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1 SUMMARY

Issues related to long time scale instability in the Eartb®tion, named True Polar Wander
(TPW), have continuously been debated, after the piongevorks of the sixties. We show ice
age TPW results from a newly developed compressible mods&don the numerical integration
in the radial variable of the momentum and Poisson equatind®n the contour integration in the
Laplace domain which allows us to deal with the non-modatrioution from continuous radial
rheological variations. We thus fully exploit the long teb@haviour of the Earth’s rotation and
we quantify the effects of the compressible rheology, caegbéo the widely used incompressible
one.We discuss the so called "traditional approach” to the Earthis rotation developed during
the eighties and nineties, both for ice age and mantle convigen TPW, and we explain within
this approach the sensitivity of TWP predictions to the elaic and viscoelastic rheologies
of the lithosphere.We agree on the necessity to include the effects of the noroktatic bulge
from mantle convection to obtain realistic ice age TPW raebe lower mantle viscosity range
[102!,10?%] Pa s as first indicated by Mitrovica et al. (2005). Their analysisrepresents a first
attempt to couple the effects on TPW from mantle convectiwhglacial forcing, by including the
non hydrostatic bulge due to mantle convection but not theratime-dependent driving terms.
This partial coupling freezes in space the non hydrostaintrdution due to mantle convection,
thus damping the present-day ice age TPW and forcing theoéxistantaneous rotation to come

back to its initial position when ice ages startsidiscussed in Mitrovicaet al. (2005) We also
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describe a peculiar behavior of the new ice age TPW predisgxhibiting a dampened pendulum
motion, with the axis of instantaneous rotation overcrygshe position it had before ice ages
started We argue that a viscoelastic rather than elastic lithospher should be adopted in the
modelling of TPW although on the time of ice ages, it is difficlt to disentangle the effects of
lithospheric rheology and of mantle convectionWe discuss the implication of self-consistent
convection calculations of the non hydrostatic contrimutand its impact on the long term Earth’s
rotation stability during ice ages. The ice age TPW cannobait for more than 70% of the
observed one, at least for lower mantle viscosities lowan il)?? Pa s: mantle convection must

therefore contribute to the observed TPW.

2 INTRODUCTION

Starting from the work by Munk, MacDonald and Gold, issudatesl to the secular change of
the Earth’s rotation axis named True Polar Wander (TPW)enegased to be discussed or ques-
tioned. Progress has been made since the sixties, on two asgects: the first deals with the
improvement in the modelling of the Earth, in terms of rhgadal stratifications, and the second
is related to the new insights on surface and deep seatedydanemalies originating from ice
ages and mantle convection as major sources of polar wahifter.decades, we are however still
in the situation in which it is necessary to come back to soasechlT PW issues to dig out deeper
insights into the physics of this aspect of the dynamics ofpdanet, focussing, in particular, on
the nature, elastic or viscoelastic, of the outermost gastioplanet.

Ricardet al. (1993) first exploited the rotational behaviour of elast&csus viscoelastic outer-
most part of the Earth, introducing tfig time scale characterizing the readjustment of the equa-
torial bulge, based on a realistically stratified viscogtaBarth models. Vermeersen & Sabadini
(1999) pointed out the reduction in the TPW displacementd/faxwell Earth models carrying
a viscoelastic lithosphere compared to those with an elasi. Nakada (2002) went thoroughly
into the issue related to the rheology of the lithospheredmsidering highly viscous viscoelastic
lithospheres and he showed as the TPW rates in the lowerenastiosity rangél0?!, 10?] Pa s

are extremely sensitive to the choice of the rheology ofithesphere, elastic or viscoelastic with
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high viscosity. This might be seen as surprising since tgh kiscous viscoelastic lithosphere is
expected to behave as an elastic one for time scalédVfr comparable to that of post glacial
rebound. Mitrovica et al. (2005) named this sensitivity of the TPW predictions the "N&ada
paradox” and (as cited by Nakada) "has suggested that this paradox at&grirom an inaccuracy
in the traditional rotation theorgssociated with the treatment of the background equilibrium
rotating form upon which any load- and rotation-induced perturbations are superimposed
(e.g., Wu & Peltier, 1984)".

Starting from these preliminary remarks, Mitrovigal. (2005) suggest a new treatment of the
rotational dynamics where the observed fluid Love numbesésiun the linearized Euler dynamic
equation, rather than the tidal fluid limit deduced selfsistently from the Maxwell Earth model
used to evaluate tHead-induced perturbations of the inertia tensor and the readjustmetiieof
equatorial bulge. This apparently minor change (the dismey between the observed and tidal
fluid limits is aboutl per cent)has a potentially large impact on TPW predictions andwould
solve the "Nakada paradox”.

In this paper, we will restate the mathematical frameworkhef linearized Earth’s rotation
theory in order to enlighten the differences between thealed"traditional approach” (Sabadini
& Peltier 1981; Sabadiret al. 1982; Wu & Peltier 1984) and the treatment indicated by Mitta
et al. (2005). We will show results from a newly developed comgl#esnodel, including the
methodology to transform the results from the Laplace danrao the time domain. This will
clarify some issues related to the use of the normal modeattan approach within rotational
problems. We will explore the role of the non hydrostatictcdation to the fluid Love number
from mantle convection calculations in order to make oumestes of TPW rates, within the

scheme proposdaly Mitrovica et al. (2005) as realistic as possible.
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3 MATHEMATICAL FORMALISM

The equation of motion of a rotating body in a rotating framéhie well known Euler dynamic
equation. When no external torque is applied, it reads

d(J- w)
dt

+wx(J-w)=0 (1)

with J andw being the inertia tensor and the angular velocity. Befosegarturbation occurs we
consider the Earth rotating with constant angular velaeity < 0) = (0, 0, €2), oriented along the
z-axis, and we writev(¢ > 0) in the perturbed state in terms of its direction cosingsandms.,

with respect to the axesandy, and of the relative variation of the diurnal rotation rate
w = Q(my,ma, 1 + mg3) (2)
Let us subdivide the inertia tensor into two parts
J=7Jv+JF (3)

the first,J, describing the inertia tensor of the spherically symmdtarth model plus the effects
of the centrifugal potential and the secodd, describing the remaining contributions, from ice
age loading and mantle convection.

The difference between the approach used in a series of pépabadini & Peltier 1981;
Sabadiniet al. 1982; Wu & Peltier 1984) and the newly proposed on by Mitrawgtal. (2005)
can be appreciated by starting from MacCullagh’s formuddf{dys 1952; eq. (5.2.3) of Munk &
MacDonald 1960)

Jii=10i; + % kT % (wi wj — %wz 5ij) 4)
where « stands for the convolution operator. Tlhiga, G and k*" are the inertia moment, the
radius of the spherically symmetric Earth model, the Gedidhal Constant and the degree-
tidal gravitational Love number in the timedomain. By assuming that the Earth has reached

its rotating equilibrium state with the constant angulaloeity before the beginning of the ice

agesw = (0,0,9), we get

J“(t =0) = Diag[A, A, C| (5)
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with Diag|. . .], C'andA denoting the3 x 3 diagonal matrix and the equilibrium polar and equatorial
inertia moments given by

2a°Q0? 1a® Q2
== A= —= kL 6
C=33g 33G " ©)

as it results from MacCullagh’s formula (4) far = (0, 0, Q), with £% being the tidal gravitational
fluid limit of the Maxwell model. This latter is defined as thenit for ¢ — oo of the convolution

of the degreex tidal gravitational Love numbet” with the Heaviside time history (¢)
kﬁ:ymkﬂw*H@) (7)

Notice that the word "fluid” is poorly chosen when some layaespurely elastic and cannot relax
their stresses. It would be less confusing to use the expreggal "equilibrium” limit (Mitrovica

et al. 2005) It is only to be in agreement with all our predecessors tleakeep the inaccurate but
widely used term of tidal "fluid” limit.

