter definingeqn.� porosity (29)Î � (along-channel) (30),(33)

velocityÍ � (cross-channel) (31),(33)
velocity.>Ï matrix-fluidpressure (32), (34),
difference (58)z Ñ rateof deform- (35)
ationalworkO�ÑÜ� ��" interfacearea (36)
perunit volume
( l O�ÑÓm l®�Ø� sumof
interfacecurvatures)Ý � ��" coefficient for (42)
surfacetension
force(proportional
to �-l x O�ÑÓm l®� x )Þ � �N	 " peak � (for ampli- (46)
tudeanalysis)ß � �Ó	 " peakÍ (for ampli- (49)
tudeanalysis)ÅÌ�Ó	 "�� porosityanomaly (46),(48)� m Þ � �N	 " half-width (for
amplitudeanalysis)h Ô i interfaceareaand (36)
curvatureexponents
(controldependence
of
O�Ñ

on � )Ð Darcy resistance (38)
coefficient
(relatedto com-
pactionlength)Ò coefficient for (16),(37)
viscousresistance
to compaction/dilation  imposedshearvelo- (39)
city in � direction�
partitioningfraction (32), (57)
of deformationalwork
appliedto interface�&à
maximumpossible (57)
valueof

�
(57)á controlsdependence (57)

of
�

on
� � mF�
	â ã �&à   x m á (61)

(scalingparameter
controllingthe
dependenceof
damagerateon  ,
�&à

and á )

anddamagemerelyact to acceleratethis self-separation.It
is thereforeimportantto elucidatethephysicsof simpleself-
separation.However, it shouldbe understoodthat the self-
separationinstability describedhereinis neitherdirectly re-
lated to, nor offsets the stabilizationof crack and bubble
nucleationby surfacetension;in the former casethe insta-
bility essentiallyinvolvescoalescenceof pre-existing fluid
bubbles(or matrix grains)asoccursin oil andwater(sans
gravity), while the latter reflectstheadditionalwork neces-
saryto grow or nucleatenew bubblesor cracksbecauseof
surfacetension(thiseffect is explicitly in thetheorythrough
(14)). Dif ferentaspectsof self-separationeffectarealsodis-
cussedin RBS2aspertinentfor percolationandcompaction
problems.

4.1. Specificequations

For simpleself-separationwe assumedamageor defor-
mational work on the interface is negligible comparedto
surfacetensionandpressurework, (

� z Ñ �X� ), in whichcase
(32)becomes .0Ï��o� l OäÑln� � Ò� � � �#��" � ��
	 (40)

(assumingthat (32) holds for all
� � m;�
	 ); note that in the

limit of static equilibrium
� � mF�
	 � � , (40) recovers the

Laplaceequilibrium condition for surface tension .>Ïå��-l O�Ñæm ln� wherethe l O�ÑÓm l®� representsinterfacecurvature.
Since

� z Ñ is neglected,the � -componentof velocity
Î

has
no influenceon thedynamicsof separationandthusthereis
no externalforcing of phaseseparation;it is thusunneces-
saryto solve(30)andall solutionsarethereforeindependent
of theboundaryvelocity   .

Apart from themassconservationequation(29), theonly
relevantequationis obtainedby usingtheforcebalance(40)
to eliminate .>Ï from (31), (andmultiplying the resulting
equationby � � �-�#�
" ), to yield�L�\� Ý � ��" � �� � � � x � �-�#�
" �� ��« � �-�#��" � Í� �@¬� Ò � x � � �#�
" x �� � « �� � �-�!��" � x �� � �
	 ¬ �#Ð � � �#�
"$Í (41)

where Ý � ��"ç� ��b � � �#��"/c+ènh � � �!h®"� � h � ié���7" � [ h¡� � h � iê"d���ë�aì
� (42)

As notedby RBS2,thequantity
Ý � ��" is positive for all h Ô i

and � , given �>jTh Ô i Ô �ªj�� .
4.2. Linear stability analysis

We next examinetheinitiation of self separationfrom an
infinitesimalperturbation.We prescribethe mediumto be
finite ( �4�7���(jp�*jí�7��� ) and to have a static basicstate
( Í~�oÍ��0�o� ) with constantporosity ��� . Includingpertur-
bationsto this basicstate,we write porosityandvelocity as
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Thus(29)and(41)become,to order ï g ,� � g�
	 � � � �#� � " � Í g� � (43)

�L�\� Ý � � � g� � � �6� � Ò � �6�+" � �-�#�6�7" x � x Í g� � x �#Ð � �-�#���+"SÍ g
(44)

where
Ý �T� Ý � ���F" , and we have used(29) to eliminate� � mF�
	 from (41). Assumingboth � g and Í g go as ð+ñZò ¥ ¾�ó Y ,we arriveata dispersionrelationfor thegrowth rateô � Ý � § x� � � Ò � � � " � � �!� � " § x � Ð (45)

Given that
Ý � is greaterthan � , the growth rate ô �Ê�

and thus all perturbationsare unstable. However, thereis
no one maximumgrowth rate ô at a finite value of

§
and

thusno leaststablemode.Nevertheless,thereis somescale
selectionbecausethe function ô � § " actsasa high passfil-
ter; i.e., all modeswith

§¶õ ¼ Ð m � � � � Ò � � � " � �-�#� � "S�
arepreferredsincethey grow at the maximumgrowth rateÝ � m � � � � Ò � � � " � �=� � � "P� , while modes with§ jö¼ Ð m � � � � Ò � � � " � � �!� � "P� grow much more slowly
andwill beeffectively “filtered out”. Thus,if Ð ¦ �6� � Ò ��6�+" � �'���6�7" essentiallyall modeswill grow equallyfastat
themaximumrate;in this casethereis effectively no resis-
tanceto Darcy flow andfluid canbe drawn from any dis-
tance(i.e., thecompactionlengthis effectively infinite). An
increasein thevalueof Ð causeslongerwavelength(smaller§
) perturbationsto be filtered out relative to shorterwave-

lengthfeatures;this processreflectsthefact that thegreater
resistanceto Darcy flow precludesmigration of fluid over
large distancessuchthat fluid is only drawn from within a
finite compactionlength ¼  V&% mÌ� ] J " . (SeeRBS2for fur-
therdetailsaboutcaseswith finite Ð .)