Eqg. (5) using eqgs (6) and (7)mplies that before the ice load perturbation, the Earth was
submitted to a constant rotation for a time scale greater the longest characteristic relaxation
Maxwell time of all the viscoelastic layers. Particulaiily,the case of a viscoelastic lithosphere,
this time scale is greater than the ice age time scale Miyr for a 120 km thick viscoelastic
lithosphere with viscosity;, higher than10?* Pa s and rigidity volume averaged from PREM
(Dziewonski & Anderson 1981). This shows that the theorgdakon eq. (5) to estimate the initial
state of rotational equilibrium, with' and A given by eq. (6), is used also on a time scale in which
the elastic and the highly viscous viscoelastic lithosplaee distinguishable (see for instance Fig.
1(1a) in Wu & Peltier 1982).

In the perspective of studying the ice age TPW by means of cessjple Maxwell Earth
models based on PREM, some remarks on the tidal fluid lifpiarre required. Indeed PREM
has an unstable compositional stratification aboveétitekm discontinuity (Plag & Juttner 1995)
corresponding to an imaginary Brunt-Vaisala frequenoy.,(the radial density increases with
depth less than what should be expected from the self-casipreof the mantle). This unstable
stratification generates growing modes which do not comvgt — oo in eq. (7). These modes

similar to Rayleigh Taylor instabilities are discussed arious papers, as RT-modes in Plag &
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Juttner (1995), Vermeersehal. (1996) and Vermeersen & Mitrovica (2000), and included m th
wider class of compositional C-modes in Cambiotti & Saba@010). As shown in Vermeersen
& Mitrovica (2000) these modes are characterized by lonaxagion times of0?> — 10* Myr and
thus their effects are negligible on the time scale of theaiges. In order to avoid these modes,
following Chinnery (1975), we compute the tidal fluid lindi{- by considering the viscoelastic
layers of the Maxwell Earth model as inviscid, with the exeap of the layers properly elastic.
This approach is in agreement with the theory of the equulibrfigure of the rotating Earth at
first order accuracy and it does not differ from the assumpti@at Maxwell Earth models are
in hydrostatic equilibrium before the loading of the last mge, as usually done in post glacial
rebound studies.

Besides this, note that we have defiriédin the timet-domain. This is due to the fact that it
is not possible to use its alternative definition in termsheflimit s — 0 of the tidal gravitational
Love number:” (s) in the Laplaces-domain. Indeed the origin = 0 of the Laplaces-domain is
the cluster point of the denumerable set of the poles of tihheo@es, both for stable and unstable
compositional stratifications (Cambiotti & Sabadini 20.10)

Having clarified the issues related to the tidal fluid lirhft, we can write the MacCullagh’s

formula (4) as
J“ = Diag[A4, A, C] + AI*® (8)
with AT describing the readjustment of the rotational equatoti&dda Particularly, the pertur-

bation in the off-diagonal componems/}’; and A s results into

CL5 2
ATy = ST emy() (14 my(t) G =12 )

as in eqgs (3.34)-(3.35) of Sabadini & Vermeersen (2004)dahiteon to this perturbation of the
inertia tensorJ, one must add the driving perturbations due to the direeiceff the ice load,
AT, and to the relevant response of the Earth, controlled byd#wzee2 load gravitational
Love numbetk, (t)

JE = (6(t) + kp(t)) » AT™(t) (10)

with 4(¢) being the Dirac distribution. Then, by using egs (2)-(3pether with egs (8)-(10), the
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Euler dynamic equation (1) can be linearized within the ag#ion ofm; << 1 asin eqs (3.12)-

(3.13) of Sabadini & Vermeersen (2004)
AQdmy + (C — A) QPmy = QAL + Q% (0(1) + k) * ALY (11)

AQdimy — (C — A) Q*my = —Q* ALy — Q% (5(t) + k) x ALY (12)
For the sake of simplicity, in egs (11)-(12) we have negltte time derivative of the off-diagonal
perturbations of the inertia tensor in view of their nedligiimpact on the ice age TPW. Further-
more, in the present work we do not consider the third compbooiethe Euler dynamic equation
(1), pertaining to the relative variation in the diurnakrats.

At this stage, by dividing each member of egs (11)-(12]@y- A) Q?, we obtain

714 7a592 T ice

QoAM= gyt et g OO TR ALy (13)
714 7a592 T ice
Q(C—A)dtmz_ml__:ﬂG(C—A)k *ml_c_A(5<t)+kL)*All3 (14)

where the factor multiplying” x m;, with j = 1,2, is just the inverse of the tidal fluid limit%-

according to (6) (Chinnery 1975)
3G (C—4)

ad )2

After the Laplace transformation, the eqs (13)-(14) candmast in the widely used and more

K (15)

compact form

LS a(s) + (1 _k k?) fm(s) = (1 + l%L(s)) o(s) (16)

Oy

wherei ando, are the imaginary number and the Eulerian free precessguéncy
0, =Q(C—A)/A (17)
and we have made use of the complex notation

i(s) = () +iin(s)  Bls) = 5o (ALS(9) +iALT(9)  (8)

The tilde stands for the Laplace transforithis demonstrates that the theory (Sabadini &
Peltier 1981; Sabadini et al. 1982; Wu and Peltier, 1984), blding on the work of Munk

and MacDonald (1960), provides a mathematically sound tredaent of ice age TPW under
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the assumption that the responses to the load and the equiliibm background form can be

computed using the same Earth model. In this regard, differat tidal fluid limits k;jf are used
in eq. (16) for models with an elastic or viscoelastic lithgshere since the first carries a finite
strength after rotational spin-up of the model, while the seond is fully relaxed (Mitrovica

et al., 2005). For models sharing the same reference density prddilthis results in a smaller

initial rotational bulge for the elastic case (E) than for the viscoelastic case (V)
kie < kiy (19)

Two rheological models of the Earth will only predict the sane ice age TPW if their be-
haviours agree both on the time scale of the ice ages (L Myr) and at infinite time, since the
latter controls the initial rotational bulge within the tra ditional approach, as shown in eq.
(15). The behaviour of elastic and high viscous viscoelastithospheres are indistinguishable
on short time scale but not at infinite time. This issue was disussed in detail by Mitrovica et
al. (2005), though we believe their use of the term "Nakada’s pardox” was an overstatement.
Indeed, the findings of Nakada (2002) consist in the understaling that the dependence of ice
age TPW predictions on the lithospheric rheology can be verymportant for lower mantle
viscosities lesser thari0?? Pa s, as we will show in detail in sections 7 and 8.

The new treatment made by Mitrovica et al. (2005) consists in noticing that the inertia
tensor of the real Earth is not only that of a homogeneous rotting planet plus an ice load per-
turbation as implied by (3), but that perturbations due to the mantle 3D structure are also
present. Coming back to the stage before the linearizationfahe Euler dynamic equation
(1), this is equivalent to adding to the equilibrium inertia tensor obtained by the rotational
spin-up of the model, eq. (5), the perturbationsAI{;, AI§, and AIS, in the diagonal com-
ponents due to mantle convectionThis choice implies that mantle convection does not diyectl
drive polar motion, since the off-diagonal componehis; andAS; due to mantle convection are
not added, or, alternatively, that the axis of rotation Hesaaly readjusted to the slowly evolving
convection forcing so that the off-diagonal inertia pdoatrons are only those arising from post

glacial rebound. This assumption implies that the evolutbthe convective mantle is so slow
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that it appears frozen during the glaciation-deglaciafibases. Since the series of eight ice age
cycles occurs oves00 kyr, this remains probably a reasonable approximation buhacessarily
so and convection may also have contributed to the TPW duhisgoeriod. According to Besse
& Courtillot (1991), over geological times the TPW occurdéed at rates not much slower than
those due to glacial readjustments. This suggests thawthprocesses of mantle driven and sur-
face driven TPW may be intermingled. Before Mitrovigtaal. (2005), in all studies of glaciation
induced TPW, the diagonal componerts, AIS, and A, were not introduced, and the man-
tle was considered without lateral density variations. Tdle of mantle convection was studied
separately from the ice age TPW, as done by Rieagd. (1993).