4.3. Nonlinear solutions

In this sectionwe seeknonlinearsolutionsto our one-
dimensionalsystemof self-separation. We first examine
somesimple analytical relationshipsfor the amplitudeof
nonlinearsolutions,andtheninvestigatesomenumericalso-
lutionsto thefull equations.

4.3.1. Amplitude analysis An approximatesolutionfor
the growth in amplitudeof a porosityanomalycanbe ob-
tainedby assumingformsof solutionswith thepropersym-
metryaboutthemidplane�>��� . In particular, If � is aneven
function of � andmaximumat �#�²� , thenself-separation
will occur suchthat matrix material flows away from the
planeat ���î� , while fluid flows toward it; in this caseÍ
would beanoddfunctionof � (positive for �Ø��� andnega-
tive for �q³(� ). We assumethattheporosityanomalyvaries
in � only over the(dimensionless)scale-width

Å
with aself-

similar shape;for simplicity weassume�Ú� Þ ` �N	 "� � � x m;Å x �Ó	 " (46)

althoughothersymmetricfunctionswouldalsosuffice. Since
we prescribe� � ��" to be self similar, varyingover only one
lengthscale

Å
, wemustprecludetheinfluenceof otherlength

scales. To this end, we assumean infinite domain, i.e.,� � jµ�Èj � , and an infinite compactionlength, i.e.,Ð!�Ë� , suchthatno additionalscaleselectionoccursat the
onsetof the self-separationinstability (seeSection4.2 on
linear stability). The scale-width

Å
is not constant,i.e., as

the porosityamplitude
Þ `

grows,
Å

mustshrink in orderto
conservemass;indeed,by fluid massconservation

½ ¾�Æf Æ
� � ��"/l����(É Þ ` �Ó	 " ÅÌ�Ó	 "é��9@÷8ø�:�ù/Ù{9�:RÙ�� (47)

Themaximumallowablevalueof
Þ `

is 1 at which point the
minimum

Å
obtainedis also1 (having, with our infinite do-

main,nondimensionalizedlengthsby the dimensionalmin-
imum scale-width ÄÅ min; seeSection3.1). Therefore,by (47)Þ ` �Ó	 " ÅÌ�Ó	 "é�o� , or ÅÌ�Ó	 "é� �Þ ` �N	 " � (48)

Weassumethatthedependenceof Í on � mFÅ alsofollows
a self-similarshapethatvanishesat �,�~� � ; however, the
shapeof Í may be slightly more complex than that of � .
In the simplestexample, if the fluid momentumequation
reducedto Darcy’s law (correspondingto the assumptions
of V �2¦ V % andweakcompaction/dilation,

� � m;�6	 ¦ � ),
thenin our 1-D systemÍ5ú5� x � Ïy� mF� � where Ïy� is thedi-
mensionlessfluid pressure.If we crudelyassumethat the
fluid pressureanomalymirrors the porosity anomaly, i.e.,Ïy�Lú � � � � x mFÅ x "±f&g thenwecanwriteÍ�� ß ` � mFÅ� � � � x mFÅ x "Sû (49)

suggestingthat ü Í0ü decayswith ü �&ü morerapidlythandoes� .
With signficantcompaction/dilation(non-negligible

� � m;�
	 )
therelationfor Í is only slightly morecomplicated,thusfor
thesake of simplicity we continueto employ (49).

If we substitute(46) and(49) into (29) andinto
�&mF� � of

(41) (wherethe � derivativeis takensothatthetermsin (41)
areevenabout�t�(� ) andevaluatetheresultingtermsat the
centerline�t�(� , weobtain� Þ `�
	 � Þ ` � � � Þ ` " ß ` (50)

�L� Ý � Þ ` "ç� Þ ` � �-� Þ ` "�ý Þ ` � � [ ��� ] Þ ` "� Ò � �R����� ] Þ ` "Pþ ß ` (51)

wherewe have used
Å �º� m Þ ` . If otherself-similar trial

functionsarechosenfor � and Í , then,insteadof thefactors� [ ��� ] Þ ` or ���'�5� ] Þ ` in (51), oneobtainstermsof the
form ÿ���� Þ ` in which ÿ ��� ú�� � �7�R" . Therefore,
given the approximatenatureof the presumedshapesof �
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and Í , weassumefor simplicity thatthedistinctionbetween� [ �,� ] Þ ` (or ���&�Ú� ] Þ ` ) and � [ � �&� Þ ` " is notmeaningful;
thuswe write ß ` � Ý � Þ ` "� [ Þ ` � Ò � Þ ` " � �-� Þ ` " x (52)

which,whencombinedwith (50),yieldsasingledifferential
equationfor

Þ `
thathastheimplicit solution	ê� Þ ` "��*� [ ½ � Ò � Þ ` " � �@� Þ ` "$l Þ `Ý � Þ ` " � (53)

Analytic solutionsto this integral exist for only a few selecth and i �Xh :� If h5�íi?�í� the surfaceenergy is independentof� and therewill be no self separation;in this caseÝ � Þ ` ",�´� and the time to causecompletesepara-
tion (i.e., to go from

Þ ` �X� to
Þ ` �\� ) is infinite.� If h>��i��o� , weobtainanimplicit solution	 � 	 ` ��� « � Ò � �+"�� : W Þ `� � Þ ` _�� ÒÞ ` ¬ (54)

where
	 `

is an integrationconstant. Although sepa-
ration doesoccur, the time to causecompletesepa-
ration (i.e., to go entirely from