By keeping the assumption of symmetry around the polar axi$, = AIS,, we therefore
perform the change of variables

. AIG + AL,

C — C+AI§ A— A 5 (20)
Particularly, eg. (15) has to be written as
3G (C—-A
kg,obs = k% + ﬁ = 655 02 ) (21)
with &%, ,, being the observed fluid Love number and
3G o AIS+AIG
5= 2o (arg - Sl 2l 22)

to which we refer as thg correction to the tidal fluid limit4Z following eq. (16) in Mitrovicaet
al. (2005). ThekL ,  is thus an observation artd a prediction from viscoelastic modelling, while
(3 is the contribution of mantle convection, assumed frozenmdithe period of ice age TPW. In

view of this, eq. (16) becomes

i—_frh@) + (1 - :; f )ﬁ> m(s) = (14 k() 605 “

Making use oft% ,. = kL + 3, rather thark’, has thus the meaning of coupling, in a simplified
fashion and within a linearized scheme, the effects of teeaige TPW with those from mantle
convection, but assuming for the latter only its contribatio the non hydrostatic ellipsoidal shape
of the Earth A€, AIS, andA IS, differing from zero) and not its active driving effeck (5, AIS

assumed equal to zero).
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For layered incompressible models it is possible to shovytinally how the 5 correction
impacts the linearized equation for the ice age TPW. The abmode expansions for the gravita-
tional Love numbers in the Laplagedomain, both for loading (L) and tidal (T) forcing, is

k;

S—Sj

k(s) =kp+ ) (24)

with k%, k7 ands; being the elastic gravitational Love number, the residuesthe poles of the

j-th relaxation mode. The long term behavior, whea 0, is controlled by

k.
hp =kp =) (25)
J
and thereforé:(s) can be rearranged as follows
- k.
k(s) =krp+s — 26
‘9 i ZS;’(S—SJ) (29)

This allows us to collect in eq. (16) (i.e. in the case- 0 where the initial flattening is only due

to rotation without contribution from mantle dynamics) entdinear in the Laplace variable

L

i 1 kT D L kj (s
§ (U—T—EZ—% (S_Sj)> m(S)—<1+kF+ Zisj (S_Sj)> o(s)  (27)

asin eg. (3.47) in Sabadini & Vermeersen (2004). By solving ¢quation fom(s), we get

1+ Kk Vip
(s = T e g (28)

o (i 1 k.
or kL sj(s—s;)

where the factos collected at the denominator is responsible for the se@daécular term, which

characterizes the ice age TPW in such a way that it gains asmadement at the end of each ice
age cycle.
If now we want to account for the contribution of mantle corti@n to the inertia tensor by

applying the3 correction, eq. (28) becomes
kL
. L+ kp+5 3 oy .
m(s) = L) (s) (29)

T
kj

B A |
kL+p +s <O'7- kL+p3 Z Sj(s—8j)>

The secular term is, in this case, substituted by an extrarexgtial decaying term, which drags

the equatorial bulge and forces the ice age TPW to returretmitial position of the rotation axis,
after a sufficiently long time. This can be explained in thiékofeing way. While the hydrostatic

flattening readjusts during the ice age TPW, the mantle tieasbmalies act as a counterweight
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5

6 that limits the polar excursion and ultimately control tlespion of the pole (Figure 14 of Mitro-
7

8 vica et al. 2005). In Section 8, we will show that these consideratiaesret restricted to the
9

10 simple layered incompressible models, but they extend taldbe case of more realistic com-
11

12 pressible models which take into account the continuoustians of the material parameters.
13

14 It is noteworthy that our advanced Earth models have a cootis relaxation spectrum (Fang &
15

i? Hager 1995; Tanaket al. 2006; Cambiotti & Sabadini 2010), which does not allow thalgiical

ig derivation of egs (28) and (29) based on the discretized alomode expansion given by eq. (24).
20

21

2 4 THE 1-D COMPRESSIBLE MODEL

24

25 We now consider a compressible, self-gravitating, sph#yicymmetric Maxwell Earth model,
26

27 with the initial densityp(®’ and the elastic sheas, and bulk,x, moduli of PREM. We consider
28

gg these material parameters as given in Table 1 of Dziewongknderson (1981), in terms of poly-
g; nomials of the radial distance from the Earth cemtne each of the main layers of the Earth. This
gi way we take into account the continuous variations of theenetparameter, without introducing
gg any fine layered stratification. As concerns the viscogjtgven though we could consider con-
g; tinuous variations, in the present work we adopt a simplpvate profile characterized by the
39 . . . o . :

40 lower, vy, and uppery; s, mantle viscosities and the lithospheric viscosity The thickness of
41 ‘ ,

42 the lithosphere is 0f20 km and we choose the lithospheric viscosity= 10%° Pa s in order to
43

44 discuss the issues raised by Nakada (2002) and Mitretiah (2005). Besides this, we consider
45

46 the lower mantle viscosity; ,; as free parameter, ranging frar*! to 10%® Pa s, while the upper
47

48 mantle viscosity/, is fixed at10?! Pas. The outer oceanic layer of PREM is replaced by extend-
49

50 ing the upper crust to the Earth’s radiusThe tidal fluid limit 47 for this model with viscoelastic
51

gg lithosphere agrees with the value®$34 given in Mitrovicaet al. (2005).

2‘5‘ In order to get the degreedoad Love numbeik, (1, s), and the tidal Love numbek(n, s),

g? in the Laplaces-domain, we integrate the differential system describhmg ¢onservation of the
gg momentum and the self-gravitation after expansion in spalkeiharmonics and Laplace transfor-
60

mation (eq. (5) in Cambiotti & Sabadini 2010). The radiakmtation, from the core-mantle inter-

facerq to the Earth surface, is based on the Gill-Runge-Kutta fourth order method. Wesater



©CoO~NOUTA,WNPE

Geophysical Journal International Page 12 of 39

12  Gabriele Cambiotti, Yanick Ricard and Roberto Sabadini

the core as inviscid and we impose the fluid-solid boundangitmns (Chinnery 1975) as Cauchy
data for the differential system at the radiuys This implies that we have to get the perturbation of
the equipotential surface of the inviscid coreatand we do it as described in Smylie & Manshina
(1971). At the interfaces at which the material parametePRREM have stepwise discontinuities,
we impose the material boundary conditions, while at thétEsurface: we impose the boundary
conditions describing the loading and the tidal forcings(€bl) and (13) in Cambiotti & Sabadini
2010).

In this way we have a numerical algorithm able to providén, s) andky(n, s) at fixed
Laplace variable. As pointed out in a series of papers (Fang & Hager 1995; Teaetedd. 2006;
Cambiotti & Sabadini 2010), the continuous variations @fttheological parameters (not those of
the initial densityp, as pointed out in Cambiotti & Sabadini 2010) lead to a cortursurelaxation
spectrum and, so, in order to get the perturbations in the tlomain, we cannot resort to the
normal mode approach (Wu & Peltier 1982; Han & Whar 1995)Idvahg the Bromwich path
approach described in Tanakhal. (2006), we get the degreenon-dimensional perturbation

K(f;n,t) due to a forcing with time history(¢) by evaluating the following contour integral

K(f;n,t)=L" [k(n, s) f(s)] = /k(n, s) f(s)e*tds (30)

with f(s) being the Laplace transform of the forcing time histgity) and~ the contour in the
Laplaces-domain enclosing the sé&t c C in whichk(n, s) andf(s) are not analytic. We discuss
the definition of the contouy in the Appendix A.

The same algorithm is used to evaluate the direction cosinés andm(t) describing the

ice age TPW. We solve eq. (23) fai(s) and we evaluate the contour integral

m(t) :/iLT(S)(;ﬁ(s) e*!ds (31)
71— Zg—f;

Note that we have made use of the approximation proposed i& R&ltier (1984), which consists
in neglecting in eq. (23) the term associated with the Ealtefiee precisiom,. As pointed out in
Mitrovica & Milne (1998), this replaces the Chandler wobblean instantaneous elastic response,
representing the time average of the Chandler Wobble. Bilay, we can maintain the same

contoury as in eg. (30) since the rotation pole associated with thendleaWobble is avoided
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(this pole with a large imaginary part does not lie within ttentour~). Furthermore, we note

that this approximation neglects the coupling between fihection cosinesn, (t) and mx(t).