Þ ` ��� to
Þ ` �í� )

is infinite also. This asymptoticseparationcanbe in-
terpretedto occur becausewith h��µi!�=� the in-
terfacecurvature l O×m l®� is finite even when ���Â� ,
while theresistanceto Darcy flow throughthematrix
becomesinfinite (i.e.,permeability

§ ` � ¨ vanishes)as� � � . Thus,asporescollapsethe surfacetension
driving forceremainsfinite, while resistanceto drain-
ing fluid from the poresbecomesinfinite, implying
thattheporescannotbeentirelycollapsed.� When h and i areneither0 nor 1, theinterfacecurva-
turegoesto infinity as � � � . Thusevenastheresis-
tanceto Darcy flow becomesinfinite as � approaches
0, thedriving forcebehinddrainingthepores,i.e., the
surfacetension,alsobecomesinfinite. In effect, the
surfacetensioncancompletelypinchtheporesclosed
andthustheporescanbedrained,andcompletesep-
arationattained,in a finite amountof time. For ex-
ample,one implicit analytic solution to (53) can be
obtainedfor h��Xi � gx , i.e.,	 � 	 ` ��� � � �  Ò "Ì9	�±÷8ù�
 : � [ Þ ` ���7"� � [ �  Ò � [ Þ ` ���7" ¼ Þ ` � � � Þ ` " (55)

In all calculationsshown in this paperwe assumeÒ � � , in which casethe time to go from
Þ ` �²�

to
Þ ` �\� is

	 % b � � ] �;É .

Somesamplecurvesof
	 % b � (time for completeseparation)

versush (with i4�oh ), and
Þ `

versus
	

areshown in Figure
2 for numericalsolutionsof (53). For h and i closeto 1 sep-
arationstartsgradually, acceleratesandthentapersoff again

max

a100
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t
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a=0.1
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0

b

Figure 2. Time for total separationof phases
	 % b � versush

(framea); andpeakporosity
Þ `

versustime
	

for selectval-
uesof h (frameb), for theamplitudeanalysisof thesurface-
tension-drivenselfseparation.For all casesi���h and Ò �*�
andweuseaninitial condition

Þ ` �*���Ìf� .
toward completion. As h and i approach���  , this separa-
tion style is reversed,i.e., separationis very rapid initially,
taperingto aslower ratelater, andacceleratingagaintoward
completion;this illustratesthe influenceof the surfaceten-
sion “pinching” effect whenthe magnitudeof the interface
curvaturereachesinfinity as � approaches0 or 1. As h and i
approach� thesurfacetensionforceweakensandseparation
becomesslower.

4.3.2. Numerical experiments We next examinesolu-
tionsof equations(29) and(41) usingbasic2ndorderfinite
differences,with a tridiagonalmatrix solutionfor thefinite-
differenceversionof (41), andan explicit time integration
(with atime-stepconstrainedto belessthanor equalto ���Ìf xof the Couranttime step)for (29). Solutionsaretestedon
variousfinite differencegridswhich have between101and
501points;we find that201grid pointsaresufficient to sat-
isfy convergencetests.

Themediumis of finite width ( �4���R�qj��2j � ���R� ) and
theboundaryconditionsare,again,that Í���� at �t���0���R� .
We assumethat � obeys (29) at theboundariesaswell asin
theinterior (since� hasnoboundaryconstraintsof its own).
For all caseswe keep Ð5��� (actually, ���Ìf x � ); numerical
solutionsto theself-separationproblemwith finite Ð aredis-
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cussedin RBS2.Finally, aswith all othercalculationsin this
paperweprescribeÒ �o� . Weinvestigateonly aselectnum-
berof solutionsto illustratethebasiceffectof varying h (for
all caseswe keep iL�¶h ). All solutionsareinitiated with a
singlelong-wavelengthperturbation� � t=0 "é�(��� ��� � ��� �R����÷8øRù � É1� m �����n"Ö� (56)

Numericalsolutionsshow thefluid concentratingtoward
the centerline�X�Â� (Figure3), althoughthis tendency is
dictatedby the simple initial condition(56). The effect of
decreasingh from 1 is to causeamorerapiddrainingof fluid
away from the wall regions(becauseof the surface-tension
“pinching” effect),andthusa sharperslopealongtheflanks
of theporosityanomalyalongwith a flattermaximum(Fig-
ure3a,b). However, the time for �
% b � �Ûet9�� � ��" to reach
valuesof order1 (Figure3c) is shortestfor someintermedi-
atevalueof h between0 and1, aspredictedby theamplitude
analysis(seeFigure2). Thefunction � % b � �Ó	 " alsochanges
curvaturewith decreasingh (i.e.,as h decreasesthesurface-
tensionpinchingeffectcausesmorerapidseparationwhen �
is near� and � ) aspredictedby theamplitudeanalysis(com-
pareFigure3c with Figure2b, noting that thetimesarenot
thesamebecauseof differentinitial conditions).

5. Damageand shearlocalization

We next considershearlocalizationandthe influenceof
damage,or viscousdeformationalwork on theinterface,by
allowing for

� z Ñ �È� . In this case,the relevant equations
are(29)-(32)subjectto theboundaryconditions(39).

5.1. Specificequations

As notedin BRS1,thepartitioningfraction
�

is unlikely
to beconstant.We candeduceoneof themostbasicdepen-
dencesof

�
on thestateof thesystemby consideringthein-

terfacework equation(32),andthecaseof
� � m;�6	 �X� which

canoccurin threeinstances:when �ª��� , when �ª�Û� , and
at theboundarybetweenregionswherethematrix is dilating
andcollapsing.When �¤�¶� or 1 thereis no interfaceand
thus(32) is irrelevant.When

� � m;�6	 �X� in theboundarybe-
tweendilationandcollapse� is neither0 nor1 andthus(32)
applies.Moreover, in this case,l O Ñ m l®� is finite andwe can
thussafelyassumethat .>Ï is finite aswell. In this bound-
ary region theleft sideof (32) is therefore0, which dictates
that

� z Ñ ��� aswell. However, since z Ñ �(� whenshearis
imposed(regardlessof � ), thentheconditionthat

� z Ñ �Û�
canonly besatisfiedif

� �X� when
� � mF�
	 ��� .

Theexactdependenceof
�

on
� � mF�
	 cannotbe inferred

from theoryalone.However, we canuseknown constraints
on
�

to estimateasimpleform of thisdependence;in partic-
ular,� � is positivedefiniteandboundbetween� and � ;� � is invariantto aswitchof � and �ä�Ø� (seeBRS1for

discussionof symmetryrequirements);

t=5.7

t=8.9

t=23.1

a=b=0.1

a
-100

-50

0

50

100

0 0.1 0.2 0.3 0.4 0.5

y

φ

t=33.0

t=37.9
t=43.9

a=b=0.9

b
-100

-50

0

50

100

0 0.1 0.2 0.3 0.4 0.5

y

φ

max

a=0.5

a=0.1

a=0.9

c

0

0.1

0.3

0.5

0.7

0.9

0 10 20 30 40 50

φ

t

Figure 3. Numericalexperimentsfor two differentvalues
of h (framesa and b); and time seriesof � % b � for three
differentvaluesof h (framec). Valuesof h , i andtime

	
are

indicated.In all casesi���h , ÐØ�X� and Ò �*� .� and,asindicatedabove,
� ��� when

� � mF�
	 �(� .
Thus, if

�
is to be nonzeroat all it must increasefrom its

valueof � at
� � mF�
	 ��� as ü � � mF�
	 ü increases.However, we

cannotarbitrarily assumeanunusualfunctionalform for
�

,
e.g.,a form where

�
equalszeroor reachesanextremumat

somevalueof
� � mF�
	 otherthan

� � mF�
	 ��� . Thus,giventhe
aboveconstraints,weassumethat

�
increasesmonotonically

with
�Ü� � m;�
	 " x (or someotherevenpower of

� � m;�6	 which
are all positive definiteand invariant to a switch of � and�'�(� ), while beingboundbetween0 and1. We therefore
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estimatea simplemonotonicrelationof theform

� � �&à�� ���� Y�� xá � � ���� Y � x (57)

where
�&à j*� andis themaximumpossiblevalueof

�
, andá is a constantthatgovernsthevalueof

�U� � m;�
	 " x at which�
approaches

�&à
. Clearly thereareotherfunctionsthatcan

satisfytheminimumrequirementson
�

, however they must
all have similar form, while the rational function given by
(57) is analyticallysimplest.Moreover,

�
certainlymayde-

pendon otherparameters(e.g.,temperature),however such
dependenciescannotbe deducedfrom the above consider-
ationsandmost likely needto be inferredempirically. In-
terestingly, however, forced-shearexperimentson layersof
granularmediahave demonstratedthat the frictional resis-
tance(relatedto deformationalwork absorbedby the sys-
tem)doesindeedincreasewith totaldilation rateratherthan
dilation itself, wherethe total dilation rate is relatedto the
across-layerintegralof

� � mF�
	 [Géminardet al., 1999].

With the adoptionof (57), we can rewrite (32) in the
tractableform.>Ï��*� l OäÑln� � Ò� � � �#��" � ��6	 � �&à ���� Yá � � ���� Y�� x z Ñ (58)

Note that in limit of static equilibrium
� � mF�
	 � � , (58)

recovers the equilibrium surfacetensioncondition .>Ïk��-l OäÑëm l®� (seeBRS1andRBS2).For aconstant
M

, theargu-
mentsleadingto (57) and(58) canbegeneralizedto three-
dimensionsin which caseonewould substituter � m r 	 for� � mF�
	 in theseequations.In the end,our governingequa-
tions for one-dimensionaldamageandshearare(29)—(31)
and(58).

5.2. Linear stability analysis

Again we examine the stability of a finite layer (with�4���R�Új*�!j � ����� ) of constantporosityundergoingshear
andassumethat �Ú���6� �'ï � g , Í5� ï Í g , Î � Î � �'ï Î g whereï ¦ � . Theonly equationthathasan � � ï � " contribution is
the � -componentof the matrix force balance(30), which,
with the boundarycondition that

Î �k�4  at ���Ã�0�����
leadsto

Î ` ����� where �¶��  m �7��� , andwe requirethat
the perturbation

Î g ��� at the boundaries.The equations
thatare � � ï g�" arethelinearizedmassconservationequation
(43), which is unchangedfrom the self-separationstability
problem,andtwo linearizedforce-balanceequations�L� � �-�!� � " � x Î g� � x ��� � � g� � (59)

� � � Ý � � � g� � � â � x� � � �!�6�F" � x � g�
	$� �� �6� � Ò � �6�F" � �-�!�6�+" x � x Í g� � x �!Ð � �@�!�6�7"$Í g (60)

where(60) resultsaftersubstitutionof (58) into (31),
Ý � �Ý � � � " , and â � ] �&àá � � �!�6�F" x � x � (61)

Equation(59) only governshow
Î g is influencedby � g , but

doesnot affect growth of porosity and thereforedoesnot
warranta solution. We againassumethat � g and Í g úð7ñæò ¥ ¾äó Y , which leadsto thedispersionrelationô � Ý � § x� Ò � �6� � � � â "P�Ó�6� � � �!�6�F" § x � Ð (62)

Thus,shearanddamageclearlyacceleratethegrowth rateof
the instability; e.g., for casesin which Ð ¦ � , the growth
rategoesas � Ò � � � � �Õ� â "P�Üf1g whichapproachesinfinity asâ � � � Ò m � � .