©CoO~NOUTA,WNPE

10 Nevertheless, such a coupling, in addition to thenonth Chandler wobble, results in a long term
12 wobble around the initial rotation axis, characterizedibyetscale much longer than the ice age
14 time scale ofl Myr (Mitrovica & Milne 1998; Sabadini & Vermeersen 2004). the following

16 sections we consider the TPW displacemeiit) defined as
19 m(t) = py/m3(t) + m3(t) (32)

22 with p being+1 or —1 respectively whether the instantaneous rotation polerthda away or
24 closer from the position of the surface load than its inpiasition. A zero valuen(t) = 0 means

26 that the instantaneous rotation pole is crossing the imiGeth pole position.

30 5 READJUSTMENT OF THE EQUATORIAL BULGE: ELASTIC AND
32 VISCOELASTIC LITHOSPHERE

35 The numerical algorithm described in Section 3 is now useélucidate the role of the litho-
37 sphere, elastic or viscoelastic. We assume that the visstoelithosphere has a very high viscos-
39 ity v, = 10?6 Pa s. The lower and upper mantle viscositiesiarg = 10?2 andvy,, = 10%! Pa's,

41 respectively.

43 In Fig. 1 (a) we compare the time evolution of the Green fuorctiZl — K7'(t), with K7 (t)

45 being the convolution of tidal gravitational Love numbér(t) with the Heaviside time history
H(t), for the models with the elastic (E, solid line) and viscaéta(V, dashed line) lithospheres.
It expresses how fast the rotational equatorial bulge testsifo a new rotation axis. As discussed
above in Section 2, we choose for the tidal fluid lirhft, the tidal isostatic response (Chinnery
54 1975) which aret};, ; = 0.920 andkf,, = 0.934. The differencé:f,,, — kf, ; = 0.014 reflects a
56 difference in equilibrium flattening. The elastic lithogpé carries a finite strength that, instead,
58 the model with the viscoelastic lithosphere does not haeamgbfully relaxed at large time (i.e.
60 the elastic lithosphere is pre-stressed while the visstieléithosphere is in hydrostatic equilib-

rium). Note thatk}, , — K7 (t) for the elastic lithosphere case (solid line) is always $enahan
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kv — Ki(t) for the viscoelastic case (dashed line). WithinMyr, k. , — K7 (t) approaches
zero, namely the equatorial bulge readjusts completely ieva rotation axis. On the contrary
kv — K (t) is 0.014 at 10 Myr, which is precisely the difference between the flirdts 47,
and k;le’E. This indicates that the accumulated stresses during #padement of the equatorial
bulge are almost completely relaxed within the viscoetastantle, but they are still present in
the viscoelastic lithosphere with high viscosity. Indeled viscoelastic lithosphere behaves as an
elastic one at time scale lower than the lithospheric Maktwak, 50 Myr. We show this in Fig. 1
(b) for the time window o0 Myr where, in addition to the previous Green functions, wa plso
their difference:f, ,, — K (t)— (kf. 5 — K[(t)) (dash-dotted line). Before) Myr, the Green func-
tions 7, (t) and K (t) coincide and the only difference betwekeh, — K (¢) andkf, , — K (1)
is due to the difference in fluid numbekg,, — k%, = 0.014. After 10 Myr this difference re-
duces since the viscoelastic lithospere relaxes and thganal bulge readjusts completely to the
new rotation axis. Nevertheless, as shown in Fig. 1 (a) dtosess is intermingled with the grav-
itational overturning due to the unstable compositionatsication of PREM above thé70 km
discontinuity (Plag & Juttner 1995). The unstable compiasal C-modes (Cambiotti & Sabadini
2010) makeK T (t) change sign. The cuspidal pointtat 400 Myr represents, in the logarithmic
scale, this change of sign, from positive to negative, ofGineen function%;ﬁv — K (t) for the
case with a highly viscous viscoelastic lithosphere. Ferdlastic lithosphere case, the change of
sign of the Green functiohy, , — K7(t) occurs atl30 Myr. This overturn is a mathematical con-
sequence of the unstable PREM stratification but has littiesigal consequence as on this long
time scale, the TPW is anyway dominated by mantle conve¢8pada et al, 1992b).

In Fig. 1 (c) we compare the time evolution of the Green furcti+ K £ (t), with K () being
the convolution of load gravitational Love numbiér(¢) with the Heaviside time histor#f (¢), for
the models with the elastic (E, solid line) and viscoela@ficlashed line) lithospheres. It expresses
the return to isostatic compensation of a surface poirtddad. The two load Green functions
agree up td 0 Myr, but after this timel + K (¢) goes to zero for the viscoelastic lithosphere case
as the load becomes fully isostatic compensated. Instead;Z(t) for the elastic lithosphere case

converges to the value 60102, which is the gravitational anomaly+ £ , remaining because
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of the elastic support. In the end, starting franGyr, the gravitational overturn breaks the final

equilibrium with the load, the cuspidal points@ag and 1.3 Gyr for the elastic and viscoelastic
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10 lithosphere cases, respectively, having the same measiimgFag. 1 (a).

12 These findings show that over the time scale of post gladued and until0 Myr as well,

14 there are no significant differences between the tid&l(t), and load,K*(t), Love numbers
16 computed with an elastic lithosphere or with a viscoeldgtiosphere with high viscosity;;, =

18 10% Pa s. However the TPW involves not only the Love numh&r§t) and K~ (t) at short
time period but also the limit at infinite time of the tidal Lewumberk” (¢), the so called tidal
fluid limit k%, as seen in eq. 16. Als,,, # k. 5, the rheology of the lithosphere, elastic (E) or
o5 viscoelastic (V, i.e., fluid at infinite time), controllinge equilibrium figure of the Eart{see also
27 fig. 1 in Mitrovica et al. 2005) does affect the TPWLhus, modelswith elastic and viscoelastic
29 lithospheres do not lead to the same TPW. The equilibriunrdigare different for the two cases
31 and the rotation of the model with the high viscous viscdeldishosphere is more stable since its
33 equatorial bulge is not able to readjust to a new rotatios axithe ice age time scaklitrovica

35 et al. 2005). From fig. 1(a,b) we can understand that the sensitivity on the lithosphibgology,
37 pointed out by Nakada (2002), actually is due to the stabdizffects of delay of the readjustment
39 of the hydrostatic equatorial bulge. Classically, the lom@ntle viscosity/; ,, was considered as
41 the main parameter controlling this delay. Instead, adgdiarth models with the highly viscous
viscoelastic lithosphere, as rightly suggested by Mitraet al. (2005), allows to take into account
also the delay associated with the high lithospheric visgosg, in addition to that associated with

48 the lower mantle viscosity;, ;.

52 6 COMPRESSIBLE AND INCOMPRESSIBLE LOVE NUMBERS

>4 The incompressible Maxwell Earth models have been widedg irsthe last two decades for TPW
simulations. For this reason we now compare these modédtstinatcompressible Maxwell Earth
models. At the same time, we quantify the effects of the obfiié rheologies of the lithosphere,
elastic or viscoelastic.

Fig. 2 shows the comparison between the compressible (sai)dand incompressible (dashed
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line) Green functiong, , — K7 (t) in the case of an elastic (E) lithosphere, 120 km thick. The
lower mantle viscosity;,, is increased by one order of magnitude frant*, 10?2 to 10*® Pa

s from top to bottom panel. The time window considered(sMyr, much longer than the ice
age time scale of Myr. In general the compressible rotational bulge readjdaster than the
incompressible one, the Green functibh, — K7(t) for the compressible model being lower
than that for the incompressible model, with the excepticthe time intervalg3 x 10,4 x 103

kyr (panel a) and10?, 10%] kyr (panel b) for the lower mantle viscosities,, = 10*' and10%

Pa s, respectively. For,; = 10* Pa s (panel c) the two models predict very similar valued unti
1 Myr, where the compressible rotational bulge begins tojtesdaster to the new rotation axis
than the incompressible one.

In Fig. 3, the elastic (E) lithosphere has been replaced byibscoelastic (V) lithosphere,
with v, = 10% Pas. In this case, the Green functidh, — K{,(t) for the compressible model is
always lower than that for the incompressible model. Thécadrscale has been reduced compared
to Fig. 2. Indeed, at 10 kyr, all the layers have significarehaxed except for the highly viscous
viscoelastic lithosphere, which behaves as an elastic sr#hawn in Fig. 1 (b). This results in
the fact that at0 Myr both the compressible and incompressible Green funstig ,, — K[ (t)
differ from zero by the discrepanéy. ,, — k7, . Sincek}, , depends on the rheology of the elastic
lithosphere, compressible,920, or incompressible).918, the discrepancy ., — kf, for the
compressible model,.014, is smaller than that for the incompressible model]16. Thus, before
10 Myr, the viscoelastic compressible lithosphere is moredeéble than the incompressible one
and this explains the fact that the compressible bulge idlenthan the incompressible one.

Fig. 4 shows the comparison between the compressible (saidand incompressible (dashed
line) Green function + KZ4(t) for the elastic (E) lithosphere case. As in Figs 2 and 3, theto
mantle viscosity; ), is increased of one order of magnitude fraf¥' to 10 Pa s in each panel
and we consider a time window @f Myr. The Green function + KZ%(t) for the compressible
model is always lower than for the incompressible modetlicating that compressible models are
more deformable. The difference between the compresgiloléree incompressible cases is larger

for the load response than for the equatorial bulge readgrst (compare Fig. 4 with Figs 2 and
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3). Particularly, in the elastic limit — 0, the readjustment of the equatorial bulge is marginally
affected by the different rheologies (see Fig. 2 and 3),ewoimpressible and incompressible cases
differ by 10% for loading, Fig. 4. We do not show the results for the modehwhe viscoelastic
lithosphere since, on the time scalel6fMyr, they are very similar to those shown in Fig. 4 for
the elastic lithosphere case.

By comparing the Green functions between the panels of Figsdhd 4, we note that the
increase of the lower mantle viscosity,, by one order of magnitude, fror0?! (panels a) to
10 (panels c) Pa s, delays by one order of magnitude the timeiahwbmpressibility becomes
effective during the transient, froio to 10° kyr, both for loading and equatorial bulge readjust-
ments. This makes compressibility almost undistinguitdhibom incompressibility on time scale

of the ice agesl Myr, for the high lower mantle viscosity; ,, = 10** Pa s (panels c).

7 COMPRESSIBLE AND INCOMPRESSIBLE TRUE POLAR WANDER

Once these Green functions are introduced into the linedriatation equations, the pole displace-
mentm(t), eqs (31) and (32), can be computed. For the ice loading, wsider only the last ice
age, characterized by linear glaciation and deglaciati@ses oH0 kyr and10 kyr and the same
maximum ice sheet inertia perturbations as in Mitrowétal. (2005), Al = —6.67 10°! kg n?
andALy = 2.3110% kg n?. Figs 5 and 6 compare the TWP displacements) for compressible
(solid line) and incompressible (dashed line) models whih ¢lastic and the viscoelastic litho-
spheres, both without considering any non hydrostaticrdmriton from mantle convection that
will be discussed later. As for Figs 2, 3 and 4, the TPW dispiaents are computed for increasing
lower mantle viscosities;,,;, from 10?! (panels a) td0%* Pa s (panels c).

The shape of TPW displacement curves is characterized bycaeasing displacement dur-
ing the glaciation phase, fror0 to 90 kyr, away from Hudson bay followed by a still ongoing
displacement toward Hudson Bay. Starting from the elaghodphere results, Fig. 5, the TPW
displacements for the compressible models are always anth#n those for the incompressible
ones, except when; ), = 10*' Pa s (panel a) in the time intervdR0, 200] kyr. This finding is

in agreement with the Green functiohs+ K%(t) of Fig. 4, illustrating that the incompressible
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lithosphere does not readjust to a load as fast as the maventkghle compressible one, and thus
the ice age loading drives more efficiently the polar wandethe incompressible rheology.

As already observed from the Green functions, an increagedbwer mantle viscosity;
reduces the differences between the compressible and pregsible models, as clearly shown
in Fig. 5 (c). The TPW displacements are always positive,nimgathat the rotation pole never
crosses the initial north pole while it moves back towardsi$tun bay. Indeed the displacements
m(t) att = 1 Myr differ significantly from the initial north pole positioat zero, particularly for
lower mantle viscosities0?' and10?? Pa s, Fig. 5 (a, b), and for the incompressible rheology.
This shows that each glaciation cycle moves the pole by afarntount away from Hudson bay
not only for the layered incompressible models as the seteria of eq. (28) implies, but also for
continuous, compressible or incompressible, models.

The models with the viscoelastic lithosphere are depiateeig. 6. The TPW displacements
resemble those shown in Fig. 5 for the case of the elastmdghere, although with some reduction
in amplitudes. This behaviour is more effective for the lowantle viscosity/;,, = 10*! Pa s,
characterized by almost a factordfeduction (compare panels (a) of Figs 5 and 6). This indgcate
that the difference between the viscoelastic lithosphedethe elastic one is the largest for a soft
lower mantle. Differently from Fig. 5, now the rotation paeosses the initial north pole at about
200 kyr, Fig. 6 (a), and at00 kyr, Fig. 6 (b), both for compressible and incompressiblelats,
while for the lower mantle with high viscosity, Fig. 6 (c)gtlerossing occurs &0 kyr only for
the compressible model. Thus the TPW displacement of madétsa viscoelastic lithosphere
does not end up with any finite displacement away from Hudsgr{Mitrovica et al. 2005) This
drastic reduction of the TPW displacement is due to the asad delay in the readjustment of the
hydrostatic equatorial bulge due to the high viscous vikstie rheology of the lithosphere which
stabilizes rotationally the planet, as discussed in Se@io

The drastic reduction of the TPW displacement when the sisgcof the viscoelastic litho-
sphere is reduced to that of the upper mantle= 10?! Pa s, compared to the elastic case, has
been shown first in Vermeersen & Sabadini (1999), Fig. 8, lierfull series of ice age cycles.

In this case, two counteracting effects are involved. Fils easier relaxation of the lithospheric



Page 19 of 39 Geophysical Journal International

TPW 19
stresses accumulated during the polar excursion allowsdhbatorial bulge to readjust faster, as

pointed in Fig. 3 of Ricardt al. (1993). Second, the full isosatic compensation on the iediate
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10 scale reduces the perturbation of the inertia tedéatue to the ice age loading, eq. (10). Between
12 the two effects, which respectively reduces and incredsesotational stability of the Earth, the
14 stabilizing one due to isostatic compensation is dominairidicated by the reduction of the TPW
16 displacement. The importance of the full isostatic compgaons in TPW predictions can be un-
18 derstood by considering that the viscoelastic lithosphatkfies the secular term responsible of a
net shift of the rotation axis away from Hudson bay after the @f each ice age cycle. Indeed, the
load fluid love number being!” = 1 for the viscoelastic lithosphere, the factaran be simplified
o5 from the numerator and the denominator of eq. (28).

27 Although carried out with different values for the lithoggsit viscosityr;, the viscoelastic
29 TPW calculation of Vermeersen & Sabadini (1999), Nakad®220Mitrovicaet al. (2005) and
31 those given in Fig. 6 behave as expected on the basis of tleglyimd) physical hypotheses. Partic-
33 ularly, the "Nakada paradox” is explained within the "tridoinal approach” in terms of an increase
35 in the delay of the readjustment of the hydrostatic equaltbtilge due to the high lithospheric vis-

37 cosityvy, .