If â exceeds� � Ò m �6� it ispossiblethatthegrowthratecan
becomesingularat

§ �µ¼ Ð m � � Ò � �6� � â ���ê�Ó"/�6� � � �#���F"P�
and negative for larger wavenumbers,in which casethe
function ô � § " actsasa low-passfilter, i.e., only modeswith
sufficiently small

§
(large wavelength)grow, while others

decay. Interpretationof thiseffectwill bedeferredto discus-
sionof thenonlinearnumericalsolutions(Section5.3.2).

5.3. Nonlinear solutions

5.3.1. Amplitude analysis As with theself-separation
problem(Section4.3.1), we derive equationsfor the non-
linearevolution of a self-similarlyshapedporosityanomaly
in an infinite medium. For consistency, we usethe same
shapesfor � and Í employed in the self-separationprob-
lem,i.e., (46)and(49),respectively, in whichcasethemass-
conservationequation(29) againleadsto (50). As with the
self-separationamplitudeanalysis(Section4.3.1), the do-
main is infinite ( � � jÛ�¤j � ), andthusthe relevant di-
mensionallengthscaleis definedsuchthat thehalf-width

Å
of the porosityanomalywith amplitude

Þ `
at any time

	
isÅÌ�Ó	 "é�*� m Þ ` �Ó	 " .

Althoughthelayerhasinfinite width,wecanonly impose
finite shearby insistingthat

Î �\�4  at somefinite valueof���º� � Ñ . For consistency with the linear and numerical
analyseswe assign� Ñ �p���R� . With theseboundarycondi-
tions, the equationgoverningvelocity alongthe layer (30)
hasananalyticalsolution:Î �5  ��� � � Þ � � 9	�±÷ÖÙ±9;: � � Þ � m � � � Þ �7"� Ñ � � � Þ � � 9	�±÷ÖÙ±9;: � � Ñ Þ � m � � � Þ �+" (63)

We eliminate .0Ï between(58)and(31)andthensubstitute
(46),(49)and(63) into theresultingequation,and(aftertak-
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ing
�&m;� � of this equation)evaluateit at �t�(� to obtain� � Ý � Þ �F"a��� [ Þ � � Ò � Þ �7" � � � Þ �+" x ß �� ] � à Þ x� � �-� Þ � " û ß �� á � Þ x� � � � Þ � " x ß x� " x��� ]! á � Þ x� � �-� Þ �+" x ß x�#" W   $ _ x�&% Þ x�  á � Þ x� � � � Þ � " x ß x� " ß x�(' (64)

where$ � � Ñ � � � Þ � " � ¼ � � Þ � 9	�±÷ÖÙ±9;: � � Ñ Þ � m ¼ � � Þ � "Ö�(65)

In deriving (64) we have assumedthat sincethe shapesof� and Í areapproximate,thenfactorsof the form �*)��y�ÿ+) �N	 " (where � and ÿ areintegerconstants,)a� is some
constant,generallyeither1 or á , and) �Ó	 " is somedependent
variable,generallyeither

Þ � or l Þ � m l 	 ) arenotsignificantly
differentfrom � � ) � �,) �Ó	 "S� or gx � � � ÿ*" � ) � �,) �Ó	 "S� (de-
pendingon which yields simplerfactors)aslong as � andÿ areapproximatelyequal(i.e.,differ by nomorethan33%
from eachother);for example,seeSection4.3.1in thedis-
cussionleadingfrom (51) to (52). Equation(64) is a � Y.-
order polynomial in

ß � which can be solved to yield the
function

ß � � Þ �7" (in fact,of the5 possibleroots,wechoose
thesmallest,purelyreal,positiveonesuchthat(52) is recov-
eredin the limit

�&à � � ). This function is thensubstituted
into (50) to determinethenonlinearevolutionandgrowth ofÞ � .

In fact, the exact evolution of
Þ � with time differs little

in appearancefrom that of the self-separationproblemdis-
cussedin Section4.3.1 (seeFigure2). However, the time
scalefor separationandshearlocalizationareaffectedsig-
nificantly by shearinganddamage.This time scaleis again
representedby thetotal time

	 % b � for
Þ � to go from 0 to 1

andweconsiderherehow
	 % b � is influencedby theparame-

terswhichrepresentshearinganddamage(seeTable1), i.e.,  ,
� à

and á (Figure4).

When  È�Ë� , all casesregardlessof
�&à

have
	 % b � very

closeto thepureself-separation
	 % b � (with

�&à �Û� ) which
implies thatdamagehaslittle effect without imposedshear.
We refer to this self-separation

	 % b � as
	
ó$ó which is only a

functionof h and i (seeFigure2a).

As   �k� theleadingtermin (64)yields]  á � Þ x� � � � Þ �+" x ß x�#" W   $ _ x ��� (66)

which leadsto theasymptoticsolutionl Þ �l 	 � Þ � � � � Þ �+" ß � � � á (67)

independentof
�&à

; this yields an asymptotic
	 % b � � g/ 0

(seeFigure4). Thusas   increasesfrom 0, the separation
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Figure4. Time for completeseparationof phases
	 % b � ver-

susshearingvelocity   : for (a) several different
�&à

(indi-
catedon the figure) with h*�Ãi£�k���1� and á �·� ; and
(b) severaldifferent á (indicated)with h2��i>� �&à �Ë��� 2 .
Total separation

	 % b � versusshearingvelocity   collapse
to singlecurves(c) thatdependonly on h (and i ) whenwe
plot

	 à � � � á 	 % b � �T�+" mÌ� � á 	 ó$ó ���+" versusâ (using(61)
with �6�'��� ) where

	
ó$ó is the

	 % b � for self-separationwhen�&à ��� (seeFig. 2); plottedare
	 à � � and â � � in order

to emphasizedetailson log-log axes. Curvesfor 27 cases
areshown in (c): for each h (and i ��h ) indicated,are9
curvescorrespondingto all permutationsof á �î��� [ � Ô � Ô with

�&à �Ë���Z� Ô ���1� Ô ��� 2 . For all calculationsÒ �²� andthe
initial conditionis

Þ ` �*�7�Ìf#� .
time

	 % b � goesfrom
	
ó$ó to � m � á ; giventhat theminimum	

ó$ó is approximately�7� x for Ò ��� (seeFigure2a), thenas
long as á �~���Ìf û , anincreasein damageandshear(i.e., an
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increasein   for
�&à �î� ) will causea reductionin

	 % b � ,
i.e.,anaccelerationin theseparationof phases.