41 8 THE ROLE OF MANTLE HETEROGENEITIES

44 In order to estimate the correctigh) eq. (22), Mitrovicaet al. (2005) considers the difference

46 between the observed fluid Love numbigr,,, and the tidal fluid limiti%,, coming from the

obs
48 second-order theory of the hydrostatic equilibrium figuiréhe rotating Earth (Nakiboglu 1982).

50 These authors found thét= k7, ,, — k7., = 0.008. This difference represents the non-hydrostatic
52 contribution due to the lateral density variations and dyiceopography sustained by convection.
>4 Nakiboglu’s hydrostatic flattening is close to the valuegegiby other authors (Denis 1989;
Alexandrini 1989). However as thieparameter is the small difference between two large numbers
(observed fluid Love number and tidal fluid limit), tfededuced from these different authors only

agree within10 per cent. Notice also that all these papers were using PRENEWDNSkKi &

Anderson 1981) which was in agreement with an Earth’s madsrantia that have been sligthly
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reevaluated since. The hydrostatic flattening accordigjdaoaut’s first order theory is essentially
controlled byl /Ma?* (Radau’s result, wherg M anda are the Earth’s, inertia, mass and radius), a
parameter equal t@3308 in PREM while the most recent estimat€)i83069 (Chambat & Valette
2001). This reevaluation should reduce the predicted rsgdtic flattening and, by consequence,
increases. Clearly a more rigorous estimate of the hydrostatic flatigis needed but is beyond
the goal of this papgisee Chambagt al. 2010) It seems qualitatively that theparameter chosen
by Mitrovica et al. (2005) might be a conservative value that could be increaped 5 = 0.01.
Mitrovica et al. (2005) were aware of the possible uncertainity onthparameter and indeed they
consider the reasonable rarge06 < g < 0.01 in their Fig. 10.

We now quantify the effects of the slow mantle convectionrfardels with a highly viscous
viscoelastic lithosphere;, = 10%° Pa s, by making use of the sarfi€orrection as in Mitrovica
et al. (2005), namelys = 0.008 in eq. (21). Fig. 7 shows the effects of this non hydrostatic
contribution to the equatorial bulge, to be compared with Bi For the soft lower mantle, ,, =
10?* Pa s (panels a of Figs 6 and 7), the minor differences duriagthive loading glaciation-
deglaciation phase, from0 to 100 kyr, are accompanied by large deviations at the end of the
unloading. At100 kyr, the displacement is reduced by a factor of 3 with resjeeitte compressible
rheology and almost by a factor of 2 with respect to the inc@sgible one. For the higher lower
mantle viscosities;,; = 10?2 Pa s (panels b) ang,,; = 10?3 Pa s (panels c), the effects of the
non hydrostatic contribution are not as important. The TRSpldcement for;,;, = 10%! Pa s is
so inhibited by the non hydrostatic contribution that baimpressible and incompressible models
predict a change of sign in the displacemer(t) at aboutl5 kyr after the end of deglaciation,
Fig. 7 (a), with the axis of rotation being displaced towdred tleglaciated region with respect to
the initial north pole. Zero crossings occur earlier in tiatgo for the higher viscosity cases, Fig.
7 (b, ©), but not as dramatically as for the models with theé Isefer mantle of/; ,;, = 10?! Pa s.

This behaviour of the TPW displacement, like a dampenedylandcrossing the initial north
pole, occurs both for the high viscosity lithosphere andhegresence of a non hydrostatic correc-
tion . It is a completely different process than that due to thegtog in the linearized rotation

equations of the direction cosines, (t) andm.(t) involved by the first term of the right side of
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egs (16) and (23), neglected in the present work followingrdwica & Milne (1998). This cou-
pling explains the 14 month Chandler wobble and a small aog#iwobble with a period much
larger than thé Myr considered in Figs 6 and 7.

We now investigate the sensitivity of the present-day TP¥dmtions to the rheology of the
lithosphere and to th& correction. Fig. 8 shows the present-day TPW rate, namatithe
derivative of the displacements of Figs 5, 6 and 7 evaluatédkwgr after the end of unloading, as
a function of the lower mantle viscosity ;. We use the compressible model with a viscoelastic
lithosphere (dashed line) and we vary theorrection (thin solid lines) by steps 6f002 from
0.002 to 0.016, around the value di.008 (dash-dotted line) used in Mitrovica al. (2005). The
case with an elastic lithosphere is indicated by the thidikl sioe. In this figure, only one ice cycle
is considered. The largest sensitivity of TPW rates to Bghteeric rheology and correction occurs
for lower mantle viscosities; 5, smaller thanl0?? Pa s. Atv;,, = 10?! Pa s the predicted rates
vary from —0.91 deg/Myr, for the model with the elastic lithosphere (thidkid line), to —0.29
deg/Myr, for the model with the viscoelastic lithospheral dhe corrections = 0.008 (dash-
dotted line). As first shown by Mitrovicet al. (2005), the effects of the non hydrostatic bulge is
to dampen TPW rates when the lower mantle viscosity is in the rangd10%!, 10*?] Pa s. For
very largeg corrections().014 and0.016, the damping effect of the non hydrostatic bulge is made
evident by the change of sign of the TPW rate, indicating thatrotation pole crosses its initial
position and is going now away from Hudson bay once again.ndmehydrostatic contribution
from convection is so effective in fixing the rotation axigtlthe pole of rotation comes back to
its initial position without any finite displacement of thele.

A better comparison with Mitrovicat al. (2005) results, and a more realistic estimate of
present-day TPW rates, is obtained by considering the éuls of eight ice age cycles, as shown
in Fig. 9. For the elastic lithosphere case and whep = 102! Pa s, adding the seven previous
ice age cycles to the single one of Fig. 8, increases the TR& by a factor o2, while for vy,
greater thari0?? Pa s the increase is only 9% or less. On the contrary, for the model with the

viscoelastic lithosphere, both with or without the non loadatic contribution, the previous seven
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ice ages have a negligible effect, the differences beirggtabarb% for the whole range of lower
mantle viscosity. This shows that the TPW rate remains masthsitive to only the last ice age.

This latter remark explains also why, with the elastic Ighberic rheology, the TPW rate
versus lower mantle viscosity, ,, does not have the same bell shape as the geopotential changes
due to PGR. In this case, the TPW predictions are sensits@tal the previous seven ice ages
mainly for lower mantle viscosity in the range[@0?!, 10?%] Pa s as it results from the comparison
of Figs 8 and 9 for the model with the elastic lithospherecitsolid lines). This is due to the fact
that, without a high viscosity viscoelastic lithospheramon hydrostatic contribution from mantle
convection, the only stabilizing effect is the delay in teadjustment of the hydrostatic equatorial
bulge to the axis of instantaneous rotation controlled leylthver mantle viscosity; ,,, which
becomes smaller and smaller decreasing.

The damping effect due to the high viscosity of the lithogph&nd to the non hydrostatic
contribution is more evident in the displacement of thetrotaaxis than in the TPW rate, as we
show in Fig. 10. After the eight ice age cycles, in the caséefelastic lithosphere (thick solid
line), the axis of rotation is displaced from its initial psn by 0.27 deg, atv;,, = 10* Pa
s, and this value diminishes gradually with the lower mawiseosity to about.02 deg/Myr at
v = 1023 Pas. The rheology change from elastic (thick solid line)iszeelastic (dashed line)
lithosphere causes reductions in the TPW displacementadigrs ranging fron20, atvy,, =
10! Pa s, to2, atvy,, = 10% Pa s. The value obtained for our compressible model with the
elastic lithosphere and the low lower mantle viscositygfi = 10%! Pa s is very similar to what
is obtained in Vermeersen & Sabadini (1999) for a simplancompressible model. The TPW
displacements are subjected to further reductions whérmrtarrection is added. Particularly, for
£ = 0.008 (dash-dotted line), the rotation pole crosses the init@atnposition. Generally, as
shown in Fig. 10 (b), the TPW displacements for the viscaeldishosphere range in a narrow
interval of[—0.011, 0.022] deg for any values of the lower mantle viscosity,, even without the
[ correction.