The value of   at which
	 % b � reachesthe asymptotic

valueof � m � á dependson
�&à

as well as á itself. An in-
creasein

�&à
causesthe

	 % b � to reachits asymptoticvalue
at smaller   , i.e., increasing

�&à
enhancesthe influenceof

damage,thusallowing shearto bemoreeffectiveat acceler-
atingphaseseparation(Figure4). While anincreasein á de-
creasestheasymptoticvalueof

	 % b � (i.e.,allows for greater
possibleaccelerationof phaseseparation)it also increases
thevalueof   at which this

	 % b � is attained(i.e.,decreases
theeffectivenessof damageandshear).

The influenceof damageon the rateof phaseseparation
canbemostsuccinctlysummarizedby notingthat

	 % b � ver-
sus  curvesfor different

�&à
, andá (but with thesameh andi ) canbe very nearlycollapsedon to the samecurve if we

assumethat	 % b � � �� á � W 	
ó/ó
� h Ô i8"a� �� á _*3 � â Ô h Ô iê" (68)

(Figure4c). However, sincetheamplitudeanalysisassumes
a singleself-similarshapefor � that narrows with time, it
cannotaccountfor thelow-passfilter effectof â �5� � Ò m � �
predictedin thelinearstability analysis.Overall, theampli-
tudeanalysispredictsa considerableaccelerationof phase
separationby theadditionof shearanddamage.

5.3.2. Numerical experiments We finally explorenu-
mericalsolutionsof (29)—(31)and(58), using,aswith the
self-separationproblem,a finite differencescheme.As with
the linear stability problemandpreviousnumericalexperi-
ments,ourdimensionlessdomainis �4���R�Lj��qj � ���R� . We
employ thesameinitial andboundaryconditionsasstatedin
Section4.3.2,with theadditionalconditionthat

Î �o�4  at���5�0���R� .
For simplicity wedonotfully exploreall parameterspace

(whichis in fact7-dimensional,i.e.,definedby h Ô i Ô   Ô á Ô �&à ,Ò and Ð , not includinginitial conditions)andthuskeepcer-
tain parametersfixed. As with all previouscalculationswe
set Ð���� (actually �7�Ìf x � ), Ò �p� and it�Èh . In the end,
theparameterspaceweexploreis 4-dimensional,over h , �&à ,  , and á ; however, it is oftenmoreconvenientto refer to â
insteadof   (using � � ����� �4� in (61); alsoseeTable1).

Thenumericalsolutionsrevealthreebasicregimeswhich
essentiallydependonly on â , asdisplayedin Figure5. These
regimesareasfollows:

1. For “low” valuesof â ( â j [ ), theporosityfield col-
lapsesessentiallyin the samemannerasthe surface-
tension-drivenself-separationproblem(seeFigure3).
Only thegrowth rateof � % b � , thepeakporosityvalue,
appearsto beaffectedby changesin   (or â ), �&à andá , aspredictedby the stability andamplitudeanaly-
ses(Figure6). Thus, in this regime, changesin the
shearanddamageparameters  ,

� à
and á thatcause

an increasein â induceonly an accelerationof the
self-separationeffect. We refer to this regime asthe
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Figure 5. Regimediagramof thedifferenttypesof numer-
ical solutionsof the1-D flow problemwith shearanddam-
age. Threedifferenttypesof solutionsexist dependinges-
sentiallyonly on thevalue â . Thefigureshows theregimes
of solutionsin â - �&à parameterspaceseparatedbysolidlines.
Symbolsshow the locationin parameterspaceat which so-
lutionswerefound.Circlesindicatesimpleacceleratedself-
separation; filled trianglesindicatesolutionsexperiencing
the tear localization; crossesindicatesolutionsundergoing
inhibitionof phaseseparationordistributeddamage. Thedi-
agramdisplays243solutionsthathavevariouspermutations
of h��í��� � Ô ��� � Ô ��� 2 , and á �í��� [ � Ô � Ô [ � over the ranges�#j �&à j¶��� 2 and �#j� Âj [ ���R� . SeeSection5.3.2for
furtherdiscussion.

acceleratedseparation regimeof solutions.As â ex-
ceeds� andapproaches[ the porosityprofile gradu-
ally displaysincreasedsharpening,leadingto thenext
regimediscussedbelow.

2. For intermediatevaluesof â (i.e., [ ³ â ³�� � Ò m ���-�[ � given Ò �Ë� and ���L�\��� ��� ) theporosityfield un-
dergoesa severemorphologicalchangeaftersomefi-
nite time. In particular, profilesof � becomeconcave
above and below the centerlineof �*�µ� , develop-
ing cuspsor sharppeaks(Figure 7); soonafter this
sharpenedpeakformsthegrowth of �
% b � accelerates
dramatically(Figure6). At a certainpoint, the peak
becomesso sharpand the growth ratesso steepthat
furthernumericalsolutionsareuntenable;i.e., theso-
lution becomesnumericallyunstableasit appearsto
approachasingularity. Wereferto thiseffectasa tear
localization which is predictedby neitherthe linear
stability nor amplitudeanalyses.As â exceeds5 the
narrow tearlocalizationinitiatessoonerin the calcu-
lation andas â � � � Ò m ���#� [ � the localization
occursalmostimmediatelyafter thecalculationcom-
mencesand barely progressesbeforeapproachinga
singularityandthusendingthecalculation.
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Figure 6. Maximum porosity �
% b � vs time
	

for different
valuesof   aslabelled,for two differentsetsof parameters
(a andb) indicatedin thelower right cornersof eachframe.
Exceptionalgrowth ratesassociatedwith the tear localiza-
tion occurat  \� % ��� in (a),and  \�o���R��� in (b).

3. When â � � � Ò m �6� (again, � � Ò m �6�~� [ � in
thesecases)the separationandconcentrationof fluid
into a narrow zoneis precluded;the initial porosity
anomalyundergoessomeslight initial collapseto a
square-shapedprofile (Figure8) andthenceasesany
further evolution. This effect correlateswith the ex-
clusion of small wavelength(high wavenumber)in-
stabilities– i.e., the low-passfilter effect – predicted
by the linear stability analysis(Section5.2); i.e., forâ �²� � Ò m �6� the porosityanomalycannotcollapse
to less than a certain width (or wavelength). For
casesof Ð´� � this minimum width is extremely
large,thuseffectively precludingsignificantcollapse.
We interpret the regime â � � � Ò m �6� as a state
whereinshearanddamageoverwhelmsurface-tension
driven self-separationandcausevoid generationand
growth throughoutthe layer, over large wavelengths
and thus nearly uniformly. In other words, whenâ �²� � Ò m � � damageis so effective that insteadof
causingshearlocalizationit effectively inducesmicro-
crackingthroughoutthelayer. We referto this regime
asthedistributeddamage regime(Figure5).
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Figure 7. Porosityfields at different times (as indicated)
to illustrate the onsetof the tear localizationfor different
parametervalues(indicatedin thelower right cornerof each
frame).Thesesolutionscanbecomparedto thoseof Figures
3a,bwhichusethesamevaluesof h and i asshown here,but
without shearanddamage.Growth of thepeakporosityfor
thecasesaboveareshown in Figure6.

6. Discussionand Conclusion

6.1. Summary

A two-phasemodelwhich accountsfor bothsurfaceten-
sion and viscousdeformationalwork on the interfacebe-
tweenphaseshasbeenusedto examinedamageandshear
localization. Even without shearanddamage,the two vis-
cousphaseswouldnaturallyseparatedueto gradientsin sur-
facetension. However, shearanddamagecanaffect phase
separationin a varietyof ways;themainparametercontrol-
ling this behavior is â , asdefinedin (61) (seealsoTable1),
which combinesinformationaboutimposedshearvelocity
(or shearstrainrate)with the damagepartitioning(i.e., the
fractionof deformationalwork storedontheinterfaceassur-
faceenergy). The threebasicbehaviors or regimesarising
from shearanddamageare:

1. For relatively small valuesof the parameterâ ( �X³â ³ [ for thecasesshown in this study)thecombina-
tion of shearanddamageessentiallyonly accelerates
thenaturalself-separation.

2. With larger â ( [ ³ â ³ [ � for the parametersused
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Figure 8. Porosityfieldsat differenttimes(asindicated)to
illustratethedistributeddamageregimewhen â ��� � Ò m � �
which for thegivenparametersetmeansâ � [ � . With the
parametersof the above calculation(indicatedin the upper
right cornerof thefigure) â � [45 �  . Theporosityfield un-
dergoesonly slight collapsefrom a nearlyconstantvalueof�#�o��� ��� to ananomalywith peakporosity �!�~��� � 5 � , af-
ter which thefield ceasesevolutionandthecalculationgoes
numericallyunstable. Even during this slight collapsethe
porosityfield assumesa broadenedsquare-shapeindicating
the exclusionof small-wavelengthfeatures(i.e., no narrow
or evenroundedpeaksasin Figures3 and7).

here)shearanddamagehaveadramaticeffect, in par-
ticularinducinga tear localizationin whichtheporos-
ity concentrationbecomesnearlysingularin spaceand
growsvery rapidly.

3. Excessive amountsof shearanddamage( â � [ � for
thisstudy)caninhibit theseparationof phases,induc-
ing uniform void or microcrackgenerationin lieu of
focussedandweakshearzones.

Thetheoryandcalculationspresentedherearestill fairly
idealized. Nevertheless,the threeregimeslisted above are
suggestive of somebasicbehavior of failure and cracking
(with thecaveatthatthatthetheoryis basedonviscousflow
while brittle and brittle-ductile failure involvesdamagein
elasticandplasticmaterials). For low stressanddeforma-
tion ratesbrittle andbrittle-ductilematerialsareknown to
experiencedistributedmicrocrackingwhich,especiallywith
increasedstressanddeformation,leadsto focussingof mi-
crocracksalongnarrow shearplanes[Lockner, 1995;Evans
andKohlstedt,1995;Mathur et al., 1996;Regenauer-Lieb,
1998]. This behavior is suggestedby the first two regimes
presentedhere. The third regimeof distributedvoid gener-
ation andinhibition of localizationat high shearratessug-
geststhatat a critical deformationrate,the damagearound
theshearlocalizationcanno longeraccomodatetheenergy
input by the imposeddeformationalwork, thus leadingto
depositionof energy in the form of damagethroughoutthe
volume of the material. In terms of damagepermeating
the medium insteadof becominglocalized, this behavior
is suggestive (againkeepingin mind all the theory’s inher-

entsimplifications)of crackbranchinginstabilitieswherein
at a critical crack speedsmoothlypropagatingcracksgive
way to branchingandextensivedistributeddamagingof the
surroundingmaterialandretardationof the original crack’s
propagation[Boudetetal.,1995;Sharonetal.,1995;Marder
and Fineberg, 1996; Fineberg and Marder, 1999; Adda-
Bediaet al., 1999;SanderandGhaisas,1999].