The present-day TPW rates obtained by using the corregtierd).008 reaches at most0.71

deg/Myr for a lower mantle viscosity;,; = 8 x 10?! Pa s. This is-0.29 deg/Myr lower than
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the observed rate of1 deg/Myr. Our findings fully support the results obtained bitrbVica
et al. (2005) and, having been obtained on the basis of compresSanth models which take
into account continuous variations of the material paransetand thus relying on the contour
integration rather than on normal mode summation, theyigeoan independent confirmation.
Even if we consider models with elastic lithosphere we obtaithe same TPW predictions
once the tidal fluid limit K}, , = 0.920 from modelling is replaced by the estimatekf ,,, =
0.942 of Mitrovica et al. (2005), their eq. (16). Indeed the stabilizing effect of thé&arger non
hydrostatic bulge for models with elastic lithosphere, = ki, — Kfp = 0.022, would
be quantitatively the same of the two stabilizing effect aéhg in the case of models with
the highly viscous viscoelastic lithosphere: the delayederadjustment of the equatorial bulge
together with the smaller non hydrostatic bulge,3 = k7. ,, — K7 = 0.008. This means that
TPW studies cannot discriminate between the effects of théthospheric rheology and of the
lateral density variations and dynamic topography sustaired by convection. In any case, the

parameter (5 has to be consistent with mantle convection models.

9 CONCLUSIONS

We have compared ice age TPW predictions using the traditagproach where the equilibrium
flattening is self consistently computed (Sabadini & Pelli®@81; Sabadingt al. 1982; Wu &
Peltier 1984) and the scheme proposed by Mitroecal. (2005) where the observed tidal fluid
number is consideredhe motion of the rotation axis, given by the linearized Liowille equa-
tion (16), depends on the load-induced perturbation] + % (s), and on the readjustment of
the equatorial bulge, k% — k7 (s). Over the time of ice age, the loadk”(s), and tidal, &7 (s),
Love numbers, computed for models with an elastic and high icous viscoelastic lithosphere
are the same. Nevertheless, the traditional approach leads different TPW predictions due

to the fact that the high viscous viscoelastic lithospheranplies an extra delay of the readjust-
ment of the equatorial bulge, compared to the elastic lithgshere (see Fig. 1). The elastic and
viscoelastic lithospheres are indeed associated with d#fifent stress patters. Frozen stresses

are present in the elastic lithosphere before and after the Igciation, while the viscoelastic
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lithosphere is initially stress free and it builds up stressthat cannot relax during the polar
motion for high lithospheric viscosities.

In order to take into account the difference between obsene and modelled tidal fluid
numbers, Mitrovica et al. (2005) introduce the-correction, eq. (22).This scheme represents
a first attempt to couple mantle convection with ice age TP\iwia linear rotation theory. As
first enlightened by Mitrovicat al. (2005), this ice age-convection coupling dampens presgayt-
ice age TPW rates since the non hydrostatic extra bulgeerfreathin the planet, stabilizes the
planet by slowing down the displacement of the axis of rotatway from this fixed orientation
so effectively that the rotation pole goes back to its ihijpiasition at large time. We show that
self-consistent non hydrostatic bulge resulting from emtn calculations plays a fundamental
role in obtaining realistic estimates of this non hydrastebntribution, due to its major impact in
TPW simulations in thé10%!, 10??] Pa s lower mantle viscosity range.

With the extra degree of freedom given by the parameters, models with elastic and
highly viscous elastic lithosphere lead to the same ice agdPW prediction. It is therefore
difficult to choose the most appropriate lithospheric rheobgy when the distinction is made
between the actual shape of the Earth and its equilibrium shpe. We agree however with
Mitrovica et al. (2005) that using a viscoelastic lithosphere in the framew& of the traditional
theory seems reasonable because it is simpler (but not nesasy true) to start from a relaxed
lithospheric stress and because the tidal fluid limit from tre viscoelastic modelling is closer
to observation and thus a smaller mantle contributions needs to be introduced.

The present-day value of related to the excess flattening due to mantle convectaamat be
best evaluated than by subtracting the computed hydrosi@dal fluid limit to the observed fluid
Love number, eg. (22). On geological time scale, as the Eacibnstantly reorienting to maximize
its equatorial inertia, i.e., to be more flattened than thdrbstatic estimatej should always
remain positive except maybe during exceptional inertisdrichange polar excursion (Richards
et al. 1999). The value of the non hydrostatic contributiddue to convection can be estimated
by means of convection models or, for the last hundred milliears, from paleoreconstruction

of plate tectonics (Ricaret al. 1993). The difference between the time dependent inentimaste
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2 remains of the same order than Mitrovieaal. (2005) estimate of.008 within a factor 2. This

Z; means that the Earth’s rotation axis is always very stablle mispect to short term forcings like
20 glaciations: as soon as the forcing vanishes, the manti@alies force the rotation axis to come
g back to its initial position. Only mantle convection, cafvdrlarge TPW displacements (Spagta
ﬁ al. 1992b).

15

i? Once the Mitroviceet al. (2005) estimate of the correctigh= 0.008 is taken into account,
ig the highest present-day TPW rate(®f1 deg/Myr from glacial forcing is obtained for a lower
32 mantle viscosity ofl0?? Pa s, which means that at least per cent of the observed value of
gé 1 deg/Myr remains unexplained. This implies that mantle eatien must drive polar motion
gg to be compliant with observations. Recent mantle circofatnodels by Schabeat al. (2009),
3? characterized by a large heat flux at the core-mantle boyndagquire a lower mantle viscosity
33 of 10?® Pa s to stabilize the planet rotation, leading to TPW ratesbofit0.5 deg/Myr in rough
22 agreement with the direction towards Newfoundland in tlse 180 Myr. The first self-consistent
gg TPW calculations from mantle convection have been obtanyeRlicardet al. (1993) and already
gg required a substantial increase in the lower mantle visgodi*? Pa s at least, to rotationally
gz stabilize the planet. The ice age TPW, coupled with the ktatyy effect of the excess flattening
ig due to mantle convection, in addition to the TPW driven by tieeconvection are thus both needed
j; to fulfill observations, requiring lower mantle viscosignging from10%? to 10* Pa s. If this is
ji the case, th@-correction proposed by Mitrovicat al. (2005) would only impact marginally the
jg estimate of ice age TPW rates, as it would be the high visca$ithe lower mantle that would
j; control the TPW. Itis notable that an inconsistency for lomantle viscosity predictions between
;‘g glacial and convection forcing continues to exist. Indéedthe Schabeet al. (2009) estimate of
2; 10% Pa s lower mantle viscosity, glacial forcing would providersmst TPW rates of.1 deg/Myr
gi that, summed to the convection TPW rateé)éf deg/Myr, would not explain the observation bof
gg deg/Myr. The exact balance of the TPW, between deglaciatidrconvection forcings, is therefore
gé not yet well understood.
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11 APPENDIX

Following Tanakeet al. (2006), the not-analytic s&t has to be situated on the real aksf the
Laplaces-domain. However, their result holds only for the part®fiue to the zeros; of the
secular determinam(n, s) (eq. (19) in Tanakat al. 2006). We will refers to this set &. In
additionk(s, n) is also not analytic in the not uniformly Lipschitzian intals A/ of the differential
system describing the conservation of the momentum andetfigsvitation as pointed out in

Fang & Hager (1995) and Cambiotti & Sabadini (2010)

N ={0}UN, UN, (33)

where
N.={s€Cls=—7(r) withr € [rc,a]} (34)
N. ={s€Cls=—¢(r) withr € [rc,a]} (35)

with 7 and¢ being the inverse Maxwell and compressional relaxatioesifeq. (15) in Cambiotti
& Sabadini 2010). Contrary to the s&t, the set\ is not associated with the zeres of the

secular determinamk(n, s). It is interesting to notice that\(n, s) being an analytic function in
the Laplaces-domain with the exception of the s&f, the zeros;; € R — A have to be isolated
and at most denumerable, with cluster points belonging ¢obtbundary of\. Thus, the Love

numberf{(n, s) has two different types of not analyticity. The first comemifra denumerable set
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of poless;, which are due to the fact that the solution of momentum aridsBo equations has
to satisfy, at the same time, both the fluid-solid boundaryd@mon (Chinnery 1975) at the core-
mantle interface and the Earth’s surface boundary comddescribing the forcing. The second
comes from the continuous set of inverse Maxwell and conspoaal relaxation times ands.
Accordingly to Fang & Hager (1995), we will refers to thesetrdoutions as thenodal andnon
modal contributions, respectively.