6.2. Applications to plate boundary formation

Givenits underlyingviscous-flow formalism,thepresent
theory is clearly more applicableto long-time-scalegeo-
dynamicalprocessesthan to fracture and earthquake me-
chanics. Indeed,one of our primary motivationsfor this
studyis understandingthegenerationof tectonicplatesfrom
a convecting mantle, in particular the focussingof litho-
sphericweakzonesinto plateboundaries[seeBercovici et
al., 1999]. Thus, althoughthe theory and model calcula-
tions presentedare ratheridealized,we will venturesome
speculationandevaluatethevariousmodelparametersasap-
plicableto the Earth’s lithosphere.In this case,we assume
that thematrix is lithosphericsilicate( V % �¶��� x76 Pa s; see
Beaumont,1976;Wattsetal.,1982),while thefluid is water
( V��t�Ë�7�Ìf#� Pa s; Furbish,1997).TheDarcy resistancepa-
rameterÐ in thissituationis negligibly small;i.e.,giventhatJ �ÈV�� m § ` (where

§ `
is a referencepermeability),we can

choosethe smallestpossible
§ ` �µ����f1g � mx [Spiegelman,

1993a]andamaximumfluid zonewidth » of 1-10km (typ-
ical of tectonicmargin width), to obtain the largest likelyÐ of approximately����f1g � . Therefore,the assumptionthatÐ is negligible in many of the casesshown in this paperis
valid for thecaseof lithosphericdeformation.Thevaluesof
boththedimensionlessvelocity   andtime

	
dependon the

quantity
M1O � . Onecanestimate

M
accordingto thevaluesof

surfacetensionin silicates[e.g.,Spry, 1983;Lasaga,1998;
seeBRS1andRBS2] or from true fracturesurfaceenergy
[Atkinson andMeredith,1987] which indicatevaluesof

M
between0.1and10J/mx ; however, it is generallyrecognized
thattheeffectivesurfaceenergy of fracturesis muchhigher,
i.e., between100 and1000J/mx [Jaeger and Cook, 1979;
Atkinson, 1987; Atkinson andMeredith,1987]. The scale
for

O � is determinedby grainsize l , andis typically of or-
derof l�f1g [seeBRS1andRBS2].With grainsbetween1and
10 V m [Spry, 1983],weassumethatrepresentativevaluesofM1O � for fractureandmicrocrackingrangebetween���48 and���:9 J/m� , which areindeedof thesameorderaspeaklitho-
sphericstrengths[Kohlstedtetal.,1995].Usingtectonicve-
locities ��÷8e m�; � j � � j5�7��÷8e m�; � , andthevaluesof » andV % alreadylisted,we thusarriveat �7� x jX oj5���4< .

In order to generateplateboundariesby shearlocaliza-
tion, ourmodellithospheremusthave,accordingto our 1-D
analysis,â ³È� � Ò m �6� (where Ò is � � �7" ), and,if thenar-
row tearlocalizationis to playarole in boundaryformation,
then â �´� � �7" . Theseconditionscan be met for a wide
rangeof valuesof the maximumpartitioning

�&à
, imposed

shearvelocity   , andotherparameterscontainedin â ; i.e.,
localizationcanoccurat theupperendof thevelocity range
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(  È�²���4< ) with little partitioning(a few fractionsof a per-
cent),andat the lower endof thevelocity range(  Ë�¶��� x )with partitioningon the orderof several tensof a percent.
Wheretherangeof platetectonicvelocities(whichvaryover
only oneorderof magnitude)actuallyresideswithin thefull
rangeof ��� x jT ~j����:< is unclear, but it is apparentthatlo-
calizationcanoccurwith plausiblefractionsof energy parti-
tioning. (For comparison,laboratoryexperimentswith met-
alsshow partitioningof deformationalwork towarddamage
is typically 15-20%,andasmuchas60%[Chrysochoosand
Martin 1989;Chrysochooset al., 1989,1996].)

Finally, thetime scale V&% mÌ� ] M1O � " for lithosphericpro-
cesseswould be of the order of 100 Myrs, which is also
representativeof thelocalizationtime in themodel(i.e., the
dimensionlesstime intervals for the shearlocalizationcal-
culationsareof order1-10; seeFigure6). Although this is
a plausibletime scalefor slow tectonicprocesses,(e.g.,it is
typicalof aconvectivetimescale),it is probablytoolargefor
plateboundaryformation,andcertainlytoo largeto accom-
modaterapidboundaryre-organizations.However, giventhe
simplicity of boththetheoryandmodelcalculations,obtain-
ing time scales,velocities,andpartitioningvaluesthat are
tectonicallyand mechanicallyplausibleis a positive step.
Nevertheless,there is no doubt that further sophistication
andrealismmustbeincorporatedinto thetheorybeforeeven
moderatelyprecisepredictionscanbeventured.

6.3. Futur edir ections

Thetwo-phasemodelpresentedhereoffersa fundamen-
tal approachto treatingdamage;even with its simplifica-
tions, it predictsshearfocussing,a narrow, nearlysingular
tear or crack-like localization, and even distributed dam-
age and defocussingof microcrackssuggestive of crack-
branchinginstabilities.Nevertheless,themodelhasconsid-
erableroomfor improvementandsophistication,e.g.,inclu-
sionof anisotropy to accountfor organizedinterconnected-
nessof poresat low porosity;viscoelasticityto accountfor
elasticstorageof deformationalenergy; thermomechanical
effects(e.g.,thermalexpansionof thefluid phasewhich af-
fectsporepressure,thermoviscousbehavior of matrix ma-
terial, andtemperaturesensitivity of surfacetension);phase
changesandmelting;phasereactionssuchashydrationand
annealing,to namea few. Moreover, this study hasbeen
confinedto one-dimensionalcalculations.Thus,evenaside
from further sophistication,future studieswill usethe the-
ory to examinedamageand localizationin more complex
geometries,suchasin uniaxialcompression,folding, slope-
failure, source-sinkdriven models,buoyancy and convec-
tively drivenflows, etc.. Invariably, the applicationsof the
two-phasedamagetheoryto numerousfields,suchasgranu-
lar dynamics,earthquake dynamics,structuralgeology, and
generationof platetectonicsfrom mantleflow, is potentially
endless.
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