The non modal contribution is inherently associated withdbntinuous variations of the elas-
tic shear and bulk moluli and of the viscosity. In particutlrs constitutes a qualitative difference
between continuous Maxwell Earth models, which takes intmant the continuous variations of
the material parameters, and layered Maxwell Earth moddigsh take the material parameter
constant within each layer. As discussed in Spa@d (1992a), Han & Whar (1995), Vermeersen
& Sabadini (1997a) and Cambiotti al. (2009), ther and< do not contribute to the perturbations
in the time domain, if they are isolated points in the Laplackomain, while we have verified that
a not null contribution comes from the continuous.&&tin any case, this is more a mathematical
problem rather than a physical one. Indeed, as discussexhekaet al. (2006), the perturbations
of very fine layered models converges to those of continuadets if a sufficiently high number
of layers is considered.

Fig. Al shows the contouy (dashed line) that we use in eq. (30) and the contour of Taetaka
al. (2006) (solid line). The difference consists in the fact ia contoury is situated on the half
space with positive real part of the Laplace variagl&s > 0, only for the semi-circle of radius

d(n) depending on the harmonic degree
§(n) = max {55, 10" kyr '} (36)

with s¢* being the pole of the first unstable C-modes, with overtonmaberm = 1, due to the
unstable compositional stratification of the PREM abovettfiekm discontinuity (Cambiotti &
Sabadini 2010). The factar and the lower bound0—°kyr~! in eq. (36) have been chosen in
order to avoid numerical unstability in the radial Gill-RyeKutta integration nea’! ands = 0,

respectively. This choice reduces the numerical unstglilithe numerical evaluation of eq. (30)
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due to the terme™*!, which diverges in the limit — oo if s > 0. The poles®! is obtained by
a root-finding algorithm, which can be applied safety in theiive half of the real axis since the
not uniformly Lipschitzian zond/ is situated in the negative half, by definition, eq. (33).

The valuez; defining the lowesks < 0 of the contoury is chosen as

11
21 = 1 T(ry) (37)

with r, € [r¢,a] being the radius at which the inverse Maxwell relaxationetimassumes its
greatest value. This is due to the fact that the not analgti€ £an be composed only of isolated
poless; € Sy, if ®s < —7(r,), and our experience has shown that there are not poles saich th
s; < —7(ry).

We choosel kyr~! for the greatest and lowests of the contoury. Increasing the time
numerical instabilities may happen due to the sign osilat of e*! near the imaginary axis,
for small Rs. Indeed, elsewhere the terdi*! goes rapidly to zero increasirtgsinceRs < 0,
and this damps the oscillations @¥**. To avoid the numerical unstability near the the imaginary
axis, particularly for those with s > 0, we proceed as follows. We adopt an adaptive Cavalieri-
Simpson method to evaluate the contour integral enterin¢3€) and, at each stage, we increase
artfully the sampling of the integrarki(n, s) f(s) by using the same second order polynomial
interpolation on which the Cavalieri-Simpson method isdod his way the number of steps at
which R(n, s) is effectively evaluated depends only on the smoothnedsfioiess ofR(n, s) along
~, rather than on the conditiarys << 27 proposed by Tanaket al. (2006). The time scale at
which the numerical unstability due to the oscillationeof! occurs is increased of about 1-2

orders of magnitude, under the same number of effectivaiatiahs ofk(n, s).
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Figure 1. The readjustment of the equatorial bulge — Kr(t) (a, b) and the load responset K (t) for
the elastic (solid) and highly viscous viscoelastic (dd$ltempressible PREM, with lower mantle viscosity
vy = 10?2 Pas. In the panel (b) the difference between the reajustndrine equatorial bulge of the
model with the elastic (E) and viscoelastic (V) lithosphisralso shownk. |, — K, (t) — (kf. , — KL (1))
(dashed-dot line).
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Figure 2. The readjustment of the equatorial bulge, — K7 () for the compressible (solid) and incom-

pressible (dashed) PREM with the elastic (E) lithosphete [Bwer mantle viscosity isy,y; = 10%! (a),

VLM = 10%2 (b) andvyy = 10%3 (c) Pas.
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56 pressible (dashed) PREM with the viscoelastic (V) lithasety;, = 106 Pas. The lower mantle viscosity

58 isvrpy = 102! (@), vy = 1022 (b) andvryr = 10?2 (c) Pas.
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Figure 4. Load response + KL(t) of the compressible (solid) and incompressible (dashedNPRith
the elastic (E) lithosphere. The lower mantle viscosity;ig; = 10%! (a), vy = 10?2 (b) andv; = 102
(c) Pas.
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compressible (dashed) PREM with the elastic lithosphehe. [dwer mantle viscosity is;,; = 102! (a),

VLM = 1022 (b) andvy = 1023 (C) Pas.
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Figure 6. The TPW displacement:(¢) due only to the last ice age for the compressible (solid) andm-

pressible (dashed) PREM with the viscoelastic lithosphere= 106 Pas. The lower mantle viscosity is

vy = 1021 (@), vrar = 1022 (b) andvry, = 1023 (c) Pas. The negative valuessf(t) indicate that the

rotation pole has already crossed its initial position.
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Figure 7. The TPW displacement:(¢) due to the last ice age only of the compressible (solid) and in

compressible (dashed) PREM with the viscoelastic lithesphv;, = 10?6 Pa s, and the non-hydrostatic

corrections = 0.008. The lower mantle viscosity isy s

10*' Pas (a)vry = 10?2 Pa s (b) and

viv = 102 Pa s (c). The negative values wf(t) indicate that the rotation pole has already crossed its

initial position.



©CoO~NOUTA,WNPE

38 Gabriele Cambiotti, Yanick Ricard and Roberto Sabadini

L
[N

1
_

6 kyr) (deg/Myr)

dm(t=

0.2

Geophysical Journal International

_____

—— B=0.016

' 102! 1022 1023

lower mantle viscosity v,,, (Pas)

Page 38 of 39

Figure 8. The present TPW raté,m(t) due only to one ice age, evaluatedeaityr after the end of the

deglaciation, as function of the lower mantle viscosity;, for PREM with the elastic lithosphere (thick

solid line), the high viscosity viscoelastic lithosphe(dashed line)y;, = 10%¢ Pa s, and with the non-
hydrostatic contributiort = 0.008 (dashed-dot line). The thin solid lines refer to the PREMhwiite hard

viscoelastic lithosphere and the non hydrostatic cowagtivarying from0.002 to 0.016 by steps 0f).002,

from top to bottom. The sign af;m(t) indicates whether the rotation pole moves forward to, riegabr

go away from, positive, the Hudson bay.
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Figure 10. The present TPW displacememnt(t) due to the full series of eight ice ages, evaluated latr
after the end of the deglaciation, as function of the lowentheaviscosityv;,;, for PREM with the elastic
lithosphere (thick solid line), the high viscosity viscastic lithosphere, (dashed line); = 10%° Pa's,
and with the non hydrostatic correctigh= 0.008 (dashed-dot line). The thin lines refer to PREM with
the viscoelastic lithosphere and the non hydrostatic coar 3 varying from0.002 to 0.016 by steps of
0.002, from top to bottom. The negative valuesraft) indicates that the rotation pole has already crossed

its initial position. The panel (b) shows the enlargemerthefpanel (a) in the range 6£0.015,0.03] deg.
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Figure Al. The contour integral (dashed line) and that used in Tanakal. (2006)





